The Standard Model

The Guideline

Our purpose in theoretical physics is not to describe the world as we find it, but to
explain — in terms of a few fundamental principles — why the world is the way it is.

Steven Weinberg



1. Plan and Introduction

These lecture notes cover the Standard Model (SM).

The SM i1s constructed from first principles.

We begin by demonstrating that essentially only particles with spin/helicity 0, 1/2 ,1, 3/2 , 2 can describe
matter and interactions, using spacetime symmetries, soft theorems, gauge redundancies, Ward identities,
and perturbative unitarity.

The remaining freedom lies in the choice of the Yang-Mills gauge group and matter representations.

Effective field theories (EFTs) are a central theme throughout the course, with the 4-Fermi
interactions and chiral perturbation theory serving as key examples.

Both gravity and the SM itself are treated as EFTs, specifically as the SMEFT (Standard Model Effective
Field Theory).

Key phenomenological aspects of the SM are covered, including the Higgs mechanism, Yukawa
couplings, the CKM matrix, the GIM mechanism, neutrino oscillations, running couplings, and
asymptotic freedom.

The discussion of anomalies and their non-trivial cancellations in the SM i1s detailed.

Simple examples of calculations, such as scattering amplitudes and decay rates, are provided.



1.1 INTRODUCTION

The Standard Model is one of the greatest scientific achievements of all time.

It consistently describes all known fundamental particles and their interactions with the exception of
gravity that is still properly described at low energies.

In this sense we can now explain any fundamental physical phenomenon at the smallest distances that
can be probed experimentally with spectacular success.

We may therefore claim that, so far, the Standard Model 1s the fundamental theory of Nature.

The Standard Model is the most successful application of quantum field theory when it comes to
experimental verification.

It 1s the final conclusion of many decades of intense research both on the theoretical and experimental
side.

Its structure was finally completed after the celebrated discovery of the Higgs particle in 2012.

Over the decades since its ingredients were combined, thousands of measurements have been made at
energies E <1 TeV, all consistent with the Standard Model.

The Standard Model describes the physics of the building blocks of all visible matter: spin 1/2 quarks
and leptons interacting via three fundamental forces, each mediated by spin 1 particles known as gauge
bosons.



Electrically charged particles feel the electromagnetic force by exchanging photons as described by
Quantum Electrodynamics (QED).

The electromagnetic interactions are of long range due to the fact that photons are massless.

In contrast, the short range weak force 1s responsible for certain radioactive decays such as the neutron
B-decay and plays a crucial role in the thermonuclear interactions within stars.

The mediators of this interaction are the massive W and Z bosons.
Their large mass 1s responsible for the short range of the interaction.

The strong force binds quarks into nucleons (protons and neutrons) and indirectly nucleons into nuclei;
the carriers of the strong force are appropriately called the gluons.

Leptons, such as electrons and neutrinos do not feel the strong force.

Particles made out of quarks are called hadrons which can be either baryons (made up of 3 quarks) and
mesons (a quark-antiquark pair).

The aim of these lectures is threefold.

First, to let you appreciate all the twists and turns that drove scientists in the past century to discover and
develop the Standard Model.

A historical perspective 1s important to appreciate the magnitude of the achievements, but also the
surprises and human drama that came with the development of new 1deas in particle physics.



Most importantly, it demonstrates that research i1s not a straight line of well developed arguments as
usually presented 1n textbooks and lecture notes, but rather a windy road with occasionally unforeseen
twists and turns before a proper understanding emerges.

The second goal 1s for you to internalize that, despite the Standard Model being only one in an infinite
number of possible field theories, its structure is extraordinary rigid and compelling.

Following general principles within our basic theories, Special Relativityl and Quantum Mechanics, we
take a constructive approach arguing that it is essentially unavoidable that elementary particles are
determined by unitary representations of the Poincaré group limiting their nature to only a handful of
possibilities, namely spins 0, 1/2,1, 3/2, 2 out of an infinite number of possible spins.

Further, we will see why gauge invariance defining the three non-gravitational interactions i1s only a
redundancy needed to properly describe the interactions.

Lastly, even though Field Theory is the basic formalism to describe interactions, the fundamental objects
are actually the particles themselves, whereas fields are a necessary tool to describe local interactions
among particles.

The third target of these lectures 1s for you to get familiar with the physical details of the Standard Model
and be able to reproduce some of the key calculations and results that led to its successful completion.

Throughout the lectures emphasis will be given to basic principles and potential loopholes that may be
important to guide us towards the unknown physics beyond the Standard Model.



That 1s, we provide crucial methods to build new theories (or models) of nature — a skill that 1s vital for
any theoretical physicist.

We follow the guideline as in the quote of Steven Weinberg earlier with the key word being to explain
rather than describe.

We emphasize the explanatory power of the Standard Model towards all the experiments, but also
towards some of the approximate or accidental symmetries such as 1sospin, flavor, baryon number, etc.

Just like the Standard Model provides a UV description of Effective Field Theories (EFTs) such as the
Fermi theory of weak interactions and the pion dynamics of Yukawa, it should itself only be regarded as
an EFT once gravity or other UV physics is included.

The lectures only assume a basic knowledge of group theory(as we have done) and a first exposure to
quantum field theory although an effort 1s made to be as self-contained as possible(a second exposure).

Most concepts we covered in QFT will be repeated and presented in new ways and I hope your
understanding level wil thereby skyrocket!

Subjects such as path integrals, quantization of non-abelian gauge theories and renormalization group are
only briefly summarized since we just finished a set of lectures about that stuff.

The presentation aims at preparing you to think about the fundamental ideas underlying the Standard
Model.



1.2 Summary and Motivation

Let us start with a first overall glimpse at the Standard Model just to introduce the concepts that will be
developed during the subsequent lectures

1.2.1 A Brief Introduction to the Standard Model

Definition:

The Standard Model (SM) is a construction (or model or theory) that describes all
the known elementary particles and their interactions in terms of relativistic quantum

field theories.

Ingredients:

(1) Spacetime. The spacetime is (3 + 1)-dimensional Minkowski spacetime with (global) symmetry

group
Gg =R> % 0(3,1) (1.2.1)

that 1s the semi-direct product of spacetime translations and the Lorentz group, corresponding to
the Poincaré group of special relativity.

(2) Matter. The particle content can be classified by the spin s (or helicity), 1.e., there are the Higgs H
with s = 0 as well as 3 families of quarks and leptons with s = 1/2, see also table 1.1.



Name Label SU(3)¢, SU(2)z, U(l)y | Spin/Helicity
= (ui,dy) (3,2,+1) L
Quarks ul, (3,1,2) L
d, (3,1,-3) 1
L= (visel) (1,2,-3) :
Leptons e (1,1,-1) 5
vy (1,1,0) 5
Higgs H (1,2,+3) 0
Gluons o (8,1,0) 1
W / Z-Bosons W, 70 (1,3,0) 1
Photon 5 (1,1,0) 1
Graviton* By (1,1,0) 2

Table 1.1: Particle content of the Standard Model and the corresponding group representations.
The right-handed neutrino and the graviton are included here for completeness with the
understanding that the couplings of the graviton to all other particles can be studied as long as
the energies are small enough in terms of an effective QFT.



(3) Interactions. The interactions are given by 3 gauge interactions with associated gauge bosons
of spin s = 1 and, in general, also gravitational interactions transmitted by a particle of spin
s = 2 known as the graviton.

The gauge forces are encoded in the gauge (or local) symmetry group

Gsm = SU(3)e xSU(2), x U(1)y

—~ —~ N——
color left hypercharge (1.2.2)
strong electroweak

where the subindex C refers to color with SU(3)c determining the strong interactions.

The strong force binds quarks into nucleons and nucleons into nuclei; the carrier of the
strong force 1s appropriately called the gluon.

The L in SU(2)L refers to left-handed in the sense that weak interactions only act on
left-handed particles.

Finally Y refers to hypercharge.

The gauge group 1n (1.2.2) 1s broken by the Higgs boson through a non-zero vacuum
expectation value, to a subgroup, namely

QCD QED

(1.2.3)




In the process referred to as spontaneous symmetry breaking (SSB), the corresponding
gauge bosons of the broken group (W= and Z°) receive a mass, but there 1s

also a remaining massless boson corresponding to the unbroken U(1)em with EM
standing for electromagnetic.

This 1s the familiar photon of the electromagnetic interactions.

To reiterate, after the breaking of the symmetry, only the gluons and photons remain
massless.

Photons are free to move but gluons together with quarks are confined within the
particles of strong interactions such as protons and neutrons.

The representations of the particles involved are summarized in table 1.1.

We work 1n a particular representation where a € U(1)y acts on 1 € C in such a way that
P — aévap, i.e., weak hypercharges appear in integer multiples of 1/6.

Keep in mind that different definitions are commonly used in the literature!



(4)  Three families. For the quarks and leptons, there are 3 distinct families coming with the
same copies of the representation:

Ve Vy U U C t
Leptons: : : Quarks: : :

€ L T d S b

Only the first family (with electron, its neutrino and up and down quarks) are enough to
make the matter we know.

The second (muon, its neutrino, charm and strange quarks) and third (tau-lepton, its
neutrino, top and bottom quarks) are more massive and the corresponding particles are
unstable having the particles of the first family as end results of their decay.

It 1s remarkable that these simple ingredients are enough to account for the structure of the Universe as
we know 1t including every single experience and measurement we make.

the

the the the the



Some comments:

Chirality. Since the right-handed quarks ur and dr transform under the trivial
representation of SU(2)L in table 1.1, that 1s to say they are SU(2)L-singlets, they
do not feel the SU(2)L-interactions.

This 1s why we call the Standard Model a chiral gauge theory.
Physically, this implies that left- and right-handed fermions feel certain gauge
interactions differently, i.e., they couple non-democratically to the mediators (gauge

fields) of a given force.

Mathematically speaking, left- and right-handed fermions transform in different
SU(2)L-representations.

Thus, the weak interaction is not parity invariant under exchange of left- and
right-handed particles.

Charge quantization. The electric charge is defined as

Q=T,+Y (1.2.4)

where T3 1s the third generator of SU(2)1, which is the diagonal matrix with entries
(1/2,-1/2) and Y the hypercharge under U(1)y.

For instance to compute the electric charge of the left-handed electron we observe
that its hypercharge 1s Y = —1/2 and its value of T3 is —1/2 giving Q =—1.



For the right-handed electron the correspondingT3 value is zero because it is a
singlet and then charge and hypercharge are the same (here +1 for the positron).

Computing the electric charges of quarks give multiples of 1/3 instead of integers as
we are familiar for electrons and protons.

Consistency conditions. We observe that the assignment of these numbers such as
hypercharge and the different representations of the Standard Model particles is
not arbitrary.

For instance it is easy to verify the following conditions for the hypercharge

S Y-Yv=YVY-YY vi=0 (1.2.5)

Left Right Left Right

Also the total number of particles transforming as a 3 of SU(3)c equals the number
of 3 (#3 =#3) and the total number of SU(2). doublets (#2) is even.

Any modification of these numbers would render the theory mathematically inconsistent.
This will be crucial in ensuring anomaly cancellation within the Standard Model.

If the Standard Model was not chiral, these conditions would be trivially satisfied.



It 1s the chiral structure of the Standard Model that makes it subject to potential
inconsistencies and therefore makes i1t more interesting when they are satisfied.

Coleman-Mandula theorem. The total symmetry of the Standard Model is given
by a direct product between a spacetime and an internal symmetry

spacetime®internal gauge = (R*'xS0(3,1))®(SU(3)ecxSU(2)LxU(1)y).

The Coleman-Mandula theorem states that this structure 1s the most general6 for
the full symmetry group, i.e., a direct product of the Poincaré group and an internal

(gauge) group.

Gravity as an effective field theory. We can treat gravity only as what is called an
effective QFT (EFT) by working with energies E well below the Planck scale:

K
E < Mp = Ec ~ 1018GeV .

At energies E ~ Mp, quantum effects of gravity become important and the EFT
has to be replaced by a more fundamental theory that is ultra-violet complete.

But for energies well below E «Mp working with quantum aspects of gravity as
an EFT are predictable and reliable.

We will have to say more about the role of gravitational interactions within the
Standard Model later.

(1.2.6)

(1.2.7)



Accidental symmetries. There are accidental symmetries known as Baryon number
B and Lepton number L.

That 1s, the total number of baryons, such as the neutron and proton, and the total

number of leptons such as the electron and neutrino are conserved in every
interaction.

Approximate symmetries. The three families of quarks and leptons in which the
members of each family behave the same as the other families except that the
particles are heavier for each generation (e.g., the muon 1s like a heavier copy of the
electron, the top quark of the up quark, etc.) implies that there are approximate

symmetries known as flavor symmetries such as SU(3)r known as the eightfold way,
see Fig. 1.2.

This flavor SU(3)r should not be confused with the color SU(3)c which is the
symmetry describing the strong interactions.

Phases of the Standard Model. The Standard Model is relatively simple, although
not the simplest model we can imagine.

Actually, it is rich enough to illustrate the 3 main phases of gauge theories: The
Coulomb phase for U(1)em meaning that the corresponding gauge boson, the photon,
moves freely; the confining phase for SU(3)c meaning that the interactions are so
strong that the corresponding gauge bosons, the gluons, and the quarks are confined
within hadrons; and the Higgs phase for the weak interactions in SU(2), x U(1)y

meaning that the corresponding force 1s short range since the gauge bosons W, Z are
heavy after symmetry breaking.
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Figure 1.2: The eightfold way. The weight lattice of hadrons in their respective SU(3)r representations with the baryon
octet (top left) corresponding to 8 of SU(3)r, pseudoscalar meson octet (top right) again corresponding to 8 of SU(3)r and
the baryon decuplet (bottom) corresponding to 10 of SU(3)¢. Here, S denotes “strangeness’ and I3 1sospin. The prediction of
the Q2 - particle and its subsequent discovery lead strong credibility to this approximate symmetry.



Why do I like the SM so much?

As you now see.......

* Itis fundamental.

Robustness.

It 1s true!

* It1s the best test of validity of QFT.
Cosmology.

* Itis incomplete!

So let us begin our journey.



2. SPACETIME SYMMETRIES

Importance

If it were not for these symmetries, the work of science would have to be redone in
every new laboratory and in every passing moment.
Steven Weinberg

In this part, we review basic techniques for constructing suitable representations of the Poincaré group —
the symmetry group of (Minkowski) spacetime — which defines Special Relativity and is relevant for
constructing the Standard Model.

We begin with a general discussion of the Poincaré algebra and its properties before introducing spinor
representations of the Lorentz group SO(3, 1).

Subsequently, we will detail Wigner’s classification of irreducible representations of the Poincaré group
which define for us elementary particles.

We discuss in detail how these particles have to transform under discrete spacetime transformations
which allows us to count all of the relevant polarization states.

Among others, we will find that massless particles with helicity = 0 have always just two degrees of
freedom which will severely constrain the field theories to be studied in the reminder of these lectures.



2.1 Poincaré symmetry and spinors

For the vast majority of this lecture, we will be interested 1in describing relativistic processes involving
particles moving in (3 + 1)-dimensional Minkowski space R3.1.

Any theory describing such phenomena must respect the symmetry inherited from the spacetime
geometry — heuristically, physical processes should not depend on the observer’s initial frame.

This 1s the principle of relativity stating that the laws of physics are the same 1n all viable frames of
reference.

For particle physics in R3.1, the spacetime symmetry group in question is the Poincaré group P(3,1).

The Poincaré group corresponds to the basic symmetries of special relativity, it acts on the Minkowski
spacetime coordinates x# via

H 4/ — H v 7 o
' = = AN, 2" + @ , pr=0123. 2.1.1)
— e’ —— .
Lorentz translation

It 1s sometimes convenient to use a shorthand notation {:|-} for such a transformation where

r’* = {Ala} z¥ = A*, 2" + a*. (2.12)

Formally, the Poincaré group P(3, 1) or ISO(3, 1) is the isometry group of Minkowski spacetime.



It 1s a semidirect product of spacetime translations and the transformations corresponding to the Lorentz
group of special relativity

P(3,1) =R> x 0(3,1), (2.1.3)

which is just a fancy way of saying that P leaves R3:! invariant and every Poincaré transformation can be

decomposed into the product of the form
{Ala} = {Laxala}{A0}. 214

The Lorentz transformations belong to the orthogonal O(3, 1) group that leaves the metric tensor

nw = diag(l, —1, —1, —1) (2.1.5)
1n the line element
ds* = n,, dz* dz” (2.1.6)
Invariant, 1.e.,
A N s =n,, or  A'npA=n. 2.1.7)

From this equation we can easily see that

det A = +1 (2.1.8)



and taking the 00 component

(M%) = (A1o) = (M%) = (A%) =1 = |A%|>1. (2.1.9)

Therefore the Lorentz group has 4 disconnected components according to the signs of det A and AY,.

We will mostly discuss those transformations A connected to the identity, 1.e., the proper orthochronous
group SOQ3, 1)" for which det A = 1 (proper) and A% = 1 (orthochronous).

All O(3, 1) transformations can be obtained by combining the SO(3, 1 )" transformations with:

{1, Ap, Ar, Apr} (2.1.10)

where . _ . .
e 1 is the identity matrix,

o Ap =diag(1l,—1,—1,—1) is the parity transformation,
o« Ap =diag(—1,1,1,1) is time reversal, and

e Apr = Ap X Ar is combined parity and time reversal.

These four elements form a group known as Klein’s four-group.

From now on we will concentrate on those transformations connected to the identity and drop the arrow
on SO(3, 1) for simplifying the notation.



For the same reason, we work from now on with the proper orthochronous Poincaré group and simply
write (3, 1) =P} =R31250@3, 1)".

2.1.1 The Poincaré Algebra

Let us consider infinitesimal Poincaré transformations {Ala} € P(3, 1) for which
AMV:(S“V_F(’U'UIV; at = e w“’,,, et 1. (2.1.11)
Plugging this back in (2.1.7), we find

AF pn,uVAV o = Tpo + Wop + Woo + O(w2) ; Noo - (2.1.12)

In mathematics, = denotes a useful, important, but unexpected equality.
To linear order, we deduce that
Wop = —Wps (2.1.13)
1s an anti-symmetric tensor which has 6 free parameters.
Together with the 4 translations e#, a general Poincaré transformations must have 10 parameters.

This 1s the dimensionality of the Poincaré group.

In order to determine the algebra we can exponentiate the group elements.



We will do this considering the action of operators acting on the Hilbert space # relevant in quantum
mechanics.

A Poincaré transformation will be represented by a unitary operator U(A, a) acting on the Hilbert space
vectors |¥Y> € ¥ .

W) = U(A,a)|¥) U=U"'. (2.1.14)

Near the i1dentity, we can expand to linear order

Ul4+w,e) =1 — %wwM‘“’ + 1€, P* (2.1.15)

where Mrv = -Muwr and Pr are the generators of the group.
Since U is unitary, both M#v and P» are Hermitian.

As usual 1n group theory, the above can be used to determine the algebra satisfied by the generators.
First, since translations commute, their generators also commute with each other
[P*, P’ =0. (2.1.16)

Let us now consider the commutator [Po , M#?] by analyzing how P transforms under Lorentz

transformations.



For this we can consider the dual role of P~.

On the one hand, it 1s a vector that should transform (to leading order in @,y ) as

P? — A, PP
= (67 p+w’,) P?
o) 1 o
— P —|—§(wap—wpa)77 pPr
1

= P7 + Swa, (17 P" — 1" P*)

On the other hand, P as an operator transforms as

P° - U'P°U
— (]l + %wWM’“’) pe (n _ %wWM‘“’)
— P7 %ww (P° MM — M™ P

Comparing both expressions we find the commutator [Pe , M#v]:
[Pa , M;u/] — —i (Pu ,rlua _ pv ,r]/,w)

A similar argument can be used for the commutators of M#v,

(2.1.17)

(2.1.18)

(2.1.19)



Therefore the generators of the Poincaré group are M#v and P with algebra:

Poincaré algebra

Pt P =0 (2.1.20)
M P = i(Ptp — PYp) (2.1.21)
M, MP] = i (MR 4 MY — MM — MY ) (2.122)

As an example, a 4-dimensional matrix representation for the M#? is
(MPOH, = —i (77“" 0”, — nf*o° V) : (2.1.23)
Also, the definition of the operators

(MPO, =1i(z* 0, — x, O") (2.1.24)

1s a representation of the Lorentz generators acting on the space of functions.

Similarly, the operator pH— i G (2.1.25)

1s the generator of translations in the representation defined by (2.1.24).

It 1s easy to verify that these operators satisfy the Poincaré algebra.



2.1.2 Properties of the Poincaré group
Let us summarize the basic properties of the Poincaré group.
Conservation laws
Recall that PO = H corresponds to the Hamiltonian and thus
[P°, P*] =0 (2.1.26)
implies conservation of energy and momentum, whereas
0 . o
P MY =0 4,7=1,2,3 (2.127)
amounts to conservation of angular momentum.

There 1s no conservation law associated to the M0 generators since they do not commute with PO,

Correspondence of SO(3, 1) and SU(2) ® SU(2)

There 1s a correspondence between the algebras of SO(3, 1) and SU(2) ® SU(2), namely
SO(3,1) « SU(2) ® SU(2). (2.1.28)

This means that the representations of the SO(3, 1) algebra can be determined by those of
SU2) & SU(2).



This works as follows.

The generators J; of rotations and K; of Lorentz boosts can be defined as

1
Ji = 5 Cishk My, K; = My, , (2.1.29)

therefore, using the Poincaré€ algebra we can easily derive the commutation relations
[Jz', JJ] — iEiijk ] [Jz, KJ} — iéz'ijk . [Kz, KJ] — —iEiijk . (2.1.30)

In order to identify the different representations of the Lorentz group, it 1s instructive to consider the
linear combinations

A; = % (Ji + iKi) , B; = ! (']i — iKi) (2.1.31)

which are neither Hermitian nor anti-Hermitian if J; and K; are Hermitian.

They satisty SU(2) commutation relations,
[Az ] AJ] = iﬁz'jk Ak ] [Bz ] B]] = iEz'jk Bk ] [Az ] BJ] =0. (2132)

These are two independent copies of the SU(2) algebra, but keeping in mind that the operators A; and B;
are not Hermitian.



In contrast, the combination J = A + B is Hermitian and corresponds to the physical spin.

We can then interpret J as the physical spin which itself generates an SU(2) group.

Recall that irreducible representations R A, of SU(2) are labelled by j =0, 1/2, ... with j determined

from the eigenvalues of the quadratic Casimir Operator which 1s nothing but the “total angular
momentum” J2 = J2; + J2; + J23.

It commutes with the three generators J; and satisfies

. e . . 1
F 1) =G+l 5=051- (2.1.33)

Hence, we can use those eigenvalues to label the irreducible representations of SU(2).

In the case of SO(3, 1), we denote representations of SU(2) ® SU(2) as

1
(A, B), with A, B = 0, 1 1,... (2.1.34)

Since J = A + B, we can see using the standard addition of angular momenta that the representation (A,
B) corresponds to spins j=1A-BI ® (IA-Bl+ 1) - - ® (A+ B).

Under parity P with x0 » x9 and x = -x, we have

Ji — Ji, K, » —-K, = A <+ B,. (2.1.35)



Therefore, A and B are interchanged under parity transformation

P
(A,B) < (B,A). (2.1.36)
We then call A the left-handed and B the right-handed component of (A, B).

Below, we will use this notion to label representations of SO(3,1) and to define their handedness (or
chirality).

Universal cover of SO(3, 1)

There 1s a homomorphism (not an isomorphism)

SO(3,1) = SL(2,C), (2.1.37)

where SL(2, C) 1s the group of 2 x 2 complex matrices with unit determinant.

To see this, take a 4 vector X and a corresponding (2 X 2)-matrix 7,

_ To+ T3 56'1—1272 2138
X =z,e" = (xg,21,22,23), T==z,0"= : (2.1.33)

T1+1T2 To — T3

where o* 1s the 4 vector of Pauli matrices

( )

1 0 0 1 0 —i 1 0
o — | | | .- (2.1.39)

0 1 1 0 1 0 0 -1

\ /




Iransformations X » AX under SO(3, 1) leave the modulus square

X|° =25 — 25 — 25 — 3 (2.1.40)
invariant, whereas the action of SL(2, C) mapping
7+ N3NT (2.141)
with N € SL(2, C) preserves the determinant
etr=x; — 7 — 5, — x5 . 1.
det 0 : > 3 (2.142)
This equals X2,

The map between SL(2, C) and SO(3, 1) 1s 2-1, since N= j:]l? both correspond to A = 14, but SL(2, C)

has the advantage of being simply connected, that means that SL(2, C) 1s the Universal Covering Group
of the Lorentz group.

This 1s important since it is the simply connected group manifold that 1s continuously connected to the
1dentity operator.

Furthermore, since the map between SL(2, C) and SO(3, 1) is 2-1, a rotation by an angle 8 in SO(3, 1)
is mapped to the matrix diag(ei®? , e-92) in SL(2, C).



This in turn implies that it is only rotations by 8 = 47 (and not 277) that give the identity in SL(2, C).

This will turn out to be a crucial observation in order to describe particles of half-integer spin as we will
see later.

Let us briefly see why the manifold of SL(2, C) is simply connected.

By the polar decomposition of matrices, an SL(2, C) matrix N can be written as N=eH U where eH is a
positive Hermitian matrix and U is unitary.

Since eH has positive determinant then det N = 1 implies Tr H =0 and det U = 1.

Therefore H and U can be written as

a b+ic r+iy z4iw
H = U = (2.143)

b—ic —a —z+iw x — 1y

with a, b, ¢ real parameters and x, y, z, w constrained by x2 + y2 + z2 + w2 = | therefore the manifold of

SL(2, C) is R3 x S3 which are simply connected, whereas the manifold for
SO(3, 1) is R3 = S3/7, which is doubly connected.

Being the covering group, it 1s SL(2, C) that 1s reached by exponentiating the algebra and therefore we
are let to consider the representations of SL(2, C) that we discuss next.



2.2 Spinor representations of the Lorentz group

Above, we already established that SL(2, C) is the universal covering group of the Lorentz group
SOQ@3, 1).

This should ring a bell: in quantum mechanics, we learned that SU(2) is the double cover of SO(3) and
therefore it 1s representations of SU(2) that are the ones to be considered since SU(2) is simply
connected and SO(3) 1s not.

We observe a similar phenomenon for the Lorentz group in the sense that representation theory of
SL(2, C) 1s the relevant one to study.

Concentrating only on representations of SO(3, 1) we would miss the fundamental representations which
are the spinor representations which we define next.

2.2.1 Representations and invariant tensors of SL(2,0C)

To begin, we define the basic representations of SL(2, C). Let N € SL(2, C), then we have

e The fundamental representation 13 transforming as

@D; — Na5¢5 ) aaﬁ — 172 (221)

The elements of this representation 1, are called left-handed Weyl spinors.
e The conjugate fundamental representation Xz transforming as
X=N:P%s,  apB=1,2 (2.2.2)
Here x4 are called right-handed Weyl spinors.



e The contravariant representations ¥ and )ZB

P =9 (N ), X=X (N"),° (2:2.3)

as the dual representations of the two above.

The fundamental and conjugate representations are the basic representations of SL(2, C) and the Lorentz
group, giving then the importance to spinors as the basic objects of special relativity, a fact that could be
missed by not realizing the connection of the Lorentz group and SL(2, C).

We will show now that the contravariant representations are however not independent by explicitly
showing how indices can be raised (or lowered) using specific tensors.

To see this, we consider three different ways to raise and lower indices.

e The metric tensor n** = (n,,,) " is invariant under SO(3, 1) and is therefore used to

lower and raise spacetime indices.

e The analogue for SL(2, C) is

= _eaﬁ — _edB ] (224)
-1 0

since it is invariant under SL(2, C) transformations

P = e (N l)p ( _1) P=e* . det N~! =¥ . (2.2.5)



That is why €”? is used to raise and lower indices

=Py, X' =eVxy, (2.2.6)
so contravariant representations are not independent.

To handle mixed SO(3,1)- and SL(2, C)-indices, recall that the transformed compo-
nents x, should look the same, whether we transform the vector X via SO(3,1) or
the matrix £ = z,0*

(2,0")ae — No? (z,0%)sy NIV = (A‘l)ﬂ Y 2, 0" (2.2.7)
so the right transformation rule is
(0")aa = Na® (6")35 (A", N7 (2.2.8)

This may be interpreted by saying that the Pauli matrices are invariant under a
combined SO(3,1) transformation on its spacetime index with a SL(2,C) on its
matrix indices. Similar relations hold for the quantity

(3")5% = €7 % (oMY 55 = (1, —0) . (2.2.9)

Note that this is the definition of 6 and no other connection with ¢ such as complex
conjugation should be assumed despite the notation. Note in particular the chosen
location of the dotted and undotted indices which differ between o# and 6#. The
order is conventional and keeps track of how the corresponding quantity transforms
under SL(2,C). Both ¢ and ¢ will play an important role next. In fact, we can
already deduce that the Clifford algebra



glc” 4+ a’at = 2n* 1, (2.2.10)
appears naturally in our analysis which will give rise to Dirac spinors further below.

2.2.2 Generators of SL(2, C) and Weyl spinors

Let us define tensors o#v, 0" as antisymmetrized products of o matrices

1 _ _
(a“’”)aﬁ = (J“a” — 0”0“) P
4 o
(GH)e , = 1 (5u s’ — 51/0#)6‘.
B 4 B
which satisfy the Lorentz algebra
[0‘“’, 0)"’] :i(n“p o’ + 77”)‘ ohP — 77“"\ o’ — n’f a“)‘) (2.2.11)

and similarly for o"” |

Then o and o*” correspond to the generators of the Lorentz algebra in the spinor representation.

Under a finite Lorentz transformation with parameters w,, , Weyl spinors transform as follows



Y, > €exp .y Lot ) P left-handed
2 M N B

X* — exp (—%wwﬁ“ ”) 5 X’ (right-handed)

Now consider the spins with respect to the SU(2)s spanned by the A;j and B; :

1 ' 1
=50,  Ki=-.0i = ta: (A B)= (5, o) " left-handed

1 1 : 1
J, = -0, , K; = —I—%ai — x“: (A4, B) = (0, 5) . right-handed .

Recall the the Pauli matrices correspond to generators of the rotation group in the j = 1/2 representation
since

oi\* 3 .. o1
2. ( ; ) ;=J0+1)  for  j= (22.12)

The expressions above also justify the aforementioned term left- and right-handed components for A, B.

The difference and independence between the left- and right-handed representations of SL(2, C)
indicates that there 1s no reason to assume that parity is a fundamental symmetry and will be the reason
behind the fact that the Standard Model is chiral in the sense that left- and right-handed representations
are not the same.



The belief that physicists before Yang and Lee had assuming parity should be an inherent symmetry of
Nature 1s not justified and it 1s not surprising then that the laws of Nature are not invariant under parity as
we will see later.,

The concept of chirality 1s ubiquitous not only in the Standard Model, but also more generally in various
areas of modern physics (and biology).

Some useful identities concerning the o# and o#v can be found in various sources.

For now, let us just mention the identities

L wpo GHY — _l. VPTG (2.2.13)

1%
Y Opo % Ppo >

known as self duality and anti-self duality respectively.

They are important because naively o#? being antisymmetric seems to have 4x3/2 components, but the

self duality conditions reduces this by half.

We then need the two sets of generators o#? and o*¥ to complete the 6 independent generators of
SL(2, C).

There are reference books illustrating many of the calculations for 2-component spinors.



Products of Weyl spinors

We define the product of two Weyl spinors as

XU = X*%a = —Xa¥%, XV =Xa?®*=—X*%s, (2.2.14)

particularly,

V) =P hy = P Pgrhe = Poth1 — PY1a . (2.2.15)

Choose the 14 to be anticommuting Grassmann numbers, P12 =-Y2 11, s0 PP =21, Py .

From the definitions

76 % ; 2.2.16
| wi’x — wda wa — wﬂ (O.O)ﬁa ( )
1t follows that

(X¢)T =XV, (¢ o )_()Jr = yoty (2.2.17)

which justifies the /" contraction of dotted indices in contrast to the  contraction of undotted ones.

In general we can generate all higher dimensional representations of the Lorentz group by products of
the fundamental representation ( 1/2 , 0) and its conjugate (0,1/2 ).

The computation of tensor products



(g g) _ G 0)@ ? (0, %)® (2.2.18)

can be reduced to successive application of the elementary SU(2) rule (for j # 0)

o) -(5)e (%)
— — | == — . 2.2.1
(3)2(; 2 )P\ 2 (2-219)
Let us give two examples for tensoring Lorentz representations:

1
* (%) 0) ® (07 %) - (57 %)
Bispinors with different chiralities can be expanded in terms of the o ;. Actually,
the 0 matrices form a complete orthonormal set of 2 X 2 matrices with respect to

the trace Tr{c*o"} = 2n":

1
VaXa = 5 (¥ 0,X) ol (22.20)

Hence, two spinor degrees of freedom with opposite chirality give rise to a Lorentz
vector Yo, Xx.

¢+ (300 ®(5,0) = (0,0)& (1,0)

Alike bispinors require a different set of matrices to expand, €,3 and (6), Y€, =:
(0#”€) o5 The former represents the unique antisymmetric 2 X 2 matrix, the latter



provides the symmetric ones. Note that the (anti-)self duality reduces the number

of linearly independent ¢#*’s (over C) from 6 to 3:
1 1

YaXp =5 €ap Wx) + 5 (0"€")  (WouwX) (2.2.21)

The product of spinors with alike chiralities decomposes into two Lorentz irre-
ducibles, a scalar 1x and a self-dual antisymmetric rank two tensor ¥ o,, x. The
counting of independent components of o#” from its self-duality property precisely
provides the right number of three components for the (1,0) representation. Simi-
larly, there is an anti-self dual tensor ¥ in (0,1).

2.2.3 Dirac and Majorana spinors

Here, we give the dictionary connecting the ideas of Weyl spinors with the more standard Dirac theory in
D =4 dimensions.

Dirac spinor

A Dirac spinor ¥p is defined to be the direct sum of two Weyl spinors %, X of opposite

chirality. It therefore falls into a reducible representation of the Lorentz group,

Up = ( @_DZ ) = (0, %) @ (%,0) . (2.2.22)

X

The Dirac analogue of the Weyl spinors’ sigma matrices are the 4 x 4 gamma matrices y* subject to the
Clifford algebra



o (0

0 ot

S =

S |

and naturally obey the same algebra like the irreducible blocks o#* | g

[E.UV | EAP] e (nup WA 4 771/)\ P _ 77#)\ S PP E“A) .

(2.2.23)

(2.2.24)

(2.2.25)

To disentangle the two inequivalent Weyl representations, one defines the chiral matrix y> as

1 0
Y =0y = ,
0 1

(2.2.26)

such that the () components of a Dirac spinors have eigenvalues (chirality) -1 (+1) under >

—1 0 wa _wa
0 1 >—<c'x —Q

’YS\I’D =

<

(2.2.27)



Hence, one can define projection operators Pr, Pr,

P = % (1 -9°), Pr= % (T + ), (2.2.28)

eliminating one part of definite chirality, 1.e.,

o 0
PO, = v  PRU, = (2.2.29)

0 —Q

>

thThe fact that Lorentz generators preserve chirality can also be seen from {y>, y#} = 0 implying
[y>, 2r0 ]=0.

Finally, define the Dirac conjugate ¥, and charge conjugate spinor ¥pC

Tp= (X% %) = Uhe?, wpC=CTp=|""|, (2.2307)
wa
where C denotes the charge conjugation matrix
€ap 0
C = _, : (2.2.31)
0 €

There is a third basic type of spinors called Majorana spinors ¥y which have the property Yo = Y« ,



U, = Vo | _ U, ¢ (2.2.32)

,‘Ed
which are neutral under charge conjugation.

A general Dirac spinor (and its charge conjugate) can be decomposed in terms of Majorana spinors as

Up =Vpn + iWye, UpC =W,y — iUy, . (2.2.33)

Note that there can be no spinors in 4 dimensions which are both Majorana and Weyl.
This is a dimension dependent property.

It can be shown that in dimensions 2 mod 8 it is possible to have spinors which are both Majorana and
Weyl.

2.3 Unitary Representations of the Poincaré group

We now will combine the 2 fundamental theories of special relativity and quantum mechanics to find the
unitary representations of the Poincaré group on quantum states.

As usually unitarity is required in order to have invariant observables (such as matrix elements).

Being non-compact, the Poincaré group does not have finite dimensional unitary representations.



Recap: the rotation group in Quantum Mechanics

Before we consider the Poincaré€ group, let us reiterate some facts about unitary representations of the
rotation group SU(2) in quantum mechanics.

Recall that the rotation group SU(2) has generators {Ji : 1 =1, 2, 3} satisfying the algebra

[Jz- | Jj] = i€k J - 23.1)

Next, we define the Casimir operator
3
2 2
JP=>"J. (23.2)
i=1
In general, for a given group G, the Casimir operators are operators that commute with all the generators.

They are important because Schur’s Lemma guarantees that they are proportional to the identity within a
given representation and therefore their eigenvalues can be used to label the representations.

For compact Lie groups, the number of Casimir operators equals the rank of the group.

In the present case of SU(2), the Casimir operator J2 commutes indeed with all the J;,
[J?, ]| =0 Vi=1,2,3, (2.3.3)

and labels irreducible representations by eigenvalues j(j + 1) of J2, that is,



T332 = (G + D155 N) - (2.34)

Within these representations, A parametrizes the degeneracy of states in the same representation obtained
by acting with the ladder operators on the highest weight state.

Thus, we can make a choice and diagonalize the states with respect to J3 with eigenvalues A = j3
so that

J3|75J3) = Jsls;93) » Js=—J,—3+1,..,0—1,7. (2.3.5)
Hence, the corresponding states are labelled like lj; j3>.
These are in fact unitary representations and, since SU(2) 1s compact, they are finite-dimensional.
The latter will cease to be true for the Poincaré group.

The Poincaré group

Now, let us consider the Poincaré group.

The takeaway message from our recap about labelling irreducible representations of SU(2) is that we
simply need to find the corresponding Casimir operators.

In this case there are two Casimir operators.

The first one corresponds to the square of the momenta: C; = P#P, which can be easily checked that it
commutes with all the generators P#, Mxv .



The second one involves the Pauli-Ljubanski vector Wu,

1
W, = 5 Cuvpo PY M*° (2.3.6)

where €g123 = -€0123 = -1,

This operator satisfies the following commutation relations

w,,P,] =0, (2.3.7)
[Wm Mpa: = i(nupWa - nuaWp) ; (2.3.8)
Wi, Wo| = —i€upe WP P (2.3.9)

From these commutations relations we can check that a second Casimir corresponds to C2 = WrW,,.

Notice that at this level the Pauli-Ljubanski vector only provides a short way to express the second
Casimir.

Even though W, has standard commutation relations with the generators of the Poincaré group My, , P,

stating that 1t transforms as a vector under Lorentz transformations and commutes with P, (invariant
under translations), the commutator [W,, Wy | ~ €400 WPP? implies that the W,’s by themselves are not

generators of any algebra since the right hand side is quadratic and not linear in the corresponding
operators.



Summarizing, one can show that the Casimir operators for the Poincaré group are given by

Casimir operators of the Poincaré group

C,=P‘P,, Cy=WFW,. (2.3.10)
It 1s easy to verify that
|C 9, P = |[Cl9, M*]| =0. (2.3.11)
Poincaré multiplets are therefore labelled | m, w ; Ai > so that
Cilm,w; Xi) = m? [m,w; Ni) , - Calm,w; Xi) = f(m,w) Im,wi X)) s (2312
that 1s, m? are the eigenvalues of C; and f{m, w) the ones of C,.

We have to work a little harder to determine the labels w and the exact expression for the f(m, w).

As above, states within those irreducible representations carry extra labels Ai corresponding to all

operators that can be diagonalized simultaneously (such as J3 for SU(2)).

One of the 4; corresponds to the eigenvalue p# of the generator P# as a label.

To find more labels, take the eigenvalue p» of P# as given and look for all elements of the Lorentz
group that commute with Px.



This defines the Little or Stability group which we denote as L(p,).

Note that within a multiplet, at fixed momentum, the operator P» can be replaced by its eigenvalue p#
and then the Pauli-Ljubanski vector can be seen as the combination of the generators of the Lorentz
group that commutes with the momentum operator and its commutation relations determine the algebra
of the Little group (now the right hand side of [W,,Wy ] 1s a linear combination of the W,’s since the

Pr = pr’s are just numbers within the multiplet).
Our ultimate goal 1s to obtain unitary irreducible representations of the Poincaré group.

This can be achieved using the arguments above that can be summarized as the following theorem.

Theorem 2.3.1 Let p# be some fixed 4-vector.

a) On the orbit (all 4-vectors g for which there exists A € SO(3,1) so that A* ,¢” = p¥.) O(pu), the
independent components of W# form a Lie algebra L(L(p#)) of the Little group L(p*).

b) For every unitary irreducible representation of L(p#), there exists an induced representation of the
Poincaré group P(3, 1).

¢) The unitary irreducible representations of P(3, 1) are characterized by eigenvalues of the Casimirs P2
and W2,



We will now consider the different representations determined by fixing the momenta for different values
and signs of P»P,.

e PrP, =m2>0 (Massive particles).

Valid choices of eigenvectors include p# = (m, 0, 0, 0) which have rotations as their little group since
pi=0,i=1,2,3,ie., L(pr) =SO(3).

Due to the completely antisymmetric tensor €00 1n the definition of W, it follow
Wy=0, W,=-mJ, = Cy=m2J%. (2.3.13)
Thus, we have

Ci|m,w; \;) = m’ im,w; Ni) ,  Co|lm,w; ;) = m2j(j +1) [m,w; ;) (2.3.14)

This identifies w with j, while the remaining labels are specified as 4; € {p#, j3}.

Note that once the p# are fixed within a representation the components of the Pauli-Ljubanski vector do
satisfy an algebra (since within one representation we can replace P# by p# and in this case the algebra is
essentially the same as the rotation group since W; «a Ji).

This algebra defines the Little group that has the well known finite dimensional representations.

Hence, every particle with nonzero mass is an irreducible representation of the Poincaré group with
labels Im,j;p», 3> .



This defines a one-particle state and, in particular, an elementary particle of mass m and spin j.

It 1s important to emphasize that the existence of these quantum states corresponding to elementary
particles 1s a general consequence of the two basic theories, quantum mechanics and special relativity.

We may then define elementary particles as unitary irreducible representations of the Poincaré group.

This 1s a remarkable result since it 1s a way to mathematically define the basic building blocks
of nature.

e PrP, =0 (Massless particles).

The simplest realization 1s selecting the origin p# = (0, 0, 0, 0) which 1s Lorentz invariant.

Even though this seems like a trivial case, it corresponds to a state with no particles, the vacuum state
10 >.

We will see the importance of this state later on.

In order to have non-trivial representations corresponding to particle states, we can take the momentum
of the form p» = (E, 0, 0, E) which implies

(W()) Wl) WQ, W3) :E(Jg, —Jl + KQ, —J2 — Kl) —J3) (2315)

[Wl, Wz] =0, [Wg, Wl] — —iEW,, [Wg, WQ] —iEW, . (2.3.16)



These commutation relations are those for the Euclidean group in two dimensions (translations generated
by Wi, W2 and rotations generated by W3, acting on an abstract two dimensional space) and again define
the Little group for massless particles.

This group, contrary to the massive case, has infinite dimensional unitary representations known as
continuous spin representations.

A simple way to see this 1s to realize that W and W, commute with each other and can be
simultaneously diagonalized with eigenvalues wi, wa.

If wi, wo #0, then

WHW, = —(w] + w3) :== —p®° = w;=pcosh, wy=psinb. (2.3.17)
Hence, the representation can be labelled as 1 0, p ; p# , © >.

Therefore, the existence of these representations would imply particles with an extra continuous label on
top of the momenta px.

Since particles with these extra continuous labels have not been seen in nature, in order to proceed we
concentrate only on the finite dimensional representations.

This 1s not entirely satisfactory since, contrary to the massive case in which we extracted the most
general implications of special relativity and quantum mechanics without any further assumptions, here
we have to make an ad-hoc restriction to concentrate only on finite dimensional representations.



Restricting to finite dimensional representations, SO(2) is the relevant subgroup of the Little group
generated by W3 as wi, wa vanish.

In that case, Wi = A P# and states are labelled as 1 0,0, p#, 4> :=| p#, A >, where A is called helicity and

corresponds to the component of angular momentum in the direction of motion of the particle.

Since we have seen that it is only rotations by 477 and not 27 that leave the physics invariant, we should

expect

eZwi)\ ‘p,u, )\> _ ::lpu’ )\) (2.3.18)

which requires 4 to be integer or half integer A =0,1/2 ,1, .. ..

Notice that contrary to the massive case in which the integer or half-integer nature of spin was dictated
by group theory, i.e., the representations of SU(2), for the massless case we need to use a topological
argument related to the simply connected nature of SL(2, C).

We will see that essentially all the particles of the Standard Model will come from these massless
representations of the Poincaré group, e.g., 4 = 0 (Higgs), A =1/2 (quarks, leptons), A =1 (y, W=, Z0, g)

and A = 2 (graviton).

We will see that parity transforms states of helicity A, | p#, A>to | p#, -A > and therefore, if parity

1s conserved, states such as the photon and graviton have two degrees of freedom corresponding to
A ==x1, 1 = =2 respectively.



e PuP,=-m?2<0 (tachyons).

tA typical momentum can be p# = (0, m, 0, 0).
This would correspond to a particle moving in a space-like trajectory (moving faster than light).
In particular, it would contradict causality.

In some cases, these particles appear in physical theories when instead of expanding around a minimum
of the energy we expand around a maximum and their presence would only indicate that we are
expanding around the *wrong’ vacuum.

Once a minimum is identified and the expansion 1s done around the minimum of the energy the particle
would correspond to a normal massive particle as described above.

We encounter such a situation further below when discussing the electroweak phase transition in Part 6.

All in all, we deduce that the states for massless and massive particles are finite dimensional
representations of SO(3) (massive) or SO(2) (massless).

It 1s important to emphasize that the existence of the aforementioned quantum states corresponding to
elementary particles i1s a general consequence of the two basic theories, quantum mechanics
and special relativity.

We may then define elementary particles as unitary irreducible representations of the Poincaré group.

This 1s a remarkable result since it is a way to mathematically define the basic building blocks of nature.



Next we use these results to introduce quantum fields in an attempt to build up an off-shell framework to
describe particle interactions.

But before we get there, we have to briefly discuss the effects of discrete spacetime transformations

which, as we will see throughout these lectures, will also have important consequences for the Standard
Model.

2.4 Discrete spacetime transformations
So far we have only considered the representations of the proper orthochronous Lorentz group.

Let us now consider the disconnected components of the Lorentz group and consider the action of parity
and time reversal that, as we saw before, together with the identity and their product define the Klein

group.

In the following, we denote operators representing a general Poincaré transformation {Ala} € P(3, 1) as
U(A, a).

The transformation matrices for parity P and time reversal T can be written

(1 0 0 o0 ) (2100 0)
-1 1
Ap— 0 0 0  Ap— 0 00 2.4.1)
0 0 —1 0 0 010
\0 0 0 -1 \ 0 00 1)



As operators acting on the Hilbert space of quantum states, we denote them as
P =U(Ap,0), T =U(Ap,0). (2.4.1)
For a general Poincaré transformation {Ala} € P(3, 1), we have
PUP = U(A5*AAp, Apa), T UT = U(A7'AAr, Ara). (24.1)
Expanding as before around the identity using

A, =0, +wW,, a*=¢€", w', K1

1 24.4)
UAa)=1 - §wWM’“’ + ie, PH |
and recalling that M»? transforms as a tensor under Lorentz transformations, i.e.,
1002pafp—1MpaP _ 1602,)0 A%M ?:,,MW, (2.4.5)
we compute
PP =1J;, P'KP=-K, (0.46)
P 'PP=-P, P 'PP=P°. (2.4.7)

This 1s as expected since under parity we expect that the O-th component of the vector P« (P9 =E) is
invariant whereas the spatial components change sign.

Also the angular momentum J; should be invariant (being an axial vector as in classical mechanics
J=rxp).

It 1s straightforward to see that the parity operator 1s indeed unitary.



However, if we follow the same procedure to obtain the transformations under time reversal we
encounter a problem.

If the time reversal operator is also unitary it would map 7 -1P0 7 =-PO,
That means 1t would change positive energies to negative energies that seems unphysical.

To interpret this result, we have the following theorem due to Wigner:

Theorem 2.4.1 (Wigner). Transformations on a Hilbert space preserving probabilities are either

* unitary and linear, i1.e.,
<U DU ¥>=<d¥> U (x|d>+ P I¥>)=a Uld>+ pU P> (2.4.8)
e or anti-unitary and anti-linear, that 1s,

<U DIU ¥> = <@lP>* U (ald>+ B 1¥>) = a* U ld>+ U B* P> (2.4.9)

Now, in order to preserve positive energies, 7 must be an anti-unitary and anti-linear operator

T(i|®)) = —iT |P) , (2.4.10)

so that
T'5T=-J;, T 'KT=K;,, (2.4.11)
T 'PT =—-P, T 'P°T = PY. (2.4.12)



Then, the time reversal operator 7 maps positive energies to positive energies.

Let us come back to our one-particle states defined in section 2.3 and understand their transformation
behavior under parity and time reversal.

One can show that:

 For massive particles, we have the transformation properties

P oy
— 77P |m7];p'u7.73> ;
[m, 350", 93) § o (2.4.13)
—  nr (=1)7% |m, j;p*, —Js)

with Inpl= Intl = 1 and p'# 1s the result of the corresponding transformation acting

on p# (under parity the spatial components change sign, under time reversal only
the time component change sign, etc.).

 For massless particles, one finds

£> 77,,P e FimA p/y,7_/\>7
|p“, /\) (2.4.14)

e k)

Note that for A # O there has to exist the opposite helicity states.

In particular,



— the photon and the graviton have 4 = £1, 4 = £2 respectively which means that for each
of them the 4 represent two states of the same particle, since both gravitation and

electromagnetism are invariant under parity (both graviton and photon are their own
antiparticle).

— if the neutrino were massless, then A= +1/2 may have a different interpretation, for
instance A = +1/2 could be identified with the neutrino and A = -1/2 with the antineutrino,

since the weak interactions are not invariant under parity.

Even though, as we will see, the neutrinos are expected to have a mass, it is still an open
question if the neutrinos are or are not their own anti-particles.

We conclude this section with some comments that will be very relevant in the next chapters:

« Massive particles of spin j = 1 have 25 + 1 = 3 polarisation states, namely j3 =
—1,0,1. In contrast, massless particles of helicity A = 1 have only 2 polarisation
states with A = +1.

o Massive particles of spin 5 = 2 have 27 + 1 = 5 polarisation states, namely j3 =
—2,—1,0,1,2. In contrast, massless particles of helicity A = 2 have still only 2
polarisation states with A = £2.



3. FROM PARTICLES TO FIELDS

Particles vs Fields

If it turned out that some physical system could not be described by a quantum field
theory, it would be a sensation; if it turned out that the system did not obey the rules
of quantum mechanics and relativity, it would be a cataclysm.

Steven Weinberg

In the previous part we stressed that only assuming two fundamental theories of nature, special relativity
and quantum mechanics, the fundamental physical entities are the elementary particles labeled by the
quantum number specified by the representations of the Poincaré group I m,j; p#,j3> and | p# , 1 >

describing massive and massless particles.

This part 1s devoted to the study of interactions among these particles.

The general requirements of Poincaré€ invariance, locality and unitarity will let us to introduce fields
as “functions” of spacetime which are operators made out of creation and annihilation operators that
create and destroy the corresponding particles.

We emphasize that fields are only a tool to describe interactions among the particles.

Their introduction includes more conditions than just the assumptions of special relativity and quantum
mechanics.



However, fields are the key objects to describe interactions among particles and their use goes beyond
the study of interactions among particles.

They are key ingredients in any interacting theory which requires local interactions such as condensed
matter systems.

So their use 1s across different disciplines.

They are often presented as the basic objects of high energy physics with the particles appearing as their
excitations.

The two descriptions are somehow manifestations of the wave-particle duality of quantum mechanics.
Our emphasis on particles rather than fields as the fundamental objects resides on the fact that it may be

possible that some of the ingredients assumed in the introduction of fields may be overcome in future
descriptions of nature beyond the Standard Model.

The spirit of this class 1s not only to introduce the basic tools to describe the Standard Model, but also to
identify the key ingredients and assumptions that may help in shaping formulations beyond the Standard

Model.

However, for the rest of the class, we will use the powerful tool of field theory.



3.1 Particle interactions and fields
In the preceding section, we learned about the concept of one-particle states.
Here, our aim 1s to describe interactions among many particles.

Putting together Poincaré invariance with the extra assumptions of unitarity and locality will lead us to
superpositions of the aforementioned one-particle states corresponding to fields.

These objects allow us to develop a formalism known as Quantum Field Theory (QFT) that 1s suitable to
describe local interactions among particle states.

3.1.1 Many particle states

Let us begin by trying to understand how we can describe relativistic processes in a quantum mechanical
theory.

Clearly, E = mc? tells us that mass and energy are on equal footing which further implies that particles
can be annihilated into energy.

To describe such processes, we aim at combining, as we said several times before, Lorentz invariance
of special relativity with the notion of quantum mechanics and add further conditions such as locality to

describe interactions.

To this end, we 1nitially need to introduce the space of multi-particle states.



The Hilbert space H of all particle states can be decomposed as

H=HocDH1DPH2D... (3.1.1)

where

e Hyp encodes 0-particle states, i.e., the vacuum |0)

e H; includes 1-particle states, e.g.,those generated by the creation operator a'(p, \)
from the vacuum state,

P, ) = aT(p, A)|0) . (3.1.2)
e H, includes 2-particle states, e.g.,
|p‘1L7 )‘17pg7 )‘2> — a’T(p% )‘2) |p/iL7 )‘1> = |p57 )‘27pl1L7 )‘1> y (3]‘3)

Here, the + sign refers to integer spin/helicity states (bosons), whereas the — sign
to half-integer spin/helicity states (fermions).

Note that this 1s one of the most important - signs in science since it is the origin of the Pauli exclusion
principle that implies that nuclei, atoms, molecules and therefore all matter, have a non-trivial structure.

As usual the creation and annihilation operators satisfy

[Cb(p, )‘)7 a(pla )‘,)]:l: — [a’T(pa )‘)7 aT(p,a )‘,)]:l: =0,

o , (3.14)
[a’(p7)‘)7a’ (p 9 A )]:i: X 5(p — P )5)\)\’



for bosons [, ']- = [*,-] which are the standard commutators, whereas for fermions we change
commutators for anti-commutators which may be written as [, ]+ = {-, ' }.

In this way, we construct the full Hilbert space of particle states that we would like to describe
with a dedicated quantum theory.

3.1.2 Interactions and Fields

Interactions among many particle states are determined by computing the S-matrix.

Typically, we can think of scattering processes as starting from an initial state | ain > at t = -0 and ending
up with an out-state | fout> at t = +o0 , see Fig. 3.1.

&™) at t = —o0 : : (B"| at t = +o0

Figure 3.1: A cartoon representation of a scattering process.

In between, particles interact in a complicated way by, e.g., colliding with each other or splitting up in a
bunch of new particles.

We define the S-matrix as



Sga - <Bout|ain> = 55a -+ (271')45(]?5 — pa)Mga . (3-1-5)
The first term stands from the trivial event of no interactions at all.

So the interesting physics is encoded in the Matrix Elements M ga.
The standard questions we can ask for particle interactions are:

a) Decay Rates. The probability of decay of one particle to several particles.

This 1s the simplest case in which the | ain > state 1s one single particle.

The S-matrix reduces to the probability of decay of the original particle to its daughter states,
see Fig. 3.2.

It is usually represented as I'(qin — [sout),

The decay rate per unit of phase space volume of the final states can be explicitly computed via

dllpps 0
dl’ = o 1.
T | M | (3.1.6)

where dIIips stands for Lorentz invariant phase space volume



Al ps = (2m)%6% (ph — > p) (3.1.7)

The important point for us is that I is determined by | M 5,12 integrated and summed over all final

momentum and spin states, see Appendix A for details.

&™) at t = —o0 > : (B°"| at t = 400

Figure 3.2: A cartoon representation of a decay process.

b) Cross Sections. As we know from Classical Mechanics, cross sections are the quantities that measure
how often a scattering process between several particles happens.

Cross sections are usually labelled as ¢ and are also proportional to | M g2, see Appendix A for details.

Therefore our goal is to find a way to determine | M g42 given a configuration of initial and final states
interacting in a particular way.

In order to determine the matrix elements , | M g,l2 , in general, we require the following conditions on
interactions:



a) Poincaré invariance of amplitudes. The S-matrix is invariant under Poincaré transformations.

b) Unitarity: Probabilities add up to 1 and are preserved under time evolution by U = e-iHt,
For the S-matrix, unitarity implies

[ 885,55 = [ dB (7187) (B a™) = (¥7a") =@ =), (.18)

Or as an operator equation

ST =1. (3.1.9)

c) Stability: This is the requirement that the energy should be bounded from below and there is a state
of minimum energy, the vacuum | 0 >.

d) Locality (cluster decomposition): Observables O1, O> commute at space-like distances, 1.e.,
[O1(z), O2(y)] =0, (3.1.10)

which 1s usually referred to as microcausality.

As a consequence of the last requirement of locality, we deduce that the Hamiltonian H 1s determined by
a local function, the Hamiltonian density 7 (X, t), which 1s defined at each space point.

More precisely, we define the Hamiltonian as



H=/H(x, t)d’x (3.1.11)

corresponding to the sum of energies at each point in space.

Similarly, the Lagrangian L is obtained from the Lagrangian density £(X, t) via

L = / L(x,t)d’z (3.1.12)
with associated action

S — / L(x,t)d*z. (3.1.13)

This locality requirement is crucial to determine interactions and i1s known as cluster decomposition
which means that experiments performed at large enough distances do not affect each other.

Now, we arrive at a conundrum: # and £ are operators in position space, but particle states as derived

above are defined in momentum space.

The way out is pretty obvious: we need to apply Fourier transformations to describe the corresponding
states in terms of “functions” of spacetime coordinates — objects that we call fields.

For any particle of given momentum and spin/helicity, we define a field &4 as

d,(z") = An(2*) + B (z#) (3.1.14)



1n terms of

Aq(zh) = /dpua (p, \) a(p, \) e+ (3.1.15)
B (z") = Z / dpva(p, ) b'(p, A) e 7P . (3.1.16)
\

We use a multi-index notation where a = u1 . . . un are spacetime indices of the corresponding
representation under SO(3, 1).

Here, the operators a(p, 4) and bf(p, A) are raising and lowering operators as defined in the previous

section with the commutation relations (3.1.4).

The object A is the field annihilating the corresponding particle, whereas B is the field creating the
anti-particle.

Stated otherwise, fields are always of the form
Quantum Fields

P (x,u / dp ua p) )‘) a’(pa )‘) eipua:“ + va(pa )‘) bT(pa )‘) e_ipﬂxu) g (3117)

For integer spin or helicity n, the object on the left transforms as some rank n tensor under SO(1, 3) 1,
that 1s, it transforms under the (n/2, n/2) representation of the Lorentz algebra.



The 1ntegral and sum on the right 1s a superposition of all unitary irreducible representations of
one-particle states as classified above via the little groups.

The parameter A labels spins for massive particles and helicity for massless particles, while the

integration over momenta is performed using the invariant measure

1
/dp=/d4p5(p2—m2) =/d3p2E R E,=py, E2=p*+m?.  (3.1.18)
p

The wave functions uq(p, 4) and va(p, 4) in momentum space describe the dynamics of fields in
spacetime given that they carry Lorentz indices .

As we will in the next part, the functions u«(p, 4) and va(p, A) need to satisfy certain constraints in order
to write down (off-shell) actions in terms of the fields.

The relation between the two sides in (3.1.17) is determined by the coefficient functions ePrT" us(p, A)
and e "P»%" vy(p, 1) which carry both Lorentz indices o and x as well as Poincaré representation labels
p and A.

One import remark concern the form (3.1.14) that we started with which ensures the existence of
anti-particles.

Let us explain this in more detail.

First, we note that writing the field @«(x#) in terms of Ax(x#) and Ba(x#) as in (3.1.14) is essentially
required by causality.



Above, we stated that all operators should commute at spacelike separations, cf. Eq. (3.1.10).

That 1s, for a fixed time and two different locations, we demand that

@a(a',1), 2", )] = 0. (3.1.19)
However, it 1s impossible for both Ax(x#) and Ba(x#) to satisty this condition by themselves because

Aa(a' 1), ALy, )] #0. (3.120)

These commutators can be explicitly derived from those for the creation and annihilation operators
a(p, A) and af(p, A) as defined in (3.1.4).

Thus, both objects are needed to build fields @q(x#) satistying (3.1.19).

This 1s the requirement for the existence of anti-particles.

If a(p, 1) = b(p, A), the particle is simply its own anti-particle.
3.1.3 Field theories and their actions

So far, we have seen that putting special relativity and quantum mechanics together lead us to classifying
one-particle states in terms of their masses and spins.



Interactions lead us to the concept of locality and to use fields rather than particles to describe our theory.

In finding all unitary irreducible representations of the Poincaré group, we defined states for fixed p
over which we have to integrate to get a suitable superposition of eigenstates, i1.e., we found fields of the

form

D, (z") =) / dp (ua(p, ) a(p, N) €™ + v,a(p, \) b (p, A) e 7). (3.121)
A

The action S becomes a function of these fields @, and their derivatives, i.e.,

S[®,,0P,] = / d*z L[®,, 0P,] (3.1.22)

where £L[Dy, 0P| 1s the Lagrange density or simply Lagrangian of the theory.

Here, translation invariance forbids the explicit dependence of £ on the coordinates x#, 1.e.,
L # L[DPy, 0Dy, xH].

The Lagrangian is typically written as a sum of individual terms of the form
L[®,,00,] =) ¢;0;(P,,00,). (3.1.23)
()
Here, ¢i are some “constant” coefficients and O; are referred to as operators since they are functions of

the fields @, which are themselves operators (as it can be seen from their dependence on the creation and

annihilation operators).



The equations of motion for @, are obtained as usual from the Euler-Lagrange equations, i.e.,

5 0L 9L _

_9%k o 3.1.24
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When the field configuration satisfies these classical equations, we say that the field 1s on its mass shell
or on-shell.

Otherwise we say it is off-shell.

Quantization of field theories proceeds most easily through the path integral approach where e.g. the
partition function can be written as

Z = / D, e 51Pa:0%a] (3.1.25)

Only 1n the classical limit the on-shell condition 1s satisfied. Similarly, correlations functions and
amplitudes can be straightforwardly computed within this formalism through perturbation theory.

Note that there 1s an infinite-to-one mapping from actions to on-shell scattering amplitudes: infinitely
many actions can give rise to the same on-shell amplitude due to field redefinitions @ — @'(D).

This begs the question: what is the point of introducing fields in the first place?

First and foremost, they provide us with an organizing principle for interactions among particles
governed by symmetries.



What is more, non-perturbative effects, running couplings as well as off-shell correlation functions can
be systematically studied.

As Weinberg himself always stresses, quantum fields are “the only way of satisfying the principles of
Lorentz invariance plus quantum mechanics plus cluster decomposition”.

Recently, though, there has been much effort towards computing amplitudes directly without the use of
Lagrangians.

No details here.

Let us now provide examples of free field theories focussing on spin/helicity states less than one for
which the massless and massive states have the same number of degrees of freedom:

the th e the the the the



