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54 Maxwell’s Equations
The most common (and important) spin-one particle is the photon.

Emission and absorption of photons by matter is an important phenomenon in many areas of physics,
and so that is the context in which most physicists first encounter a serious treatment of photons.

We will use a brief review of this subject (in this section and the next) as our entry point into the
theory of quantum electrodynamics.

Let us begin with classical electrodynamics.

Maxwell’s equations are

V-E=p, (54.1)
VxB-E=17J, (54.2)
VXxE+B =0, (54.3)

V-B =0, (54.4)

where E is the electric field, B 1s the magnetic field, p is the charge density, and J is the current density.

We have written Maxwell’s equations in Heaviside-Lorentz units, and also set ¢ = 1.

In these units, the magnitude of the force between two charges of magnitude Q 1s Q2/47ur2.



Maxwell’s equations must be supplemented by formulae that give us the dynamics of the charges and
currents (such as the Lorentz force law for point particles).

For now, however, we will treat the charges and currents as specified sources, and focus on the dynamics
of the electromagnetic fields.

The last two of Maxwell’s equations, the ones with no sources on the right-hand side, can be solved by
writing the E and B fields in terms of a scalar potential ¢ and a vector potential A,

E=-Vyp—A, (54.5)
B=VxA. (54.6)

The potentials uniquely determine the fields, but the fields do not uniquely determine the potentials.
Given a particular ¢ and A that result in a particular E and B, we will get the same E and B from any

other potentials ¢’ and A’ that are related by
where I is an arbitrary function of spacetime.
A change of potentials that does not change the fields is called a gauge transformation.

The E and B fields are gauge invariant.



All this becomes more compact and elegant in a relativistic notation.

We define the four-vector potential or gauge field

A* = (p,A) . (54.9)
We also define the field strength

FH = gFAY — 9"AF . (54.10)
Obviously, Frv is antisymmetric: Fr#v = —Fvu,

Comparing eqgs. (54.5) and (54.6) with eqgs. (54.9) and (54.10), we see that
FOi _ , (54.11)
FY = kB, . (54.12)
The first two of Maxwell’s equations can now be written as

o,F* = JH (54.13)
where

JH = (p,d) (54.14)

1s the charge-current density four-vector.



If we take the four-divergence of eq. (54.13), we get d,0vF#v = 9, J.

The left-hand side of this equation vanishes, because d,0v 1s symmetric on exchange of y and v, while
Frv 1s antisymmetric.

We conclude that we must have

O,J* =0, (54.15)

or equivalently

that 1s, the electromagnetic current must be conserved.

The last two of Maxwell’s equations can be written as
EuupaapFlw =0 ’ (54.17)
where €,vq0 18 the completely antisymmetric Levi-Civita tensor; see section 34.

Plugging in eq. (54.10), we see that eq. (54.17) 1s automatically satisfied, since the antisymmetric
combination of two derivatives vanishes.

Egs. (54.7) and (54.8) can be combined into
AP = AF — OHT . (54.18)



Setting F'vv = dr A'V— 0vA'# and using eq. (54.18), we get
F'* = Fr — (9H9” — 8"0")T . (54.19)
The last term vanishes because derivatives commute; thus the field strength is gauge invariant,
F'® — v (54.20)
Next we will find an action that results in Maxwell’s equations as the equations of motion.

We will treat the current as an external source.

The action we seek should be Lorentz invariant, gauge invariant, parity and time-reversal invariant, and
no more than second order in derivatives.

The only candidate is S = [ d*x £, where
— 1 ppv v
L=—LF"F,, +J', . (54.21)
The first term 1s obviously gauge invariant, because FrV is.

After a gauge transformation, eq. (54.18), the second term becomes J*A’,, and the difference is
JH(AL — A,) = —J#8,T

(54.22)



The first term in eq. (54.22) vanishes because the current is conserved.

The second term is a total divergence, and its integral over d4x vanishes (assuming suitable boundary
conditions at infinity).

Thus the action specified by eq. (54.21) 1s gauge invariant.

Setting Frv = o Av — dvA» and multiplying out the terms, eq. (54.21) becomes

L = —30"A"9,A, + 30*"A"8,A, + J'A, (54.23)

= +3A,(g"0° — 0"9")A, + J'A, — O'K,, (54.24)
where K, =12 Av(9,Av—0vA,).
The last term 1s a total divergence, and can be dropped.

From eq. (54.24), we can see that varying A* while requiring S to be unchanged yields the equation of
motion

(g"8* — 8"9")A, + J* = 0. (54.25)

Noting that oy F#v = dy(orAv — 0vA#) = (drdv— gvo?) Ay, we see that eq. (54.25) 1s equivalent to eq.
(54.13), and hence to Maxwell’s equations.



55 Electrodynamics in Coulomb Gauge

Next we would like to construct the hamiltonian, and quantize the electromagnetic field.
There 1s an immediate difficulty, caused by the gauge invariance: we have too many degrees of freedom.
This problem manifests itself in several ways.

For example, the lagrangian

L = —3F"F,, + J'A, (55.1)
—101Av9, A, + 10"AY8,A, + JFA, (55.2)

does not contain the time derivative of A9,

Thus, this field has no canonically conjugate momentum and no dynamics.
To deal with this problem, we must eliminate the gauge freedom.

We do this by choosing a gauge.

We choose a gauge by imposing a gauge condition.

This 1s a condition that we require A#(x) to satisty.

The 1dea 1s that there should be only one A#(x) that results in a given F#V(x) and that also satisfies the
gauge condition.



One possible class of gauge conditions 1s n#A,(x) = 0, where ny 1s a constant four-vector.

If n 1s spacelike (n2 > 0), then we have chosen axial gauge; if n 1s lightlike, (n2 = 0), it is lightcone
gauge; and 1if n 1s timelike, (n%2 < 0), it is temporal gauge.

Another gauge is Lorenz gauge, where the condition 1s 0#A, = 0.
We will meet a family of closely related gauges in section 62.
In this section, we will work in Coulomb gauge, also known as radiation gauge or transverse gauge.

The condition for Coulomb gauge is

V-A(z) =0. (55.3)

We can impose eq. (55.3) by acting on Ai(x) with a projection operator,

ViV,

We construct the right-hand side of eq. (55.4) by Fourier-transforming Ai(x) to Ai(k), multiplying Ai(k)
by the matrix 0ij— kikj/k2, and then Fourier-transforming back to position space.

From now on, whenever we write Ai, we will implicitly mean the right-hand side of eq. (35.4).



Now let us write out the lagrangian in terms of the scalar and vector potentials, @ = A% and A;, with A;

obeying the Coulomb gauge condition.
Starting from eq. (55.2), we get
L = §AA;i — §V;ANV; A + JiA;
+ 3ViA; VA + AiVigp

1 (55.5)
+ 5VipVip — pp .

In the second line of eq. (55.5), the V; in each term can be integrated by parts; in the first term, we will

then get a factor of V;(ViA;), and in the second term, we will get a factor of V;A;. .

Both of these vanish by virtue of the gauge condition ViA; = 0, and so both of these terms can simply be
dropped.

If we now vary ¢ (and require S = [d% L to be stationary), we find that ¢ obeys Poisson’s equation,

—Vip=p. (55.6)

The solution is

p(y,t)
t) d%y
(X, / 47T|x =g (55.7)



This solution is unique if we impose the boundary conditions that ¢ and o both vanish at spatial infinity.

Eq. (55.7) tells us that g(x.,t) 1s given entirely in terms of the charge density at the same time, and so has

no dynamics of its own.
It 1s therefore legitimate to plug eq. (55.7) back into the lagrangian.

After an integration by parts to turn Vip Vi@ into—¢VZ2p= ¢@p, the result is
L = %AZAZ — %VinVin + J;A; + Leoul (55.8)

where
1 d3y ,O(X, t)p(Y7 t) .

Lo = —=
coul 9 47T|X—Y|

(55.9)

We can now vary A;; keeping proper track of the implicit projection operator in eq. (55.4), we find that A;
obeys the massless Klein-Gordon equation with the projected current as a source,

ViV,
—82.»4,-(:1:) = (57;- o sz)Jj (x) . (55.10)
For a free field (J; = 0), the general solution is
Alz) =) / dk |3 (K)ax (k)™ + ex(k)al (k)e ], (55.11)
A==

where k0 = w = |k|, dk = d%/(27)32w, and e, (k) and e_(k) are polarization vectors.



In order to satisty the Coulomb gauge condition, the polarization vectors must be orthogonal to the wave
vector K.

We will choose them to correspond to right- and left-handed circular polarizations; for k = (0,0.,k), we
then have
e+(k) =

e_(k) =

=(1,—1%,0) ,
( 0) . (55.12)
+1,

S 5

More generally, the two polarization vectors along with the unit vector in the K direction form an
orthonormal and complete set,

k-ex(k) =0, (55.13)

E)\/(k)°€§‘(k) = 5)\/>\ ] (55.14)
k;k;

Z 67,)\ 53)\ = 52']' — k—2'7 , (55.15)

The coefficients a)(k) and a\(K) will become operators after quantization, which i1s why we have used
the dagger symbol for conjugation.

In complete analogy with the procedure used for a scalar field in section 3, we can invert eq. (55.11) and
its time derivative to get

ax(k) = —|—is)\(k)-/d3:1: e_"'km(%A(:z:) : (55.16)

al (k) = —i sj‘(k)-/d:ga: e+ik$5()A(x) , (55.17)



where fa(_;g = f(0.9) — (O.f)g.

Now we can proceed to the hamiltonian formalism. First, we compute the canonically conjugate
momentum to Aj,
1 oL,

II; = Yy A; . (55.18)
Note that V;A; = 0 implies Vill;=0.
The hamiltonian density is then
H=1ILA, - L
(55.19)

— %HZHZ -+ %V]AzVJAz — JzAz + 7_(coul )
the where Hcou = —Lcoul.

To quantize the field, we impose the canonical commutation relations.

Keeping proper track of the implicit projection operator in eq. (55.4), we have

VAVS

A, 0, T v, 0] = (05 — 32 )8 (x — y)

55.20
_ [ d% ik-(x=y) ( § kik; ( )
= ’I,/ (271_)3 € ij — K2 .




The commutation relations of the ay(K) and a™i(K) operators follow from eq. (55.20) and

[Ai, Aj] = [I1;, I;] = 0 (at equal times).

The result is

ax(k),ax (k')

0, (55.21)

0, (55.22)

= (27r)32w 53(1{, — k)(S)\)\/ . (55.23)

We interpret a™y(K) and a)(K) as creation and annihilation operators for photons of definite helicity, with
helicity +1 corresponding to right-circular polarization and helicity —1 to left-circular polarization.

It 1s now straightfoward to write the hamiltonian explicitly in terms of these operators.

We find

H = Z ‘/cfi\fg ol ai\(k)ak(k) + 2‘c:OV o /de J(QZ)A(CE) + Hcoul ) (55'24>
A==%

where &, = %(2#)‘3 [ d°k w 1is the zero-point energy per unit volume that we found for a real scalar
field in section 3, V 1s the volume of space, the Coulomb hamiltonian is

coul

/ 3z d%

p(x,t)p(y, )
Am|x—y|

, (55.25)



and we use eq. (55.11) to express Ai(x) in terms of ax(k) and a™,(K) at any one particular time (say, t =0).
This 1s sufficient, because H itself is time independent.

This form of the hamiltonian of electrodynamics 1s often used as the starting point for calculations of
atomic transition rates, with the charges and currents treated via the nonrelativistic Schrodinger equation.

The Coulomb interaction appears explicitly, and the J -A term allows for the creation and annihilation of
photons of definite polarization.

56 LLSZ Reduction for Photons

In section 55, we found that the creation and annihilation operators for free photons could be written as
o\ (k) = —ie} (k) [ d =B ). (56.1)

ax(k) = +i &‘)\(k)-/d% e‘ikxa(—())A(x) , (56.2)

where €)(K) 1s a polarization vector.

From here, we can follow the analysis of section 5 line by line to deduce the LSZ reduction formula for
photons.

The result is that the creation operator for each incoming photon should be replaced by



al (K)in — i €% (K) / d'z iR (—92) A, (z) | (56.3)
and the destruction operator for each outgoing photon should be replaced by

ax(K)our — 6% (k / d'z e~ (—%) A, (z) | (56.4)

and then we should take the vacuum expectation value of the time-ordered product.

Note that, in writing eqgs. (56.3) and (56.4), we have made them look nicer by introducing €% (k) =0, and
then using four-vector dot products rather than three-vector dot products.

The LSZ formula is valid provided the field is normalized according to the free-field formulae
(0|A*(2)[0) = 0, (56.5)
(k, A A*(2)[0) = e)(k)e™™ (56.6)

where Ik,\) is a single photon state, normalized according to

(K Nk, ) = (27)°2w 6 (K — K)byy - (56.7)

The zero on the right-hand side of eq. (56.5) is required by rotation invariance, and only the overall scale
of the right-hand side of eq. (56.6) might be different in an interacting theory.

The renormalization of A;j necessitates including appropriate Z factors in the lagrangian,



L =—3Z3F"F,, + Z1JVA,, . (56.8)
Here Z3 and Z; are the traditional names; we will meet Z» in section 62.

We must choose Z3 so that eq. (56.6) holds. We will fix Z; by requiring the corresponding vertex
function to take on a certain value for a particular set of external momenta.

Next we must compute the correlation functions <OITAi(x)...10)
As usual, we begin by working with free field theory.

The analysis 1s again almost identical to the case of a scalar field.

We find that, in free field theory,

(0] TA () A’ ()|0) = $AY (z —y) , (56.9)
where the propagator is
g d4% etk(z—y) j
Al (z — y) :/(%)4 i Toaseh (9 (K) (56.10)

As with a free scalar field, correlations of an odd number of fields vanish, and correlations of an even
number of fields are given in terms of the propagator by Wick’s theorem; see section 8.

We would now like to evaluate the path integral for the free electromagnetic field



Zo(J) = (0]0); = /DA gt ] e l= g P FuytJHAL] (56.11)
Here we treat the current J#(x) as an external source.
We will evaluate Zo(J) in Coulomb gauge.
This means that we will integrate over only those field configurations that satisfy V-A = 0.
We begin by integrating over A0.

Because the action is quadratic in A#, this 1s equivalent to solving the variational equation for A%, and
then substituting the solution back into the lagrangian.

The result is that we have the Coulomb term in the action,

JO(z)J° (y)
dm|x—y|

Scoul = ——/d4wdy 5(z"—y°) (56.12)

Since this term does not depend on the vector potential, we simply get a factor of exp(1Scour) 1n front of
the remaining path integral over A;.

We will perform this integral formally (as we did for fermion fields in section 43) by requiring it to yield
the correct results for the correlation functions of A;j when we take functional derivatives with respect to

Ji.

In this way we find that



Zo(J) = exp [z‘Scoul + % / d'z d% Ji(z)AY (z — y)Jj(y)] . (56.13)

We can make Zo(J) look prettier by writing it as

7
Zo(7) = exp 3 [ dlodly @A™ (o 1) 7,)] (56.14)
where we have defined
v d4k ik(x— A LV
A (z —y) = L M=) A (k) (56.15)
A LV 1 v v
Al (k) = — @5”05 ’+ 12 e >oa—teh (k)eX (k) . (56.16)

The first term on the right-hand side of eq. (56.16) reproduces the Coulomb term in eq. (56.13) by virtue

of the facts that
+00 JL0 ,
/ W) = 50— y),

oo 2T (56.17)
d* etk x=y) 1
,/(27r)3 k?  drmlx—y| (56.18)

The second term on the right-hand side of eq. (56.16) reproduces the second term in eq. (56.13) by virtue
of the fact that €%(k) = 0.

Next we will simplify eq. (56.16). We begin by introducing a unit vector in the time direction,



— (1,0) .

Next we need a unit vector in the k direction, which we will call 2#. .

We first note that ¢-k = —k9, and so we can write

(0,k) = k* + (£-k)#

The square of this four-vector is

k* = k* + (t-k)*

where we have used #2= —

Thus the unit vector that we want 1s

B =

kH + (t-
t-k

k)ik
k% + (t-k)

Now we recall from section 55 that

Y e (k)ed (k) = 6i —
A==

This can be extended to1 — y and j — v by writing

2]11/2

kik;

k2

(56.19)

(56.20)

(56.21)

(56.22)

(56.23)



> ek (k)eX(k) = g + tH” — 242V (56.24)
A=+

It 1s not hard to check that the right-hand side of eq. (56.24) vanishes if =0 or v =0, and agrees with
eq. (56.23) fory =iand v =]j.

Putting all this together, we can now write eq. (56.16) as

et gh¥ + thtY — zH 3V

AW (k) = — -
(k) k? + (t-k)? i k? — ie

(56.25)

The next step 1s to consider the terms in this expression that contain factors of k# or kv; from eq. (56.22),
we see that these will arise from the zZ#2Z¥ term.

In eq. (56.15), a factor of k» can be written as a derivative with respect to x# acting on ek&-y),
This derivative can then be integrated by parts in eq. (56.14) to give a factor of 0#J,(x).

But 0#J,(x) vanishes, because the current must be conserved.

Similarly, a factor of kv can be turned into 0vJ\(y), and also leads to a vanishing contribution.
Therefore, we can ignore any terms in A#v(K) that contain factors of k# or k.

From eq. (56.22), we see that this means we can make the substitution



(k)
k2 (E-R)2)2

(56.26)

Then eq. (56.25) becomes

A

X 1 k? t-k)?2  \., -
UV — 1% . [Tz
AHY (k) ERy [g + ( K2+ (L-k)2 +1— B2+ (1-k)? )t t } . (56.27)

where the three coefficients of ###¥ come from the Coulomb term, the {#{” term in the polarization
sum, an z#z¥ term, respectively.

A bit of algebra now reveals that the net coefficient of {##¥ vanishes, leaving us with the elegant

expression
v
9

k2 —

AP (k) = (56.28)

Written in this way, the photon propagator 1s said to be in Feynman gauge.
(It would still be in Coulomb gauge 1f we had retained the k# and k¥ terms that we previously dropped.)

In the next section, we will rederive eq. (56.28) from a more explicit path-integral point of view.



57 The Path Integral for Photons

In this section, in order to get a better understanding of the photon path integral, we will evaluate it
directly, using the methods of section 8.

We begin with
Zo(J) = /'DA 50 , (57.1)

Sy = / d'z [~ LF* Fy + J4A,] (57.2)
Following section 8, we Fourier-transform to momentum space, where we find

So

-3 (534 -4 (K9 — k) (=)

+ T () A (—k) + THR) A, (k) 7

The next step 1s to shift the integration variable A s0 as to “complete the square”.
This involves inverting the 4 x 4 matrix k2grv— krkv.

However, this matrix has a zero eigenvalue, and cannot be inverted.

To see this, let us write

k*gh” — kHKY = k*PH (k) , (57.4)



where we have defined
PH (k) = g" — kFKY/K? .

This 1s a projection matrix because, as 1s easily checked,
P* (k)P (k) = P* (k) .
Thus the only allowed eigenvalues of P are zero and one.
There 1s at least one zero eigenvalue, because
P (k)k, = 0 .
On the other hand, the sum of the eigenvalues is given by the trace
9P (k) =3 .

Thus the remaining three eigenvalues must all be one.

(57.5)

(57.6)

(57.7)

(57.8)

Now let us imagine carrying out the path integral of eq. (57.1), with Sp given by eq. (57.3).

Let us decompose the field A «(k) into components aligned along a set of linearly independent

four-vectors, one of which 1s k.

(It will not matter whether or not this basis set 1s orthonormal.)



Because the term quadratic in A « Involves the matrix k?P#v(k), and Prv(k)ky = 0, the component
of A ,(k) that lies along k,, does not contribute to this either, because d»#J,(x) = 0 implies k»J,(k) = 0.

Thus this component does not appear in the path integral at all!
It then makes no sense to integrate over it.

We therefore define [ DA to mean integration over only those components that are spanned by the
remaining three basis vectors, and therefore satisty EMA M( k) = 0.

This is equivalent to imposing Lorenz gauge, OHA, () = 0.
The matrix P#v(k) 1s simply the matrix that projects a four-vector into the subspace orthogonal to k.
Within the subspace, P#v(k) is equivalent to the identity matrix.

Therefore, within the subspace, the inverse of k?Prv(k) is (1/k2)Prv(k).

Employing the € trick to pick out vacuum boundary conditions replaces k2 with k2 — 1e.

We can now continue following the procedure of section 8, with the result that



d4k _ P/W k) ~
Zo(J) = exp 2/ k2 ( )J (—k)]
(57.9)
K
= exp| / d*z dy J,(z) A" (z — y)Ju(y)] ,
where
d%  ike—. PP (K)
AR (o _ ik(x—y)
(a‘; y) / (271')4 (A k2 — ’1:6 (5710)

is the photon propagator in Lorenz gauge (also known as Landau gauge).

Of course, because the current is conserved, the kxkY term in P#v(k) does not contribute, and so the result
1s equivalent to that of Feynman gauge, where P#V(k) 1s replaced by grv.

58 Spinor Electrodynamics

In the section, we will study spinor electrodynamics: the theory of photons interacting with the electrons
and positrons of a Dirac field.

(We will use the term quantum electrodynamics to denote any theory of photons, irrespective of the
kinds of particles with which they interact.)

We construct spinor electrodynamics by taking the electromagnetic current j#(x) to be proportional to the
Noether current corresponding to the U(1) symmetry of a Dirac field; see section 36.



Specifically,

i (z) = eV (x)y"¥(x) . (58.1)
Here e = —0.302822 is the charge of the electron in Heaviside-Lorentz units, with h=c=1.

(We will rely on context to distinguish this e from the base of natural logarithms.)

In these units, the fine-structure constant 1s o = e2 /4w = 1/137.036.

With the normalization of eq. (58.1), Q = [d3xj%(x) is the electric charge operator.

Of course, when we specify a number in quantum field theory, we must always have a renormalization
scheme 1in mind; e= —0.302822 corresponds to a specific version of on-shell renormalization that we will
explore in sections 62 and 63.

The value of e 1s different in other renormalization schemes, such as A S, as we will see 1n section 66.
The complete lagrangian of our theory is thus

L=—1FWF,, +i090 — mUU + eUy TA, . (58.2)

In this section, we will be concerned with tree-level processes only, and so we omit renormalizing Z
factors.

We have a problem, though.



A Noether current 1s conserved only when the fields obey the equations of motion, or, equivalently, only
at points 1n field space where the action 1s stationary.

On the other hand, in our development of photon path integrals in sections 56 and 57, we assumed
that the current was always conserved.

This 1ssue is resolved by enlarging the definition of a gauge transformation to include a transformation
on the Dirac field as well as the electromagnetic field.

Specifically, we define a gauge transformation to consist of

At (x) — AP(x) — 0!I () , (58.3)
U(z) — exp|—iel'(z)]¥(z) , (58.4)
U(z) — exp[+iel'(z)]¥(x) . (58.5)

It 1s not hard to check that £(x) 1s invariant under this transformation, whether or not the fields obey

their equations of motion.

To perform this check most easily, we first rewrite £ as

L =—1F"F,, + TPV — mI¥ (58.6)
where we have defined the gauge covariant derivative (or just covariant derivative for short)

D, =0, —1eA,. (58.7)



In the last section, we found that F»Vv 1s invariant under eq. (58.3), and so the FF term in £ 1s obviously

mvariant as well.

It is also obvious that the m ¥ W term in L is invariant under eqs. (58.4) and (58.5).
This leaves the DY 1 term.

This term will also be invariant if, under the gauge transformation, the covariant derivative of W
transforms as

D, ¥(z) — exp[—iel'(z)]D,¥(z) . (58.8)

To see if this 1s true, we note that

D,V — (GM —1e[A, — (9“I‘]) (exp[—z’eI‘]\Il)
= exp|—iel] (BMlIJ —1e(0,I")V —ie[A, — 8,,,1"]\11)

= exp|—iel’ (3“ - z'eAu)‘Il (58.9)

= exp|—tel'|D, ¥ .
So eq. (58.8) holds, and @lD\IJ I 1S gauge invariant.

We can also write the transformation rule for D, a little more abstractly as



D, — e *'D, et (58.10)

where the ordinary derivative in D, is defined to act on anything to its right, including any fields that are
left unwritten in eq. (58.10).

Thus we have | | |
DM‘IJ N (e—zeI‘Dﬂe-r-zeI‘) (6_26F\D)

. (58.11)
_ e—zeI‘DM‘I, ,

which is, of course, the same as eq. (58.9).
We can also express the field strength in terms of the covariant derivative by noting that
[D¥, DV|¥(z) = —ieF™ (2)¥(z) . (58.12)
We can write this more abstractly as
F* = L[D* D], (58.13)
where, again, the ordinary derivative in each covariant derivative acts on anything to its right.

From eqs. (38.10) and (58.13), we see that, under a gauge transformation,



v %[e—ieFDu e-}-z’eI" e—ieFDu e+ieI‘]

_ il (% (DM, Du])e-f—ieI‘

e—ieI‘F;u/6+z'eI‘ (58.14)

= FH

In the last line, we are able to cancel the e+l factors against each other because no derivatives act on
them.

Eq. (58.14) shows us that (as we already knew) Frv is gauge invariant.

It 1s interesting to note that the gauge transformation on the fermion fields, egs. (58.4-58.5),1s a
generalization of the U(1) transformation

U — e Y, (58.15)

U — ety (58.16)

that 1s a symmetry of the free Dirac lagrangian.

The difference 1s that, in the gauge transformation, the phase factor is allowed to be a function of
spacetime, rather than a constant that is the same everywhere.



Thus, the gauge transformation 1s also called a local U(1) transformation, while eqs. (58.15-58.16)
correspond to a global U(1) transformation.

We say that, in a gauge theory, the global U(1) symmetry 1s promoted to a local U(1) symmetry, or that
we have gauged the U(1) symmetry.

In section 57, we argued that the path integral over A, should be restricted to those components of ZM (k)
that are orthogonal to k,, because the component parallel to k, did not appear in the integrand.

Now we must make a slightly more subtle argument.

We argue that the path integral over the parallel component is redundant, because the fermionic path
integral over W and V¥ already includes all possible values of I'(x).

Therefore, as in section 57, we should not integrate over the parallel component. (We will make a more
precise and careful version of this argument when we discuss the quantization of nonabelian gauge
theories in section 71.)

By the standard procedure, this leads us to the following form of the path integral for spinor
electrodynamics:

Z(m,m,J) exp[ie / d'z (%5Jf(a:))(i577a5(m)) (7)o (%5%5(:6))]

X Zo(M,m,J) ,

(58.17)



where

Zo(m,,9) = expi [ dizdly m(z)S(z — y)n(y)

X exp [%/d% d*y JH(x) Ay (x — y)JV(y)] ,

and

S(z—y) = / (d4p P gine)

2m)4 p? +m? — ie

d'k v 1k(x—
Auw(z—y) = / (27)4 K2 iie e Y)

(58.18)

(58.19)

(58.20)

are the appropriate Feynman propagators for the corresponding free fields, with the photon propagator in

Feynman gauge.

We 1impose the normalization Z(0,0,0) = 1, and write

Z(ﬁa n, J) — exp[iW(ﬁ, yr J)] '

(58.21)

Then iW (7,7, J) can be expressed as a series of connected Feynman diagrams with sources.

The rules for internal and external Dirac fermions were worked out in the context of Yukawa theory in

section 45, and they follow here with no change.



For external photons, the LSZ analysis of section 56 implies that each external photon line carries a
factor of the polarization vector e#(Kk).

Putting everything together, we get the following set of Feynman rules for tree-level processes in spinor
electrodynamics.

1. For each incoming electron, draw a solid line with an arrow pointed
towards the vertex, and label it with the electron’s four-momentum,

Di.

2. For each outgoing electron, draw a solid line with an arrow pointed
away from the vertex, and label it with the electron’s four-momentum,

p;-

3. For each incoming positron, draw a solid line with an arrow pointed
away from the vertex, and label it with minus the positron’s four-
momentum, —p;.

4. For each outgoing positron, draw a solid line with an arrow pointed
towards the vertex, and label it with minus the positron’s four-momentum,

—ph.

5. For each incoming photon, draw a wavy line with an arrow pointed
towards the vertex, and label it with the photon’s four-momentum,
k;. (Wavy lines for photons is a standard convention.)



. For each outgoing photon, draw a wavy line with an arrow pointed
away from the vertex, and label it with the photon’s four-momentum,

. The only allowed vertex joins two solid lines, one with an arrow point-
ing towards it and one with an arrow pointing away from it, and one
wavy line (whose arrow can point in either direction). Using this
vertex, join up all the external lines, including extra internal lines as
needed. In this way, draw all possible diagrams that are topologically
inequivalent.

. Assign each internal line its own four-momentum. Think of the four-
momenta as flowing along the arrows, and conserve four-momentum
at each vertex. For a tree diagram, this fixes the momenta on all the
internal lines.

. The value of a diagram consists of the following factors:
for each incoming photon, e}”(k;);

for each outgoing photon, €4, (k;);

for each incoming electron, us, (p;);

for each outgoing electron, Uy (p;);

for each incoming positron, vy, (p;);

for each outgoing positron, Vs (p));

for each vertex, iey*;

for each internal photon, —igh” /(k? — ie);

2

for each internal fermion, —i(—p + m)/(p? + m? — ie¢).



10. Spinor indices are contracted by starting at one end of a fermion
line: specifically, the end that has the arrow pointing away from the
vertex. The factor associated with the external line is either u or v.

Go along the complete fermion line, following the arrows backwards,
and write down (in order from left to right) the factors associated with
the vertices and propagators that you encounter. The last factor is
either a u or v. Repeat this procedure for the other fermion lines, if
any. The vector index on each vertex is contracted with the vector
index on either the photon propagator (if the attached photon line
is internal) or the photon polarization vector (if the attached photon
line is external).

11. The overall sign of a tree diagram is determined by drawing all con-
tributing diagrams in a standard form: all fermion lines horizontal,
with their arrows pointing from left to right, and with the left end-
points labeled in the same fixed order (from top to bottom); if the
ordering of the labels on the right endpoints of the fermion lines in a
given diagram is an even (odd) permutation of an arbitrarily chosen
fixed ordering, then the sign of that diagram is positive (negative).

12. The value of 7 (at tree level) is given by a sum over the values of all
the contributing diagrams.

In the next section, we will do a sample calculation.



59 Scattering in Spinor Electrodynamics

In the last section, we wrote down the Feynman rules for spinor electrodynamics.

In this section, we will compute the scattering amplitude (and its spin-averaged square) at tree level for
the process of electron-positron annihilation into a pair of photons, ete- — v v.

The contributing diagrams are shown in fig. (59.1), and the associated expression for the scattering
amplitude is

2 _u_v —htk+m —pt K+ m
T =ce€ 5’;52/ V2 [’Yy( 1—t+m2 >’YM+7/.L( iu_'_mz Tv|Ul, (59.1)

where €#1’ is shorthand for €§f,1 (k}), Uy is shorthand for v,,(p2),and so on.

Py k) Py k>
> 1 >
Figure 59.1: Diagrams for et e-—— v v, y ,
corresponding to eq. (59.1). YP1 ki T YPy Kk
> k, > /
The Mandelstam variables are 2 2 2 k1

s = —(p1+p2)* = — (k1 + k3)?
t=—(p1— ki)’ =—(p2—k3)*, (59.2)

u=—(p1—ks)® = —(p2 — k1)?,
and they obey s + t + u= 2m?



Following the procedure of section 46, we write eq. (39.1) as

T = el el 12 A ur (59.3)
where
—p, + KL +m —p, + K5+ m
szezl,yy< 1_t+m2 )%ﬂum( iu+m2 )’y,,]. (59.4)
We also have
T =T = ET;'(E%/* U1 Apo' V9 . (59.5)
Using ¢lf...=...#d, we see from eq. (59.4) that
Apo — Aap , (59.6)
Thus we have
T2 = elel 7€ (V2 Aur) (T Agpyva) - (59.7)

Next, we will average over the 1nitial electron and positron spins, using the technology of section 46; the
result is

P ITP = feliehelred Tr| A (—#h+m) Agy(—t—m)| (59.8)

$1,52



We would also like to sum over the final photon polarizations.

From eq. (59.8), we see that we must evaluate

> ei(k)el (k) - (59.9)
=1

We did this polarization sum in Coulomb gauge in section 56, with the result that
Z eh(k)eX (k) = g + 1P — 212F (59.10)

where ¢# is a unit vector in the time direction, and 2* is a unit vector in the k direction that can be
expressed as

_ kF + (t-k)tH | (59.11)
(k2 4+ (f.k)211/2

It 1s tempting to drop the k» and ke terms in eq. (59.10), on the grounds that the photons couple to a

conserved current, and so these terms should not contribute. (We indeed used this argument to drop the
analogous terms in the photon propagator.)

This also follows from the notion that the scattering amplitude should be invariant under a gauge
transformation, as represented by a transformation of the external polarization vectors of the form

el (k) — eX(k) —il'(k)kH . (59.12)



Thus, if we write a scattering amplitude 7 for a process that includes a particular outgoing photon with
four-momentum k» as

T = k)M, , (59.13)
or a particular incoming photon with four-momentum k» as

T =eh"(k)M,, , (59.14)
then 1n either case we should have

kM, =0. (59.15)

Eq. (59.15) is in fact valid; we will give a proof of it, based on the Ward identity for the electromagnetic
current, in section 67.

For now, we will take eq. (59.15) as given, and so drop the k# and ke terms in eq. (59.10).

This leaves us with
) . t-k)?
> kg () — g + e — )
A=+

FILp
n (f-k)Qt tr . (59.16)

But, for an external photon, k? = 0.

the the (m,n,J) U



Thus the second and third terms in eq. (59.16) cancel, leaving us with the beautifully simple substitution
rule
p p* pp
Z ex(key (k) — g (59.17)
A==

Using eq. (59.17), we can sum IT l.over the polarizations of the outgoing photons, in addition to
averaging over the spins of the incoming fermions; the result is

(ITF) =3 > ITF

3 s
= 1Tr[ Ay (g +m) A" (~p—m)]
= 64[ (nff’ it)t)Q + (,,f;p t_“i;(,g’f)u) " (mf’ ﬁuzt)z Y
where _ _
(i) = §Tr [y (—ph H M) (—Fh+m)y (—p o +m)y (—y—m)|
(Bun) = FTr |V (—thr+Kotm) v (—p +m)y” (—p +Ho+m)v (—fp—m) | |
(Pru) = FTr |y (—p HL+m) V(B +m)” (—HyH ) (—p—m) |, B9
(Bus) = FTr |y (—Hy HHo+m) 7 (—FhFmIy (—fh i +m)y” (—f,—m) -




Examinging (®y> and (P, we see that they are transformed into each other by k'l «<» k2, which is
equivalent to t <> u.

The same is true of {(P,) and {Put).

Thus we need only compute (®Py and (P, and then take t <> u to get (D) and (Dyy).

Now we can apply the gamma-matrix technology of section 47.

In particular, we will need the d = 4 relations
Vv = —4,
Vi = 24 (59.20)
Yy, = 4(abd) ,
b = 2664

in addition to the trace formulae.

We also need

pip2 = —3(s — 2m?)

Kiky = —3s,
p1k] = poky = +3(t —m?), (59.21)
prky = poki = +5(u —m?)



which follow from eq. (59.2) plus the mass-shell conditions p?; = p%2 = —m? and k'2; = k'%, = 0.

After a lengthy and tedious calculation, we find

(By) = 2[tu — m2(3t + u) — m?], (59.22)

(Bru) = 2m?(s — 4m?) (59.23)
which then implies

(Buu) = 2[tu — m?*(Bu +t) —m?], (59.24)

(®yt) = 2m*(s — 4m?) . (59.25)

This completes our calculation.
Other tree-level scattering processes in spinor electrodynamics pose no new calculational diffculties.

[n the high-energy limit, where the electron can be treated as massless, we can reduce our labor with the
method of spinor helicity,

60 Spinor Helicity for Spinor Electrodynamics

In section 50, we introduced a special notation for u and v spinors of definite helicity for massless
electrons and positrons.

This notation greatly simplifies calculations in the high-energy limit (s, Itl, and lul all much greater than
m?2).



We define the twistors

(60.1)

We then have

(60.2)

where the rwistor products [kp] and {kp) are antisymmetric,
[k p] — _[p k] )

and related by complex conjugation, {pk>* = [kp].

(60.3)

They can be expressed explicitly in terms of the components of the massless four-momenta k and p.



However, more useful are the relations

(kp) [pk] = Tr 5(1—s) Ky

= —2kp (60.4)
= —(k+p)
and
(pa)lar] (rs)[sp] = Tr5(1—ys)pdr#
= 2[(p-q)(r-5) — (p-7)(g5) + (p-5)(g-7) 60.5)

. Vpo
+ P pLgur,Ss)

Finally, for any massless four-momentum p we can write

—p = |p)p| + |P)(p| - (60.6)

We will quote other results from section 50 as we need them.

To apply this formalism to spinor electrodynamics, we need to write photon polarization vectors in terms
of twistors.

The formulae we need are ’ (q|~v*|k]
ey (k) = — : (60.7)

" V2 (gk)
_ [q|7* |k) (60.8)

== k) = V2[qk]’

where q 1s an arbitrary massless reference momentum.



We will verity egs. (60.7) and (60.8) for a specific choice of k, and then rely on the Lorentz
transformation properties of twistors to conclude that the result must hold in any frame (and therefore for
any massless four-momentum k).

We will choose kH — (w,wﬁ) — w(l,0,0, 1),
Then, the most general form of e#(k) 1s

el (k) = eifﬁﬁ(o, 1,—4,0) + CkH . (60.9)

Here ei¢ 1s an arbitrary phase factor, and C 1s an arbitrary complex number; the freedom to add a multiple
of k comes from the underlying gauge invariance.

To verify that eq. (60.7) reproduces eq. (60.9), we need the explicit form of the twistors k] and Ik) when
the three-momentum i1s in the z direction.

Using results in section 50 we find
/03 /03
o | k) = V2w |- (60.10)
\0/ \0/

For any value of q, the twistor (gl takes the form

(| = (0,0, o, B), (60.11)

k] = V2w

where o and 3 are complex numbers.



Plugging egs. (60.10) and (60.11) into eq. (60.7), and using

0 oH
yH = (60.12)
ot 0

along with o# = ([, &) andg# = (I,-&),we find that we reproduce eq. (60.9) with ei¢= 1 and
C= —[5/(\/2 owm).

There 1s now no need to check eq. (60.8), because e#_(k) = —[e#(k)]+, as can be seen by using
(qgk>* = —[gk] along with another result from section 50, {glyrlk]+ = <kly»Iq].

In spinor electodynamics, the vector index on a photon polarization vector 1s always contracted with the
vector index on a gamma matrix.

We can get a convenient formula for ¢, (k) by using the Fierz identities

—27*(alwulk] = Kl(al + |9) [k (60.13)
—37"lalvulk) = 1k){al + lg] (k| - (60.14)
We then have
f.ts0) = L2 (IKtal + Ik, 60.15)
V2
¢ (ki) = 775 (1K)lal + lal(kl ) (60.16)



where we have added the reference momentum as an explicit argument on the left-hand sides.
Now we have all the tools we need for doing calculations.
However, we can simplify things even further by making maximal use of crossing symmetry.

Note from eq. (60.1) that u- (which is the factor associated with an incoming electron) and v, (an
outgoing positron) are both represented by the twistor Ip], while 75 n (an outgoing electron) and 7; (an
incoming positron) are both represented by [pl.

Thus the square-bracket twistors correspond to outgoing fermions with positive helicity, and incoming
fermions with negative helicity.

Similarly, the angle-bracket twistors correspond to outgoing fermions with negative helicity, and
incoming fermions with positive helicity.

Let us adopt a convention in which all particles are assigned four-momenta that are treated as outgoing.

A particle that has an assigned four-momentum p then has physical four-momentum €,p, where
ep = sign(p?) = +1 if the particle 1s physically outgoing, and €, = sign(p?) = —1 if the particle 1s physically

incoming.

Since the physical three-momentum of an incoming particle 1s opposite to its assigned three-momentum,
a particle with negative helicity relative to its physical three-momentum has positive helicity relative to
its assigned three-momentum.



From now on, we will refer to the helicity of a particle relative to its assigned momentum.

Thus a particle that we say has “positive helicity” actually has negative physical helicity if it is incoming,
and positive physical helicity if it is outgoing.

With this convention, the square-bracket twistors Ip] and [pl represent positive-helicity fermions, and the
angle-bracket twistors Ip) and {pl represent negative-helicity fermions.

When ¢, = sign(p¥) = —1, we analytically continue the twistors by replacing each ®w!2 in eq. (60.10)
with ilwl!/2,

Then all of our formulae for twistors and polarizations hold without change, with the exception of the
rule for complex conjugation of a twistor product, which becomes

(pk)* = eper|kp] . (60.17)
Now we are ready to calculate some amplitudes.
Consider first the process of fermion-fermion scattering.

The contributing tree-level diagrams are shown in fig. (60.1).



> > > >
Figure 60.1: Diagrams for fermion-fermion P1+tpP3 — P1+DPy
scattering, with all momenta treated as outgoing.
~P> Py —P> P3
> > > >

The first thing to notice 1s that a diagram is zero if two external fermion lines that meet at a vertex have
the same helicity.

This 1s because (as shown in section 50) we get zero if we sandwich the product of an odd number of
gamma matrices between two twistors of the same helicity.

In particular, we have <plyrlk) = 0 and [plyrlk] = 0.

Thus, we will get a nonzero result for the tree-level amplitude only if two of the helicities are positive,
and two are negative.

This means that, of the 24 = 16 possible combinations of helicities, only six give a nonzero tree-level
amplitude:7 -7 o, T T 4, T ., and 7 _,,_, where the notation is 7 51525354 .

Furthermore, the last three of these are related to the first three by complex conjugation, so we only have
three amplitudes to compute.

Let us begin with 7 ,__.. Only the first diagram of fig. (60.1) contributes, because the second has two
postive-helicity lines meeting at a vertex.



To evaluate the first diagram, we note that the two vertices contribute a factor of (ie)? = —e2, and the
internal photon line contributes a factor of 1g,+/s13, where we have defined the Mandelstam variable

sij = —(pi +p5)° (60.18)

Following the charge arrows backwards on each fermion line, and dividing by 1 to get 7 (rather
than17 ), we find

Ty = —e By [1] [47ul2) /513
= +2€2 [ 4] <2 3) /813 .

(60.19)

where (3l 1s short for {psl, etc, and we have used yet another form of the Fierz identity to get the second
line.

The computation of 7 ,_._ is exactly analogous, except that now it is only the second diagram of fig.
(60.1) that contributes.

According to the Feynman rules, this diagram comes with a relative minus sign, and so we have

Ti - =—2e*[13](24) /514 . (60.20)

Finally, we turn to 7 .

Now both diagrams contribute, and we have



Tor = —¢? (<3|7#|1jli4lvﬂl2] - <4|7u|1jli3|7ﬂ|2])

—2e?[12](34) (Si + %) (60.21)
13 14

— 1+2¢2[12] (34)( 212 ) |

513514

where we used the Mandelstam relation si2 + s13 + s14= 0 to get the last line.

To get the cross section for a particular set of helicities, we must take the absolute squares of the
amplitudes.

These follow from eqgs. (60.4), (60.17), and (60.18) :

(12)]? = |[12]]* = e1€2512 = |s12] - (60.22)

We can then compute the spin-averaged cross section by summing the absolute squares of egs. (60.19—
60.21), multiplying by two to account for the processes in which all helicities are opposite (and which
have amplitudes that are related by complex conjugation), and then dividing by four to average over the
initial helicities.

Making use of s34 = s12 and 1ts permutations, we find



2 2 4

S S S
(1T = 2¢* | 2+ 2 + 55
S13  S14 513514

(60.23)

4 4 4
812 T 813 Tt 814

2 2
$13514

For the processes of e-e- — e-e¢~ and etet — etet, we have s;2 =s, s13 =t, and s14 = u, for
ete- — ete—, we have s;3=8S,s14=t,and s;2 = u,

Now we turn to processes with two external fermions and two external photons. as shown in fig. (60.2).

- p1> k 3 - p1> k 4
Figure 60.2: Diagrams for fermion-photon scattering, o o
with all momenta treated as outgoing. Y ~P k 3 + Y P k 4

P> ky P> k,

The first thing to notice is that a diagram 1s zero 1if the two external fermion lines have the same helicity.

This 1s because the corresponding twistors sandwich an odd number of gamma matrices: one from each
vertex, and one from the massless fermion propagator

Thus we need only compute 7 .-3x4 since 7 _3)4 1s related by complex conjugation.



Next we use egs. (60.15-60.16) and (60.2-60.3) to get

¢_(k;p)lp) =0, (60.24)
pl¢_(k;p) = 0. (60.25)
¢, (kp)lp) =0, (60.26)
(pl¢, (k;p) = 0, (60.27)

Thus we can get some amplitudes to vanish with appropriate choices of the reference momenta in the
photon polarizations.

So, let us consider

Ti e = —€ (2, (ka3q0) (B + ¥3)¢) (k33q3)[1] /513

—e” (2|¢,.(ks;a3) (B + Ko)# ), (ka304)]1] /514 -

(60.28)

If we take Az = A4 = —, then we can get both terms in eq. (60.28) to vanish by choosing q3 = q4 = p1, and
using eq. (60.24).

If we take Az = A4 = +, then we can get both terms in eq. (60.28) to vanish by choosing q3 = q4 = p2,
and using eq. (60.27).



Thus, we need only compute 7 ,__,and 7 ..

For 7 ,_,_, we can get the second term in eq. (60.28) to vanish by choosing g3 = p2, and using eq.
(60.27).

Then we have

—e” (2|¢_ (ka;q4) (¢, + K3)¢ , (k35p2)[1] /513

2 V2 V2 1
0l (24) [q4|(#, + £35)[2) [31] 23) 33

A
(60.29)

= —€

Next we note that [p|y =0, and so it is useful to choose either q4 = p; or q4 = k.

There 1s no obvious advantage in one choice over the other, and they must give equivalent results, so let
us take g4 = ks.

Then, using eq. (60.6) for k3, we get

2 (24)[31](12) [31]
[3 4] <2 3> S13

(60.30)

T_|___|__ = 2e

Now we use [3 1] <1 2) =—[3 4] {4 2) 1n the numerator, and set s;3 = {1 3) [3 1] in the denominator.

Canceling common factors and using antisymmetry of the twistor product then yields



(24)°

T, =2 .
We can now get 7 ,_; simply by exchanging the labels 3 and 4,
23)?
To =2 . (60.32)
=t T2 24

We can compute the spin-averaged cross section by summing the absolute squares of egs. (60.31) and
(60.32), multiplying by two to account for the processes in which all helicities are opposite (and which
have amplitudes that are related by complex conjugation), and then dividing by four to average over the
initial helicities.

The result 1s
513

S14

S14

(1) = 24

) : (60.33)

$13

For the processes of ey — e~y and ety — ety, we have s13 = s, s12 = t, and s14 = u; for ete- — yy and vy
— ete~we have S12p =8, 813 =t,and sS4 = u.



61 Scalar Electrodynamics

In this section, we will consider how charged spin-zero particles interact with photons.

We begin with the lagrangian for a complex scalar field with a quartic interaction,

L=—-0"10,0 —m?pTp — %)\(gojrcp)z . (61.1)

This lagrangian is obviously invariant under the global U(1) symmetry

p(z) — e p(z)
. (61.2)
Pl (z) — el (2) .
We would like to promote this global symmetry to a local symmetry,
p(x) — exp[~iel(z)]p(z) , 61
‘PT () — exp :+z'eI‘(:1:):90T(:z:) - (61.4)

To do so, we must replace each ordinary derivative in eq. (61.1) with a covariant derivative

where A, transforms as



At (z) — A¥(z) — O'T'(x) , (61.6)

which implies that D, transforms as
D,, — exp|—iel'(z)]|D,, exp|+iel'(x)] . (61.7)

Our complete lagrangian for scalar electrodynamics 1s then

2 1 2 1
L =—(D*¢) Dy —m*e'p — tA(p'p)* — 1F*F, . (618)
We have added the usual gauge-invariant kinetic term for the gauge field.
The quartic interaction term has a dimensionless coefficient, and so i1s necessary for renormalizability.

For now, we omit the renormalizing Z factors.

Of course, eq. (61.8) is invariant under a global U(1) transformation as well as a local U(1)
transformation: we simply set I'(x) to a constant.

Then we can find the conserved Noether current corresponding to this symmetry, following the
procedure of section 22.

In the case of spinor electrodynamics, this current is same as it is for a free Dirac field, j» =§yﬂ‘lj.

In the case of a complex scalar field, we find



j* = —i[p! D*p — (D) ] . (61.9)

With a factor of e, this current should be identified as the electromagnetic current.

Because the covariant derivative appears in eq. (61.9), the electromagnetic current depends explicitly on
the gauge field.

We had not previously contemplated this possibility, but in scalar electrodynamics it arises naturally, and
s essential for gauge invariance.

It also poses no special problem in the quantum theory.

We will make the same assumption that we did for spinor electrodynamics: namely, that the correct
procedure is to omit integration over the component of A ,(k) that is parallel to k, on the grounds that
this integration i1s redundant.

This leads to the same Feynman rules for internal and external photons as in section 38.

We will call the spin-zero particle with electric charge +e a scalar electron or selectron (recall that our
convention is that e i1s negative), and the spin-zero particle with electric charge —e a scalar positron or s
positron.

Scalar lines (traditionally drawn as dashed 1n scalar electrodynamics) carry a charge arrow whose
direction must be preserved when lines are joined by vertices.



To determine the kinds of vertices we have, we first write out the interaction terms in the lagrangian of
eq. (61.8):

L1 =ieA*[(Bup") o — @' 0up] — 2 A*A 0T — 1A(T0)? . (61.10)

[his leads to the vertices shown in fig. (61.1).
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Figure 61.1: The three vertices of N
scalar electrodynamics; the RAAR
corresponding vertex factors are ) L - .
ie(k+ k'), ,—2ie2g,y. and—iA. ’ N

The vertex factors associated with the last two terms are —2ie2g,y and —iA.

To get the vertex factor for the first term, we note that if |k) 1s an incoming selectron state, then
Olp(x)lky)= eikx and (OlpT(x)lk) = 0; and i1f {k'l 1s an outgoing selectron state, then <k'lp7(x)I0)= e-ikx and
Olp(x)lk) =0.

Therefore, in free field theory,

(K|t ) plk) = —ik],e ' *' k)= 61.11)

’

(K'|pt0,plk) = +ik,e "Rz (61.12)



This implies that the vertex factor for the first term in eq. (61.10) 1s given by
i(ie)[(—ik'y)— (iky)] = ie(k+ k'),.

Putting everything together, we get the following set of Feynman rules for tree-level processes in scalar
electrodynamics.

1. For each incoming selectron, draw a dashed line with an arrow pointed
towards the vertex, and label it with the selectron’s four-momentum,

ki.

2. For each outgoing selectron, draw a dashed line with an arrow pointed
away from the vertex, and label it with the selectron’s four-momentum,

k..

3. For each incoming spositron, draw a dashed line with an arrow pointed
away from the vertex, and label it with minus the spositron’s four-
momentum, —Kk;.

4. For each outgoing spositron, draw a dashed line with an arrow pointed
towards the vertex, and label it with minus the spositron’s four-

momentum, —k;.

5. For each incoming photon, draw a wavy line with an arrow pointed
towards the vertex, and label it with the photon’s four-momentum,
k;.

6. For each outgoing photon, draw a wavy line with an arrow pointed
away from the vertex, and label it with the photon’s four-momentum,



7.

10.

There are three allowed vertices, shown in fig. (61.1). Using these
vertices, join up all the external lines, including extra internal lines as
needed. In this way, draw all possible diagrams that are topologically
inequivalent.

. Assign each internal line its own four-momentum. Think of the four-

momenta as flowing along the arrows, and conserve four-momentum
at each vertex. For a tree diagram, this fixes the momenta on all the
internal lines.

The value of a diagram consists of the following factors:

for each incoming photon, €} (k;);

for each outgoing photon, € (k;);

for each incoming or outgoing selectron or spositron, 1;

for each scalar-scalar-photon vertex, ie(k + k') ,;

for each scalar-scalar-photon-photon vertex, —2ie? Guv;

for each four-scalar vertex, —iA\;

for each internal photon, —igh” /(k? — ie);

2

for each internal scalar, —i/(k? + m? — ie).

The vector index on each vertex is contracted with the vector index
on either the photon propagator (if the attached photon line is inter-
nal) or the photon polarization vector (if the attached photon line is
external).



11. The value of 7 (at tree level) is given by a sum over the values of all
the contributing diagrams.

Let us compute the scattering amplitude for a particular process, ete” - VY, where e—denotes a
selectron.

We have the diagrams of fig. (61.2)

Figure 61.2: Diagrams for e.e— Y. \/ ki kK + ki k) + 5
SR I %0 Y2 YA T ,
-k, ky ~k, ky 2 k

The amplitude 1s

2k1—k") " (k1 —k" —ks), €5,
1T = (ie)z l (2k: 1)#51 g 1—Fk1—F2) ©2 + (1" « 2/)
U me —1 (61.13)

- Ziezgﬂyfflf/ 65/ ’

where t =—(k;— k'1)? and u =—(k;— k'2)2.
This expression can be simplified by noting that k1— k’1— k, = k'>— 2 ko, and that k';-¢'i= 0.

Then we have



A(k1-€1/)(ko-€or A(k1-€9:)(ko- €1/
T:—eQ[ (k1-e1)( 282)+ (k1-g9)( 261)4-2(51,-52/) | (61.14)

m2 —t m2 —u

To get the polarization-summed cross section, we take the absolute square of eq. (61.14), and use the
substitution rule

Y eh(k)eX (k) — g . (61.15)
A==

This 1s now a straightforward calculation.

62 Loop Corrections in Spinor Electrodynamics

In this section we will compute the one-loop corrections in spinor electrodynamics.

First let us note that the general discussion of sections 18 and 29 leads us to expect that we will need to
add to the free lagrangian

Lo=i¥P¥ —mUV¥ — F*F,, (62.1)

all possible terms whose coefficients have positive or zero mass dimension, and that respect the
symmetries of the original lagrangian.

These include Lorentz symmetry, the U(1) gauge symmetry, and the discrete symmetries of parity, time
reversal, and charge conjugation.



The mass dimensions of the fields (in four spacetime dimensions) are [A#] =1 and [W] =3/2 .
Gauge invariance requires that A» appear only in the form of a covariant derivative Dx.
(Recall that the field strength F#v can be expressed as the commutator of two covariant derivatives.)

Thus, the only possible term we could add to £y that does not involve the W field, and that has mass

dimension four or less, 1S €,vpcFHVEFro,

This term, however, 1s odd under parity and time reversal.
Similarly, there are no terms meeting all the requirements that involve W': the only candidates contain
either ys (e.g.,1 17 vsW) and are forbidden by parity, or C (e.g, ¥ TCW) and are forbidden by the U(1)

symmetry.

Therefore, the theory we will consider 1s specified by £ = Lo + £1, where Lo 1s given by eq. (62.1), and
L1 = Z1eVAY + L , (62.2)
Lot = i((Z2=1)YPY — (Z—1)mUY — 3(Z3-1)F*Fu . (623)

We will use an on-shell renormalization scheme.

We can write the exact photon propagator (in momentum space) as a geometric series of the form



—~ ~ ~

A (k) = Au (k) + A ()P (k) Agy (k) + . .., (62.4)

where 111#v(k) is given by a sum of one-particle irreducible (1PI for short; see section 14) diagrams with
two external photon lines (and the external propagators removed), and A ,v(k) is the free photon

propagator,
74
' (62.5)

Here we have used the freedom to add k, or ky terms to put the propagator into generalized Feynman
gauge or Re gauge.

. 1 k.k
B (k) = 5= (9 — (1-0)75

(The name Re gauge has historically been used only in the context of spontaneous symmetry breaking —
see section 85 —but we will use it here as well; R stands for renormalizable and € stands for E.)

Setting & = 1 gives Feynman gauge, and setting £ = 0 gives Lorenz gauge (also known as Landau gauge).
Observable squared amplitudes should not depend on the value of €.

This suggests that I1#v(k) should be transverse,

k 14 (k) = k,IT* (k) =0, (62.6)

so that the € dependent term in A (k) vanishes when an internal photon line is attached to TT#v(k).



Eq. (62.6) is in fact valid; the proof 1s based on the Ward identity for the electromagnetic current.
Without the proof, we will take eq. (62.6) as given.
This implies that we can write
I (k) = TI(k?) (k29" — kK" (62.7)
= K*TI(k*)P* (k) , (62.8)

where 11(k?) is a scalar function, and P»v(k) = grv— krkv/k? 1s the projection matrix introduced in section
57.

Note that we can also write

Ay (k) = : (Pw(k)+§k“k”). (62.9)

k? — je k2

Then, using egs. (62.8) and (62.9) in eq. (62.4), and summing the geometric series, we find

Pk ok, /K2
Awlk) = on )] —ie T R —ie - (6210

The € dependent term should be physically irrelevant (and can be set to zero by the gauge choice € =0,
corresponding to Lorenz gauge).



The remaining term has a pole at k? = 0 with residue P,v(k)/[1- 11(0)].

In our on-shell renormalization scheme, we should have
H(O) =0. (62.11)

This corresponds to the field normalization that i1s needed for validity of the LSZ formula.

Let us now turn to the calculation of I1»v(k).

The one-loop and counterterm contributions are shown in fig. (62.1).

Figure 62.1: The one-loop and counterterm corrections
to the photon propagator in spinor electrodynamics.

We have

) = (06202 (1) [ s T[S0

—i(Z3—1)(k*g" — kMEY) + O(e?) |

(62.12)

where the factor of minus one is for the closed fermion loop, and S(§) = (—p+m)/(p*+m?—ie)
1s the free fermion propagator in momentum space.



Anticipating that Z; = 1 + O(e?), we set Z1 = 1 in the first term.

We can write

T[S(+EnS / iz 4N’W

where we have combined denominators in the usual way: q = £+ xk and
D = z(1—2)k? + m? — i€ .
The numerator 1s

AN® = Tr | (—~f=F+m)y*(~f+m)y"|

Completing the trace, we get

N" = (b+k)"e” + M (L+k)” — [L(t+k) +m?]g"”

(62.13)

(62.14)

(62.15)

(62.16)

Setting £ = q — xk and and dropping terms linear in q (because they integrate to zero), we find

N — 2¢kq” — 2x(1—x)kPk” — [¢* — x(1—2)k* + m?]gH .

(62.17)

The integrals diverge, and so we analytically continue to d = 4— ¢ dimensions, and replace e with efi® /2

(so that e remains dimensionless for any d).



Next we use a standard mathematical result

1
/ d'q ¢"¢"f(q°) = S g™ / dq ¢*f(¢%) - (62.18)
This allows the replacement
N# — —2z(1-2)k"k” + | (3 = 1)¢* + 2(1-2)k* — m*|g"* . (62.19)

Using the results of section 14, along with a little manipulation of gamma functions, we can show that

d? 2 d 1
(:-2) | oy @57 =2/ oy @0 (0220

Thus we can make the replacement ( 2/d— 1)gq?2 — D 1n eq. (62.19), and we find

NHY 23:(1—:c)(k2g“” — kPEY) . (62.21)

This guarantees that the one-loop contribution to I1#v(k) is transverse (as we expected) in any number of
spacetime dimensions.

Now we evaluate the integral over q, using

d% 1 1 E/2
i€ = ——I'(§)(4np*/D
H /(27r)d (@>+ D)2 1672 (5)(4mi*/ D)

(62.22)

iz E - %hl(D/uz)] ,



where 2 = 4qe=" [LQ, , and we have dropped terms of order €in the last line.

Combining egs. (62.7), (62.12), (62.13), (62.21), and (62.22), we get

/ drz(l—x [— — 3 In(D/p )] —(Z3—1)+0(e*) . (62.23)
Imposing 11(0) =0 fixes
e’ [1 A
Zs=1- > [g — ln(m/u)] +O(e”) (62.24)
and
(k) = - / dz z(1—z) In(D/m?) + O(eY) . (62.25)

Next we turn to the fermion propagator.

The exact propagator can be written in Lehmann-Kallen form as

pu(s)
d :
S = zd+m—z‘e+/ TP+ s —ie (62.26)
We see that the first term has a pole at p = —m with residue one.

This residue corresponds to the field normalization that is needed for the validity of the LSZ formula.



There 1s a problem, however: in quantum electrodynamics, the threshold mass ms, 1s m, corresponding to
the contribution of a fermion and a zero-energy photon.

Thus the second term has a branch pointat g = —m .

The pole in the first term is therefore not i1solated, and its residue is 1ll defined.

This 1s a reflection of an underlying infrared divergence, associated with the massless photon.
To deal with 1t, we must impose an infrared cutoff that moves the branch point away from the pole.

The most direct method is to change the denominator of the photon propagator from k2 to k2 + m?2,,
where my 1s a fictitious photon mass.

Ultimately, as in section 26, we must deal with this issue by computing cross-sections that take into
account detector inefficiencies.

In quantum electrodynamics, we must specify the lowest photon energy wmin that can be detected.

Only after computing cross sections with extra undedectable photons, and then summing over them, is
it safe to take the limit my — 0.

It turns out that it 1s not also necessary to abandon the on-shell shell renormalization scheme (as we were
forced to do 1in massless @3 theory in section 27), as long as the electron 1s massive.



An alternative 1s to use dimensional regularization for the infrared divergences as well as the ultraviolet
ones.

As discussed 1n section 25, there are no soft-particle infrared divergences for d > 4 (and no colinear
divergences at all in quantum electrodynamics with massive charged particles).

In practice, infrared-divergent integrals are finite away from even-integer dimensions, just like
ultraviolet-divergent integrals.

Thus we simply keep d = 4— ¢ all the way through to the very end, taking the ¢ — 0 limit only after
summing over cross sections with extra undetectable photons, all computed in 4— edimensions.

This method is calculationally the simplest, but requires careful bookkeeping to segregate the infrared
and ultraviolet singularities.

For that reason, we will not pursue it further.
We can write the exact fermion propagator in the form

SH) ' =g +m—ie— (), (62.27)

where §3(p) is given by the sum of 1PI diagrams with two external fermion lines (and the external
propagators removed).

The fact that S(p) has a pole at P = —m with residue one implies that =(—m) = 0 and X'(—m) = 0; this
fixes the coefficients Z» and Zn.

As we will see, we must have an infrared cutoff in place in order to have a finite value for 2'(—m).



Let us now turn to the calculation of Y (7).

The one-loop and counterterm contributions are shown in fig. (62.2).

l
Figure 62.2: The one-loop and counterterm corrections ("/J\e\(\ﬂ
to the fermion propagator in spinor electrodynamics. ; p?_ I ;_ I P> x >P—
We have A
. 2 [ d% [« )
=) = (1210 (1) | G [ S@+ 7" B0
(62.28)
— i(Zy—1)p — i(Zy—1)m + O(e?) .
It 1s sitmplest to work in Feynman gauge, where we take
~ B Juv
A (f) = Iz (62.29)

2 _
m’Y
here we have included the fictitious photon mass my as an infrared cutoff.

We now apply the usual bag of tricks to get

» — ¢? d:z:/
/ / +D) (62.30)

- i(Za- D~ i(Zn -V + O




where g = £ + xp and

D = z(1—2)p* + 2m? + (1—z)m
Vu(—¥ —

N =

2
v

f+m)y"

—(d=2)(#+£) -
—(d=2)l¢ + (1—2z)p] — dm,

where we have used (from section 47) v,y = —d and v, py* = (d—2)p.

The term linear in q integrates to zero, and then, using eq. (62.22), we get

62

E(Zj) — 871'2

/1d:1:((2 e)(1—z)p + (4—¢) )[1——ln(D/u)

€

—(Zo=-1)p = (Zm—1)m + O(e?) .

We see that finiteness of E(pf) requires

Zo

Zim

e
2
e
22

(1 - ﬁnlte) O(e)

(1 + ﬁmte) +0(e*) .

(62.31)

(62.32)

(62.33)

(62.34)

(62.35)



We can impose 2(—m) = 0 by writing

62

82

> (p) Uol dzx ((1—:::);5 + 2m) In(D/Dg) + ko(f+m)| +0(eH),  (62.36)

where Do 1s D evaluated at n2 = —m?.
2 2

Dy = z°m” + (l—a:)m,zy : (62.37)
and x2 1s a constant to be determined.

We fix x2 by imposing 2'(—m) = 0.

In differentiating with respect to sz , we take the p? in D, eq. (62.31), to be —p‘ 2; we find

K2

1
—2/ dzr z(1—x?)m?/Dy
0 (62.38)

= —2In(m/m,) + 1,
where we have dropped terms that go to zero with the infrared cutoff my.

Next we turn to the loop correction to the vertex.

We define the vertex function 1V#(p',p) as the sum of one-particle irreducible diagrams with one
incoming fermion with momentum p, one outgoing fermion with momentum p’, and one incoming
photon with momentum k = p'—p.



The original vertex iZey# is the first term in this sum, and the diagram of fig. (62.3) is the second.

Thus we have

iVH(p',p) = iZiey" + iV o (0, p) + O(€%) (62.39)
where
3 [ d¥ - X 1+
Viioop @) = (i0)° (1) [ vz [P5@ +" S |Bup(t) . (6240

We again use eq. (62.29) for the photon propagator, and combine denominators in the usual way.

We then get . N p 41

where the integral over Feynman parameters is
1
/ng = 2/ dridxodxs 5(561 +£U2-|-333—1) . (62.42)
0

and

q =40+ z1p+ x2p (62.43)

D = z1(1—21)p° + zo(1—x2)p"* — 2x129p-p'

62.44
+ (z1+22)m” + z3M? 0249



N¥ =~y (= — £+ m)y
= Y[—d + z1pf — A—z2)p’ + mv*[—¢ — A—z1)§ + 22’ + m]y"

“(

—p—f£+m)y”

= Y47"¢” + N* + (linear in gq)

where

N* = %[56115 -

The terms linear in q in eq. (62.45) integrate to zero, and only the first term 1s divergent.

(1—z2)p" + my*[—(1—z1)p + z2p’ + m]y”

After continuing to d dimensions, we can use eq. (62.18) to make the replacement

1 9

Yy 4y — FL Yo Yo Y Py

then we use Yo Y*YVp = (d=2)y* twice to get

Yol Y 4y”

d—2)?
>( d) q2,y,u.

Performing the usual manipulations, we find

7
Vl loop

(p',p) =

e3

872

(€

1

1——/dF In(D/ ))7”+ /dF;;Nu}

(62.45)

(62 .46)

(62.47)

(62.48)

(62.49)



From eq. (62.39), we see that finiteness of Vi (p', p) requires

2

e’ (1
Z1=1— —| - i 4.
=1 - (5 +ﬁn1te) + O(e”)

To completely fix Vx(p’, p), we need a suitable condition to impose on it.

We take this up in the next section.

63 The Vertex Function in Spinor Electrodynamics

In the last section, we computed the one-loop contribution to the vertex function V#(p’, p) in spinor
electrodynamics, where p 1s the four-momentum of an incoming electron (or outgoing positron), and p’ is
the four-momentum of an outgoing electron (or incoming positron).

We left open the 1ssue of the renormalization condition we wish to impose on Vi(p’, p).

For the theories we have studied previously, we have usually made the mathematically convenient (but
physically obscure) choice to define the coupling constant as the value of the vertex function when all
external four-momenta are set to zero.

However, in the case of spinor electrodynamics, the masslessness of the photon gives us the opportunity
to do something more physically meaningful: we can define the coupling constant as the value of the
vertex function when all three particles are on shell: p2 = p"2 = —m?2, and g2 =0, where q=p’ — p 1s the
photon four-momentum.



Because the photon is massless, these three on-shell conditions are compatible with momentum
conservation.

To be more precise, let us sandwich Vi(p’, p) between the spinor factors that are appropriate for an
incoming electron with momentum p and an outgoing electron with momentum p’, impose the on-shell
conditions, and define the electron charge e via

uy (P)VH(0', p)us(P)| ,_,__ , =els(®)Vus®)| ,_, ,-  (63.1)

(p! —p)2=0 (p’ —p)2=0

This definition 1s 1n accord with the usual one provided by Coulomb’s law.
To see why, consider the process of electron-electron scattering.

According to the general discussion in section 19, we compute the exact amplitude for this process by
using tree diagrams with exact internal propagators and vertices, as shown in ﬁg. (63.1).

/
Figure 63.1: Diagrams for the exact electron- . > > P O
electron scattering amplitude.The vertices and
photon propagator are exact; external lines
stand for the usual u and  spinor factors, times

the unit residue of the po  at p2 = —m2. 2
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In the last section, we renormalized the photon propagator so that it approaches its tree-level
value A ,v(q) when g2 — 0.



And we have just chosen to renormalize the electron-photon vertex function by requiring it to approach
its tree-level value ey* when g2 — 0, and when sandwiched between external spinors for on-shell

incoming and outgoing electrons.

Therefore, as g2 — 0, the first two diagrams 1n fig. (63.1) approach the tree-level scattering amplitude,
with the electron charge equal to e.

Furthermore, the third diagram does not have a pole at g2 = 0, and so can be neglected in this limit.
Physically, g2 — 0 means that the electron’s momentum changes very little during the scattering.

Measuring a slight deflection in the trajectory of one charged particle (due to the presence of another) is
how we measure the coefficient in Coulomb’s law.

Thus, eq. (63.1) corresponds to this traditional definition of the charge of the electron.

We can simplify eq. (63.1) by noting that the on-shell conditions actually enforce p’ = p.

So we can rewrite eq. (63.1) as

us(p) V¥ (p, p)us(p) = ets(p)y"us(p)
(63.2)

= 2ep” ,

where p? = —m?is implicit.

We have taken s’ = s, because otherwise the right-hand side vanishes (and hence does not specify a value
for e).



Now we can use eq. (63.2) to completely determine Vi(p’,p).

Using the freedom to choose the finite part of Z;, we write

7

/ng, [(ln(D/D0)+2n1)y“—év—D] +0(e°) (63.3)

63

VH(p . p) = evyH—
(',p) = e~ 1o

where
D = z(1-z1)p® + z2(1—22)p"? — 2z122p P’

(63 4)
+ (z1+x2)m” + 23M7

Do 1s D evaluated at p’ = p and p? = —m?2,

2
Y (63.5)
2

Y )

Dy = (z1+x2)*m? + z3m

= (1—23)°m? + z3m

and

N* =y 1 — (1—a2)f’ +miy"[—(1—21)p + s my” ; (63.6)
Nk was called N in section 62, but we have dropped the tilde for notational convenience.

We fix the constant x; in eq. (63.3) by imposing eq. (63.2).

This yields



ﬂS(P)NMus (p)
4k pt = / dF3 5 130 : (63.7)

where Nrg 1s N# with p’ = p and p2 = p’2 = —m2.
So now we must evaluate © Nk u.

To do so, we first write

N¥ = 7 (g +m)y" (do+m)v" (63.8)
where
/
ap = z1p — (1—=z2)p’
(63.9)
ag = zop’ — (1—x1)p .
Now we use the gamma matrix contraction identities to get
N = 2dov ) + 4m(ar+ag)” 4+ 2m?y* . (63.10)
Here we have set d = 4, because we have already removed the divergence
and taken the limit € — 0.
Setting p’ =p,and using Yu=-muandu % =-mu, along with % +yru =2pr and Uu =2m, and

recalling that x;+x2+x3 = 1, we find



uNfu = 4(1—4z3+25)m*p* . (63.11)

Using egs. (63.5), (63.7),and (63.11), we get

1-4
/ng 1— £E3+fl732 2
r3)% + x3mZ2 /m

K1

1—4z3+x3 (63.12)
(1=x3)? + £3m2 /m?

= /01 drs (1—x3)

—2In(m/m.) + %

in the limit of my — 0.

We see that an infrared regulator is necessary for the vertex function as well as the fermion propagator.

Now that we have Vx(p',p), we can extract some physics from it.
Consider again the process of electron-electron scattering, shown in fig. (63.1).

In order to compute the contributions of these diagrams, we must evaluate u¢(p") V¥ (p',p) us(p) with
p? = —p'?2 = —m?2, but with g2 = (p'— p)? arbitrary.



To evaluate ©w’Nru, we start with eq. (63.10), and use the anticommutation relations of the gamma
matrices to move all the _Zj"’s in N to the far right (where we can use gru = —mu) and all the s to the
far left (where we canuse u'yg’ = —mu’). | |

This results in

N — [4(1—z1—z2ta122)p-p + 2(221 —27+222—25)m*]yH (63.13)
+ dm(zd —zo+x122)p" + Am(T5—21+T122)D* . |

Next, replace p-p’ with —1/2 g2 — m2, group the p# and p’# terms into p’+ p and p’ — p combinations, and
make use of x1+x2+x3 = 1 to sitmplify some coefficients.

The result 1s
NH* — 2[(1-2z3—x3)m?* — (x3+x172)q%]Y*
— 2m(zs—23) (0’ + )" (6314

—2m|(z1+27) — (z2+23)](p — )" .

In the denominator, set p2 = p2 = —m? and p-p’' = —1/2 g% — m?2 to get
D — z129¢* + (1—z3)*m? + Qfgm?), : (63.15)

Note that the right-hand side of eq. (63.15) is symmetric under X; <> Xa.

Thus the last line of eq. (63.14) will vanish when we integrate u'Nru/D over the Feynman parameters.

Finally, we use the Gordon identity from section 38,



a' (p + p) u = u'[2my* + 2iS*q,]u (63.16)

where S#v = Z;[’y“, "yy] , to get

N* — 2[(1—4z3+x3)m?* — (x3+x122)¢ 7"

, (63.17)
— 4im(x3—25)S"7q, .
So now we have
uy (p')VH (D', p)us(p) = eu’ [Fl(qQ)v“ — L Fy(q?)SH u]u : (63.18)
where we have defined the form factors
e? T1T2q%/m? 1—4x3+z3
Fi(¢®) =1— / F3|In|1 >
1(q) 1672 aks [ n( T (1—z3)? T (1=x3)? + z3m2/m?
- (63.19)
(z3+z172)q*/m? — (1—4z3+23) L O(eh)
r122q%/m? + (1—x3)2 + :Egm%/m2 ’
Fy(g?) = i/dF e +0(eY)
20 = gn2 S T1T9q2m2 + (1—1z3)2 ' (63.20)

We have set my =0 1n eq. (63.20), and in the logarithm term in eq. (63.19), because these terms do not
suffer from infrared divergences.



We can simplity F2(g?) by using the delta function in dF; to do the integral over x» (which replaces x»
with 1 — x3 — x1), making the change of variable x; = (1 — x3)y, and performing the integral over x3 from
zero to one; the result 1s

2

Fy(¢*) = — /1 i +0(e") . (63.21)
812 Jo 1—y(l-y)g*/m?

This last integral can also be done in closed form, but we will be mostly interested 1n its value at g2 =0,
corresponding to an on-shell photon:

F3(0) = 5=+ O0(a?), (63.22)

where o = e2/4m= 1/137.036 is the fine-structure constant.
We will explore the physical consequences of eq. (63.22) in the next section.

64 The Magnetic Moment of the Electron

In the last section, we computed the one-loop contribution to the vertex function Vu(p',p) in spinor
electrodynamics, where p 1s the four-momentum of an incoming electron, and p’ 1s the four-momentum
of an outgoing electron.

We found
wy () V*(0, p)us (p) = €@’ | Fi (") — 5 Fa(¢”)S"a|u,  (641)



where q = p’ — p 1s the four-momentum of the photon (treated as incoming), and with complicated
expressions for the form factors F1(q?) and Fa(g?).

For our purposes 1n this section, all we will need to know is that

F1(0) =1 exactly,

o 5 (64.2)
Fy(0) = & +0(a?) .
Eq. (64.1) follows from a quantum action of the form
r— / d'z [eFy (0)TAY + & F>(0)Fy TS™T + .| (64.3)

where the ellipses stand for terms with more derivatives.
The displayed terms yield the vertex factor of eq. (64.1) with g2 =0.

To see this, recall that an incoming photon translates into a factor of A, ~ €+,e19x, and therefore of
Fuv ~ 1(qu€*v — Qv+, )elax; the two terms in F,y cancel the extra factor of one half in the second term in eq.
(64.3).

Now we will see what eq. (64.3) predicts for the magnetic moment of the electron.

We define the magnetic moment by the following procedure.



We take the photon field A# to be a classical field that corresponds to a constant magnetic field in the z
direction: A0 =0 and A = (0,Bx,0).

This yields Fi2 = —=F21 = B, with all other components of F,yv vanishing.

Then we define a normalized state of an electron at rest, with spin up along the z axis:

)= [ dp f@)!.(P)I0) (64.4)

where the wave packet 1s rotationally invariant (so that there 1s no orbital angular momentum) and
sharply peaked at p = 0, something like

2_2
f(p) ~ exp(—a”p”/2) (64.5)
with a « 1/m.
We normalize the wave packet by [ dp |f(p)|? = 1; then we have {ele) = 1.

Now we define the interaction hamiltonian as what we get from the two displayed terms in eq. (64.3),
using our specified field A#, and with the form-factor values of eq. (64.2):

H, = —eB/d?’a:T [:1:72 4 ﬁs”]\p . (64.6)



Then the electron’s magnetic moment y 1s specified by

uB = —(e|Hile) . (64.7)

In quantum mechanics in general, if we 1dentify H; as the piece of the hamiltonian that is linear in the
external magnetic field, then eq. (64.7) defines the magnetic moment of a normalized quantum state with
definite angular momentum in the B direction.

Now we turn to the computation.

We need to evaluate (e|U,(z)Ug(x)|e).

Using the usual plane-wave expansions, we have

(0[b4 (') Ta(2) T ()bl (P)|0) = Ty (P )atir () /P77 (64.8)
Thus we get
(e|Hle) = —eB / dp dpf dc PP
(64.9)

x f*(0')as (p)| 277 + 525" |us (p)F(P) -

We can write the factor of x as —1dp1 acting on ei(P-P)x and integrate by parts to put this derivative onto
u+(p)f(p); the wave packets kill any surface terms.



Then we can complete the integral over d3x to get a factor of (2m)303(p’— p), and do the integral over Zi;)’ .

The result 1s

(elHile) = —eB [ £ 1 (o), (0) 1770y, + 525" (0) (). (64.11)

where Ki= Si0 =i/2 viy0 is the boost matrix, P is a unit vector in the p direction, and 1 = sinh-!(Ipl/m) is
the rapidity.

Since the wave packet is sharply peaked at p =0, we can expand eq. (64.11) to linear order in p, take the
derivative with respect to p1, and then set p = 0; the result is

Opu+(p)| ) = 7K us (0)
1

= — 5 fylfyou+ (O) (64.12)

= — 5= 7'ug(0),
where we used y0us(0) = us(0) to get the last line.

Then we have

U+(p)i'r25‘p1U+(p)‘

|
+
<
(")
3L
2
<2
e
+
©

(64.13)



Plugging this into eq. (64.10) yields

(e|Hyle) = —eB / p) (1+2) L, (0)5"u,(0)
(64.14)
Next we use S12u.(0) = +1/2 u+(0) and ¥4(0)u.(0) = 2m to get
eB
(e|Hile) = — %(1 +2). (64.15)
Comparing with eq. (64.7), we see that the magnetic moment of the electron 1s
1 e
- (64.16)
H=9% om

where e/2m is the Bohr magneton, the extra factor of one-half is for the electron’s spin (a classical
spinning ball of charge would have a magnetic moment equal to the Bohr magneton times its angular
momentum), and g is the Lande g factor, given by

g=2(1+ £ +0(c?)) . (64.17)

Since g can be measured to high precision, calculations of y provide a stringent test of spinor
electrodynamics.

Corrections up through the a4 term have been computed; the result is currently in good agreement with
experiment.



65 Loop Corrections in Scalar Electrodynamics

In this section we will compute the one-loop corrections in scalar electrodynamics.

We will concentrate on the divergent parts of the diagrams, enabling us to compute the renormalizing Z
factors in the M S scheme, and hence the beta functions.

This gives us the most important qualitative information about the theory: whether it becomes strongly
coupled at high or low energies.

Our lagrangian for scalar electrodynamics in section 61 already includes all possible terms whose
coefficients have positive or zero mass dimension, and that respect Lorentz symmetry, the U(1) gauge

symmetry, parity, time reversal, and charge conjugation.

Therefore, the theory we will consider is

L=Ly+ L1, (65.1)
Lo = —0 0,0 —mplp — SFME,, (65.2)
L1 = iZ1e[p'0"p — (0*¢")p|A, — Zse*pTpAF A,

(653)
— 225 (P0)? + Loy

%
||

—(Z2-1)0"¢"0,p — (Zm—1)m>plp — 1(Z3—-1)F*' F,, . (65.4)



We will use the M S renormalization scheme to fix the values of the Z’s.
We begin with the photon self-energy, I1#v(k).

The one-loop and counterterm contributions are shown in fig. (65.1).

/>‘ N
S,
Figure 65.1: The one-loop and , I’Cz‘l\ \ !
counterterm corrections to the photon
propagator in scalar electrodynamics. /y\ ¥ (y\ + \M + W
We have
. . 2 [ d¥ (20 + k) (20 + k)
I (k) = (iZye)? (2 /
(k) = (2P (3) | Go @mrs md)@ + md)
d* 1
. 2 _uv
+ (—22Z4)e g“ /(27_‘_)4 02 + m2 (65.5)

—i(Z3—1)(k*g" — EFEF) + ...,

where the ellipses stand for higher-order (in e2 and/or A) terms.

We can set Zi = 1 + O(e? , A\) in the first two terms.



It will prove convenient to combine these first two terms into

d* N1V
(2m)* ((4+k)? + m?) (€2 + m?) (65.6)

—i(Z3—1) (kg™ — EFEF) + ... |

i1 (k) = e?

where

NM = (26 + k(26 + k)* — 2[(¢+k)? + m?|g" . (65.7)

Then we continue to d dimensions, replace e with ¢ ﬁe / 2: , and combine the denominators with
Feynman’s formula; the result is

iIM (k) = e’ / dx/ Y2
) (65.8)
— i(Z3—1)(k*g"™ — kKFEH) + ... |

where q = £+ xk and D = x(1-x)k? + mZ.
The numerator is
N* = (2q + (1-2z)k)*(2q + (1-2x)k)” — 2[(q + (1—z)k)* + m?]g"

4g"q" + (1—22)%kPEY — 2[¢° + (1—2)%k? + m?]gH”
+ (linear in q) (65.9)

s 4d7 g @ + (1-22)2KREY — 2[g% + (1—2)%k?% + m2] g™



where we used the symmetric-integration 1dentity from problem 14.3 to get the last line.

We can rearrange eq. (65.9) into

N# =2(%—1)g"q + (1-22)%kHk” — 2[(1-z)?k? + m*]g"” . (65.10)

Now we recall from section 62 that, when g2 is integrated against (q2+D)~2, we can make the
replacement ( 2/d — 1)q? — D; thus we have

NH — 2Dg" + (1—22)%kPkY — 2[(1—2)%k? + m?]gH”
(65.11)
= (1-22)%kHkY — 2(1-2z)(1—x)k%g"" .

Next we note that if we make the change of variable x =y + 1/2 , then we have D = (1-1/4 y2)k2 + m2,
and y 1s integrated from —1/2 to + 1/2 .

Therefore, any term 1n N#v that is even 1n y will integrate to zero.

We then get
NH = 4ykFE” — 2(2y*—y)k*gH”
(65.12)
— —dy? (k2 g" — kMEY) .

Thus we see that I1#v(k) 1s transverse, as expected.

Performing the integral over q in eq. (65.8), and focusing on the divergent part, we get



d% 1 1
~E — - O 0
H /(Qﬂ)d (2+ D)2~ 8n2 ¢ +0(e) - (65.13)
Then performing the integral over y yields

1/2
/ / dy NW = —3(k*g" — k*EY) . (65.14)
—1/2

Combining eqgs. (65.8), (65.13), and (65.14), we get

" (k) = II(k%) (k% g™ — K EY) (65.15)
where
(k%) = — . + finite — (Z3 — 1) + (65.16)
 2Um? ¢ ° T |

Thus we find, in the M S scheme,

2
e 1, (65.17)

La=1-—
S 2472 ¢

Now we turn to the one-loop corrections to the scalar propagator, shown in fig. (65.2).
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Figure 65.2: The one-loop and counterterm
corrections to the scalar propagator in scalar , '>l‘ .
electrodynamics. ! |

It will prove very convenient to work in Lorenz gauge, where the photon propagator 1s

A P (4)
A, 0) ==E , 65.18
v (€) 02 — je ( )
with P,uv(£) = gv— L, 0v/L2.
The diagrams in fig. (65.2) then yield
o2y i N2 (1 2/ d% P, (0)(€ + 2k) (L + 2k)"
(k%) = (2197 () | Gryt ~ 2(@m? 7.7
_ 5 d¥ P,
+ (—2iZ4e*gH )(%) / (27)4 pim% (65.19)

(1 d* 1
+(—z/\)(;)/(27r)4 2 1 m2

—i(Zo—1)k? —i(Zm—1)m? + ... .



In the second line, my 1s a fictitious photon mass; it appears here as an infrared regulator.
We can set Zi=1 + O(e? , M) in the first three lines.

Continuing to d dimensions, making the replacements e — eue/ 2 and \ — A€, ,and using the
relations £#P,v() = £YP,v(£) =0 and g#vP,v(L) =d— 1, we get

dY (0)kHkY
I k2 — 4 2~ E/ l“/
Mo (K°) = 4°i° | 553 (k)2 + mD)

d¥ 1
. . 2~E
2(d 1)6 M /(27_‘_)(1 €2+m%

4
_mg/ 4 1
(27)% 2 + m?

— i(Zo—1)k? —i(Z,—1)m> + ... . (65.20)

We evaluate the second and third lines via

d¥ 1 i 1
~€ . =
H ,/(27r)d 24+m2  8n2¢ m’ +O(e”) (65.21)

Then, taking the limit m? — O (with € fixed) 1n eq. (65.21) shows that the second line of eq. (65.20)
vanishes when the infrared regulator is removed.



To evaluate the first line of eq. (65.20), we multiply the numerator and denominator by £2 and use
Feynman’s formula to get

/ d% (2P, (0)kHk” / . / N P
(2m)e Zr(((+k)? + m?) 3 1(@Z+DP (05.22)

where q = £+ x3k, D = x3(1-x3)k? + x3m?, and
N = (?k? — (0-k)*
= (q — z3k)*k? — (q-k — z3k?)?

= ¢°k?* — (¢-k)* + (linear in q) (6523)
N q2k2 . d_1q2k2 .
Now we use . ,
- d% q 1
€ = — -4+0(Y). 65 .24
H /(27r)d (¢>?+ D)3 8n? ¢ +0(E) ( )
Combining egs. (65.20—-65.24), and requiring I1,(k?) to be finite, we find
1
Z _q.3E1 (65.25)
872 ¢
A1
Lm = 1+ 872 = + . (65.26)

in the M S scheme.



Now we turn to the one-loop corrections to the three-point (scalar— scalar—photon) vertex, shown in fig.
(65.3).

Figure 65.3: The one-loop corrections to the
three-point vertex in scalar electrodynamics.

In order to simplify the calculation of the divergent terms as much as possible, we have chosen a special
set of external momenta.

(If we wanted the complete vertex function, including the finite terms, we would need to use a general
set of external momenta.)

We take the incoming scalar to have zero four-momentum, and the photon (treated as incoming) to have
four-momentum k; then, by momentum conservation, the outgoing scalar also has four-momentum k.

We take the internal photon to have four-momentum £.

Now comes the magic of Lorenz gauge: in the second and third diagrams of fig. (65.3), the vertex factor
for the leftmost vertex is 1ef#, and this 1s zero when contracted with the P,v({) of the internal photon

propagator.

Thus the second and third diagrams vanish.



Alas, we will have to do some more work to evaluate the first and fourth diagrams.

We have
z’Vg(k,O) = teZ kM

d% P,,(£)(¢+ 2k)?

2m)% £2((L+k)? + m?)

d* (2¢ + k)~

2m)4 (02 + m?2)((£4+k)? + m?) (65.27)

+ (iZ10)(~2iZs6%g"™) (1) / (

+ iz (1) [ ¢
+ ...

We can set Zi =1 + O(e? , A) in the second and third lines.

We then do the usual manipulations; the integral in the third line becomes

d% 2q“ + (1—2z)k
65.28
/ d / 2+ D)2 ( )

where q = £ + xk and D = x(1-x)k2 + mZ.

The term linear in q vanishes upon integration over q, and the term linear in k vanishes upon integration
OVer X.

Thus the third line of eq. (65.27) evaluates to zero.



To evaluate the second line of eq. (65.27), we note that, since Pvo(£){e = 0, it already has an overall
factor of k.

We can then treat k as infinitesimal, and set k = 0 in the denominator.

We can then use the symmetric-integration identity to make the replacement €y{,/£2 — d—1gy, in the

numerator.

Putting all of this together, and using eq. (65.13), we find

3e? 1
L L 0
V3(k,0)/e = Z1k* — o kKF+0(")+..., (65.29)
and so
3e? 1
Z — 1 o~ e o
=145+ (65.30)

in the )M S scheme.
Next up 1s the four-point, scalar—scalar—photon—photon vertex.

Because the tree-level vertex factor,—21Z4e2grv, does not depend on the external four-momenta, we can
simply set them all to zero.

Then, whenever an internal photon line attaches to an external scalar with a three-point vertex, the
diagram 1is zero, for the same reason that the second and third diagrams of fig. (65.3) were zero.



This kills a lot of diagrams; the survivors are shown in fig. (65.4).

Figure 65.4: The nonvanishing one- ->- RN - > RENEE
loop corrections to the scalar—scalar— y_’ Vs y_’ Vs
. \
photon—photon vertex in scalar + . ! ; -+ . ! )

/ /

electrodynamics (in Lorenz gauge
with vanishing external momenta).

We have

iVH”(0,0,0) = —2iZ,e*gh”

| d% g Py (£)g”"
i (‘222462)2(%)2/ (2m)* ger?(ﬁiz,fz) )

4 n v
+ @z (=iz0)(2) [ (%4 ((ngl(ff;))g + (peov) (65.31)
4
+ iz (-2Zse") () [ Gt
TR

The notation +(;<>Vv) in the second and third lines means that we must add the same expression with
these indices swapped; this is because the original and swapped versions of each diagram are
topologically distinct, and contribute separately to the vertex function.

As usual, we set Zi = 1 + O(e? , A) in the second through fourth lines.



After using the symmetric-integration identity, along with eqs. (65.13) and (65.24), we can see that the
divergent parts of the third and fourth lines cancel each other.

The first line is easily evaluated with symmetric integration and eq. (65.13).

Then we have

y y 3e? 1 y
Vi'(0,0,0)/e" = —2Z4g"" + 5 —g" + O(") + ..., (65.32)
and so
3e? 1
Ja=14+——+4... 65.33
4 812 ¢ ( )

in the )/S scheme.
Finally, we have the one-loop corrections to the four-scalar vertex.

Once again, because the tree-level vertex factor, —iZ)A, does not depend on the external four-momenta,
we can set them all to zero.

Then, whenever an internal photon line attaches to an external scalar with a three-point vertex, the
diagram is zero.

The remaining diagrams are shown in fig. (65.5).
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Even though we have set the external momenta to zero, we still have to keep track of which particle 1s
which, in order to count the diagrams correctly; thus the external lines are labelled 1 through 4.

Lines 1 and 2 have arrows pointing towards their vertices, and 3 and 4 have arrows pointing away from
their vertices.

The symmetry factor for each of the first three diagrams is S = 2; for each of the last two,iti1s S = 1.

The difference arises because the last two diagrams have the charge arrows pointing in opposite
directions on the two internal propagators, and so these propagators cannot be exchanged.

It 1s clear that the first two diagrams will yield identical contributions to the vertex function (when the
external momenta are all zero).



Similarly, except for symmetry factors, the contributions of the last three diagrams are also identical.

Thus we have

iV4,(0,0,0) = —iZ)\

1, 1 0212 d% g"P,,(£)g’°P,, ()
+(3+3) C22:() | Gy @ +m2)

—

(65.34)
1 L w212 [ _d% 1
+(§+1+1) (—ZZ,\/\) (;) ./(27!‘)4 (€2+m2)2
+....
Using the familiar techniques. we find
et 1 BHA? 1
Vv — 4N+ — = Z4+0EN +... 65.35
1(0,0,0) = —iZA+ =5~ + 25—+ O() + ... (65.35)
and so
e 5A | 1
Zy =1 —<+... 65.36
A +(27r2)\+167r2>6+ (63.36)

inthe MS scheme.



66 Beta Functions in Quantum Electrodynamics

In this section we will compute the beta function for the electromagnetic coupling e in spinor
electrodynamics and scalar electrodynamics.

We will also compute the beta function for the ¢4 coupling A in scalar electrodynamics.

In spinor electrodynamics, the relation between the bare and renormalized couplings 1s

eo = Z; 1?7512, i€/% .

(66.1)

It 1s convenient to recast this formula in terms of the fine-structure constant o. = e2/4s and its bare

counterpart oo = €2p/47,

From section 62, we have

in the M S scheme.

oo =25 Zy°Z7 i . (66.2)
Z=1-21 102 (66.3)
L 2T € * 7 '
Zo=1— = Ly O(a?) (66.4)
2T €
Z3=1-— 2a 1 + 0(a?), (66.5)
3T €



Let us write

—1r7—2 172 — En()
In (23 Z Zl) = o (66.6)
n=1
Then we have
>\ E,(« 5
lnaozz Zi )+lna+€ln,u (66.7)
From eqs. (66.3-66.5), we get
20x
Ei(a) = — + 0(a?) . (66.8)
37
Then, the general analysis of section 28 yields
B(a) = o*E}(a) , (66.9)
where the prime denotes differentiation with respect to .
Thus we find 20,2
Bla) = 72—+ 0(a’) (66.10)
37
in spinor electrodynamics.
We can, if we like, restate this in terms of e as
63 5
5(e) +O(e) 611

T 1272



To go from eq. (66.10) to eq. (66.11), we use o = e?/4mand & = e€/2m, where the dot denotes d/dIn y.
The most important feature of either eq. (66.10) or eq. (66.11) is that the beta function is positive: the

electromagnetic coupling in spinor electrodynamics gets stronger at high energies, and weaker at low
energies.

It 1s easy to generalize egs. (66.10) and (66.11) to the case of N Dirac fields with electric charges Qie.
There 1s now a factor of Z»; for each field, and of Zi; for each interaction.

These are found by replacing a in egs. (66.3) and (66.4) with QZq..

Then we find Z1i/Z2i = 1 + O(02), so that this ratio 1s universal, at least through O(a.).

In fact, as we will see 1n section 67, Z1i/Z2i 1s always exactly equal to one, and so it always cancels in eq.
(66.6).

As for Z3, now each Dirac field contributes separately to the fermion loop in the photon self-energy, and
so we should replace a in eq. (66.5) with 1Q?q..

Thus we find that the generalization of eq. (66.11) 1s

N Q2
Ble) = {;;2 L e’ 4+ 0(e) . (66.12)




Now we turn to scalar electrodynamics.

The relations between the bare and renormalized couplings are

~1/2

eo = Zy 12,71 i %e . (66.13)
ey = Z3 2, Zs i€’ . (66.14)
Xo = Z,2Z)\EEX . (66.15)

We have two different relations between e and eo, coming from the two types of vertices.

We can guess (and will demonstrate in section 67) that these two renormalizations must work out to give

the same answer. I

ndeed, from section 65, we have

Zn =1+
Zo =1
Z3 =1—

2
;’% é | (66.16)
3e? 1
|
—+..., (66.18)



3e? 1
Ja=14+——+...
4 + 872 = + ; (66.19)

Zo—14 (2 2L,
A=1+ (5 art s |2+ (66.20)

in Lorenz gauge inthe M S scheme; the ellipses stand for higher powers of e? and/or A.

We see that Z = Z» = Za4, at least through O(e2, \).
The correct guess 1s that this 1s true exactly.

Thus eqgs. (66.13) and (66.14) both collapse to ep = Z3~1/2 ¢, just as in spinor electrodynamics.

Thus we can write ( ) /2) i ”
- _ (66.21)
In(2;°2,) = Z (66.22)
Then we have o 1 \
n\€, ~
Iney = Z E:” ) + Ine + %elnp, : (66.23)
n=1
>, L,(e, \
o =3 Z22&N 4y 4ol (66.24)
€

n=1



Using eqgs. (66.17), (66.18) and (66.20), we have

2
€
Ei(e,\) = 66.25
Li(e,N) = 12 (5X + 24e /A —12¢%) + ..., (66.26)
T

Now applying the general analysis of section 52 yields

3
€
,86(6,)\) = 182 + ..., (66.27)
Br(e;A) = : (5/\2 — 6Xe? + 2464) + (66.28)
9 ]_67"'2 e oo o .

Both right-hand sides are strictly positive, and so both e and A become large at high energies, and small
at low energies.

Generalizing eq. (66.25) to the case of several complex scalar fields with charges Qie works in the same
way as it does in spinor electrodynamics.



67 Ward Identities in Quantum Electrodynamics I

In section 59, we assumed that scattering amplitudes would be gauge invariant, in the sense that they

would be unchanged if we replaced any photon polarization vector e# with # + ck#, where k# 1s the
photon’s four-momentum and ¢ is an arbitrary constant.

Thus, if we write a scattering amplitude 7 for a process that includes an external photon with
four-momentum k» as

_ M
T ="My, (67.1)
then we should have

kMM, =0. (67.2)
In this section, we will use the Ward identity for the electromagnetic current to prove eq. (67.2).

We begin by recalling the LSZ formula for scalar fields,

(fle) =1 / d'zy e 171 (=0 + m?) ... (0|Tep(z1)...|0) . (67.3)
Ve have treated all external particles as outgoing; an incoming particle has ki? < 0.

can rewrite eq. (67.3) as

(fliy = lim (kf +m?*)...(0|Tg(k1)...|0).

k?—>—m2

(67.4)



Here @(k) = i [d*x e **®p(x) is the field in momentum space (with an extra factor of i), and we do
not fix k? = —m?.

We know that the right-hand side of eq. (67.4) must include an overall energy-momentum delta function,
so let us write

(O|T@ (k1) ... |0) = (2m)*6* (X, ko) F (K2, ki -k;) (67.5)
where F(ki?, ki'kj) 1s a function of the Lorentz scalars ki and ki-k;.

I'hen, since

(fli) = i(2m)*6* (3, ki) T (67.6)

eq. (67.4) tells us that F should have a multivariable pole as each k;? approaches—m?2, and that1i 7~ 1is the

residue of this pole.

That 1s, near ki2 = —m2, F takes the form
1T
(k% +m2)... (k2 + m?)

F(k, ki-kj) = + nonsingular . (67.7)

The key point is this: contributions to F that do not have this multivariable pole do not contribute to 7 .

We have framed this discussion in terms of scalar fields in order to keep the notation as simple as
possible, but the general point holds for fields of any spin.



In section 22, we analyzed how various classical field equations apply to quantum correlation functions.

For example, we derived the Schwinger-Dyson equations

0S
5o () Par (Z1) - - - Da, (T0)]0) ©78)

— iZ(O|T(/)a1 (1) - - - daq, 6*(x—z;) ... Pa, (z1)|0) .

O|T

Here we have used @a(X) to denote any kind of field, not necessarily a scalar field, carrying any kind of

index or indices.

The classical equation of motion for the field @a(X) is 0S/0@a(x) = 0.

Thus, eq. (67.8) tells us that the classical equation of motion holds for a field inside a quantum
correlation function, as long as its spacetime argument and indices do not match up exactly with those of
any other field in the correlation function.

These matches, which constitute the right-hand side of eq. (67.8), are called contact terms.

Suppose we have a correlation function that, for whatever reason, includes a contact term with a factor
of, say, 04(x1—X2).

o —_—
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After Fourier-transforming to momentum space, this contact term 1s a function of k; + ko, but 1s
independent of ki— k»; hence it cannot take the form of the singular term in eq. (67.7).

Therefore, contact terms in a correlation function F do not contribute to the scattering amplitude T

Now let us consider a scattering process in quantum electrodyamics that involves an external photon
with four-momentum k.

In Lorenz gauge (the simplest for this analysis), the LSZ formula reads

(Fld) = zs“‘/d e~ HT(_52)... (0|TAu(). .. |0) (67.9)
and the classical equation of motion for A# 1s
oL

—~730°A,, = 67.10

3 AR ( )

In spinor electrodynamics, the right-hand side of eq. (67.10) 1s Z1j#, where j# 1s the electromagnetic
current.

(Thais 1s also true for scalar electrodynamics if Z4 = Z,1%2/7>; we saw 1n problem 65.2 that this condition 1s
necessary for gauge invariance.)

We therefore have

fliy =iZ:12,e* dre e . 0|T7,(x)...|0) + contact terms|. (67.11)
3 1 7



The contact terms arise because, as we saw 1n eq. (67.8), the classical equations of motion hold inside
quantum correlation functions only up to contact terms.

However, the contact terms cannot generate singularities in the k2’s of the other particles, and so they do
not contribute to the left-hand side.

(Remember that, for each of the other particles, there 1s still an appropriate wave operator, such as the
Klein-Gordon wave operator for a scalar, acting on the correlation function. These wave operators kill
any term that does not have an appropriate singularity.)

Now let us try replacing €# in eq. (67.11) with k».

We are attempting to prove that the result is zero, and we are almost there.

We can write the factor of 1k# as —o# acting on the e-kx, and then we can integrate by parts to get o
acting on the correlation function.

(Strictly speaking, we need a wave packet for the external photon to kill surface terms.)

Then we have 0#(0ITj,(x)...10> on the right-hand side.

Now we use another result from section 22, namely that a Noether current for an exact symmetry obeys
orju = 0 classically, and

0*(0|Tj,(z)...|0) = contact terms (67.12)

quantum mechanically; this 1s the Ward (or Ward-Takahashi ) identity.



But once again, the contact terms do not have the right singularities to contribute to {f | 1).

Thus we conclude that {f | 1) vanishes if we replace an external photon’s polarization vector &¢# with its
four-momentum k#, quo erat demonstratum

68 Ward Identities in Quantum Electrodynamics I1

In this section, we will show that Z; = Z» in spinor electrodynamics, and that Z; = Z> = Z4 in scalar
electrodyanmics (in the OS and M S renormalization schemes).

Let us specialize to the case of spinor electrodynamics with a single Dirac field, and consider the
correlation function

Clalh, ) = i [ dy d'z 57 V4 (T3 (@) Way)To()I0) ,  (es.1)
where j# = eW~HV is the electromagnetic current.

As we saw 1n section 67, including Z j#(X) inside a correlation function adds a vertex for an external
photon; the factor of Z; provides the necessary renormalization of this vertex.

The explicit fermion fields on the right-hand side of eq. (68.1) combine with the fermion fields in the
current to generate propagators.

Thus we have

Chy(k,p',p) = (2m)*6* (k4+p—p) | 18(@)iV* (0, 0)18()| ., (682)

af



where 1s the exact fermion propagator, and Vu(p',p) is the exact 1PI photon—fermion—fermion
vertex function.

Now let us consider k,Crqp(k, p', p).

Using eq. (68.1), we can write thefactor of ik, on the right-hand side as d, acting on eikx, and then
integrate by parts to get —d, acting on j#(X).

(Strictly speaking, we need a wave packet for the external photon to kill surface terms.)

Thus we have

kuCl (K, ', ) / diz dy dz RV § (01T j(2) U (y)Ts(2)[0) . (68.3)

Now we use the Ward identity from section 22, which in general reads
—0u(0[TJ*(2)¢a, (21) - - - Pan (2)]0)

_ iimmf;al (21) ... 50, (2)64(2—12;) ... bu, (20)]0) - (65.4)

Here 0@a(x) is the change in a field @,(x) under an infinitesimal transformation that leaves the action

invariant, and

oL
JH = 0D, .
50, 0) ¢ (68.5)




1s the corresponding Noether current.

In the case of spinor electrodynamics,

V(z) = —ie¥(x), e
5 (x) = +ie¥(z), (050

where we have dropped an infinitesimal parameter on the right-hand sides, but included a factor of the
electron charge e.

Using 0L£/8(8,¥) = iZoW~«* and 8L£/9(0,¥) = 0 we find that, with these conventions, the Noether
currentis  J¥ = ZoeUyHTU = ZyjH,

Thus the Ward 1dentity becomes

~Z50,(0|Tj* () Ta(y)¥p(2)[0) = +ed*(z—y)(0|T¥a(y)¥s(2)|0) 65.7)
—e0*(z—2)(0|T¥,(y)¥5(2)[0) .
Recall that
T 1 d4q 1q(Y—2) Q
(0T¥a(y)¥p(2)|0) = ~ / (2m)t © W= 8(q)as - (68.8)

Using eqgs. (68.7) and (68.8) in eq. (68.3), and carrying out the coordinate integrals, we get



kuCog(k,#,p) = ~iZ5 " 2, (2m)"8" (k+p—p') |eS(p) — 8P| - (68.9)
On the other hand, from eq. (68.2) we have

kuClys (k.0 p) = —i(2m)*6* (k+p—2) S kV* (0, P)S(p)] _, - (68.10)

Comparing eqgs. (68.9) and (68.10) shows that
(') SE)\V @, 0)S(p) = 25 Z,e[S(p) - S(0')] , (68.11)
where we have dropped the spin indices.

We can simplify eq. (68.11) by multiplying on the left by S(p’)~1, and on the right by §(p)~1, to get
(0 —p) V(') = 25" Z1e|S@) ' — S(p) 7| - (68.12)

Thus we find a relation between the exact photon—fermion—fermion vertex function V#(p', p) and the
exact fermion propagator S(p).

Since both S(p) and Vk(p', p) are finite, eq. (68.12) implies that Z1/Z, must be finite as well.

In the M S scheme (where all corrections to Z; = 1 are divergent), this immediately implies that

Z1 =25 . (68.13)



In the OS scheme, we recall that near the on-shell point p2 = p"2 = —m? and (p'— p)2 =0 we
have S(p) = g+ m and Vi(p',p) = eyr.

Plugging these expressions into eq. (68.12) then yields Z = Z» for the OS scheme.
To better u_nderstand this result, we note that when Z; = Z», we can combine the fermion kinetic
term ¢Z2W@PV and the interaction term Z;eW AV into iZo WPV, , where D¢ = dr— ieAn is the

covariant derivative.

Recall that it 1s D# that has a simple gauge transformation, and so we might expect the lagrangian,
written in terms of renormalized fields, to include o and A# only in the combination Dx.

It 1s still necessary to go through the analysis that led to eq. (68.12), however, because quantization
requires fixing a gauge, and this renders suspect any naive arguments based on gauge invariance.

Still, in this case, those arguments yield the correct result.

A similar analysis 1s made in scalar electrodynamics.
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69 Nonabelian Gauge Theory

Consider a lagrangian with N scalar or spinor fields ¢i(x) that is invariant under a continuous SU(N) or
SO(N) symmetry,

di(xz) — Uijp;(x) , (69.1)

where Uj; 1s an N x N special unitary matrix in the case of SU(N), or an N x N special orthogonal matrix
in the case of SO(N).

(Special means that the determinant of U 1s one.)

Eq. (69.1) 1s called a global symmetry transformation, because the matrix U does not depend on the
spacetime label x.

In section 58, we saw that quantum electrodynamics could be understood as having a local U(1)

symmetry,
¢(z) — U(x)p(x) , (69.2)

where U(x) = exp[—iel (x)] can be thought of as a 1 x 1 unitary matrix that does depend on the spacetime
label x.

Eq. (69.2) can be a symmetry of the lagrangian only if we include a U(1) gauge field A,(x), and promote
ordinary derivatives d, of ¢(X) to covariant derivatives D, = d,— 1€A,,.

Under the transformation of eq. (69.2), we have



D, — U(z)D,U'(x) . (69.3)

With this transformation rule, a scalar kinetic term like —(D,¢)D, ¢, or a fermion kinetic term
like 7 lD\II , 1s invariant, as are mass terms like m2¢pf¢p and m ¢ W,

We call eq. (69.3) a gauge transformation, and say that the lagrangian is gauge invariant.
Eq. (69.3) implies that the gauge field transforms as

Au(z) - U(z)Au(2)U' (z) + LU(2)d,U () . (69.4)
If we use U(x) = exp[—iel (x)], then eq. (69.4) simplifies to

A, (x) = A,u(z) — 0.1 (), (69.5)

which 1s what we originally had in section 54.
We can now easily generalize this construction of U(1) gauge theory to SU(N) or SO(N).
(We will consider other possibilities later.)
To be concrete, let us consider SU(N).

Recall from section 24 that we can write an infinitesimal SU(N) transformation as



; 2
Ujr(z) = djx — 190% () (T*) 1. + O(67) , (69.6)
where we have inserted a coupling constant g for later convenience.

The 1ndices j and k run from 1 to N, the index a runs from 1 to N2 —1 (and is implicitly summed), and the
generator matrices T2 are hermitian and traceless.

(These properties of T2 follow immediately from the special unitarity of U.)
The generator matrices obey commutation relations of the form

[Ta, Tb] — g fa’bCTC , (69.7)
where the real numerical factors fanc are called the structure coefficients of the group.
If fane does not vanish, the group is nonabelian.
We can choose the generator matrices so that they obey the normalization condition

Tr(T°T°) = 6% ; (69.8)
then egs. (69.7) and (69.8) can be used to show that finc 1S completely antisymmetric.

For SU(2), we have T2 =1/2 02, where 02 1s a Pauli matrix, and fabc = €abc, Where €ane 18 the completely
antisymmetric Levi-Civita symbol.



Now we define an SU(N) gauge field A,(x) as a traceless hermitian N x N matrix of fields with the gauge
transformation property

Au(z) = U(z)Au(@)U' () + §U (2)8,U () . (69.9)

Note that this 1s 1dentical to eq. (69.4), except that now U(x) is a special unitary matrix (rather than a
phase factor), and A,(x) 1s a traceless hermitian matrix (rather than a real number).

(Also, the electromagnetic coupling e has been replaced by g.)

We can write U(x) in terms of the generator matrices as

U(x) = exp[—igl'*(x)T"] , (69.10)

where the real parameters ['2(x) are no longer infinitesimal.

The covariant derivative is

D, =09,—1igA,(z), (69.11)
where there 1s an understood N x N identity matrix multiplying d,.

Acting on the set of N fields ¢i(x) that transform according to eq. (69.2), the covariant derivative can be
written more explicitly as



(Du)j(z) = Ouj(z) — igAu(z)jkdr(z) (69.12)
with an understood sum over k.

The covariant derivative transforms according to eq. (69.3).

Replacing all ordinary derivatives in £ with covariant derivatives renders £ gauge invariant (assuming,

of course, that £ originally had a global SU(N) symmetry).

We still need a kinetic term for A, (X).

Let us define the field strength
E MV("E)

L[Dy, D,] (69.13)
— aqu/ — BI/A,U, - ig[Aua AV] . (69.14)

Because A, 1s a matrix, the final term in eq. (69.14) does not vanish, as it does in U(1) gauge theory.

Eqgs. (69.3) and (69.13) imply that, under a gauge transformation,

F(x) = U(x)FL (2)U' () . (69.15)



Therefore,

Lyin = —3Tr(F¥ F,,) (69.16)

1s gauge invariant, and can serve as a kinetic term for the SU(N) gauge field.

(Note, however, that the field strength itself 1s not gauge invariant, in contrast to the situation in U(1)
gauge theory.)

Since we have taken A,(X) to be hermitian and traceless, we can expand it in terms of the generator
matrices

Au(r) = A5 ()T . (69.17)

Then we can use eq. (69.8) to invert eq. (69.17):

AZ(:B) =2Tr A, (x)T". (69.18)
Similarly, we have

F(x) = FSVT“ : (69.19)

F[j,/ () =2Tr F,,T°. (69.20)

Using eq. (69.19) in eq. (69.14), we get

FS,T¢ = (0,45 — 8,A5)T¢ — igAS Ay [T, T")
(69.21)
= (Ou A — 0, A + gf ™AL AL)T® .



Then using egs. (69.20) and (69.8) yields
FS, = 0,AS — 8,AC + gf*A? Ab . (69.22)
Also, using egs. (69.19) and (69.8) 1in eq. (69.16), we get
Liin = — 3 FHFS, . (69.23)
From eq. (69.22), we see that Lin includes interactions among the gauge fields.

A theory of this type, with nonzero fabc, is called nonabelian gauge theory or Yang—Mills theory.

Everything we have just said about SU(N) also goes through for SO(N), with unitary replaced by
orthogonal, and traceless replaced by antisymmetric.

There 1s also another class of compact nonabelian groups called Sp(2N), and five exceptional compact
groups: G(2), F(4), E(6), E(7), and E(8).

Compact means that Tr(T2TP) is a positive definite matrix.

Non-abelian gauge theory must be based on a compact group, because otherwise some of the terms in
Lin would have the wrong sign, leading to a hamiltonian that 1s unbounded below.

As a specific example, let us consider guantum chromodynamics, or QCD, which 1s based on the gauge
group SU(3).



There are several Dirac fields corresponding to quarks.

Each quark comes in three colors; these are the values of the SU(3) index.

(These colors have nothing to do with ordinary color.)

There are also six flavors: up, down, strange, charm, bottom (or beauty) and top (or truth).
Thus we consider the Dirac field Wii(x), where 1 1s the color index and I 1s the flavor index.
The lagrangian is

L= ’i@u@ij‘lfj] — mIWI\I!I — %TI‘(F“VFMV) : (69.24)

where all indices are summed.

The different quark flavors have different masses, ranging from a few MeV for the up and down quarks
to 178 GeV for the top quark.

(The quarks also have electric charges: +2/3 lel for the u, ¢, and t quarks, and —1/3 lel for the d, s, and b
quarks. For now, however, we omit the appropriate coupling to the electromagnetic field.)

The covariant derivative in eq. (69.24) 1s

(Dp)ij = 0ij0u — ig A Tjj - (69.25)



The index a on A?, runs from 1 to 8, and the corresponding massless spin-one particles are the eight
gluons.

In a nonabelian gauge theory in general, we can consider scalar or spinor fields in different
representations of the group.

A representation of a compact nonabelian group is a set of finite-dimensional hermitian matrices T2r
(the R 1s part of the name, not an index) that obey that same commutation relations as the original
generator matrices Ta,

Given such a set of D(R) x D(R) matrices (where D(R) is the dimension of the representation), and a
field ¢(x) with D(R) components, we can write its covariant derivative as D, = d,— 1gA2,T2r , with an
understood D(R) x D(R) identity matrix multiplying d,.

Under a gauge transformation, ¢p(x)— Ur(X)p(x), where Ur(X) is given by eq. (69.10) with Te replaced
by Tag .

The theory will be gauge invariant provided that the transformation rule for A2, is independent of the
representation used in eq. (69.9); it 1s.

We will not need to know a lot of representation theory, but we collect some useful facts in the next
section.



70 Group Representations

Given the structure coefficients fine Of @ compact nonabelian group, a representation of that group 1s
specified by a set of D(R) x D(R) traceless hermitian matrices T2r (the R 1s part of the name, not an
index) that obey that same commutation relations as the original generators matrices T2, namely

T3, Tx) = if T, . (0-5)
The number D(R) is the dimension of the representation.
The original T2’s correspond to the fundamental or defining representation.
Consider taking the complex conjugate of the commutation relations, eq. (70.1).

Since the structure coefficients are real, we see that the matrices —(T2r)+ also obey these commutation
relations.

If —(Tar)* = T2 or if we can find a unitary transformation Tar — U-1Tag U that makes —(T?2r)* = Tag for
every a, then the representation R 1s real.

If such a unitary transformation does not exist, but we can find a unitary matrix V # I such that
—(T2r)* = V-1 Tag V for every a, then the representation R is pseudoreal.

If such a unitary matrix also does not exist, then the representation R 1s complex.

In this case, the complex conjugate representation R 1s specified by



T =—(Tg)" . (70.2)

R

One way to prove that a representation 1s complex is to show that at least one generator matrix T2r (or a
real linear combination of them) has eigenvalues that do not come in plus-minus pairs.

This 1s the case for the fundamental representation of SU(N) with N = 3.

For SU(2), the fundamental representation is pseudoreal, because —(1/2 02)+ # 1/2 04, but
—(1/2 02)*= V-1(1/2 02)V with V= 02.

For SO(N), the fundamental representation 1s real, because the generator matrices are antisymmetric,
and every antisymmetric hermitian matrix is equal to minus its complex conjugate.

An important representation for any compact nonabelian group is the adjoint representation A.
This 1s given by

(T2)% = —jfabe. (70.3)

Because fanc 1s real and completely antisymmetric, T2 is manifestly hermitian, and also satisfies eq.
(70.2); thus the adjoint representation is real.

The dimension of the adjoint representation D(A) is equal to the number of generators of the group; this
number 1s also called the dimension of the group.



To see that the T?24’s satisfy the commutation relations, we use the Jacobi identity
fabdfdce + fbcdfda,e + fcadfdbe —0 (70 4)
which holds for the structure coefficients of any group.
To prove the Jacobi identity, we note that
Te 7o ([T, T%, T°] + [[T°, 7%, 7% + [[T°, 7], T*]) =0, (70.5)
where the T?’s are the original generator matrices.

That the left-hand side of eq. (70.5) vanishes can be seen by writing out all the commutators as matrix
products, and noting that they cancel in pairs.

Employing the commutation relations twice in each term, followed by
Tr(T°T") = 16% (70.6)
ultimately yields eq. (70.4).

Then, using the antisymmetry of the structure coetficients, inserting some judicious factors of 1, and
moving the last term of eq. (70.4) to the right-hand side, we can rewrite it as

(—’I:fabd)(—’l:dee) - (—’I;bed)(—’l:fade) _ ,L-facd(_,’;fdbe) . (70.7)



Now we use eq. (70.3) in eq. (70.7) to get
(T3P (T)% — (T)M(T2)% = if (T, (708)
or equivalently [T2a ,T¢a | = 1facaT95 .
Thus the T24’s satisty the appropriate commutation relations.

Two related numbers usefully characterize a representation: the index T(R) and the quadratic Casimir
C(R).

The index 1s defined via

Tr(TT?) = T(R)6? . (70.9)

Now it can be shown that the matrix T2r T2r commutes with every generator, and so must be a number
times the 1dentity matrix; this number 1s the quadratic Casimir C(R).

It 1s easy to show that

T(R)D(A) = C(R)D(R) . (70.10)

With the standard normalization conventions for the generators, we have T(N) = 1/2 for the fundamental
representation of SU(N) and T(N) = 2 for the fundamental representation of SO(N).

It can be shown that T(A) = N for the adjoint representation of SU(N), and also shown that T(A) = 2N—-4
for the adjoint representation of SO(N).



A representation R 1s reducible if there 1s a unitary transformation T2g — U-! Tag U that puts all the
nonzero entries into the same diagonal blocks for each a; otherwise it 1s irreducible.

Consider a reducible representation R whose generators can be put into (for example) two blocks, with
the blocks forming the generators of the irreducible representations R; and Ro.

Then R 1s the direct sum representation R = R; @ R», and we have
D(R1®R2) = D(R1) + D(Rz) , (70.11)
T(R1®R2) = T(R1) + T'(R2) . (70.12)

Suppose we have a field @i(x) that carries two group indices, one for the representation R; and one for

the representation R», denoted by 1 and I respectively.

This field 1s in the direct product representation R1 ® R». The corresponding generator matrix 1s

(TR, ery)irg0 = (T, )ij0rs + 6i (Tx, )17 (70.13)

where 1 and I together constitute the row index, and j and J together constitute the column index.

We then have
D(R1®R2) = D(R1)D(Rz) , (70.14)

T(R1®Rs) = T(R1)D(Rs) + D(R1)T(Rs) . (70.15)



To get eq. (70.15), we need to use the fact that the generator matrices are traceless, (T2r)ii = 0.

At this point it 1s helpful to introduce a slightly more refined notation for the indices of a complex
representation.

Consider a field ¢ 1n the complex representation R.
We will adopt the convention that such a field carries a “down” index: ¢;, where1 =1, 2,..., D(R).

Hermitian conjugation changes the representation from R to R , and we will adopt the convention
that this also raises the index on the field,

(i) =l (70.16)
Thus a down index corresponds to the representation R, and an up index to R .
Indices can be contracted only if one 1s up and one 1s down.
Generator matrices for R are then written with the first index down and the second index up: (T2gr)i.

An infinitesimal group transformation of ¢; takes the form
pi — (1—i0°TR)i p;

= @i —04(T3) pj -

(70.17)



The generator matrices for R are then given by
(T9)'5 = —(T3);" » (70.18)
where we have used the hermiticity to trade complex conjugation for transposition of the indices.
An infinitesimal group transformation of ¢f! takes the form
!t — (1 - iH“Tﬁ"’)ij oV
— — i0%(T2)" JSOT (70.19)

= 90” +6°(T3);'p"
where we used eq. (70.18) to get the last line.

Note that egs. (70.17) and (70.19) together imply that @i ¢; 1s invariant, as expected.

Consider the Kronecker delta symbol with one index down and one up: 0.

Under a group transformation, we have
57 — (1 +i0°T2)*(1 + i0°T2)7 55
= (1 4+40°T%)" 0" (1 — i0°T2),? (70.20)
= 67 +0(6%) .



Eq. (70.20) shows that 0ij is an invariant symbol of the group.

This existence of this invariant symbol, which carries one index for R and one for R , tells us that the
product of the representations R and R must contain the singlet representation 1, specified by T2 = 0.

We therefore can write

RIR=16... . (70.21)

The generator matrix (T2R)ii, which carries one index for R, one for R , and one for the adjoint
representation A, 1s also an invariant symbol.

To see this, we make a simultaneous infinitesimal group transformation on each of these indices,
(Tp)i? — (1—140°Tg)i"(1 — i6°T2)’ 1 (1 — i6°T ) (T
= (T3)? —i0°[(Tg):* Tk’ + (T2 ((TR)i* + (T3)* (T
+ 0(6?) .

The factor in square brackets should vanish if (as we claim) the generator matrix is an invariant symbol.

(70.22)

Using eqgs. (70.3) and (70.18), we have

[...] = (T)F T — (T (TR — i f™(Tg)S
] . pabe ey (70.23)
= (TRTR) — (TYTR) — if ™ (T5)

=0,



where the last line follows from the commutation relations.

The fact that (Tar)il 1s an invariant symbol implies that

RRIRRIA=10.... (70.24)

If we now multiply both sides of eq. (70.24) by A,and use A® A=1 ®... [which follows from eq.
(70.21) and the reality of A], we find R® R =A®....

Combining this with eq. (70.21), we have
RIR=10A®.... (70.25)

That 1s, the product of a representation with its complex conjugate is always reducible into a sum that
includes (at least) the singlet and adjoint representations.

For the fundamental representation N of SU(N), we have

NON=1d A, (70.26)
with no other representations on the right-hand side.
To see this, recall that D(1) = 1, D(N) = D( N) = N, and, as shown in section 24, D(A) = N2-1.

From eq. (70.14), we see that there 1s no room for anything else on the right-hand side of eq. (70.26).



Consider now a real representation R.
From eq. (70.25), with R =R, we have

RIR=10A®.... (70.27)

The singlet on the right-hand side implies the existence of an invariant symbol with two R indices; this
symbol is the Kronecker delta 0;;.

It 1s invariant because
-narmaN k -narpay
ij — (1 —140°Tg);" (1 — 10°Ty); 0ns (70.28)

: 2
= 0ij — 10°((T )i + (Tx)jil + O(6) -
The term 1n square brackets vanishes by hermiticity and eq. (70.18).

The fact that 0;; = 05 implies that the singlet on the right-hand side of eq. (70.28) appears in the
symmetric part of this product of two identical representations.

The fundamental representation N of SO(N) 1s real, and we have

NQIN=10A, DSy . (70.29)

The subscripts tell whether the representation appears in the symmetric or antisymmetric part of the
product.



The representation S corresponds to a field with a symmetric traceless pair of fundamental indices:
dii= dji, ¢ii = 0, where the repeated index is summed.

We have D(1) =1, D(N) = N, and, as shown i1n section 24, D(A) = 1/2 N(N-1).

Also, a traceless symmetric tensor has D(S) = 1/2 N(N+1) —1 independent components; thus eq. (70.14)
1s fulfilled.

Consider now a pseudoreal representation R.
Since R is equivalent to its complex conjugate, up to a change of basis, eq. (70.27) still holds.

However, we cannot identify 0i; as the corresponding invariant symbol, because then eq. (70.28) shows
that R would have to be real, rather than pseudoreal.

From the perspective of the direct product, the only alternative is to have the singlet appear in the
antisymmetric part of the product, rather than the symmetric part.

The corresponding invariant symbol must then be antisymmetric on exchange of its two R indices.
An example (the only one that will be of interest to us) 1s the fundamental representation of SU(2).

For SU(N) in general, another invariant symbol 1s the Levi-Civita tensor €i;...55 5 which carries N
fundamental indices and 1s completely antisymmetric.

It 1s invariant because, under an SU(N) transformation,



€i1..iny Uiljl s UiN]Nejl---jN
(70.30)
= (det U)Ef,;l“,,;N .

Since det U = 1 for SU(N), we see that the Levi-Civita symbol is invariant.

We can similarly consider g'1-N which carries N completely antisymmetric antifundamental
indices.

For SU(2), the Levi-Civita symbol 1s €;; = —¢;;; this is the two-index invariant symbol that corresponds to
the singlet in the product

2Q2=1, b 3s, (70.31)
where 3 1s the adjoint representation.
We can use €j; and gj; to raise and lower SU(2) indices.

This 1s another way to see that there 1s no distinction between the fundamental representation 2 and its
complex conjugate 2 .

That is, if we have a field ¢; in the representation 2, we can get a field in the representation 2 by raising
the index: @i = giig;.

The structure constants fabc are another invariant symbol.



This follows from (Ta2)bc = —ifabe_ since we have seen that generator matrices (in any representation) are
invariant.

Alternatively, given the generator matrices in a representation R, we can write

T(R)f* = —i Te(T¢[TR, Tx)) - (70.32)
Since the right-hand side 1s invariant, the left-hand side must be as well.

If we use an anticommutator in place of the commutator in eq. (70.32), we get another invariant symbol,

AR)d™ = L Tx(Te{Ty, T5}) (70 33)

where A(R) 1s the anomaly coefficient of the representation.
The cyclic property of the trace implies that A(R)dabe 1s symmetric on exchange of any pair of indices.

Using eq. (70.18), we can see that
AR)=—-A(R) . (70.34)
Thus, 1f R 1s real or pseudoreal, A(R) = 0.

We also have



A(R1®R2) = A(R1) + A(R2) , (70.35)
A(R1®Rg2) = A(R1)D(R2) + D(R1)A(R2) . (70.36)
We normalize the anomaly coefficient so that it equals one for the smallest complex representation.

In particular, for SU(N) with N = 3, the smallest complex representation is the fundamental, and
AN) =1.

For SU(2), all representations are real or pseudoreal, and A(R) = O for all of them.
71 The Path Integral for Nonabelian Gauge Theory

We wish to evaluate the path integral for nonabelian gauge theory (also known as Yang—Mills theory),
Z(J) x /DA etSw(A.J) (71.1)

Swi(A, J) = / d*z [—iF““”F[}V - J"'“AZ] : (71.2)

In section 57, we evaluated the path integral for U(1) gauge theory by arguing that, in momentum space,
the component of the U(1) gauge field parallel to the four-momentum k# did not appear in the action, and
hence should not be integrated over.

This argument relied on the form of the U(1) gauge transformation,



Au(z) — Au(z) — 9,1 (z)

In the nonabelian case, however, the gauge transformation is nonlinear,

Au(z) = U(2)Au(2)UT () + LU (2)0,U ()

where A, (x) = A2,(x)Ta.
For an infinitesimal transformation,
U(z) = I —igh(x) + O(6%)
= I —igh%(x)T* 4+ O(6%) ,

we have

Au(fE) — Au(m) + ig[AM(a:),H(m)] - G,ﬁ(ac) ;

or equivalently

Aj(z) — Af(z) — gf Ay ()0°(x) — 0,0%(x)
= A%(z) — [0%°8, + gf AL (z)]6°(z)
— AZ

|
N

(z)

(z)

(z) — [69°8), — ig A, (—if**)]6°(x)
(z) — [6%°0, — ig A, (T)*]0°(=)
()

— D°0%(z) ,

(71.3)

(71 4)

(71.5)

(71.6)

(71.7)



where Da¢, 1s the covariant derivative in the adjoint representation.

We see the similarity with the abelian case, eq. (71.3).

However, the fact that it 1s D, that appears in eq. (71.7), rather than d,, means that we cannot

account for gauge redundancy in the path integral by simply excluding the components of A2, that are
parallel to k,,.

We will have to do something more clever.

Consider an ordinary integral of the form

Z X /d:z: dy (@) (71.8)

where both x and y are integrated from minus to plus infinity.
Because y does not appear 1n S(X), the integral over y 1s redundant.

We can then define Z by simply dropping the integral over vy,

7 = /d:): et () (71.9)

This 1s how we dealt with gauge redundancy in the abelian case.



We could get the same answer by inserting a delta function, rather than by dropping the y integral:
7 = /da: dy §(y) €@ . (71.10)

Furthermore, the argument of the delta function can be shifted by an arbitrary function of x, without changing

the result:

Z = /da:dy 5(y — f(z)) @) . (71.11)

Suppose we are not given f(x) explicitly, but rather are told that y = f(x) 1s the unique solution, for fixed
x, of G(x,y) =0.

Then we can write Oy — flx
0(G(z,y)) = (&')G /];(m)), (71.12)

where we have used a standard rule for delta functions.

We can drop the absolute-value signs if we assume that 0G/dy 1s positive when evaluated at y= f(X).

Then we have

7 = /d:z: dyg—jé((}) e . (71.13)

Now let us generalize this result to an integral over dnxdny.

We will need n functions Gi(x,y) to fix all n components of y.



The generalization of eq. (71.13) 1s

Z = /d"a:d"y det g—j‘ [L.6(G;) e . (71.14)
J

Now we are ready to translate these results to path integrals over non-abelian gauge fields.
The role of the redundant integration variable y is played by the set of all gauge transformations 02(x).
The role of the integration variables x and y together i1s played by the gauge field A2,(x).
The role of G 1s played by a gauge-fixing function.
We will use the gauge-fixing function appropriate for Rz gauge, which 1s

G%(z) = 0"A(z) — w'(x) , (71.15)
where wa(x) 1s a fixed, arbitrarily chosen function of x.
We will see how the parameter € enters later.
In eq. (71.15), the spacetime argument X and the index a play the role of the index 1 in eq. (71.14).
Our path integral becomes

oG -
) /DA det((m)]_[ 0(G) eoM (71.16)



where Sym 1s given by eq. (71.2).
Now we have to evaluate the functional derivative 0G3(x)/00%(y), and then its functional determinant.

From eqs. (71.7) and (71.15), we find that, under an infinitesimal gauge transformation,

G%(z) — G*(z) — 0"D6°(z) . (71.17)
Thus we have
5Ga(m) . pyab g4
505 (y) "D, 6" (x —y) , (71.18)

where the derivatives are with respect to Xx.

Now we need to compute the functional determinant of eq. (71.18).

Luckily, we learned how to do this in section 53.

A functional determinant can be written as a path integral over complex Grassmann variables.
So let us introduce the complex Grassmann field ca(x), and its hermitian conjugate ¢?(z).

We use a bar rather than a dagger to keep the notation a little less cluttered.

These fields are called Faddeev-Popov ghosts.

Then we can write



0G%(x)

det 500 )

x /DcDE e"Oeh (71.19)

where the ghost action is Sen = [ d*z L, and the ghost lagrangian is

—a quyab b

— _AMzaadb b
0"c'D,"c (71.20)
= —0''c"0,c" + igB“EaAZ(Tj)abcb

= —0"¢c"0,c" + gfabCA28“éacb .

We dropped a total divergence in the second line.
We see that ca(x) has the standard kinetic term for a complex scalar field.

We need the factor of 1 1n front of Sgn in eq. (71.19) for this to work out; this factor affects only the
overall phase of Z(J), and so we can choose it at will.

The ghost field 1s also a Grassmann field, and so a closed loop of ghost lines in a Feynman diagram
carries an extra factor of minus one.



We see from eq. (71.20) that the ghost field interacts with the gauge field, and so we will have such
loops.

Since the particles associated with the ghost field do not in fact exist (and would violate the spin-
statistics theorem if they did), it must be that the amplitude to produce them in any scattering process is
ZEero.

This 1s indeed the case, as we will discuss in section 74.

We note that in abelian gauge theory, where fabc = 0, there 1s no interaction term for the ghost field.

In that case, it 1s simply an extra free field, and we can absorb its path integral into the overall
normalization.

We have one final trick to perform.
Our gauge-fixing function, G3(x) contains an arbitrary function wa(x).
The path integral Z(J) 1s, however, independent of wa(x).

So, we can multiply Z(J) by an arbitrary functional of w, and then perform a path integral over w; the
result can change only the overall normalization of Z(J).

In particular, let us multiply Z(J) by



exp [— 27’—5 / diz w“w“] . (7121)

Because of the delta-functional in eq. (71.16), it is easy to integrate over .

T'he final result for Z(J) is
Z(J) x /DA DeDc exp (iSYM + 2Sgh + z'ng) : (71.22)

where Sym 1s given by eq. (71.2), Sqn 1s given by the integral over d*x of eq. (71.20), and Sgr (gf stands
for gauge fixing) 1s given by the integral over d*x of

1¢—1
Lo = —5& 0FAL0YA] . (71.23)
In the next section, we will derive the Feynman rules that follow from this path integral.
72 The Feynman Rules for Nonabelian Gauge Theory

Let us begin by considering nonabelian gauge theory without any scalar or spinor fields.

The lagrangian 1s

1 reuvre
‘C’YM:_ZF'MF,U,V

—§(OMA — QA + g fUAVAY ) (0,5 — O, A + g FALAY)
= —30MAV O, A5 + 50MA D, AS,
. gfabeAauAbuauAlej o %92 fabefcdeAayAbuAZAg . (72.1)



To this we should add the gauge-fixing term for Rz gauge,
Lor = — 56 1 OFASOVAS, . (72.2)

Adding eqgs. (72.1) and (72.2), and doing some integrations-by-parts in the quadratic terms, we find

Loy + Lgg = A% (g,,0° — 0,0,) A% + 267 'A+9,0, A%

(72.3)
o gfabcAauAbuﬁﬂAlc/ o %g2fabef6deAa“AbVA'ZAg .
The first line of eq. (72.3) yields the gluon propagator in Rz gauge,
~ §ab k.k k.k
ab _ _ vplvw pvy
The second line of eq. (72.3) yields three- and four-gluon vertices, shown in fig. (72.1).
o o
a d
Figure 72.1: The three-gluon and four-gluon
vertices in nonabelian gauge theory.
b C




The three-gluon vertex factor is

ZVZ?/i)(pa q, 7«) — i(_gfabc)(_i’rugl/p)
+ [5 permutations of (a,u,p), (b,v,q), (¢,p,7) ] (72.5)

= gf*(q—7)u9vp + (r—D)uGpu + (P—7) p 9] -

The four-gluon vertex factor is

ivz?/cpda — —4 92 fabefcde 9upGvo
+ [5 permutations of (b,v), (c,p), (d,0) ]

= _igz [fabedee (g;ngua — GuoGvp (72.6)

)
+ f4°f dbe (g,uagpu — g;wgpa)
+ f adef bee (g,uugap — gupgm/) ]

These vertex factors are quite a bit more complicated that the ones we are used to, and they lead to rather
involved formulae for scattering cross sections.

For example, the tree-level gg — gg cross section (where g 1s a gluon), averaged over 1nitial spins and
colors and summed over final spins and colors, has 12,996 terms!

Of course, many are identical and the final result can be expressed much more simply, but this is no help
to us at the initial stages of computation.



For this reason, we postpone any attempt at tree-level calculations until section 81, where we will make
use of some techniques (color ordering and Gervais-Neveu gauge) that, combined with spinor-helicity
methods, greatly reduce the necessary labor.

For loop calculations, we need to include the ghosts.

The ghost lagrangian is
Lon = —OHe Dl

= —OMEDyct +igdhe® AL (T) > c (72.7)
= —OHC°0,c° + gf PALOHE .

The ghost propagator 1s

Aab(kQ) — Eat (72.8)

Because the ghosts are complex scalars, their propagators carry a charge arrow.

The ghost-ghost-gluon vertex shown in fig. (72.2); the associated vertex factor is

iVi(q,r) = i(gf*)(—igy)

: (72.9)
gfa CC]u .



Figure 72.2: The ghost-ghost-gluon vertex in nonabelian gauge theory.

If we include a quark coupled to the gluons, we have the quark lagrangian

Eq - Zﬁzﬁz]‘lfj — mTZ\IJZ

VW — mU U + gALUAFTEY (72.10)

The quark propagator 1s

~ (=P +m)d;
Sij(p) = D mE —ic (72.11)

The quark-quark-gluon vertex shown 1n fig. (72.3);

Figure 72.3: The quark-quark-gluon
vertex in nonabelian gauge theory.



the associated vertex factor 1s
o l_l,a o a
z‘fij — 1 Q’Y“Tz’j . (72.12)

If the quark is in a representation R other than the fundamental, then T?; becomes (T2r);;.

73 The Beta Function in Nonabelian Gauge Theory

In this section, we will do enough loop calculations to compute the beta function for the Yang—Mills
coupling g.

We can write the complete lagrangian, including Z factors, as

L = 2Z3A" (g, 0° — 0,8,) A% + L¢71A4%9,0, A
o ZgggfabcAaMAbyauA,C, o %24992 fabefcdeAauAbuAchAg
— Zy " C*0,C* + Zygf*™ASOHCC?

+iZ50;QV; — ZmymW;V; + Z1g AUy TET; (73.1)

Note that the gauge-fixing term in the first line does not need a Z factor; we saw in section 62 that the
g-dependent term in the propagator is not renormalized.



We see that g appears in several places in £, and gauge invariance leads us to expect that it will

renormalize in the same way in each place.

If we rewrite £ in terms of bare fields and parameters, and compare with eq. (73.1), we find that

VA 72 72 VA
2 1 2-~€ 17 2~E 39 2~€ 49 2 ~€

where d = 4— € is the number of spacetime dimensions.

To prove eq. (73.2), we have to derive the nonabelian analogs of the Ward 1dentities, known as
Slavnov-Taylor identities.

For now, we simply assume that eq. (73.2) holds; we will return to this issue in section 74.
The simplest computation to perform is the renormalization of the quark-quark-gluon vertex.

This 1s partly because much of the calculation 1s the same as it 1s in spinor electrodynamics, and so we
can make use of our results in section 62.

We then must compute 7, Z», and Zs.

We will work in Feynman gauge, and use the A/S renormalization scheme.



We begin with Zo.

The O(g?) corrections to the fermion propagator are shown in fig. (73.1).

l
Figure 73.1: The one-loop and counterterm P b a
corrections to the quark propagator in p+l P P P
quantum chromodynamics. l> n g k >; | J> X >;

These diagrams are the same as in spinor electrodynamics, except for the factors related to the color
indices.

The loop diagram has a color-factor of (TaT2);; = C(R)0j;.

Here we have allowed the quark to be in an arbitrary representation R; for notational simplicity, we will
continue to omit the label R on the generator matrices.

In section 62, we found that, in spinor electrodynamics, the divergent part of this diagram
contributes —(€°/8m°€)P  to the electron self-energy Y (p).

Thus in Yang-Mills gauge theory, the divergent part of this diagram contribute —( g° / 87r2g)C(R) 0i; P
to the quark self-energy  3;,(p).

This divergent term must be cancelled by the counterterm contribution of —(Z2—1)d;;p.



Therefore, in Yang—Mills theory, with a quark in the representation R, using Feynman gauge and the M S
renormalization scheme, we have
g> 1
Zy=1-—C(R) == -+ 0(g*) . (73.3)
812 ¢

Moving on to the quark-quark-gluon vertex, the contributing one- loop diagrams are shown in fig. (73.2).

b
. . m
Figure 73.2: The one-loop corrections N S S N + < P M
7 y 7 . . 7 7
l J

to the quark—quark—gluon vertex in in j v 7
quantum chromodynamics.
o 8

a «

The first diagram 1s again the same as it is in spinor electrodynamics, except for the color factor of
(TPTaTP);;.

We can simplify this via

TbTaTb — Tb (TbTa + 4 fabcTc)

C(R)T* + i f*[T°, T°]

CR)T* + 5(if**) (i f )T
(R) Ta _ (Ta)bc (Td) chd

(73.4)

il
Q

C(R) — 3T(A)|T" .



In the second line, we used the complete antisymmetry of fabc to replace TTe with 1/2 [T? ,T«].
To get the last line, we used Tr(Taa Tda) = T(A)0ad,

In section 62, we found that, in spinor electrodynamics, the divergent part of this diagram contributes
(e2/8m2e)ieyr to the vertex function 1VA(p', p).

Thus in Yang—Mills theory, the divergent part of this diagram contributes

2
CR) - 5T(A)] ¢ 5 igTin

(73.5)
to the quark-quark-gluon vertex function 1Va+;(p’,p).

This divergent term, along with any divergent term from the second diagram of fig. (73.2), must
be cancelled by the tree-level vertex 1Z,gy»T3;.

Now we must evaluate the second diagram of fig. (73.2).
The divergent part is independent of the external momenta, and so we can set them to zero.

Then we get a contribution to 1Va5;(0,0) of

: abc (rperpb 9 d* T (—ﬂ—l-m)’)’y
(zg)2gf (T T )zy(%) /(27r)4 6562(€2+m2) (73.6)

X [(b=(=£))"g"" 4 (=£-0)"g"™ + (0-£)"g"] .




We can simplify the color factor with the manipulations of eq. (73.4),

fabcTch — % fabc [Tc, Tb]

— %’l:fabchded (73.7)
= —3iT(A)T* .
The numerator in eq. (73.6) 1s
N¥ = 7,(=7ol” + m)y (21" — 7 g™ — £9g") . (73.8)

We can drop the terms linear in £, and make the replacement £o{r — d-102gou,

Thus we have

NF — —d 02 (vyv07) (297 g7 — g% gPH — goPgH)
e - . (73.9)
— —d" L7 (29" Y v — A v = 2P M)

— —d % (2(d-2) + d + d)y* .

Because we are only keeping track of the divergent term, we are free to set d = 4, which yields

Qo _ P21
NF — =30°~F . (73.10)



Using eqgs. (73.7) and (73.10) in eq. (73.6), we get

>T(A) g° Ty / 4 1

After continuing to d dimensions, the integral becomes 1/8m2e+ O(eY).

Combining eqgs. (73.5) and (73.6), we find that the divergent part of the quark-quark-gluon vertex
function 1s

a g g a
VZ'JH(OaO)div = (21 + [C(R)—%T(A)} 5~ + %T(A) 26) 9gTi" . (73.12)
Requiring Va#;(0,0) to be finite yields

Zi=1-|C(R)+T(A)] 89—; é

+ 0(g%) (73.13)

in Feynman gauge and the )75 renormalization scheme.

Note that we have found that Z; does not equal 7.

In electrodynamics, we argued that gauge invariance requires all derivatives in the lagrangian to be
covariant derivatives, and that both pieces of D, = d,— 1€A, should therefore be renormalized by the

same factor; this then implies that Z; must equal Z;.

In Yang—Mills theory, however, this argument fails.



This failure 1s due to the introduction of the ordinary derivative in the gauge- fixing function for Re
gauge: once we have added L, and Lgnto Lym, we find that both ordinary and covariant derivatives

appear.

This 1s especially obvious for L.

Therefore, to be certain of what gauge invariance does and does not imply, we must derive the
appropriate Slavnov-Taylor identities, a subject we will take up in section 74.

Next we turn to the calculation of Zs.

The O(g?) corrections to the gluon propagator are shown in fig. (73.3).

a
g’ k"
Figure 73.3: The one-loop and
counterterm corrections to the gluon c
propagator in quantum chromodynamics. DT
a Sk b a a b
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The first diagram is proportional to [ d*/¢?; as we saw in section 65, this integral vanishes after
dimensional regularization.

o " T R pL[TGARP gk MS Mx)N U T thethe the the the the (7,n,J)Fv



The second diagram yields a contribution to iI1#vab(k) of

1 2 pacdgbed( 1 2 d* N 73 14
29 f f (z) ,/(27'(')4 €2(£+k)27 (73.14)

where the one-half is a symmetry factor, and

N = [(k+£)— (=€) g?" + (—L—(—k)) g”" + ((—k)—(k+£))? g"*]
X[(=k—£)=2£)" gpo + (l=k)pds" + (k—(—k—£))50" ]

= —[(20+k)*gP? — (b—k)Pg°H — (£+2k)7 gH?] (73.15)
X [(20+k)" gpo — (£—k) 05" — (£+2k) 56" )]

The color factor can be simplified via facd focd = T(A)oab,

We combine denominators with Feynman’s formula, and continue to d = 4 — € dimensions;

we now have
1 dd N HY
ab ~E q

where D = x(1-x)k2 and q = { + xk.

The numerator 1s
N? = —[(2¢g+(1-2x)k)"g*" — (¢—(1+x)k) 9" — (q+(2—x)k)° g"*]

X [(24-+(1-22)k)" g — (4—(142)k) 65" — (a+(2—a)k)o0”,]. 7



Terms linear in q will integrate to zero, and so we have

NW — —2¢°g" — (4d—6)g"q"
— [(1+2)* + (2—=z)?|k* g 73.18)
— [d(1-22)% 4+ 2(1—2z) (14+x)
—2(2—z)(14z) — 2(2—x)(1—2x)]|kHE" .

Since we are only interested in the divergent part, we can go ahead and set d = 4 in the numerator.

We can also make the replacement qtqv — 1/4 g2g».

Then we find
N — — 2¢°g" — (5—2z+22°)k*g" + (2+102—10z%)k" k" . (73.19)

We saw 1n section 62 that, when integrated against (g% + D)2 , g2 can be replaced with (2/d—1)-1D; in our
case this 1s —2x(1—-x)k2.

This yields
NH — — (5—11z+11z%)k*g" + (2+10x—102%)k K" . (73.20)

We now use p ,
d% 1 2

i [ -
(2m)e (¢2 + D)2 8m2e

+0() (73.21)

in eq. (73.16) to get



— i92 T(A)5ab l /1 dx N* + O(EO) 73.22
1672 € Jo . (73.22)

Performing the integral over x yields

- 2
_ g bl (1912 v | 1w
5 T(A)3 6( Ok + Lk (73.23)

as the divergent contribution of the second diagram to 1 il 1#vab(k).

Next we have the third diagram of fig. (73.3), which makes a contribution to 1I1#vab(k) of

el 1\2 [ dY (E+K)ReY
(—1)g? facdsbd (%) / o 22(£+)k)2 , (73.24)

where the factor of minus one is from the closed ghost loop.
The color factor is facd focd = -T(A)d2b,
After combining denominators, the numerator becomes
(l+k)H " = (q+ (1—x)k)"(q — zk)”
— %ng‘“’ —x(1—x)kHE"

(73.25)

— —zz(l—z)k*g" — z(1—z)kHEk” .



We then use eq. (73.21) 1n eq. (73.24); performing the integral over x yields

. 2
_& abl 132 w1 ppv
.2 L(A) E( LR g™ — LkRY) (73.26)

as the divergent contribution of the third diagram to iII#vab(k).
Finally, we have the fourth diagram.

This is the same as it is in spinor electrodynamics, except for the color factor of Tr(T2T?) = T(R)o2b,

If there 1s more than one flavor of quark, each contributes separately, leading to a factor of the number of
flavors nF.

Then, using our results in section 62, we find

;72
o g abl 2 UV LUV
6.0 nyT(R)d . (k g kFk ) (73.27)

as the divergent contribution of the fourth diagram to iI1#vab(k).

Adding up eqs. (73.23), (73.26), and (73.27), as well as the counterterm contribution, we find that the
gluon self-energy is transverse,

[T#9% (k) = TI(k?)(k?gHY — kHEY)6% (73.28)



and that 9

1
(kg = — (Zs=1) + [3T(A) - §neT(R)] 5 -+ O(g?)
Thus we find 21
Z3 =1+ [gT(A) ~ %”FT(R)] 372 = + 0(g%)

in Feynman gauge and the M S renormalization scheme.

Let us collect our results:
2

1

Zy=1-|C(R )+T(A)]

Z3 =1+ [gT(A) — %nFT(R)] g2 +0(g%) ,

in Feynman gauge and the )/ S renormalization scheme.

We define 5
_ g
> = 47
Then we have
Z: ¢

(73.29)

(73.30)

(73.31)

(73.32)

(73.33)

(73.34)

(73.35)



Let us write

In(25'2,°27) =Y Gnla) (73.36)

I'hen we have

8

(73.37)

From eqs. (73.31-73.33), we get

Gi(e) = —[LT(A) - 4n,T(R)] % +0(e?) . (73.38)
Then, the general analysis of section 28 yields
B(a) = a’Gi(a) , (73.39)
where the prime denotes differentiation with respect to a.
Thus we find 02
Bla) = —[4T(A) - 4nsT(R)] 5 o +0(). (73 .40)

in nonabelian gauge theory with nr Dirac fermions in the representation R of the gauge group.

We can, if we like, restate eq. (73.40) in terms of g as

3

Bl9) = ~[$T(A) - 4neT(®R)] 125 +0(4%) (73.41)




To go from eq. (73.40) to eq. (73.41), we use o = g2/4m and & = gg/2m, where the dot denotes
d/dInpu.

In quantum chromodynamics, the gauge group 1s SU(3), and the quarks are in the fundamental
representation.

Thus T(A) =3 and T(R) = 1/2 , and the factor in square brackets in eq. (73.41) 1s 11 — 23 n.

So for ng < 16, the beta function 1s negative: the gauge coupling in quantum chromodynamics gets
weaker at high energies, and stronger at low energies.

This has dramatic physical consequences.

Perturbation theory cannot serve as a reliable guide to the low-energy physics.

And indeed, in nature we do not see 1solated quarks or gluons.

Quarks, in particular, have fractional electric charges and would be easy to discover.

The appropriate conclusion is that color is confined: all finite-energy states are invariant under a global
SU(3) transformation.

This has not yet been rigorously proven, but it is the only hypothesis that 1s consistent with all of the
available theoretical and experimental information.



74 BRST Symmetry

In this section we will rederive the gauge-fixed path integral for nonabelian gauge theory from a different
point of view.

We will discover that the complete gauge-fixed lagrangian, £ = Lym + Lo + Lo, still has a residual

form of the gauge symmetry, known as Becchi-Rouet-Stora-Tyutin symmetry, or BRST symmetry for
short.

BRST symmetry can be used to derive the Slavnov-Taylor identities that, among other useful things,
show that the coupling constant is renormalized by the same factor at each of its appearances in £.

Also, we can use BRST symmetry to show that gluons whose polarizations are not both spacelike and
transverse (perpendicular to the four-momentum) decouple from physical scattering amplitudes (as
do particles that are created by the ghost field).

Consider a nonabelian gauge theory with a gauge field A2,(x), and a scalar or spinor field ¢i(x) in the
representation R.

Then, under an infinitesimal gauge transformation parameterized by 02(x), we have

0A}, (x)

—D%¢%(z) | (74.1)

—1g0%(z) (T )ijb;(x) - (74.2)



We now introduce a scalar Grassmann field c2(x) in the adjoint representation; this field will turn out to
be the ghost field that we introduced in section 71.

We define an infinitesimal BRST transformation via

op A} (T) = Dzbcb(x) (74.3)
= uc*(z) — gf AS (z)c () | (74.4)
Opdi(z) = igc™(z)(Tg)ij¢j(z) - (74.5)

This 1s simply an infinitesimal gauge transformation, with the ghost field ca(x) in place of the
infinitesimal parameter —02(x).

Therefore, any combination of fields that is gauge invariant is also BRST invariant.

In particular, the Yang—Mills lagrangian Lywm (including the appropriate lagrangian for the scalar or
spinor field ¢i) is BRST invariant,
5B£YM =0. (74.6)

We now place a further restriction on the BRST transformation: we require a BRST variation of a BRST
variation to be zero.

This requirement will determine the BRST transformation of the ghost field.

Consider

0p (i) = 19(dsc”)(TR)ijdj — 19c*(1y )ijopd; - (74.7)



There is a minus sign in front of the second term because Op acts as an anticommuting object, and it
generates a minus sign when it passes through another anticommuting object, in this case ca.

Using eq. (74.5), we have
05 (0si) = 19(0ac®) (T9)ij¢5 — g "¢ (T3 Ty )ik bk - (74.8)

We now use cbca = —cacb in the second term to replace TarTbr with its anti-symmetric part,
1/2 [Tar, TPR] = 1/2 fabcTeg,

Then, after relabeling some dummy indices, we have
Op (5B¢z) = ig((SBCC -+ %gfabccacb) (TIS)Z](b] . (74.9)

The right-hand side of eq. (74.9) will vanish for all ¢;(x) if and only if
dsct(x) = —%gfabcca(a:)cb(a:) : (74.10)
We therefore adopt eq. (74.10) as the BRST variation of the ghost field.

Let us now check to see that the BRST variation of the BRST variation of the gauge field also vanishes.

From eq. (74 .4) we have
5B(5BAZ) = (5abau — QfabcAZ)(fsBCb) - gfabc(CsBAfL)Cb
_ Dzb((SBCb) o gfabc(DZdCd)Cb

— Dzb((SBCb) . gfabC(aMCC)cb + ngabchdeAZCdCb .

(74.11)



We now use the antisymmetry of fabc in the second term to replace (ducc)cb with its antisymmetric part,

(BMC[C)Cb] = %(aucc)cb - %(C%Cb)cc
= 1(0,c%) + 1c(0,c) (74.12)
= %By(cccb) :

Similarly, we use the antisymmetry of cdeb 1n the third term to replace febefede with its antisymmetric part,

L(pobeete — padepebe) = —L[(T8) (T — (T4)*(T)*]
= 3T (74.13)
_ _%fbdhfhae |
which 1s just the Jacobi identity.
Now we have
50 (02 A%) = Dzb((sBcb) _ %gfabcw“cccb) _ %g2fbdhfhaeAzchb
= Dzh(éBch’) - (cSa’hc?,u = gfaheAZ)%gbehcccb (74.14)

— Dzh(5B6h+ %gbethCC) '

We see that this vanishes if the BRST variation of the ghost field is given by eq. (74.10).



Now we introduce the antighost field ¢*(x) .

We take its BRST transformation to be

osc’(z) = B%(x) , (74.15)

where B2(x) 1s a commuting (as opposed to Grassmann) scalar field, the Lautrup-Nakanishi auxiliary
field.

Because Ba(x) 1s itself a BRST variation, we have

g B%(x) =0. (74.16)

Note that eq. (74.15) is in apparent contradiction with eq. (74.10).

However, there is actually no need to identify ¢*(z) as the hermitian conjugate of ca(x).

The role of these fields (in producing the functional determinant that must accompany the gauge-fixing
delta functional) is fulfilled as long as c3(x) and ¢%(z) are treated as independent when we integrate

them; whether or not they are hermitian conjugates of each other 1s irrelevant.

We 1dentified them as hermitian conjugates in section 71 only for the sake of familiarity in deriving the
associated Feynman rules.

Now, however, we must abandon this notion.

In fact, it will be most convenient to treat c2(x) and ¢*(x) as two real Grassmann fields.



Now that we have introduced a collection of new fields — ca(x), ¢*(z) , and Ba(x)—what are we to do
with them?

Consider adding to £Lym a new term that is the BRST variation of some object O,
L=Lyu+ 0:0. (74.17)
Clearly £ is BRST invariant, because Lywm is, and because 0s(0s50) = 0.
We will see that adding 0sO corresponds to fixing a gauge; which gauge we get depends on O.
We will choose
O(x) = c*(x) [%{B“(m) — Ga(m)] : (74.18)
where Ga(x) is a gauge-fixing function, and & is a parameter.

If we further choose

G*(z) = 0"A%(x) , (74.19)
then we end up with Re gauge.

Let us see how this works. We have

550 = (052%) | 3€B* — OMAL| — &*|36(55 B) — 0" (35 A%) | - (74.20)



There is a minus sign in front of the second set of terms because Op acts as an anticommuting object, and
so it generates a minus sign when it passes through another anticommuting object, in this case ¢%(x).

Now using eqs. (74.3), (74.15), and (74.16), we get

00 = 1¢B*B* — B*9"A% + 0" DY . (74.21)
We see that the last term 1s the ghost lagrangian L4, that we found in section 71.

If we like, we can integrate the ordinary derivative by parts, so that it acts on the antighost field,

050 — $EB*B®* — B*“9*AS — 9#c* D" . (74.22)
Examining the first two terms in eq. (74.22), we see that no derivatives act on the auxiliary field Ba(x).
Furthermore, it appears only quadratically and linearly in 0gO.

We can, therefore, perform the path integral over it; the result is equivalent to solving the classical
equation of motion

0(650)
0B%(x)

= {B%(x) — 0MA%(z) =0, (74.23)

and substituting the result back into 0gO.

This yields
050 — —3ETOHALOVAL — BHE* DI (74.24)



We see that the first term 1s the gauge-fixing lagrangian £,r that we found in section 71.
We now take note of all the symmetries of the action S = / d*z L, where £ =Lym + 880.

With our choice of O, they are: (1) Lorentz invariance; (2) the discrete symmetries of parity, time
reversal, and charge conjugation; (3) global gauge invariance (that is, invariance under a gauge
transformation with a spacetime-independent parameter 02); (4) BRST invariance; (5) ghost number
conservation; and (6) antighost translation invariance.

Global gauge invariance simply requires every term in £ to have all the group indices contracted in a

group-invariant manner.

Ghost number conservation corresponds to assigning ghost number +1 to c2 , —1 to' €, and zero to all
other fields, and requiring every term in £ to have ghost number zero.

=a

Antighost translation invariance corresponds to € (z) — ¢*(=) + X; where ¥ 1s a Grassmann constant.

This leaves L invariant because, in the form of eq. (74.22), £ contains only a derivative of o (-’E)

We now claim that L already includes all terms consistent with these symmetries that have coefficients
with positive or zero mass dimension.

This means that we will not encounter any divergences in perturbation theory that cannot be absorbed by
including a Z factor for each term in £.



Furthermore, loop corrections should respect the symmetries, and BRST symmetry requires that g
renormalize in the same way at each of its appearances. (Filling in the mathematical details of these
claims 1s a lengthy project that we will not undertake.)

We can regard a BRST transformation as infinitesimal, and hence construct the associated Noether
current via the standard formula

@) = % 55,60 @) (7425)

where PI(x) stands for all the fields, including the matter (scalar and/or spinor), gauge, ghost, antighost,
and auxiliary fields.

We can then define the BRST charge

Qs = / d’r jp(z) . (74.26)
If we think of c2(x) and ¢®(x) as independent hermitian fields, then Qg is hermitian.

The BRST charge generates a BRST transformation,

i[Qs, A%(z)] = DI (z) (74.27)
i{Qs, c*(2)} = —1gf®c(z)c (), (74.28)
i{Qs,c"(z)} = B%(z), (74.29)



i@z, B*(z)] = 0, (74 30)
i[Qs, i(z)]+ = igc(x) (TR )ijpj(x) - (74.31)

where {A,B} = AB + BA is the anticommutator, and [ , ]+ 1s the commutator if ¢; is a scalar field, and the
anticommutator if ¢; 1s a spinor field.

Also, since the BRST transformation of a BRST transformation is zero, Qs must be nilpotent,

Q:i=0. (74.32)

Eq. (74.32) has far-reaching consequences.

In order for it to be satisfied, many states must be annihilated by Qg; such states are said to be in the
kernel of Qs.

A state ) which is annihilated by Qg may take the form of Qg acting on some other state; such states
are said to be in the image of Qg. There may be some states in the kernel of Qg that are not in the
image; such states are said to be in the cohomology of Qg.

Cohomology is a mathematical concept in homology theory and algebraic topology that attaches
algebraic invariants to topological spaces, helping to encode their properties in a computable way.
It is often used to study the relationship between local and global properties of spaces.

Two states in the cohomology of Qg are identified if their difference 1s in the image; that 1s, 1f Qg ly) =0
but ) # Qg Iy for any state ly), and if ') = 1) + Qg IC) for some state IC), then we identify Ip) and
lp’) as a single element of the cohomology of Qg.



Note any state in the image of Qg has zero norm, since it l[\p) = Qglyy, then (Pl = <Pl Qg Ix» = 0.
(Here we have used the hermiticity of Qg to conclude that Qgly) = 0 implies {\IQg =0.)

Now consider starting at some initial time with a normalized state [y) in the cohomology: (Yl =1,
Qs > =0, Iy # Qg Iyy. (This last equation 1s actually redundant, because if I\p) = Qg ) for some state |
¥, then ) has zero norm.)

Since £ is BRST invariant, the hamiltonian that we derive from it must commute with the BRST charge:
[H, Q] =0.

Thus, an 1initial state l) that is annihilated by Qg must still be annihilated by it at later times, since Qg

e-iHthp) = e-iHt Qg [y = 0.

Also, since unitary time evolution does not change the norm of a state, the time-evolved state must
still be 1in the cohomology.

We now claim that the physical states of the theory correspond to the cohomology of Qg.

We have already shown that if we start with a state in the cohomology, it remains in the cohomology
under time evolution.

Consider, then, an initial state of widely separated wave packets of incoming particles.

According to our discussion in section 5, we can treat these states as being created by the appropriate
Fourier modes of the fields, and ignore interactions.

We will suppress the group index (because it plays no essential role when interactions can be neglected)
and write the mode expansions



At (z) = Z / dk |4 (k)ax (K)e™ + e (k)a (k)e 7| | (74.33)

c(z) = / dk c(k)eik"” -+ CT(k)e_ik"”': : (74.34)
&(z) = / dk: [b)e™® + b (k)e =] (74.35)
o(x) = /EZTC [agb(k)eik‘” +a:rb(k)e_ikx] : (74.36)

Here, for maximum simplicity, we have taken ¢(X) to be a real scalar field. (This is possible if R is a real

representation.)

In eq. (74.33), we have included four polarization vectors that span four-dimensional spacetime.

For k» = (w, k) = w(1,0,0,1), we choose these four polarization vectors to be

es (k) =
e<(k) =
el (k) =

el (k) =

L (1,0,0,1),

Sl

1 1
5(1,0,0,-1). (74.37)

(Oa 17 _7:) 0) 9

%lH §IH 3\

-(0,1,+1,0) .



The first two of these, > and <, are lightlike vectors; €#5(K) 1s parallel to k#, and €#«(K) 1s spatially
opposite.

The latter two, + and —, are spacelike and transverse: they correspond to physical photon polarizations
of definite helicity.

We set g =0, plug eqgs. (74.33-74.36) into eqs. (74.27-74.31), and use eq. (74.23) to eliminate the
auxiliary field.

Matching coefficients of e-ikx, we find

[QBaa&(k)] — \/§w o> cT(k) : (74.38)
{Qs,c'(K)} =0, (74.39)
{Qs,b'(k)} = ¢ Vawal (k) , (74.40)
[QB,aL(k)] =0. (74.41)

Consider a normalized state ) in the cohomology: (Ylyy =1, Qglwy) = 0.

Eq. (74.38) tells us that if we add a photon with the unphysical polarization > by acting on |y with
a’s(k), then this state 1s not annihilated by Qg; hence the state af>(k)l) 1s not in the cohomology.



Eq. (74 .40) tells us that the state a’<(k)lhp) 1s proportional to QgbT(K)l»; hence the state a’«(K)l)
1s also not in the cohomology.

On the other hand, the states at.(k)l\) and a’™_(K)lp) are annihilated by Qg, but they cannot be written as
QB acting on some other state; hence these states are in the cohomology.

Also, by similar reasoning, the state with one extra ¢ particle, a’4(K)Iy>, is in the cohomology.

Eq. (74.38) tells us that if we add a ghost particle by acting on Ip) with c7(k), then this state 1s
proportional to Qga’s(K)lp»; hence the state c7(k)ly) 1s not in the cohomology.

Eq. (74.40) tells us that if we add an antighost particle by acting on l) with b7(K), then this state is not
annthilated by Qg; hence the state b7(k)ly) 1s also not in the cohomology.

We conclude that the only particle creation operators that do not take a state out of the cohomology are
a’e(k), a’(k), and a’_(K).

Of course, it is precisely these operators that create the expected physical particles.

Finally, we note that the vacuum |0y must be in the cohomology, because it is the unique state with zero
energy and positive norm.

Thus we can conclude that we can build an initial state of widely separated particles that is in the
cohomology only if we do not include any ghost or antighost particles, or photons with polarizations
other than + and-.

Since a state in the cohomology must evolve to another state in the cohomology, no ghosts, antighosts, or
unphysically polarized photons can be produced in the scattering process.



75 Chiral Gauge Theories and Anomalies

So far, we have only discussed gauge theories with Dirac fermion fields.

Recall that a Dirac field W can be written in terms of two left-handed Weyl fields y and & as

v — (;) | (75.1)

If W is in a representation R of the gauge group, then y and &1 must be as well.

Equivalently, y must be in the representation R, and £ must be in the complex conjugate representation
R. (For an abelian theory, this means that if W has charge +Q, then y has charge +Q and ¢ has

charge -Q.)

Thus a Dirac field in a representation R is equivalent to two left-handed Weyl fields, one in R and one
in R. .

If the representation R is real, then we can have a Majorana field

(0
V= ( W) (75.2)

instead of a Dirac field; the left-handed Weyl field 19 and and its hermitian conjugate {7 are both in the
representation R.

Thus a Majorana field in a real representation R 1s equivalent to a single left-handed Wey] field in R.



Now suppose that we have a single left-handed Weyl field 1 in a complex representation R.

Such a gauge theory 1s automatically parity violating (because the right-handed hermitian conjugate of
the left-handed Weyl field is in an inequivalent representation of the gauge group), and is said to be
chiral .

The lagrangian 1s

L =ip'e" Dy — TFHFL, (753)

where D, = d,— 1gAa, TR .

Since T?r 1s a hermitian matrix (even when R 1s a complex representation), iptan D, 1 1s hermitian (up
o a total divergence, as usual). K

We cannot include a mass term for 1, though, because 1 transforms as R ® R, and R ® R does not
contain a singlet if R is complex.

Thus, P 1s not gauge invariant.

But without a mass term, this lagrangian would appear to possess all the required properties: Lorentz
iInvariance, gauge invariance, and no terms with coefficients with negative mass dimension.

However, it turns out that most chiral gauge theories do not exist as quantum field theories; they are
anomalous.

The problem can ultimately be traced back to the functional measure for the fermion field; it turns out
that this measure 1s, in general, not gauge invariant.



We will explore this surprising fact in section 77.
For now we will content ourselves with analyzing Feynman diagrams.

We will find an insuperable problem with gauge invariance at the one-loop level that afflicts most chiral
gauge theories.

We will work with the simplest possible example: a U(1) theory with a single Weyl field 1 with charge
+1.

The lagrangian 1s

L =ip'5H(8, — igAu)p — $FHF,, . (75.4)

We can use the following trick to write this theory in terms of a Dirac field W.

We note that b

where Pr = 1/2(1 - vys) 1s the left-handed projection matrix, does not involve the right-handed
components of W.

Then we can write eq. (75.4) as
L =iUy*(0, —igA,)PL¥ — :F*F,, (75.6)

and treat W as a Dirac field when we derive the Feynman rules.



To better understand the physical consequences of eq. (75.5), consider the case of a free field.

The mode expansion is
P¥(z) =) / dp |bs(p) Pous(p)e™” + di(p) PLvs(p)e ™" | . (75.7)
s==

For a massless field, we learned in section 38 that PLu.(p) =0 and PLv.(p) = 0.

Thus we can write eq. (75.7) as

P.U(z) = / dp [b_(p)u—(p)e®* + di, (p)vs (P)e 7] . (75.8)

Eq. (75.8) shows us that there are only two kinds of particles associated with this field (as opposed to
four with a Dirac field): b™.(p) creates a particle with charge +1 and helicity -1/2, and d7.(p) creates a
particle with charge -1 and helicity +1/2.

In this theory, charge and spin are correlated.

We can easily read the Feynman rules off of eq. (75.6).

In particular, the fermion propagator in momentum space 1S — P, p / p?, and the
fermion—fermion—photon vertex 1s 1gy*Pr..



When we go to evaluate loop diagrams, we need a method of regulating the divergent integrals.

However, our usual choice, dimensional regularization, is problematic, due to the close connection
between s and four-dimensional spacetime.

In particular, in four dimensions we have

Tr[vsvH v vP~°] = —4ieh”P? | (75.9)

where €0123 = +1 . It 1s not obvious what should be done with this formula
in d dimensions.

One possibility 1s to take d > 4 and define ys = 1y0yly2y3.

Then eq. (75.9) holds, but with each of the four vector indices restricted to span 0, 1, 2, 3.
We also have {y»,vys} =0tforu =0, 1,2, 3, but ['y#,y5] =0 for u > 3.

This approach is workable, but cumbersome in practice.

It 1s therefore tempting to abandon dimensional regularization in favor of, say, Pauli—Villars
regularization, which involves the replacement

4 ¥ _ —ptA
Pz = PL(p—2 e A2> . (75.10)




Pauli—Villars regularization is equivalent to adding an extra fermion field with mass A, and a propagator
with the wrong sign (corresponding to changing the signs of the kinetic and mass terms in the
lagrangian).

But, a Dirac field with a chiral coupling to the gauge field cannot have a mass, since the mass term would
not be gauge invariant.

So, 1n a chiral gauge theory, Pauli—Villars regularization violates gauge invariance, and hence 1s
unacceptable.

Given the difficulty with regulating chiral gauge theories (which is a hint that they may not make sense),
we will sidestep the issue for now, and see what we can deduce about loop diagrams without a regulator
in place.

Consider the correction to the photon propagator, shown in fig. (75.1).

Figure 75.1: The one-loop and counterterm + AR
corrections to the photon propagator. k k

We have
-y | d N
17 (k) = (—1)(’59)2 (%)2/(2@4 (0+k)2¢2

—i(Z3—1)(k*g" — kMK”) + O(g")

(75.11)



where the numerator 1s

We have P2, = Pr. and Pry# = y#Pr (and hence Ppyrye = yryv Pr), and so all the P.’s in eq. (75.12) can be

collapsed into just one; this 1s generically true along any fermion line.

Thus we have

N® = Te[(f+F)y"47" ] (75.13)
The term 1n eq. (75.13) with PL — 1/2 simply yields half the result that we get in spinor electrodynamics
with a Dirac field.

The term in eq. (75.13) with PL — -1/2vys, on the other hand, yields a vanishing contribution to I1#2(k).
To see this, first note that

N# — =3 Te[(f+E)y"£7"¥s]

= 2PV (0+k)ol3 (75.14)
o 2i6aﬂ6ykza£ﬂ .
Thus we have
d¥ 14
1 (k) = § 1" (K)Dirac — 29°€™%" kq / TR
(2m)* (€+k)=4 (75.15)

— (Z3-1)(k°g" — k*Kk”) + O(g") .

The integral 1s logarithmically divergent.



But, it carries a single vector index [3, and the only vector it depends on is k.
Therefore, any Lorentz-invariant regularization must yield a result that 1s proportional to kg.

This then vanishes when contracted with eapvk,,.

We therefore conclude that, at the one-loop level, the contribution to I1#2(k) of a single charged Weyl
field 1s half that of a Dirac field.

This is physically reasonable, since a Dirac field is equivalent to two charged Weyl fields.

Nothing interesting happens in the one-loop corrections to the fermion propagator, or the
fermion—fermion—photon vertex.

There 1s simply an extra factor of Pr. along the fermion line, which can be moved to the far
right.

Except for this factor, the results exactly duplicate those of spinor electrodynamics.

All of this implies that a single Weyl field makes half the contribution of a Dirac field to the leading term
in the beta function for the gauge coupling.

Next we turn to diagrams with three external photons, and no external fermions, shown in fig. (75.2).
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Figure 75.2: One-loop contributions r NI v T r Y!
to the three-photon vertex.
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In spinor electrodynamics, the fact that the vector potential is odd under charge conjugation implies that

the sum of these diagrams must vanish.

For the present case of a single Weyl field, there 1s no charge-conjugation symmetry, and so we must
evaluate these diagrams.

The second diagram in fig. (75.2) 1s the same as the first, with p <> qand y < v.

Thus we have

o | . 3 d4€ NHYP
iVHP(p,q,7) = (~1)(ig)* (}) / (2m)4 (€—p)202(L+q)?

+ (p, p < q,v) + O(g°)

(75.16)

NH? = Tr[(~f+h)7 (—4" (—f-D1"Pi] 7>

The term 1n eq. (75.17) with P, — 1/2 simply yields half the result that we get in spinor electrodynamics
with a Dirac field, which gives a vanishing contribution to B#ve(p, q, r).



Hence, we can make the replacement PL — -1/2 ys in eq. (75.17).

T'hen, after cancelling some minus signs, we have
NP — STe[(f—pv" " (I+4)7 5] - (75.18)

We would now like to verify that Vive(p, q, r) 1s gauge invariant.

We should have
puV*P(p,q,r) =0, (75.19)
V#P(p,q,r) =0,
pvp _
’rpV (p7 q, T) O . (7521)
Let us first check the last of these. From eq. (75.16) we find
d¥ r,INHVP
VR T) (2m)* (4—p)2L2(L+q)? (75.22)

+ (p, 1t < q,v) + O(g°) ,
where

rpNFP = LT[(f—)v™Iy” ()T )7 vs) - (75.23)



It will be convenient to use the cvclic propertv of the trace to rewrite eq. (75.23) as
1
ro NP = STy (F+d)roy” (E—1)7 5] - (75.24)
To simplify eq. (75.24), we write r,v° =¥ = —(¢+¢) = —(f+4) + ({—P).

Then

- D)ro*(f=p) = D) |=(I+0) + (=P)I{—-P) 3525
= (t+a)*(f—) — (t=p)*(f+4) -

Now we have

roNHP = 2 (0+q)? Tr[fy" (f—p)v" 5] — 5(€—p)* Tr[f” (f+d) " vs]

= —2jeVPH :(€+q)2€a (t—p)p — (£—p)°La (““Dﬁ] (75.26)

= +2iePh | (£49)*Lapp + (6—p)*lagp

Putting eq. (75.26) into eq. (75.22), we get

d¥ Lop loq
Qv p — —9 3 ~avfBu [ alrp a4p
oV (p, q,7) g-e 20 [ 2i—p? T Pt+q)? (75.27)

+ (p, < q,v) + O(g°) ,



Consider the first term 1n the integrand.

Because the only four-vector that it depends on 1s p, any Lorentz-invariant regularization of its integral
must yield a result proportional to pupg.

Similarly, any Lorentz-invariant regularization of the integral of the second term must yield a result
proportional to qaqg.

Both popp and qugp vanish when contracted with gxavB,

Therefore, we have shown that
TPVNVP (p7 q, T’) =0 ) (7528)
as required by gauge invariance.

It might seem that now we are done: we can invoke symmetry among the external lines to conclude that
we must also have p, V#ve(p, q, 1) =0 and quV#v°(p, q, 1) = 0.

However, eq. (75.16) is not manifestly symmetric on the exchanges (p,u <> r,p0) and (q, v <1, p).
So it still behooves us to compute either p, V#oe(p, q, r) or qu V#vP(p, q, 1).

From eq. (75.16) we find



d4€ p#NMVP
(2m)4 (£—p)202(L+q)2 (75.29)

+ (p, u < q,v) + O(g°) ,

p, VP (p,q,r) = ig° /

where
puN*P = STx[({—Ppuy" 17" (f+4)7 5] - (75 30)

To simplify eq. (75.30), we write p,y* =p = —({—p) + 1.

Then
L=p)puY"t = ({—9)|—({—7) + I/
, ; (75.31)
= ({—p)°f — (/D) -
Now we have
puN*P = L(0—p)? Te[fy” (f+4)v 5] — 50 Te[(f—#)7" (I+4)7 5]
= —2ieP?[(¢—p)*lags — C*(—p)a(l+9)g)
_ (75.32)
= —2ie°"% | (£—p)*lags — C*(L~p)all—p + P+a)g

— _2z-€auﬂp [(f—p)2£aQ[3 — 22(£—p)a(p+q)ﬂ] '



Putting eq. (75.32) into eq. (75.29), we get

d* ¢ (0—p)a(p+q)
v p _ 3 _avfp o4p _ P)a\PT4)p 75.33
PV (P g,r) = 2g7¢ / (2m)* [€2(€+q)2 (6—p)2(£+q)? )

+ (p, p < q,v) + O(g°)

The first term on the right-hand side of eq. (75.33) must vanish, because any Lorentz-invariant

regularization of the integral must yield a result proportional to qugp , and this vanishes when contracted
with gavbe,

As for the second term, we can shift the loop momentum from £ to £ + p, which results in

(l—p)a(pt+q)s = La(pt+q)s

> ) (75.34)
(l—p)?(l+q)*  £2({+p+q)?

We can now use Lorentz invariance to argue that the integral of the right-hand side of eq. (75.34) must
yield something proportional to (p+q)a(p+q)p ; this vanishes when contracted with with g«be,

Thus, we have shown that p, V#ve(p, q, 1) =0, as required by gauge invariance, provided that the shift of
the loop momentum did not change the value of the integral.

This would of course be true if the integral was convergent.

Instead, however, the integral is linearly divergent, and so we must be more careful.



Consider a one-dimensional example of a linearly divergent integral: let

I(a) = /+oo dx f(z+a) , (75.35)

— 00
where f(£%) = c., with ¢4 and c- two finite constants.

If the integral converged, then I(a) would be independent of a.

In the present case, however, we can Taylor expand f(x+a) in powers of a, and note that f(£%) = c.
implies that every derivative of f(x) vanishes at x =+,

Thus we have 400
I(a) = / dz [f(2) + af (2) + Yo’ f"(2) + .. ]
- (7536)
= I1(0) + a(cy —c-) .

We see that I(a) 1s not independent of a.

Furthermore, even if we cannot assign a definite value to I(0) (because the integral is divergent), we can
assign a definite value to the difference

I(a) —I(0) =a(cy —c_-). (75.37)
Now let us return to eqgs. (75.33) and (75.34).

Define



_ 2
fa(f) = Pl+ptq)? (75.38)

Using Lorentz invariance, we can argue that

d¥
(2m)*

fa() = A(p+q)a (75.39)

where A 1s a scalar that will depend on the regularization scheme.

Now consider

fa(l—p) = fa(£) — p° (;% fal)+ ... . (75 .40)

The integral of the first term on the right-hand side of eq. (75.40) 1s given by eq. (75.39).
The integrals of the remaining terms can be converted to surface integrals at infinity.
Only the second term in eq. (75.40) falls off slowly enough to contribute.

To determine the value of its integral, we make a Wick rotation to euclidean space, which yields a factor
of 1 as usual; then we have

A [ dSs
/ (2m)4 OLB fal6) = zeli)rgo (27)4

fa(£) , (75.41)

where dSp = £2{pd€2 1s a surface-area element, and d€2 is the differential solid angle in four dimensions.



We thus find

d¥ 0 ds2 lsls
o) =1 li
/ oy g eV = 1 | BT Tpre)?
Q4 1
=1 — Jo 75.42
! (2m)4 4 Jaf ( )
1
3972 JoB
where we used €24 = 2772,
Combining eqs. (75.38-75.42), we find
=A — :
/ (271')4 (f—p)2(€+q)2 (p+Q)a 39772 Pa (75.43)
Using this 1n eq. (75.33), we find
pvp ig> avfp 5
PV (0,4,7) = 15 € Ppa(pta)s + (P 4, v) + O(g7)
ig® " i (75.44)
= g2 € Pagp + O(g°) -
An exactly analogous calculation results in
;3
pvp _ Y9 _appu 5
0@ V¥ (p,q,7) = Z— € qapp + O(9°) . (75.45)
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Egs. (75.44) and (75.45) show that the three-photon vertex is not gauge invariant.

Since r,Vive(p, q,1) =0, eqs. (75.44) and (75.45) also show that the three-photon vertex does not exhibit
the expected symmetry among the external lines.

This 1s a puzzle, because the only asymmetric aspects of the diagrams in fig. (75.2) are the momentum
labels on the internal lines.

The resolution of the puzzle lies in the fact that the integral in eq. (75.16) is linearly divergent, and so
shifting the loop momentum changes its value.

To account for this, let us write Vrve(p, q, r) with £ replaced with { + a, where a 1s an arbitrary
linear combination of p and q.

We define

d*  Tr[(f+a—p)v" (f+a)v" (f+at+d)v"7s]
2m)* (£+a—p)?*(l+a)*(l+a+q)? (75 46)

VHP(p,q,r;a) = 5ig° / (

+ (p, < q,v) + O(g°) .

Our previous expression, e€q. (75.16), corresponds to a = 0.

The 1ntegral 1in eq. (75.46) 1s linearly divergent, and so we can express the difference between
Vuve(p, q, r; a) and Vive(p, g, 1; 0) as a surface integral.

Let us write



B YTyl rys)

+ (p,p < q,v) + O(g°) ,

VHP(p,q,r;5a) = 3ig°Lapy(a) Tr[y*y*y
(75 47)

where

d% (b+a—p)*(l+a)P(L+a—q)" | (75.48)

I"(0) = | Gy (erazp)i(tra)(Erata)?

Then we have

d% 0 [(l—p)als(t—q)-

Iopy(a) = Lagy(0) = a / (27)4 D¢ [ (é—p)2€§(€+Q)2]
s [ 42 Ls(=p)abs(t=q),

Y S 2t (0—p)2(£+q)2

= ja° 1 ( + + )
(2r)t 24 95098y T 9589va + 9sv9ap (75 .49)

o
19272

(cJ,agﬁ7 + aggya + aygaﬂ) :

Using this in eq. (75.47), we get contractions of the form Jap Y Yy’ = 29*.

The three terms in eq. (75.49) all end up contributing equally, and after using eq. (75.9) to compute the
trace, we find



;3

g 3
V#P(p,q,r;a) — VFP(p,q,7;0) = — eMPPag
) ? ) ? ? ) 167"'2 (75.50)

+ (p,p < q,v) + O(g°) .

Since the Levi-Civita symbol 1s antisymmetric on i <> v, only the part of a that 1s antisymmetric on
p < q contributes to V#ve(p, q,1; a).

Therefore we will set a = ¢(p - q), where ¢ 1s a numerical constant.

Then we have

VO (p,q,r50) - VI¥(p,q,1:0) = — T3 0P (pg)s + O(¢P) (75.51)

Using this, along with eqgs. (75.28), (75.44), and (75.45), and making some simplifying rearrangements
of the indices and momenta on the right-hand sides (using p + q + r=0), we find

P
Z 1 %4
P V*?(p,q,1;0) = 87T2(1 c)e"?*P qars + O(g°) | (75.52)
ig3 a3 5
@ V*?(p,q,r5a) = —8—2(1—0)5’)“ rapg + 0(9°) , (75.53)
roV*P(p,q,750) = g 5 (20)e""*Ppags + O(g°) . (75.54)

872



We see that choosing ¢ = 1 removes the anomalous right-hand side from eqgs. (75.52) and (75.53), but it
then necessarily appears in eq. (75.54).

Choosing ¢ = 1/3 restores symmetry among the external lines, but now all three right-hand sides are
anomalous. (This 1s what results from dimensional regularization of this theory with ys = 1y0yly2y3.)

We have therefore failed to construct a gauge-invariant U(1) theory with a single charged Weyl field.

Consider now a U(1) gauge theory with several left-handed Weyl fields i, with charges Q;, so that the
covariant derivative of ; 1s (dpu - 12QiA,)Pi.

Then each of these fields circulates in the loop 1n fig. (75.2), and each vertex has an extra factor of Q.
The right-hand sides of eqs. (75.52-75.54) are now multiplied by >, Q; .
And if Y; @; happens to be zero, then gauge invariance is restored!

The simplest possibility is to have the {’s come in pairs with equal and opposite charges. (In this case,
they can be assembled into Dirac fields.)

But there are other possibilities as well: for example, one field with charge +2 and eight with charge -1.
Such a gauge theory is still chiral, but it 1s anomaly free. (It could be that further obstacles to gauge

invariance arise with more external photons and/or more loops, but this turns out not to be the case. We
will discuss this in section 77.)



All of this has a straightforward generalization to nonabelian gauge theories.

Suppose we have a single Weyl field in a (possibly reducible) representation R of the gauge group.
Then we must attach an extra factor of to the first diagram in fig. (75.2), and a factor of Tr(TarTcrTbRr)
to the first diagram in fig. (75.2), and a factor of Tr(T2rTPrT¢R) to the second; here the group indicies

a, b, c go along with the momenta p, q, r, respectively.

Repeating our analysis shows that the diagrams with Pp — 1/2ys come with an extra factor of

sTe({Tg, To}TS) = A(R)d™ (75.55)

Here dabe is a completely symmetric tensor that is independent of the representation, and A(R) 1s the
anomaly coefficient of R, introduced in section 70.

In order for this theory to exist, we must have A(R) = 0.

As shown in section 70, A(R) = — A(VR); thus a theory whose left-handed Weyl fields come in R @ R
pairs 1s automatically anomaly free (as 1s one whose Weyl fields are all in real representations).

Otherwise, we must arrange the cancellation by hand.
For SU(2) and SO(N ), all representations have A(R) = 0.

For SU(N ) with N > 3, the fundamental representation has A(N) = 1, and most complex SU(N )
representations R have A(R) # 0.

So the cancellation 1s nontrivial.



We mention in passing two other kinds of anomalies: if we couple our theory to gravity, we can draw a
triangle diagram with two gravitons and one gauge boson.

This diagram violates general coordinate invariance (the gauge symmetry of gravity).

If the gauge boson is from a nonabelian group, the diagram 1s accompanied by a factor of Tr T2r = 0, and
so there 1s no anomaly.

If the gauge boson is from a U(1) group, the diagram is accompanied by a factor of ), Q;, and this must
vanish to cancel the anomaly.

There 1s also a global anomaly that afflicts theories with an odd number of Weyl fermions in a
pseudoreal representation, such as the fundamental representation of SU(2).

The global anomaly cannot be seen in perturbation theory; we will discuss it briefly in section 77.
76 Anomalies in Global Symmetries

In this section we will study anomalies 1in global symmetries that can arise in gauge theories that are free
of anomalies in the local symmetries (and are therefore consistent quantum field theories).

A phenomenological application will be discussed in section 90.

The simplest example is electrodynamics with a massless Dirac field W with charge Q = +1.

The lagrangian is



L=iVPV — 3F*E? (76.1)

where ) = ~*D, and D, = 9, - 1gA,. (We call the coupling constant g rather than e because we are
using this theory as a formal example rather than a physical model.)

We can write W in terms of two left-handed Weyl fields % and & via

X
v = (gT) : (76.2)

where 7 has charge Q = +1 and € has charge Q = -1.
In terms of ¢ and &, the lagrangian is
L =ix'a"(0, —igA,)x +itTa" (0, +igA, )¢ — %F““”F[L”V : (76.3)

The lagrangian 1s invariant under a U(1) gauge transformation

U(z) — e 9@ (g) , (76.4)
U(z) — et @W(z) (76.5)
At(z) — AF(z) — 0"T'(z) . (76.6)

In terms of the Weyl fields, eqgs. (76.4) and (76.5) become



x(z) — e 9@y (), (76.7)
E(z) — e @e() . (76.8)

Because the fermion field 1s massless, the lagrangian is also invariant under a global symmetry in which
v and & transform with the same phase,

x(z) — eT**x(z), (76.9)
{(z) — et**¢(x) . (76.10)
In terms of W, this 1s
U(z) — e P Y(x), (76.11)
U(z) — W(x)e ™" . (76.12)

This is called axial U(1) symmetry, because the associated Noether current
iK(z) = ¥(z)yHys ¥ () (76.13)
1s an axial vector (that is, 1ts spatial part i1s odd under parity).

Noether’s theorem leads us to expect that this current is conserved: d,j#a = 0.

However, in this section we will show that the axial current actually has an anomalous divergence,



92

1625 FuFpo - (76.14)

8#.712 —
We will see in section 77 that eq. (76.14) 1s exact; there are no higher-order corrections.

We will demonstrate eq. (76.14) by making use of our results in section 735.

Consider the matrix element <p, q | j°a(z)I0), where < p, q | 1s a state of two outgoing photons with
four-momenta p and q, and polarization vectors €, and €', , respectively. (We omit the helicity label,
which will play no essential role.)

Using the LSZ formula for photons (see section 67), we have

(p,ql3% (2)|0) = (ig)* €, / dz d*y e PT+Y) (0| T4 (z)5” (v)jh (2)|0) ,  (76.15)

where

i (z) = U(x)y"¥(x) (76.16)
1s the Noether current corresponding to the U(1) gauge symmetry.

Since both j#(x) and j#a(X) are Noether currents, we expect the Ward identities

0

. 37 - P _
o I T7(2)7" ()74 (2)|0) = 0, (76.17)
o RPN
5 OIT3"(@)3" )ik (2)[0) =0, (76.18)

0
o (01T (@)5" (9)4(2)10) = 0, (76.19)



to be satisfied.

Note that there are no contact terms in eqs. (76.17-76.19), because both j#(x) and j#a(X) are invariant
under both U(1) transformations.

If we use eq. (76.19) in eq. (76.15), we see that we expect
o aliZ(2)0) =0. (7620
However, our experience in section 75 leads us to proceed more cautiously.
Let us define Crve(p, q, 1) via
(2m)*6* (p+q+7)C**(p, q,T) (76 21)
= [ dladlyd'z e EEH ) 0T (2) 4 (3)5()]0)

Then we can rewrite eq. (76.15) as

(p,gl7&(2)0) = —g°€,.e,C*P(p, q,)e"* repq’ (76.22)
Taking the divergence of the current yields
(p,q|8pj§(z)|0) — —’ngEME:,'r'pC“”p(p, q, r)e"z —pa (76.23)




The expected Ward 1dentities become

p,.C*""?(p,q,r)

0, (76.24)
., C"*?(p,q,r) =0, (76.25)
TPCMVp(pa(Ivr) = 0. (76.20)

To check eqs. (76.24-76.26), we compute Crve(p, q, r) with Feynman diagrams.

At the one-loop level, the contributing diagrams are exactly those we computed in section 735, except that
the three vertex factors are now y# , yv , and yrys, instead of ig y# PL, 1g y*PL, and 1gy° PL.

But, as we saw, the three PL’s can be combined into just one at the last vertex, and then this one can be
replaced by -1/2ys .

Thus, the vertex function 1Vrve(p, q, r) of section 75 1s related to Cree(p, q, 1) by

iV (p,q,r) = —35(ig)°C*"*(p,q,7) + O(g°) . (76.27)

In section 75, we saw that we could choose a regularization scheme that preserved eqs. (76.24) and
(76.25), but not also (76.26).

For the theory of this section, we definitely want to preserve eqgs. (76.24) and (76.25), because these
imply conservation of the current coupled to the gauge field, which 1s necessary for gauge invariance.



On the other hand, we are less enamored of eq. (76.26), because it implies conservation of the current for
a mere global symmetry.

Using eq. (76.27) and our results from section 75, we find that preserving egs. (76.24) and (76.25) results
n

1
r,CH*P(p,q,7) = —ﬁﬁ“”aﬁpaqzs +0(g%) (76.28)

in place of eq. (76.26). Using this in eq. (76.23), we find

2

(,q/0,34(2)|0) = —;?e“”aﬂpaqgs#s;e—i@““q)z +0(g%) . (76.29)

Now we come to the point.

The right-hand side of eq. (76.29) is exactly what we get in free-field theory for the matrix element of the
right-hand side of eq. (76.14).

We conclude that eq. (76.14) is correct, up to possible higher-order corrections.

In the next section, we will see that eq. (76.14) 1s exact.

~
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77 Anomalies and the Path Integral for Fermions

In the last section, we saw that in a U(1) gauge theory with a massless Dirac field W with charge Q = +1,
the axial vector current

ja = Uy, (77.1)
which should (according to Noether’s theorem) be conserved, actually has an anomalous divergence,
92
Oujh = — 63 eMPOF,, Foy . (77.2)

In this section, we will derive eq. (77.2) directly from the path integral, using the Fujikawa method.

We will see that eq. (77.2) 1s exact; there are no higher-order corrections.

We can also consider a nonabelian gauge theory with a massless Dirac field W in a (possibly reducible)
representation R of the gauge group.

In this case, the triangle diagrams that we analyzed in the last section carry an extra factor of
Tr(TarTbr) = T(R)02b, and we have

2

1672

Oujk = ———5T(R)e"" Oy, A5 8,A5 + O(g°) , (77 3)
where d;, A2y = 0,A% - 0y A2,

We expect the right-hand side of eq. (77.3) to be gauge invariant (since this theory is free of anomalies in
the currents coupled to the gauge fields); this suggests that we should have



2

Oujs = — 1g7r2 T(R)s“”P"FgVFgG : (77.4)

where Fa,, = d,A%, - duA2, + g fabcAb, Ac, 1s the nonabelian field strength.

We will see that eq. (77.4) is correct, and that there are no higher-order corrections.

We can write eq. (77.4) more compactly by using the matrix-valued gauge field

A, =T A (77.5)
and field strength
Fo = 08,A, — 8,A, —ig[A,, A)] . (77.6)

Then eq. (77.4) can be written as

2

L g Vpo
Oujn = — 162 P Tr Fyy Foy (77.7)

We now turn to the derivation of eqgs. (77.2) and (77.7).

We begin with the path integral over the Dirac field, with the gauge field treated as a fixed background,
to be integrated later.

We have



Z(A) = / DU DY 5A) | (77.8)

where
S(A) = / d'z UipV (77.9)
1s the Dirac action, i) = 1y*D, 1s the Dirac wave operator, and
D, =0, —1igA, (77.10)
is the covariant derivative.

Here A, 1s either the U(1) gauge field, or the matrix-valued nonabelian gauge field of eq. (77.5),
depending on the theory under consideration.

Our notation allows us to treat both cases simultaneously.

We can formally evaluate eq. (77.8) as a functional determinant,
Z(A) =det(zD) . (77.11)
However, this expression 1s not useful without some form of regularization.

We will take up this issue shortly.

Now consider an axial U(1) transformation of the Dirac field, but with a spacetime dependent parameter
a(X):



U(z) — e @B y(g) (77.12)

U(z) — U(z)e @) (77.13)

We can think of eqgs. (77.12) and (77.13) as a change of integration variable in eq. (77.8); then Z(A)
should be independent of a(x).

The corresponding change in the action 1s
S(A) — S(A) + / d*z ik (x)0,a(z) . (77.14)
We can integrate by parts to write this as

S(A) — S(A) — /d )95 (@) . (77.15)

“we assume that the measure DWD W is invariant under the axial U(1) transformation, then we have

Z(A) — / DU DY ¢iS(A) i [ d'r a@)2uii (@)

(77.16)
This must be equal to the original expression for Z(A), eq. (77.8).

This implies that 9, j#a(x) = 0 holds inside quantum correlation functions, up to contact terms, as
discussed in section 22.

However, the assumption that the measure DY DW is invariant under the axial U(1) transformation
must be examined more closely.



The change of variable in eqs. (77.12) and (77.13) is implemented by the functional matrix

J(z,y) = 6*(z—y)e @) (77.17)

Because the path integral 1s over fermionic variables (rather than bosonic), we get a jacobian factor of
(det J)-1 (rather than det J) for each of the transformations in eqs. (77.12) and (77.13), so that we have

DY DV — (det J) " * DY DV . (77.18)

Using log det J =Tr log J, we can write
(det J) ™2 = exp [22/ d*z a(z) Tr 6* (z—x)vs | | (77.19)

where the explicit trace is over spin and group indices.
Like eq. (77.11), this expression 1s not useful without some form of regularization.

We could try to replace the delta-function with a gaussian; this is equivalent to

o4 (z—y) — %M 5 (z—y) (77.20)

where M 1s a regulator mass that we would take to infinity at the end of the calculation.

However, the appearance of the ordinary derivative o, rather than the covariant derivative D, implies that
eq. (77.20) is not properly gauge invariant.

So, another possibility is



2 2
5 (z—y) — eP/M g4 (z—y) . (77.21)
However, eq. (77.21) presents us with a more subtle problem.

Our regularization scheme for eq. (77.19) should be compatible with our regularization scheme for eq.
(77.11).

It 1s not obvious whether or not eq. (77.21) meets this criterion, because D? has no simple relation

to D .

To resolve this 1ssue, we use

6t (z—y) — e(P=)"/M* 54 (x—y) (77.22)
to regulate the delta function in eq. (77.19).

To evaluate eq. (77.22), we write the delta function on the right-hand side of eq. (77.22) as a Fourier
integral

o(iD2)2/M? ik(z—y) (77.23)

) d%
@)~ [ G

Then we use f(0)eikx = eikxf(d + 1k); eq. (77.23) becomes

4
' (w—y) — | (jﬂ"); K@) (PR /M (77.24)

where a derivative acting on the far right now yields zero.



We have

(1P - ¥ = ¥ —i{k, P} - P’

. (77.25)
= —k" — i{Wﬂa’YV}kuDu — ’)’“’)’VD“DV .
Next we use 77" = 5({7*,7"} + [v*,7"]) = —g"” — 25" to get
(i) — k)? = —k? + 2ik-D + D? + 2iS*' D, D,, . (77 26)

In the last term, we can use the antisymmetry of S#? to replace D,D, with 1/2[D,, Dy] = -1/2 1gF,.4,
which yields

(ilp — ¥)* = —k* 4+ 2ik-D + D* + gS*E,,, . (77.27)

We use eq. (77.27) in eq. (77.24), and then rescale k by M ; the result 1s

54( x—y) s M (34’;4 ot Mk(z—y) e—k2 eQz’k-D/M+D2/M2+gS“"F#U/M2 . (77.28)
s
Thus we have
dk . v
Tr 6*(z—2z)vs5 — M4/ (27)4 e~** Ty g2tk D/M+D*/M*+gS* E“’/Mz% : (77.29)

We can now expand the exponential in inverse powers of M; only terms up to M- will survive the
M — oo limit.



Furthermore, the trace over spin indices will vanish unless there are four or more gamma matrices
multiplying ys.

Together, these considerations imply that the only term that can make a nonzero contribution is
1/2(gSHvF,)?/M4.

Thus we find
d4k

Trd'@-2)% - b9 [ e

where the first trace 1s over group indices (in the nonabelian case), and the second trace is over spin
indices.

T(Tr B Bo) (Tr S5 y5) (77.30)

The spin trace is

Tr SH SP% s

Tr (577") (37°77) s

— 1Ty ¥ Py s (77.31)

— GeHPo

To evaluate the integral over k in eq. (77.30), we analytically continue to euclidean spacetime; this
results in an overall factor of 1, as usual.

Then each of the four gaussian integrals gives a factor of 7!/,

So we find



g2

Tr 6% (z—z)y5 — — 3973 PP Tx By Fy . (77.32)
Using this in eq. (77.19), we get
. 2
(et 1) = exp| 0 [ o) 7 T B o)) 775
T

Including the transformation of the measure, eq. (77.18), in the transformation of the path integral, eq.
(77.16), then yields

Z(A) N /D‘I’ D@ eiS(A)e—ifd‘lx a(a:)[(g2/167r2)guvpaTr Fuy(x)Fpg(x)-l—a“jX(:c)] (77.34)

in place of eq. (77.16).
This must be equal to the original expression for Z(A), eq. (77.8).
This implies that eq. (77.7) holds inside quantum correlation functions, up to possible contact terms.

Note that this derivation of eq. (77.7) did not rely on an expansion in powers of g, and so eq. (77.7) 1s
exact; there are no higher-order corrections.

This result 1s known as the Adler-Bardeen theorem.

It can also be (and originally was) established by a careful study of Feynman diagrams.



The Fujikawa method can be used to find the anomaly in the chiral gauge theories that we studied in
section 75, but the analysis 1s more involved.

Here we will quote only the final result.
Consider a left-handed Weyl field in a (possibly reducible) representation R of the gauge group.

We define the chiral gauge current j# = U TagyrP W,

Its covariant divergence (which should be zero, according to Noether’s theorem) 1s given by

2

D = S5 €07 9, Tx [T (4,0, 4, — SigA, ApA,)] (77.35)

Note that the right-hand side of eq. (77.35) is not gauge invariant.

The anomaly spoils gauge invariance in chiral gauge theories, unless this right-hand side happens to
vanish for group-theoretic reasons.

It can be shown that this occurs if and only if A(R) = 0, where A(R) is the anomaly coefficient of the
representation R.

For comparison, note that eq. (77.7) can be written as

2

Opja = —49? s“””"aﬂTr[A,,a,,Aa - %z’gA,,ApAG] . (77.36)



The relative value of the overall numerical prefactor in eqgs. (77.35) and (77.36) 1s easy to understand:
there 1s a minus one-half 1n eq. (77.35) from P. — -1/2 ys, and a one-third from regularizing to preserve

symmetry among the three external lines in the triangle diagram. (The relative coefficients
of the second terms have no comparably simple explanation.)

Finally, a related but more subtle problem, known as a global anomaly, arises for theories with an odd
number of Weyl fields in a pseudoreal representation, such as the fundamental representation of SU(2).

In this case, every gauge field configuration A, can be smoothly deformed into another gauge field
configuration A’ that has the same action, but has Z(A') = -Z(A).

Thus, when we integrate over A, the contribution from A’ cancels the contribution from A, and the result
1S Zero.

Since its path integral is trivial, this theory does not exist.
78 Background Field Gauge

In the section, we will introduce a clever choice of gauge, background field gauge, that greatly simplifies
the calculation of the beta function for Yang—Mills theory, especially at the one-loop level.

We begin with the lagrangian for Yang—Mills theory,

‘CYM — —%FGMV /j:LV g (781)



where the field strength 1s
Fl, = 0,A% — 0,A% + gf**Ab AS . (78.2)
To evaluate the path integral, we must choose a gauge.

As we saw 1n section 71, one large class of gauges corresponds to choosing a gauge-fixing function
Ga(x), and adding L¢r + Lon to Lym, Where

Lo = —36 GG, (78.3)
5G
Lgn =5 5 (78.4)

Here Dbc, = dbcd,, - ig(T2a)bcA3, = Obcd, + g fbacAz, is the covariant derivative in the adjoint
representation, and ¢ and ¢ are the ghost and antighost fields.

The notation dG2/0dAb, means that any derivatives that act on Ab, in G2 now act to the right in eq (78.4).
We get Re gauge by choosing G2 = orAa,.

To get background field gauge, we first introduce a fixed, classical background field Aa( ), and the
corresponding background covariant derivative,

D, =0, —igT{ A . (78.5)



Then we choose

B b A\b
G* = (D) (A-A)), . (78.6)
The ghost lagrangian becomes [ eh = 7 DHab DZCCC, or, after an integration by parts,
Loy = —(D*e)*(Dye)® (78.7)

where (Drg)s = DHabeb and (D,,c)* = Dece.

Under an infinitesimal gauge transformation, the change in the fields is

0c A (z) = —Djf0%(z) , (78.8)
Sac®(z) = —igh*(x)(T¢)%c¢(z) | (78.9)
0c A5 (z) = 0. (78.10)

The antighost ¢ transforms in the same way as ¢ (since the adjoint representation 1s real).
The background field A is fixed, and so does not change under a gauge transformation.

Of course, this means that £¢r and Lgn are not gauge invariant; their role is to fix the gauge.

We can, however, define a background field gauge transformation, under which only the background
field transforms,



Opc A (z) = —Dyf0%(x) , (78.11)
opcAy(z) =0, (78.12)
dpcc’(z) = 0. (78.13)

Obviously, £Lym 1s invariant under this transformation (since it does not involve the background field at
all), but L, and L are not.

However, £qr and £, are invariant under the combined transformation 0G+sG .

For Lgh, as given by eq. (78.7), this follows immediately from the fact that D, and D,, ave the same

transformation property under the combined transformation, and that using covariant derivatives with all
oroup indices contracted always yields a gauge-invariant expression.

To use this argument on £gf , as given by eqgs. (78.3) and (78.6), we need to show that (A - A)a,

transforms under the combined transformation in the same way as does an ordinary field in the adjoint
representation, such as the ghost field in eq. (78.9). To show this, we write

5G+BG(A - A)Z —_ _(D - D)Zaoa

= tig(A — A)C(TS)bg0
o(A— A)(T9) s 14

—igh*(T2)" (A — A)°, .



We used the complete antisymmetry of (Tea)b2 = -1f cba to get the last line.

We see that (A - A)3, transforms like an ordinary field in the adjoint representation, and so any
expression that mVOlves only covariant derivatives (either D, or D, ) acting on this field, with all group
indices contracted, 1s invariant under the combined transformatlon

Therefore, the complete lagrangian, L = Lym + Lgf + Ln, 18 invariant under the combined
transformation.

Now consider constructing the quantum action I'(4, ¢, ¢; A).

Recall from section 21 that the quantum action can be expressed as the sum of all 1PI diagrams, with the
external propagators replaced by the corresponding fields.

In a gauge theory, the quantum action is in general not gauge invariant, because we had to fix a gauge in
order to carry out the path integral.

The quantum action thus depends on the choice of gauge, and hence (in the case of background field
gauge) on the background field A

This is why we have written A as an argument of I", but separated by a semicolon to indicate its special
role.

An important property of the quantum action is that it inherits all linear symmetries of the classical
action; see problem 21.2.

In the present case, these symmetries include the combined gauge transformation 0G+BG.
Therefore, the quantum action 1s also invariant under the combined transformation.

The quantum action takes its simplest form if we set the external field A equal to the background field A .



Then, I'(A, ¢, ¢; A) is invariant under a gauge transformation of the form
5G+BGAZ (fB) — —chec(m) 3 (78.15)

—igf®(x)(T3)*c* () . (78.16)

This 1s now simply an ordinary gauge transformation, with A as the gauge field.

0G+BG c’ ()

The quantum action can be expressed as the classical action, plus loop corrections.
For A= A, we have

['(A,c,cA) =/d4ac [—iF““”F“ - (D“E)G(Duc)a] +..., (78.17)

where the ellipses stand for the loop corrections.

Note that Lgf has disappeared [because we set A=A in eq. (78.6)], and £ has the form of a kinetic
term for a complex scalar field in the adjoint representation.

This term 1s therefore manifestly gauge invariant, as is the Ff - term.
The gauge invariance of the quantum action has an important consequence for the loop corrections.

In background field gauge, the renormalizing Z factors must respect the gauge invariance of the quantum
action.

Therefore, using the notation of section 73, we must have



1 = 2y, (78.18)
Ly = Ly, (78.19)

73 = Z3g = Zuag . (78.20)

Thus the relation between the bare and renormalized gauge couplings becomes

6 =75 g (78.21)
This relation now involves only Zs3.
We can therefore compute the beta function from Z3 alone.

This 1s the major advantage of background field gauge.

To compute the loop corrections, we need to evaluate 1PI diagrams in background-field gauge with the
external propagators removed and replaced with external fields; the external gauge field should be set
equal to the background field.

The easiest way to do this 1s to set
A=A+ A (78.22)

at the beginning, and to write the path integral in terms of A .



Then the A field appears only on internal lines, and the A field only on external lines.

The gauge-fixing term now reads

Lo = —3& 1 (DHA,)*(DYAL)* (78.23)

and the ghost term 1s given by eq. (78.7).

The Feynman rules that follow from Lym + L + Ln are closely related to those we found in Re gauge

1n section 72.

The ghost and gluon propagators are the same, and vertices involving all internal lines are also the same.

But if one or more gluon lines are external, then there are additional contributions to the vertices from
ACgf and ACgh.

Further simplifications arise at the one-loop level. Using eq. (78.22) in eq. (78.2), we find
Fo, = 8,48 — §,A% + gfabeAt A°
bcs Ab b 1 bc 4b
= F%, + (DuAL)* — (D AL)* + gf AL AS .
We then have
Lyw = —;F*"F,, — 5(DPA)*(DyAy)* + 3(DFAY)*(Dy Ay

o (78.25)
— 5gf P AL AL+



where the ellipses stand for terms that are linear, cubic, or quartic in A .

Vertices arising from terms linear in A cannot appear in a 1PI diagram, and the cubic and quartic
vertices do not appear in the one-loop contribution to the 4 propagator.

The last term on the first line of eq. (78.25) can be usefully manipulated with some dummy-index
relabelings and integrations by parts; we have

(DF¥A*)*(D,A,)* = (D¥A,)¢(D*A,)°

b/ mAv Ru\be gc
— — AL (D" DMyAC
= —AL(D"D” — [D*, D]))"A;,
= — A" (DFD")"AS, — ig(T3)* FH A> A, (78.26)

= +(D"A,)°(D"A,)° — gf P F AL A
Now the first term on the right-hand side of eq. (78.26) has the same form as the gauge-fixing term.

If we choose € = 1, these two terms will cancel.

Setting & = 1, and including a renormalizing factor of Z3, the terms of interest in the complete lagrangian
become

L = —3Z3F"FS, — 5 Z3(D*A”)* (D, Ay)* — (D*e)*(Dyc)* (78.27)
. Zggfabcpa;wAzAlc/ .



In the ghost term, we have replaced Dy with Dy ; the vertex corresponding to the dropped A term does
not appear in the one-loop contribution to the A propagator.

Also, we can rescale A to absorb Z3 1n all terms except the first; since A never appears on an external
line, 1ts normalization 1s irrelevant, and always cancels among propagators and vertices. (The same
1s true of the ghost field.)

The one-loop diagrams that contribute to the A propagator are shown in fig. (78.1).

Figure 78.1: The one-loop contributions to the A . \ ,!
propagator in background field gauge; the dashed A . LY

lines can be either ghosts or internal A gauge NN N+ N
fields. The dot denotes the F.AA vertex. N

—

The dashed lines 1n the first two diagrams represent either the 4 field or the ghost fields.

In either case, the second diagram vanishes, because it is proportional to [ d¥ / 62, ‘which 1s zero after
dimensional regularization.

Note that the ghost term 1n eq. (78.27) has the form of a kinetic term for a complex scalar field in the
adjoint representation.

One finds the contribution of a complex scalar field in a representation RCS to II (k2) is

2

1 .
Mg (k2) = — ziﬂ T(Res) - + finite . (78.28)




The ghost contribution 1s minus this, with Rcs — A. (The minus sign 1s from the closed ghost loop.)

Thus we have 72 1
2\ __ - . 4
Ioh (k) = +54 T(A) . + finite + O(g~) . (78.29)
For reference we recall that the counterterm contribution is
My (k%) = —(Z3—1) . (78.30)

Next we consider the diagrams with 4 fields in the loop.

If the: FLAA interaction term was absent, the calculation would again be a familiar one; the D ADA
term in eq. (78.27) has the form of a kinetic term for a real scalar field that carries an extra index v.

That this index 1s a Lorentz vector index 1s immaterial for the diagrammatic calculation; the index is
simply summed around the loop, yielding an extra factor of d = 4.

There 1s also an extra factor of one-half (relative to the case of a complex scalar) because A 1is real
rather than complex. (Equivalently, the diagram has a symmetry factor of S = 2 from exchange of the tog
and bottom internal propagators when they do not carry charge arrows.)

We thus have
2

1
M apa(k?) = — 13772 T(4) - + finite + O(g") . (78.31)

If we now include the FAA interaction, we can think of F [j,, as a constant external field.



We can then draw the third diagram of fig. (78.1), where and each dot denotes a vertex factor
of —2igf"’bCng.

This vacuum diagram has a symmetry factor of S =2 x 2: one factor of two for exchanging the top
and bottom propagators, and one for exchanging the left and right sources.

Its contribution to the quantum action is

T _1 . pacd a . pbeg b \ (1 2 ¢ d% gyp(sce guaddg
T paa/VT = 3(=2i0f* i) (~2iaf"EL,) (1) i€ [ o 25 5

_ )
— 92 T(A)FaMVFﬁy (871'25 + ﬁmte) , (7832)

where VT is the volume of spacetime.

Comparing this with the tree-level lagrangian — %Z3F F | and recalling eq. (78.30), we see that eq.
(78.32) is equivalent to a contribution to II(k?)of _

2

a9 LR 7833
HF.A.A(k ) —+27T2 T(A)€ —|-ﬁn1te. ( )

There is also a one-loop diagram with one D AD.A vertex and one: FAA vertex; however, contracting

the vector indices on the A fields around the loop leads to a factor of F*“g,, =0.

Similarly, a one-loop diagram with a single F'4 4 vertex vanishes.



We could also couple the gauge field to a Dirac fermion in the representation Rpr, and a complex scalar
in the representation Rcs.

The corresponding contributions to ITI(k?) were computed in section 73, and are given by eq. (78.28)
and

2

1
My (k2) = —69? T(Ror) - + finite, (78 34)

Adding up egs. (78.28), (78.29), (78.30), (78.31), (78.33), and (78.34), we find that finiteness of TI(k2)
requires
9° 1
Zy =1+ o [(+1-2+12)T(A) — 4T (Ror) — T(Res)] ~+0(g" (78.35)

T2

in the M S renormalization scheme.

The analysis of section 28 now results in a beta function of

3

B(g) = — 4§7T2 [llT(A) — 4T (Rpr) — T(Rcs)] +0(g%) . (78.36)

A Majorana fermion or a Weyl fermion makes half the contribution of a Dirac fermion in the same
representation; a real scalar field makes half the contribution of a complex scalar field. (Majorana
fermions and real scalars must be in real representations of the gauge group.)



In quantum chromodynamics, the gauge group 1s SU(3), and there are nr = 6 flavors of quarks (which are
Dirac fermions) in the fundamental representation.

We therefore have T(A) = 3, T(Rpr) = 1/2ng, and T(Rcs) = 0; therefore

3

B(g) = — 1g7rz (11 — %np) +0(g°) . (78.37)

We see that the beta function is negative for ng < 16, and so QCD 1s asymptotically free.
79 Gervais—Neveu Gauge

In section 78, we used background field gauge to set up the computation of a quantum action that is
gauge invariant.

Given this quantum action, we can use 1t to compute scattering amplitudes via the corresponding tree
diagrams, as discussed in section 19.

Since the ghost fields in the quantum action do not contribute to tree diagrams, we can simply drop all
the ghost terms in the quantum action.

Because the quantum action computed in background field gauge is itself gauge invariant, it requires
further gauge fixing to specify the gluon propagator and vertices.

We can choose whatever gauge 1s most convenient; for example, Re gauge.



In principle, this gauge fixing involves introducing new ghost fields, but, once again, these do not
contribute to tree diagrams, and so we can 1ignore them.

If we start with the tree-level approximation to the quantum action, then, in Rz gauge, we simply get the
gluon propagator and vertices of section 72.

As we noted there, the complexity of the three- and four-gluon vertices in Rz gauge leads to long,
involved computations of even simple processes like gluon-gluon scattering.

In this section, we will introduce another gauge, Gervais—Neveu gauge, that simplifies these tree-level
computations.

We begin by specializing to the gauge group SU(N ), and working with the matrix-valued field
Ay, =A2,Ta,

For later convenience, we will normalize the generators via
TrToT° = §% . (79.1)
With this choice, their commutation relations become
[T T° = ivV2f%°T° . (79.2)
The tree-level action 1s specified by the Yang—Mills lagrangian

Lyy =—3TtF¥F,, (79.3)



where the matrix-valued field strength 1s

Fy = 0,4, — 0,4, — Z[ALA)]. (79.4)

Let us introduce the matrix-valued complex tensor

Hyy = 9,4, — L A4,A, (79.5)

Then F,y 1s the antisymmetric part of Hyy
F;u/ = H,w — HU# : (79.6)
The Yang—Mills lagrangian can now be written as
Loy = —%’I‘r(H“”HW _ H“”H,,M) . (79.7)
To fix the gauge, we choose a matrix-valued gauge-fixing function G(x), and add to Lym.

Lo =—35TrGG (79.8)

Here we have set the gauge parameter £ to one, and ignored the ghost lagrangian (since, as we have
already discussed, it does not affect tree diagrams).

The choice of G that yields Gervais—Neveu gauge is

G =H", . (79.9)



At first glance, this choice seems untenable, because we see from eq. (79.5) that this G (and hence Lr )
1S not hermitian.

However, because the role of L4r 1s merely to fix the gauge, it 1s acceptable for L4 to be nonhermitian.
Combining eqgs. (79.7) and (79.8), we get a total, gauge-fixed lagrangian

L= —%T&*(HWHW — H"H,, + H#MHVV) . (79.10)
Consider the terms in L with two derivatives.

After some integrations by parts, those from the third term in eq. (79.10) cancel those from the second,
leading to

Lo = —5Tr 0479, A, , (79.11)
just as in Rg gauge with E = 1.
Now consider the terms with no derivatives.

Once again, those from the third term in eq. (79.10) cancel those from the second (after using the cyclic
property of the trace), leading to

Lop = +19° Tr A*AYA A, . (79.12)



Finally, we have the terms with one derivative,
L19 = +Zji Tr(9A"AL A, — O"A"A, A, + 0"A,AYA, ) (79.13)
Each derivative acts only on the field to its immediate right.

If we integrate by parts in the last term in eq. (79.13), we generate two terms; one of these cancels the
first term in eq. (79.13), and the other duplicates the second.

Thus we have

L5 = —z'\/igTrc’?”A”A,,Au : (79.14)
Combining eqgs. (79.11), (79.12), and (79.14), we find
£ =Tr(~3044"8,A, —iV2g YA, A, + 1g*APA"ALA,) (79.15)

Because this lagrangian has a rather simple structure in terms of the matrix-valued field A,, it is helpful
to stick with this notation, rather than trying to reexpress £ in terms of A2, = Tr(T2A,).

In the next section, we explore the Feynman rules for a matrix-valued field in a simplified context.



80 The Feynman Rules for N x N Matrix

In section 79, we found that the lagrangian for SU(N ) Yang—Mills theoryin Gervais—Neveu gauge is
L =Tr(—-30"4"0,A, — iV2g 0"AYA, A, + 1g° A"AALA, ) (80.1)
where A, (X) 1s a traceless hermitian N x N matrix.

In this section, we will work out the Feynman rules for a simplified model of a scalar field that keeps the
essence of the matrix structure.

Let B(x) be a hermitian N x N matrix that is not traceless.

Let T2 be a complete set of N2 hermitian N x N matrices normalized according to

Tr T2T? = 6% . (80.2)

We will take one of these matrices, TV, to be proportional to the identity matrix; then eq. (80.2)
requires the rest of the T2’s to be traceless.

We can expand B(x) in the T#’s, with coefficient fields Ba(x),
B(x) = B%(x)T*, (80.3)
B%(z) = Tt T*B(z) , (80.4)

where the repeated index in eq. (80.3) 1s implicitly summed over a = 1 to N2.



Consider a lagrangian for B(x) of the form

£ =Tr(-10"B8,B + 1gB°* — 1AB*) . (80.5)

Using egs. (80.2) and (80.3), we find an expression for £ in terms of the coefficient fields,

L = —30"B*8,B* + 39 Tr(T*T°T°)B°B°B°

; p ; q (80.6)
—iAT(T*T°T°T*)B*B°B°B* .
It 1s easy to read off the Feynman rules from this form of £.
The propagator for the coefficient field B2 is
T 5ab
A (k%) = — . 80.7
(k%) = 15— (80.7)

There 1s a three-point vertex with vertex factor 21g Tr(T 2T T ¢), and a four-point vertex with vertex
factor —6iA Tr(T aT bT ¢T d).

This clearly leads to messy and complicated formulae for scattering amplitudes.

Instead, let us work with L in the form of eq. (80.3).

Writing the matrix indices explicitly, with one up and one down (and employing the rule that two indices
can be contracted only if one is up and one is down), we have B(x)i = Ba(x)(Ta).



This implies that the propagator for Bi 1s

- Ta).j(Ta)kl
AN E?) = (T°), , (80.8)
e (k) k? — i€
Since the T2 matrices form a complete set, there 1s a completeness relation of the form
(T2)i (T2)! «> 0ilow .
To get the constant of proportionality, set j = k and [ =1 to turn the left-hand side into
(T2)ik(T#)ki = Tr(T2T?), and the right-hand side into Jiidkk = N2.
From eq. (80.2) we have Tr(T2T?2) = daa = N2,
So the constant of proportionality 1s one, and
(Ta)z'j (Ta)kl = (Sz'l(;kj : (80.9)
We can represent the B propagator with a double-line notation, as shown 1n fig. (80.1).
i l
Figure 80.1: The double-line notation for the propagator of a hermitian matrix field. r~a
j k

The arrow on each line points from an up index to a down index.

Since the interactions are simple matrix products, with an up index from one field contracted with a
down index from an adjacent field, the vertices follow the pattern shown in fig. (80.2).



A

Figure 80.2: 3- and 4-point vertices in the double-line notation. \/ >/

Since an n-point vertex of this type has only an n-fold cyclic symmetry (rather than an n!-fold
permutation symmetry), the vertex factor is i1 times the coefficient of Tr(Bn) in £ times n (rather than n!).

Thus, for the lagrangian of eq. (80.5), the 3- and 4-point vertex factors are ig and —iA.

Now consider a scattering process.

Particles corresponding to the coefficient fields labeled by the indices a; and a; (and with four-momenta
ki and k) scatter into particles corresponding to the coefficient fields labeled by the indices az and a4
(and with four-momenta k3 and k4).

We wish to compute the scattering amplitude for this process, at tree level.

There are 18 contributing Feynman diagrams.

Three are shown in fig. (80.3); the remaining 15 are obtained by making noncylic permutations
of the labels 1, 2, 3, 4 (equivalent to making unrestricted permutations of 2, 3, 4).



2,3, and 4 permuted, also contribute.

R 4
Figure 80.3: Tree diagrams with four 1 \J 4 \/
external lines. Five more diagrams of each 4+ +
of these three types, with the external labels ﬁ\ /\
2 3 A 2 3
2 3

For simplicity, we will treat all external momenta as outgoing; then kO and k%, are negative, and ki + k»
+ k3 + ks =0.

Each external line carries a factor of Tal , with its matrix indices contracted by following the arrows
backward through the diagrams.

Omitting the i€’s in the propagators (which are not relevant for tree diagrams), the resulting tree-level
amplitude is

iT = Tr(Ta1Ta2Ta3Ta4) (( ) ( 3_|_( ) ( 7’) —’LA)

(k1+k2)?  (k1+ky)? (80.10)

+ ((234) — (342), (423), (243), (432), (324) ).

More generally, we can see that the value of any tree-level diagram with n external lines is proportional
to Tr(T% ...T%n).

It the diagram 1s drawn 1n planar fashion (that is, with no crossed lines), then the ordering of the a;
indices in the trace 1s determined by the cyclic ordering of the labels on the external lines (which we take
to be counterclockwise).



Then, each internal line contributes a factor of —1/k?, each 3-point vertex a factor of 1g, and each
four-point vertex a factor of —i\.

These are the color-ordered Feynman rules for this theory.
Return now to1 7 as given by eq. (80.10).

Suppose that we wish to square this amplitude, and sum over all possible particle types for each
incoming or outgoing particle.

We then have to evaluate expressions like

To(T T2 T T%) [T (T T2 T T%))* (80.11)
with all repeated indices summed.

Using the hermiticity of the T2 matrices, we have

[Te(T™ ... T%)]* = Te(T* ... T™), (80.12)

It 1s then easiest to evaluate eq. (80.11) diagrammatically, as shown in fig. (80.4).
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Figure 80.4: Evaluation of Tr(7T%1TT®3T%)[Tr(TT*T*T)]*, with all
repeated indices summed. Each of the two closed single-line loops yields a
factor of §;* = N.
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Each closed single-line loop yields a factor of dii = N .

The result 1s that the absolute square of any particular trace yields a factor of N4, and the product of any
trace times the complex conjugate of any other different trace yields a factor of N2.

The coefficient of both Tr(7%T%TT) and Tr(T*T*T*T%) ineq.(80.10) is

2 2

g g
A + — ). 80.13
° T (kit+ko)? | (k1+kg)? (013

Similarly, the coefficient of both Tr(7T%T*T*T%) and Tr(T*T*2T*T%) is

2 2

g g
Ay = + — A, 80.14
4 (k1+k3)2 (k1+k2)2 ( )

and of both Tr(TT%T92T3) and Tr(T®T®ST2T%) s

2 2

g g
Ay = + —\. 80.15
2= lkitka)?2 " (kitks)? (8015




Thus we have

Y |T|” = (2N* +2N?) Z|AJ|2+4N2ZA*Ak

ay,a2,as,aq J#k

= (2N* —2N?) Y |A;> +4N?() AN Ax) ,
J J k

(80.16)

where j and k are summed over 2, 3, 4.

Now suppose we wish to impose the condition that the matrix field B 1s traceless: Tr B = 0.
This means that we eliminate the component field with a = N2, corresponding to the matrix 7 = N-171.
We must also eliminate 7"N° from the sum in eq. (80.9), leading to

(T (T = 6157 — R o5 0.17

This can all be done diagrammatically by replacing the propagator in fig. (80.1) with the one in fig.
(80.5). (The kinematic factor, —1/k2, is unchanged.)

YA

Figure 80.5: The propagator for a traceless hermitian field.




Fig. (80.5) must now be used as the internal propagator in the diagrams of fig. (80.3).

Also, when we multiply one diagram by the complex conjugate of another in the computation
of Y u, o |T|*, we must use the propagator of fig. (80.5) to connect the external line of one diagram
with the matching external line of the complex conjugate diagram.

Although these computations are still straightforward, they can become considerably more involved.
81 Scattering in Quantum Chromodynamics

In section 79, we found that the lagrangian for SU(N ) Yang—Mills theory in Gervais—Neveu gauge is
L =Tr(-30"4"0,A, — V29 A"A A, + 1g* APA"ALA, ) | (81.1)
where A,(x) 1s a traceless hermitian N x N matrix.

For quantum chromodynamics, N = 3, but we will leave N unspecified in our calculations.

In section 80, we worked out the color-ordered Feynman rules for a scalar matrix field; the same
technology applies here as well.

In particular, we draw each tree diagram in planar fashion (that is, with no crossed lines).

Then the cyclic, counterclockwise ordering 11 . . . 1, of the external lines fixes the color factor as
Tr (7e:;  7aiy) , where the generator matrices are normalized via Tr(T2Tb) = gab,

The tree-level n-gluon scattering amplitude is then written as



T=g"7%) Te(T*...T*)A(,...,n),

noncyclic
perms

(81.2)

where we have pulled out the coupling constant dependence, and A(1, . . ., n) is a partial amplitude that
we compute with the color-ordered Feynman rules.

The partial amplitudes are cyclically symmetric,

A2,...,n,1) = A(1,2,...,n) . (81.3)

The sum 1n eq. (81.2) 1s over all noncyclic permutations of 1 . . . n, which is
equivalent to a sum over all permutations of 2 . . . n.

From the first term in eq. (81.1), we see that the gluon propagator 1s simply

~

A, (k) = kzg‘i”ie . (81.4)

Here we have left out the matrix indices since we have already accounted for them with the color factor
in eq. (81.2).

The second and third terms in eq. (81.1) yield three- and four-gluon vertices.

The three-gluon vertex factor (again without the matrix indices) 1s



i(—iv/29)(—ippguv)

+ [2 cyclic permutations of (u,p), (v,q), (o) ] (81.5)

in,p (p7 q, ’I“)

= _i\/ig(ppguu + quvp T+ 'rz/gpu) ;
where the four-momenta p, q, and r are all taken to be outgoing.
The four-gluon vertex factor is simply
vV ype = z'gzgﬂpg,,g : (81.6)
However, in the context of the color-ordered rules, it is simpler to designate the outgoing
four-momentum on each external line as ki, and contract the vector index with the corresponding

polarization vector €;i. (For now we suppress the helicity label A = +.)

In this notation, the vertex factors become

1Vi93 = —i\/ig [(8182)(’6163) - (6283)(k2€1) - (6381)(k3€2)] . (81.7)
Vi3 = +ig°(e1€3)(€2¢4) (81.8)

where the external lines are numbered sequentially, counterclockwise around the vertex. (Of course, if an
attached line is internal, the corresponding polarization vector is simply a placeholder for an internal
propagator.)



The color-ordered three-point vertex, eq. (81.7), 1s antisymmetric on the reversal 123 = 321, while the
four-point vertex, eq. (81.8), 1s symmetric on the reversal 1234 = 4321.

This implies the reflection identity
An,...,2,1) = (=1)"A(L,2,...,n), (81.9)
which will be useful later.
It 1s clear from eqgs. (81.7) and (81.8) that every term in any tree-level scattering amplitude is
proportional to products of polarization vectors with each other, or with external momenta. (Actually,
this follows directly from Lorentz invariance, and the fact that the scattering amplitude is linear in each
polarization.)

We get one momentum factor from each three-point vertex.

Since every tree diagram with n external lines has no more than n—2 vertices, there are no more than n—2
momenta to contract with the n polarizations.

Therefore, every term in every tree-level amplitude must include at least one product of two polarization
vectors.

Then, if the product of every possible pair of polarization vectors vanishes, the tree-level amplitude for
that process 1s zero.



We will now show that this is indeed the case if all, or all but one, of the external gluons have the same
helicity. (Here we are using the semantic convention of section 60: the helicity of an external gluon 1s
specified relative to the outgoing four-momentum k; that labels the corresponding external line. If that
gluon 1s actually incoming —as indicated by a negative value of kO; —then its physical helicity is
opposite to its labeled helicity.)

To proceed, we recall from section 60 some formulae for products of polarization vectors in the
spinor-helicity formalism,

' ) [kE
e+(k;q)-e+(k5q) = éZZ; <[q, k,]> : (81.10)
e_(kiq)-e_(K:q) = [[‘éi]] [Zf :,]> | (81.11)

Noe (K-g) — (gk') [kq]

the first argument of each € is the momentum of the corresponding line; the second argument is an
arbitrary reference momentum.

Recall that the twistor producs (q k) and [q k] are antisymmetric, and hence <q @ =[q q] = 0.

Using this fact in eq. (81.10), we see that choosing the same reference momentum q for all
positive-helicity polarizations results in a vanishing product for any pair of them.

Furthermore, if we choose this q equal to the momentum k' of a negative-helicity gluon, eq. (81.12) tells
us that the product of its polarization with that of any positive-helicity gluon also vanishes.



Thus, 1f all, or all but one, of the external gluons have positive helicity, all possible polarization products
are zero, and hence the tree-level scattering amplitude is also zero.

Thus we have shown that
A(1E, 2T, . ,nM) =0, (81.13)
where the superscripts are the helicities.

Of course, the same 1s true 1if all, or all but one, of the helicities are negative,

A%, 2, n7)=0. (81.14)

Now we turn to the calculation of some nonzero tree-level partial amplitudes, beginning with
A(l—-,2—,3+,4+).

The contributing color-ordered Feynman diagrams are shown in fig. (81.1).

Figure 81.1: Diagrams for the partial amplitude A(1, 2, 3, 4).



We choose the reference momenta to be q; = q2 = k3 and g3z = q4 = ko.

Then all polarization products vanish, with the exception of

e1-€4 = €—_(k1,q1)-€+(ka,q4)

E— (kl, kg) €4 (k4, k‘Q)
(21) [43]
(2

81.15
D31 ( )

With this choice of the reference momenta, the third diagram in fig. (81.1) obviously vanishes, because it
has a factor of €1-e3 = 0 (and also, for good measure, €'€4 = 0).

Now consider the 235 vertex in the second diagram; we have

Vass o (e2e3)(k2es) + (€3€65)(kse2) + (e5e2)(kses) (81.16)
where €5 1s a placeholder for an internal propagator.
The first term 1n eq. (81.16) vanishes because €2'€3 = 0.
The second term vanishes because k3 = q2 and 2 €2 = 0.
Finally, the third term vanishes because ks = — ko — k3 = —q3 — k3, and q3-€3 = kz-€3 = 0.

Hence the 235 vertex vanishes, and therefore so does the second diagram.



That leaves only the first diagram.

We then have
ig?A(17,27,37,47) = (1V125) (i Vaas)| 0 s 5 (81.17)
es€s — 19"/s12
where 5’ means the momentum 1s —ks rather than ks, and
si2 = —(k1 + k2)? = (12)[21] . (81.18)
We have
iVis5 = —iv/2g [(6162)(k1€5) + (e285)(k2e1) + (5551)(k5€2)] : (81.19)
but the first term vanishes because €1-€> = 0.
Similarly, the first term of
1V = —71\/59[(5354)(’6365) + (€4€5)(kag3) + (6563)(—k584)] (81.20)

also vanishes.
When we take the product of these two vertices, and replace the internal polarizations with the

propagator, as indicated in eq. (81.17), only the product of the third term of eq. (81.19) with the second
term of eq. (81.20) 1s nonzero; all other terms include a vanishing product of polarizations.

We get



ig?A(17,27,3%,4%) = (—iv/29)(i/s12) (e164) (k5€2) (kae3) (81.21)
Since ks = — ki1 — ko, and ko'ep =0, we have ks'er = — k€.

We evaluate ki-e2 and ks-€3 via the general formulae

p-es(kiq) = <j§><gpk];] : (81.22)
p-e—(k;q) = [(i/%] gg : (81.23)
Setting q2 = k3 and g3 = ka, we get
ki-eg = [f/lé] [<3122]> , (81.24)
ky-€3 = <\2/§><[24;] . (81.25)

Using egs. (81.15), (81.18), (81.24), and (81.25) in eq. (81.21), and using antisymmetry of the twistor
products to cancel common factors, we get

(21) [4 3]

A(17,27,3%,4%) = 2132 (23) (81.26)




We can make our result look nicer by multiplying the numerator anddenominator by (3 4).

In the numerator, we use

(34) [43] = s34 = 810 = (12)[21] (81.27)
and cancel the [2 1] with the one in the denominator.

Now multiply the numerator and denominator by <4 1), and use a momentum-conservation identity to
replace <4 1) [4 3] in the numerator with —<2 1) [2 3], and cancel the [2 3] with the [3 2] in the
denominator (which yields a minus sign).

Finally, multiply the numerator and denominator by <1 2) to get

(12)*

, (81.28)
(12)(23)(34)(41)

A(17,27,37,47) =

This 1s our final result for A(1-, 2-, 3+, 4+).

Now, using cyclic symmetry, we can get any partial amplitude where the two negative helicities are
adjacent; for example,

(23)*
(12)(23)(34)(41)

A(17,27,37,4™) = (81.29)



We must still calculate one partial amplitude where the negative helicities are not adjacent, such as
A(l-, 2+ 3-,4%).

Once we have it, we can use cyclic symmetry to get all the remaining partial amplitudes.

Before turning to this calculation, let us consider the problem of squaring the total amplitude and
summing over colors.

Because the generator matrices are traceless, we should (as we discussed in section 80) use the
completeness relation

(Ta)z'j(Ta)kl — 57;l5kj — %(&j&cl . (81.30)

Jowever, recall that the Yang—Mills field strength is

Fuy = 0,4, — 8,4, — Z[A,,A)]. (81.31)

If we allow a generator matrix proportional to the identity, which corresponds to a gauge group of U(N )
rather than SU(N ), then this extra U(1) generator commutes with every other generator.

Thus the U(1) field does not appear in the commutator term in eq. (81.31).

Since it 1s this commutator term that 1s responsible for the interaction of the gluons, the U(1) field 1s a
free field.

Therefore, any scattering amplitude involving the associated particle (which we will call the fictitious
photon) must be zero.



Thus, if we write a scattering amplitude in the form of eq. (81.2), and replace one of
the T#’s with the identity matrix, the result must be zero.

This decoupling of the fictitious photon allows us to use the much simpler completeness relation
(T*) (Tt = 66,7 — L6796, (8132)
in place of eq. (81.30).

There 1s no need to subtract the U(1) generator from the sum over the generators, as we did in eq.
(81.30), because the terms involving it vanish anyway.

The decoupling of the fictitious photon is useful in another way.

Let us apply it to the case of n =4, and set T4 ¢ I in eq. (81.2).

Then we have

0 = Tr(TT2T%) [A(l, 2,3,4) + A(1,2,4,3) + A(1,4,2, 3)]
(81.33)
+ Te(T"T*T) [A(1,3,2,4) + A(1,3,4,2) + A(1,4,3,2)] .

The content of each square bracket must vanish.

Requiring this of the first term yields
A(1,2,3,4) = — A(1,2,4,3) — A(1,4,2,3) . (81.34)



Assigning some helicities, this reads
A(17,2%7,37,47) = — A(17,21,47,37) - A(17,47,27,37). (81.35)

Note that we have now expressed a partial amplitude with nonadjacent negative helicities in terms of
partial amplitudes with adjacent negative helicities, which we have already calculated.

Thus we have

A(17,27,37,4%) = —

(31)* (31)*
BI)(12)(24)(43) T B1)(14)(42)(23)

- (13)° 1 1
24 >[<12< T ><23>]

)(34)
(13)° [{14)(23) + (1 ><34>]
(24) 1 (12)(34)(14)(23)
(1

_ {131 —(13)(42) ] (81.36)
(24) [(12)(34)(14)(23)

where the last line follows from the so-called Schouten identity..

A final clean-up yields
(13)*
(12)(23)(34)(41)

A(17,27,37,4T) = (81.37)



Now that we have all the partial amplitudes, we can compute the color- summed |TI2.

There are only three partial amplitudes that are not related by either cyclic permutations, eq. (81.3), or
reflections, eq. (81.9); we can take these to be

As = A(1,2,3,4) , (81.38)
A4 = A(173747 2) ) (81.39)

Ay = A(1,4,2,3) (81.40)

where the subscript on the left-hand side is the third argument on the right-hand side. (Switching the
second and fourth arguments 1s equivalent to a reflection and a cyclic permutation, and so leaves the
partial amplitude unchanged.)

This mimics the notation we used at the end of section 80, and we can apply our result from there to the

color sum,
E |T|2 — 2N2(]\72—1)g4 E |Aj|2 +4N294( E A;‘)( E Ag) , (81.41)
y :

colors 7 k

where 1 and k are summed over 2, 3, 4. In the present case, however, eq. (81.34) is equivalent
to 2_;A; = 0 ,so the second term in eq. (81.41) vanishes.

Our result for the color-summed squared amplitude 1s then

SOITP = 2N*(N?-1)g* (| 4al* + | As|* + |Aa]?) . (81.42)

colors



For the case where 1 and 2 are the incoming gluons, and 3 and 4 are the outgoing gluons, we can write

this in terms of the usual Mandelstam variables s = 812 = 834, t= $13 = S24, and u = s14 = 823 by recalling
that [<1 2)12 =1[1 2]I2 = Is12l, etc.

Let us take the case where gluons 1 and 2 have negative helicity, and 3 and 4 have positive helicity.

In this case, we see from eqs. (81.28) and (81.37) that the numerator in every nonvanishing partial
amplitude 1s <1 2)4.

Then we get

1 1 1
2 2
Zl:|7|1 o-3+4+ = 2N*(N?*—1)g*s (82t2 tooa Tt uQSg)- (81.43)
COl0rs

We can also sum over helicities.

There are six patterns of two positive and two negative helicities; —++ and ++—— yield a factor of s,
—+—+ and +—+— yield t4, and —++— and +—+ yield uv?.

The helicity sum 1s therefore

1 1 1
T12 = AN?(N?—=1)g*(s* + t* 4( )
C(;MJ | ( )g' (s +t +u) St H ot o

helicities

(81.44)

Of course, we really want to average (rather than sum) over the initial colors and helicities; to do so we
must divide eq. (81.44) by 4(N2—-1)2.



Next we turn to scattering of quarks and gluons.
We consider a single type of massless quark: a Dirac field in the N representation of SU(N ).
The lagrangian for this fieldis £ = z’@lD\Il, where the covariant derivative 1s D, = 0,— (ig/\/Z)Aﬂ.

Thus the color-ordered vertex factor is

iVH = (ig/V2)y* . (81.45)

To get the color factor, we use the double-line notation, with a single line for the quark.
As an example, consider the process of qq — gg (and its crossing-related cousins).

The contributing color-ordered tree diagrams are shown in fig. (81.2).

Figure 81.2: Color-ordered diagrams for gqq gg scattering. S

The corresponding double-line diagrams are shown 1in fig. (81.3); the quark is represented by a single
line, with an arrow direction that matches its charge arrow.



Figure 81.3: The double-line version
of fig. (81.2); the associated color Y

+
factor is (79379);,“.
2 - - 3 5 3

To get the color factor, we start with line 2, and follow the arrows backwards; the result is (7%37%4), .

Y
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The complete amplitude can then be written as
T = g*|(T™T*);," A(15,24,3,4) + (T™T*);," A(1,24,4,3)| , (81.46)
where A(1g,2,,3,4) is the appropriate partial amplitude.

The subscripts q and @ indicate the labels that correspond to an outgoing quark and outgoing antiquark,
respectively.

From our results for spinor electrodynamics in section 60, we know that a nonzero amplitude requires
opposite helicities on the two ends of any fermion line.

Consider, then, the case of 7_ y,),.

The partial amplitude corresponding to the diagrams of fig. (81.2) 1s



ig°A(17,27,3,4) = (ig/V2)*(1/9)[2|¢5(~#5/p3)¢4l1)

+ (ig/V2)[2l#5]1)iVass |

Suppose both gluons have positive helicity.

Then using

_ V2

(1](al + la) [kl )

we can get both lines of eq. (81.47) to vanish by choosing qz = q4 = p1.

Similarly, if both gluons have negative helicity, then using

V2
#-(ksa) = 77 (1Ml + la) (kT )

we can get both lines of eq. (81.47) to vanish by choosing gz = q4 = p».
So the gluons must have opposite helicities to get a nonzero amplitude.
Consider, then, the case of A3 = + and A4 = —.

We can get V345 to vanish by choosing gz = ks and g4 = k.

The partial amplitude 1s then given by just the first line of eq. (81.47),

8565 —> Zg'u‘u/slg .

(81.47)

(81.48)

(81.49)



A1y, 2;’ 37,47) = % 2|¢3+ (P +K)E4-11)/(—514) - (81.50)

With g3 = k4 and g4 = k3, we have

for = L0031+ BIGH) @150
fhe = o (10031 + 3¢ 8152

Using the 1dentity
= —Ip)lpl = p)(p| (81.53)

eq. (81.50) becomes
23] (41)[13](41)

~ 92T 3T 47) =
A(lq,Qq’B ’4 ) (43> [34]814

(81.54)

In the numerator, we use [1 3] 4 1) =—[2 3] <4 2).
In the denominator, we set s14 = s23 =<2 3) [3 2].

Then we multiply the numerator and denominator by <1 2), and use [2 3] <1 2) = —[4 3] <1 4) in the
numerator.

Finally we multiply both by <1 4), and rearrange to get



— ot ot 4—) —
A(l 2,,3",4 ) = (12)(23)(34)(4 1) (81.55)
An analogous calculation yields
ot e g4y (13)°(23)

The remaining nonzero amplitudes are related by complex conjugation.
Now that we have all the partial amplitudes, we can compute the color-summed ITI2.

To do so, we multiply eq. (81.46) by its complex conjugate, and use hermiticity of the generator matrices
to get

ST = g* | T(T°T"T°T%) (| 4s]* + |Ag?)
colors (81.57)

+ rI\I'(TaTbTaTb) (A§A4 + AZA3)] .
where A3 = A(15,2,,3,4) and Ay = A(1g,24,4,3).

The traces are easily evaluated with the double-line technique of section 80; because the fictitious photon
couples to the quark, we must use eq. (81.30) to project it out.

The traces 1n eq. (81.57) are also easily evaluated with the group- theoretic methods of section 70, with
the normalization that the index of the fundamental representation is one: T(N) = 1.



Either way, the results are

Te(TT°T°T?)

+(N?-1)%/N, (81.58)
—(N*-1)/N . (81.59)

Tr(TT°TT?)
The sum over the four possible helicity patterns (—++—, —+—+, +——+, +—+—) 1s straightforward.

Now that we have calculated these scattering amplitudes for quarks and gluons, an important questions
arises: why did we bother to do 1t?

Quarks and gluons are confined inside colorless bound states, the hadrons, and so apparently cannot
appear as incoming and outgoing particles in a scattering event.

To answer this question, suppose we collide two hadrons with a center- of-mass energy E = Vs large
enough so that the QCD coupling g 1s small when renormalized in the M S scheme with y= E. (In the
real world, we have a = g2/4w=0.12 for u= Mz =91 GeV.)

Then we can think of each hadron as being made up of a loose collection of quarks and gluons, and these
parts of a hadron, or partons, can be treated as independent participants in scattering processes.

In order to extract quantitative results for hadron scattering (maybe later), we need to know how each
hadron’s energy and momentum is shared among its partons.

This 1s described by parton distribution functions.



At present, these cannot be calculated from first principles, but they have to satisfy a variety of
consistency conditions that can be derived from perturbation theory, and that relate their values at
different energies.

These conditions are well satisfied by current experimental data.
82 Wilson Loops, Lattice Theory, and Confinement

In this section, we will construct a gauge-invariant operator, the Wilson loop, whose vacuum expectation
value (VEV for short) can diagnose whether or not a gauge theory exhibits confinement.

A theory 1s confining if all finite-energy states are invariant under a global gauge transformation.

U(1) gauge theory —quantum electrodynamics —is not confining, because there are finite-energy states
(such as the state of a single electron) that have nonzero electric charge, and hence change by a phase
under a global gauge transformation.

Confinement 1s a nonperturbative phenomenon; it cannot be seen at any finite order in the kind of
weak-coupling perturbation theory that we have been doing. (This 1s why we had no trouble calculating
quark and gluon scattering amplitudes.)

In this section, we will introduce lattice gauge theory, in which spacetime is replaced by a discrete set of
points; the inverse lattice spacing 1/a then acts as an ultraviolet cutoff (see section 29).

This cutoff theory can be analyzed at strong coupling, and, as we will see, in this regime the VEV of the
Wilson loop is indicative of confinement.



The outstanding question 1s whether this phenomenon persists as we simultaneously lower the coupling
and increase the ultraviolet cutoff (with the relationship between the two governed by the beta function),

or whether we encounter a phase transition, signaled by a sudden change in the behavior of the Wilson
loop VEV.

We take the gauge group to be SU(N ).

Consider two spacetime points x# and x# + €#, where € 1s infinitesimal.

Define the Wilson link
W (z+e,x) = expligetA,(z)] , (82.1)

where A,(x) 1s an N x N matrix-valued traceless hermitian gauge field.

Since € 18 infinitesimal, we also have

W(z+e,z) = I +igetA, (x) + O(e?) . (82.2)
Let us determine the behavior of the Wilson link under a gauge transformation.

Using the gauge transformation of A,(x) from section 69, we find

W(z+e,z) — 1 +igeU(x)A,(2)UT (z) — e*U(2)0, U (z) , (82.3)

where U(X) 1s a spacetime-dependent special unitary matrix.

Since UUT = 1, we have —U 0,U 1 = +(d,U )UT; thus we can rewrite eq. (82.3) as



W(z+e, x) — ((1 + 5”8N)U(:13))UT(:1:) +igeU(x) A, (z)UT () . (82.4)

In the first term, we can use (1 + €40,)U(x) = U(x+¢€) + O(e2).

In the second term, which already contains an explicit factor of €#, we can replace U(x) with U(x+¢€) at
the cost of an O(€2) error.

Th t
TS W (z+e,z) — Uz+e)(1+iget A,(2) ) U' () (82.5)

which is equivalent to
W(z+e,z) — U(z+e)W (z+e,2)UT (z) . (82.6)
Note also that eq. (82.1) implies Wi(x+¢€, X) = W (x—¢, X).
We can shift x to X + € at the cost of an O(€2) error, and so
Wi(x+e, z) = W(z, z+e) , (82.7)
which is consistent with eq. (82.6).

Now consider multiplying together a string of Wilson links, specified by a starting point x and n
sequential infinitesimal displacement vectors g;.

The ordered set of €’s defines a path P through spacetime that starts at x and ends aty = x +€; +. . . + €n.



The Wilson line for this path 1s

Wp(y,x) =W (y,y—¢en) ... W(x+e1+e2, z+e1)W(x+er, ) . (82.8)

Using eq. (82.6) and the unitarity of U(x), we see that, under a gauge transformation, the Wilson line
transforms as

Wp(y,z) — U(y)Wp(y,z)U'(z) . (82.9)

Also, since hermitian conjugation reverses the order of the product in eq. (82.8), using eq. (82.7) yields
Wy, z) = W_p(z,y) , (82.10)

where —P denotes the reverse of the path P.
Now consider a path that returns to its starting point, forming a closed, oriented curve C in spacetime.

The Wilson loop 1s the trace of the Wilson line for this path,
We=TrWe(z,x) . (82.11)

Using eq. (82.9), we see that the Wilson loop 1s gauge invariant,

We — We . (82.12)
Also, eq. (82.10) implies

WL =W_c, (82.13)



where —C denotes the curve C traversed in the opposite direction.
To gain some intuition, we will calculate {OIWclO) for U(1) gauge theory, without charged fields.
This 1s simply a free-field theory, and the calculation can be done exactly.

In order to avoid dealing with i€ issues, it 1s convenient to make a Wick rotation to euclidean spacetime
(see section 29).

The action 1s then

S = / d'z 1F,,F,, (82.14)
where F,v = 0,Av— 0v Ay,
The VEV of the Wilson loop 1s now given by the path integral

(0[Wg|0) = / DA 9 $ @A ,—S (82.15)

If we formally 1dentify g fC dx s acurrent J,(x), we can apply our results for the path integral from
section 57.

After including a factor of 1 from the Wick rotation, we get



(0|W¢|0) = exp [—%gzédxﬂjédyy A (z—y)|, (82.16)

where 4,,(x—y) 1s the photon propagator in euclidean spacetime.

In Feynman gauge, we have

d4k‘ etk (z—y)

Ap(z—y) = o o2
3
= 5W4—7T/ i dk/ df sin?@ tklz—ylcost
(2m)* Jo
_ 5 47 /OO k3 dk wJy(k|lz—y|)
e (27T) k? klz—yl|
— 47r2(x_ / dUJl
= O 82.17
A2 (xz—y)? (82.17)

where J1(u) 1s a Bessel function.

Since A,u(x—y) depends only on x—y, the double line integral in eq. (82.16) will yield a factor of the

perimeter P of the curve C.



There 1s also an ultraviolet divergence as x approaches y; we will cut this off at a length scale a.
The result is then
~ 2
(0[W¢|0) = exp[—(¢g°/a)P], (82.18)
where: € is a numerical constant that depends on the shape of C and the details of the cutoff procedure.

This behavior of the Wilson loop in euclidean spacetime —exponential decay with the length of the
perimeter —1is called the perimeter law.

It 1s indicative of unconfined charges.

We can gain more insight into the meaning of {OIWcl0) by taking C to be a rectangle, with length T in the
time direction and R in a space direction, where a « R « T . (Of course, in euclidean spacetime, the
choice of the time direction 1s an arbitrary convention.)

The reason for this particular shape is that the current g §C’ dr p corresponds to a point charge moving
along the curve C.

When the particle 1s moving backwards in time, the associated minus sign 1s equivalent to a change in
the sign of its charge.

So when we compute <0IWcl0y, we are doing the path integral in the presence of a pair of point charges
with opposite sign, separated by a distance R, that exists for a time T .



On general principles (see section 6), this path integral is proportional to exp(—EpaiT"), where Epair is
the ground-state energy of the quantum electrodynamic field in the presence of the charged particle pair.

We now turn to the calculation.

If both x and y are on the same side of the rectangle, we find

/ /L = dy =2L/a—2In(L/a) + O(1), (82.19)

where L is the length of the side (either R or T ), and the O(1) term is a numerical constant that depends
on the details of the short-distance cutoff.

If x and y are on perpendicular sides, the double line integral is zero, because then dx-dy = 0.
If x 1s on one short side and y on the other, the integral evaluates to R2/T2, and this we can neglect.

Finally, if x 1s on one long side and y is on the other, we have

/ / dz d'?i = =7T/R - 2In(T/R) - 2+ O(R*/T?) (82.20)

Adding up all these contributions, we find in the limit of large T that

}{ j[ d dy = (4/a - 2r/R)T + O(InT) (82.21)



Combining this with egs. (82.16) and (82.17), and setting a. = g2/45w, we find

20 Qo

(0| W |0) = exp[—(% _ E)T] | (82.22)

Comparing this with the general expectation <OlWcl0) o exp(—FEpairT’), we find a cutoff dependent

contribution to Ep.ir that represents a divergent self-energy for each point particle, plus the Coulomb
potential energy for the pair, V (R) = —a/R.

In the nonabelian case, where there are interactions among the gluons, we must expand everything in
powers of g.

Then we find

OWel0) = Te|1 = 3*T°T* § do, f dy Aula—) +06Y)| . @223

Since TaTa equals the quadratic Casimir C(N) for the fundamental representation (times an identity
matrix), we see that to leading order in g2 we simply reproduce the results of the abelian case, but with

g7 — g>C(N).
We can also consider a Wilson loop 1n a different representation by setting A, (x) = A2,(x)Tar .

Then, at leading order, we get a factor of C(R) instead of C(N).



Perturbative corrections can be computed via standard Feynman diagrams with gluon lines that, in
position space, have at least one end on the curve C.

Next we turn to a strong coupling analysis.
We begin by constructing a lattice action for nonabelian gauge theory.

Consider a hypercubic lattice of points in four-dimensional euclidean spacetime, with a lattice spacing a
between nearest-neighbor points.

The smallest Wilson loop we can make on this lattice goes around an elementary square or plaquette, as
shown 1n fig. (82.1).

2
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Figure 82.1: The minimal Wilson loop on a hypercubic lattice goes
around an elementary plaquette; this one lies in the 1-2 plane. Y ‘;: A

° . e 1

Let €1 and €2 be vectors of length a in the 1 and 2 directions, and let x be the point at the center of the
plaquette.

Using the center of each link as the argument of the gauge field, and using the lower-left corner as the
starting point, we have (multiplying the Wilson links from right to left along the path)

Wplaq — Ty e—igaAz (a:—€1/2)6—z'gaA1(:c+€2/2) 6—|-z'gaA2 (:1:+€1/2)e+z'gaA1 (xz—e2/2) . (82.24)



If we now treat the gauge field as smooth and expand in a, we get

Wplaq — Tre igaAsz(x)+iga®d1Az(x)/2+... e igaAi(z)—iga2da A1 (z)/2+...

X e+igaA2 (:L‘)+iga281A2(:z:)/2+... e'*‘igaAl(m)—iga262A1(a:)/2+m (8225)

Next we use eAeB = eA+B+ABI2+.. to combine the two exponential factors on the first line of eq. (82.25),
and also the two exponential factors on the second line.

Then we use this formula once again to combine the two results.

We get
Wplaq — rI\r e+iga2(81A2—82A1—z'g[Al,Ag])Jr... (8226)

?

where all fields are evaluated at x.

If we now take Wyiaq + W_plaq and expand the exponentials, we find
Wolaq + Weplaq = 2N — g*a* TrFE, + . . . | (82.27)

where Fi2 = 01A2 — 02A1—1g[ A1, Az] 1s the Yang—Mills field strength.

From eq. (82.27), we conclude that an appropriate action for Yang—Mills theory on a euclidean spacetime
lattice 1s
S = —@ > Whlaq 5 (82.28)

plaq



where the sum includes both orientations of all plaquettes.

Each Wy,q 1s expressed as the trace of the product of four special unitary N x N matrices, one for each
oriented link 1n the plaquette.

If U is the matrix associated with one orientation of a particular link, then UT is the matrix associated
with the opposite orientation of that link.

The path integral for this lattice gauge theory is

7 — f DU &5 (82.29)
where
DU = || dUtn , (82.30)
links

and dU 1is the Haar measure for a special unitary matrix.

The Haar measure is invariant under the transformation U — VU , where V 1s a constant special unitary

matrix, and is normalized via [ dU = 1; this fixes it uniquely.
For N = 3, it obeys
Y /dU U; =0, (82.31)
/ U ViUl = 0, (82.32)

/dU UijUy = ﬁéikéﬂ : (82.33)



which is all we will need to know.

Now consider a Wilson loop, expressed as the trace of the product of the U ’s associated with the
oriented links that form a closed curve C.

For simplicity, we take this curve to lie in a plane.

We have
(0|W¢|0) = Z_I/DU Wee™ . (82.34)

We will evaluate eq. (82.34) in the strong coupling limit by expanding -5 in powers of 1/g2.

At zeroth order, e=S — 1; then eq. (82.31) tells us that the integral over every link in C vanishes.
To get a nonzero result, we need to have a corresponding UT from the expansion of e-S.

This can only come from a plaquette containing that link.

But then the integral over the other links of this plaquette will vanish, unless there is a compensating U
for each of them.

We conclude that a nonzero result for OIWCI0) requires us to fill the interior of C with plaquettes from
the expansion of €S,

Since each plaquette 1s accompanied by a factor of 1/g2, we have



2\A/a?
(0[Wel0) ~ (1/g%)4" (82.35)
where A 1s the area of the surface bounded by C, and A/a? is the number of plaquettes in this surface.

Eq. (82.35) yields the area law for a Wilson loop,

(0|Wc|0) o e™ ™4, (82.36)

where
T =c(9)/a (82.37)
1s the string tension.
In the strong coupling limit, c(g) = In(g2) + O(1).
The area law for the Wilson loop implies confinement.
To see why, let us again consider a rectangular loop with area A =RT .

Comparing eq. (82.36) with the general expectation (OIWcl0) <> exp(—EpairT"), we see that
Epair — V (R) =T R.

This corresponds to a linear potential between nonabelian point charges in the fundamental
representation.



It takes an infinite amount of energy to separate these charges by an infinite distance; the charges are
therefore confined.

The coefficient T of R in V (R) 1s called the string tension because a linear potential 1s what we get from

two points joined by a string with a fixed energy per unit length; the energy per unit length of a string 1s
its tension.

The string tension T is a physical quantity that should remain fixed as we remove the cutoff by
lowering a.

Thus lowering a requires us to lower g.
The outstanding question 1s whether ¢(g) reaches zero at a finite, nonzero value of g.
If so, at this point there 1s a phase transition to an unconfined phase with zero string tension.

This has been proven to be the case for abelian gauge theory (which also exhibits an area law at strong
coupling, by the identical argument).

In nonabelian gauge theory, on the other hand, analytic and numerical evidence strongly suggests that
c(g) remains nonzero for all nonzero values of g.

At small a and small g, the behavior of g as a function of a is governed by the beta function,
B(g) = —a dg/da. (The minus sign arises because the ultraviolet cutoff is a=!.)

Requiring T to be independent of a yields



d(9) = —5B8(g)c(y) - (82.38)
At small g, we have
B(g) = —b1g® + O(¢°) , (82.39)

thewhere bl = 11N/48n2 for SU(N ) gauge theory without quarks. Solving for
c(g) yields

c¢(g) = Cexp(1/b1g%) , (82.40)

where C is an integration constant, which is nonzero if there is no phase
transition. In this case, at small g, the string tension has the form

T = Cexp(l/blgz)/a2 : (82.41)
We then want to take the continuum limit of a — 0 and g — 0 with T held fixed.
Note that eq. (82.41) shows that the string tension, at weak coupling, 1s not analytic in g, and so cannot
be computed via the Taylor expansion in g that i1s provided by conventional weak-coupling perturbation

theory.

Instead, the path integrals of eqgs. (82.29) and (82.34) can be performed on a finite-size lattice via
numerical integration.

The limiting factor in such a calculation 1s computer resources.



83 Chiral Symmetry Breaking

In the previous section, we discussed confinement in Yang—Mills theory without quarks.

In the real world, there are six different flavors of quark; see Table 1.

name symbol mass Q
Table 1: The six flavors of quark. Each flavor is represented by a Dirac (GeV)
field in .the 3. representation of the color group SU(3). Q 1s the electric - up U 0.0017 +2/3
charge in units of the proton charge. Masse&re approxupate, and are M S down d 0.0039 —1/3
parameters. For the u, d, anq s quarks, the AfS scale pu is taken tg be 2 GeV. strange s 0076 —1 /3
For the ¢, b, and t quarks, u is taken to be equal to the corresponding mass;
e.g., the bottom quark mass is 4.3 GeV when y =4.3 GeV. charm € 1.3 +2/3
bottom b 43 —1/3
top t 178  +2/3

Each flavor has a different mass, and 1s represented by a Dirac field in the fundamental or 3
representation of the color group SU(3).

Such a Dirac field 1s equivalent to two left-handed Weyl fields, one in the fundamental representation,
and one 1n the antifundamental or 3 representation.

The lightest quarks are the up and down quarks, with masses of a few MeV.
These masses are small, in the following sense.

The gauge coupling g of QCD becomes large at low energies.



If we truncate the beta function after some number of terms (in practice, four or fewer), and integrate 1it,
we find that g becomes infinite at some finite, nonzero value of theM S  parameter y; this value is
called Aqcp.

Measurements of the strength of the gauge coupling at high energies imply Aqcp ~ 0.2 GeV.

The up and down quark masses are much less than Aqcp.
We can therefore begin with the approximation that the up and down quarks are massless.
The mass of the strange quark is also somewhat less than Aqcp.

It 1s sometimes useful (though clearly less justified) to treat the strange quark as massless as well.

If we are interested in hadron physics at energies below~1 GeV, we can ignore the charm, bottom, and
top quarks entirely; we will also 1gnore the strange quark for now.

Let us, then, consider QCD with nr = 2 flavors of massless quarks.

We then have left-handed Weyl fields yqi, where a. =1, 2, 3 1s a color index for the 3 representation, and
1=1, 2 1s a flavor index, and left-handed Weyl fields & o where o =1, 2, 3 is a color index for the 3
representation, and 3 =1, 2 1s a flavor index; we distinguish this flavor index from the one for the ’s by
putting a bar over it, and we write it as a superscript for later notational convenience.

We suppress the undotted spinor index carried by both % and &.



The lagrangian is
L =ix'* 6*(Dy)o” xpi + i€l (D) g €7 — JF*™F, (83.1)
where D, =9, —igT3 A}, and D,=9,— 1913 A}, with (Tg)f“a = —(T{”)@O‘:

In addition to the SU(3) color gauge symmetry, this lagrangian has a global U(2) x U(2) flavor
symmetry: £ 1s invariant under

Xai — Lij Xaj s (83.2)
£ — (R*)' ;€Y (83.3)

where L and R* are independent 2 x 2 constant unitary matrices. (The complex conjugation of R 1s a
notational convention that turns out to be convenient.)

In terms of the Dirac field

Vi = (Xf i : (83.4)
&ai
eqs. (83.2) and (83.3) read
P.¥, — LP.V,,, (83.5)
PV, — RI7P¥,;, (83.6)

where PLRr = 172 (1 Ys).



Thus the global flavor symmetry is often called U(2)L x U(2)r.
A symmetry that treats the left- and right-handed parts of a Dirac field differently is said to be chiral.

However, there 1s an anomaly 1n the axial U(1) symmetry corresponding to L = R* = ei¢] (which is
equivalent to ¥ — e-1v> ¥ for the Dirac field).

Thus the nonanomalous global flavor symmetry is SU(2)L, x SU(2)r x U(1)v, where V stands for vector.

The U(1)v transformation corresponds to L = R= e-i%I or equivalently ¥ — e-iayf

The corresponding conserved charge 1s quark number , the number of quarks minus the number of
antiquarks; this 1s one third of the baryon number, the number of baryons minus the number of
antibaryons. (Baryons are color-singlet bound states of three quarks; the proton and neuton are baryons.
Mesons are color-singlet bound states of a quark and an antiquark; pions are mesons.)

Thus, U(1)v results in classification of hadrons by their baryon number.
How is the SU(2)L x SU(2)r symmetry realized in nature?

The vector subgroup SU(2)v, obtained by setting R = L in eq. (83.3), i1s known as 1sotopic spin or
1sospin symmetry.



Hadrons clearly come in representations of SU(2)v: the lightest spin-one-half hadrons (the proton, mass
0.938 GeV, and the neutron, mass 0.940 GeV) form a doublet or 2 representation, while the lightest
spin-zero hadrons (the 70, mass 0.135 GeV, and the 7w+, mass 0.140 GeV) form a triplet or 3
representation.

Isospin 1s not an exact symmetry; it 1s violated by the small mass difference between the up and down
quarks, and by electromagnetism.

Thus we see small differences in the masses of the hadrons assigned to a particular isotopic multiplet.

The role of the axial part of the SU(2)L. x SU(2)r symmetry, obtained by setting R= LT in eq. (83.3), 1s
harder to identify.

The hadrons do not appear to be classified into multiplets by a second SU(2) symmetry group.

In particular, there 1s no evidence for a classification that distinguishes the left- and right-handed
components of spin-one-half hadrons like the proton and neutron.

Reconciliation of these observations with the SU(2)1, x SU(2)r symmetry of the underlying lagrangian is
only possible if the axial generators are spontaneously broken.

The three pions (which have spin zero, odd parity, and are by far the lightest hadrons) are then identified
as the corresponding Goldstone bosons.

They are not exactly massless (and hence are sometimes called pseudogoldstone bosons) because the
SUR2)L x SU(2)r symmetry 1s, as we just discussed, not exact.



To spontaneously break the axial part of the SU(2)L x SU(2)r, some operator that transforms nontrivially
under it must acquire a nonzero vacuum expectation value, or VEV for short.

To avoid spontaneous breakdown of Lorentz invariance, this operator must be a Lorentz scalar, and to
avold spontaneous breakdown of the SU(3) gauge symmetry, it must be a color singlet.

Since we have no fundamental scalar fields that could acquire a nonzero VEV, we must turn to composite
fields 1nstead.

The simplest candidate is X%, = WY P, ¥,,;, where a is an undotted spinor index. (The product of
two fields 1s generically singular, and a renormalization scheme must be specified to define it.)

We assume that

(0|x%:£5710) = —v°6;7 (83.7)

where v 1s a parameter with dimensions of mass.

Its numerical value depends on the renormalization scheme; for M.S with y =2 GeV, v = 0.23 GeV.

To see that this fermion condensate does the job of breaking the axial generators of SU(2)L x SUQ2)r
while preserving the vector generators, we note that, under the transformation of eqs. (83.2) and (83.3),

(01x&:€2710) — Li*(R™Ya(0lxgx€5™[0)

_ (83.8)
— —v3(LRN,



where we used eq. (83.7) to get the second line.

If we take R = L, corresponding to an SU(2)v transformation, the right-hand side of eq. (83.8) is
unchanged from its value in eq. (83.7).

This signifies that SU(2)v [and also U(1)v] 1s unbroken.

However, for a more general transformation with R # L, the right-hand side of eq. (83.8) does not match
that of eq. (83.7), signifying the spontaneous breakdown of the axial generators.

Eq. (83.7) 1s nonperturbative: <O|X3 iggi |()> vanishes at tree level.
Perturbative corrections then also vanish, because of the chiral flavor symmetry of the lagrangian.

Thus the value of v is not accessible in perturbation theory.

On general grounds, we expect U ~ Aqcp, since Aqcp i1s the only mass scale in the theory when the

quarks are massless.

Similarly, Aqcp sets the scale for the masses of all the hadrons that are not pseudogoldstone bosons,
including the proton and neutron.

We can construct a low-energy effective lagrangian for the three pseudogoldstone bosons (to be
1dentified as the pions) in the following way.



We allow the orientation in flavor space of the VEV of Xa;Sa 7 to vary slowly asa function of
spacetime. |

That 1s, in place of eq. (83.7), we write

(0]xG:i(2)€57(2)|0) = —v°U(z) , (83.9)
where U(X) 1s a spacetime dependent unitary matrix.

We can write 1t as

U(x) = exp|2in®(z)T?/ fr] , (83.10)

where T2 = 1/2 o2 with a =1, 2, 3 are the generator matrices of SU(2), ma(x) are three real scalar fields to
be identified with the pions, and fr 1s a parameter with dimensions of mass, the pion decay constant.

We do not include a fourth generator matrix proportional to the identity, since the corresponding field
would be the Goldstone boson for the U(1)a symmetry that 1s eliminated by the anomaly.

Equivalently, we require det U(x) = 1.
We will think of U(x) as an effective, low energy field.

Its lagrangian should be the most general one that is consistent with the underlying SU(2)L x SUQ2)r
symmetry.

Under a general SU(2)L x SU(2)r transformation, we have



U(z) — LU (z)R', (83.11)
where L and R are independent special unitary matrices.

We can organize the terms in the effective lagrangian for U(X) (also known as the chiral lagrangian) by
the number of derivatives they contain.

Because UTU = 1, there are no terms with no derivatives.

There 1s one term with two (all others being equivalent after integrations by parts),
L=-1f2Tro*U'o,U . (83.12)

If we substitute in eq. (83.10) for U, and expand in inverse powers of fr , we find
L=—10'rd,m" + %f;z(waﬂaa“ﬂbaﬂwb — oo, ) ... . (83.13)

Thus the pion fields are conventionally normalized, and they have interactions that are dictated by the
general form of eq. (83.12).

These interactions lead to Feynman vertices that contain factors of momenta p divided by fx.
Therefore, we can think of p/f; as an expansion parameter.

Of course, we should also add to £ all possible inequivalent terms with four or more derivatives, with
coefficients that include inverse powers of f;.



These will lead to more vertices, but their effects will be suppressed by additional powers of p/fx.

Comparison with experiment then yields f = 92.4 MeV. (In practice, the value of f; 1s more readily
determined from the decay rate of the pion via the weak interaction; see section 90)

This value for f; may seem low; it is, for example, less than the mass of the “almost masless™ pions.

However, it turns out that tree and loop diagrams contribute roughly equally to any particular process if
each extra derivative in £ 1s accompanied by a factor of (4 f) ! rather that f; -1 , and each loop

momentum 1s cut off at 47 fx.

Thus 1t 1s 47tfmt ~ 1 GeV that sets the scale of the interactions, rather than f; ~ 100 MeV.

Now let us consider the effect of including the small masses for the up and down quarks.

The most general mass term we can add to the lagrangian is
Linass = —faijiXai + h.c.
= —M;xai€ + hec. (83.14)
= —Tr Mx.£“ + h.c.,

where M 1s a complex 2 x 2 matrix.

By making an SU(2)L, x SU(2)r transformation, we can bring M to the form



v 0 .
M = (m e 0/2 (83.15)
0 my

where my and my are real and positive.
We cannot remove the overall phase 0, however, without making a forbidden U(1)a transformation.
A nonzero value of 0 has physical consequences, as we will discuss in section 94.

For now, we note that experimental observations fix 10l < 10-9, and so we will set O = 0 on this
phenomenological basis.

Next, we replace Y«E® in eq. (83.14) with its spacetime dependent VEV, eq. (83.7).

The result is a term 1n the chiral lagrangian that incorporates the leading effect of the quark masses,
Lrnass = v° Te(MU + M'UT) . (83.16)

Here we continue to distinguish M and MT, even though, with O = 0, they are the same matrix.

If we think of M as transforming as M — RMLT, while U transforms as U — LURT, then Tr MU 1s
formally invariant.

We then require all terms in the chiral lagrangian to exhibit this formal invariance.



If we expand Lmass 1n inverse powers of  fr ,and use MT =M , we find
Lonass = —4(03/f2) Te(MT*T®)n%° + . ..

= —2(v°/fA) Tr(M{T*, T°V )=’ + ... (83.17)
— (v fA)(Tr M)mon® + ... .

We used the SU(2) relation {T2,Tv}=1/202b to get the last line.

From eq. (83.17), we see that all three pions have the same mass, given by the
Gell-Mann—QOakes—Renner relation,

m2 = 2(my, + mg)v3/f%. (83.18)

™

On the right-hand side, the quark masses and v3 depend on the renormalization scheme, but their product

does not.
In the real world, electromagnetic interactions raise the mass of the = slightly above that of the 0.

This framework is easily expanded to include the strange quark.

The three pions (it , 7t-, mass 0.140 GeV; %, mass 0.135 GeV), the four kaons (K+, K-, mass 0.494
GeV; K9, KO mass 0.498 GeV), and the eta (1, mass 0.548 GeV) are identified as the eight expected
Goldstone bosons.



We can assemble them into the hermitian matrix
/770 4+ %77 Vont VoK T \
[I=nT")fr = i V2n— —m9+ %n V2K° |, (83.19)
\ V2KT  V2K? e

The second line of eq. (83.17) still applies, but now the T2’s are the generators of SU(3), and M includes
a third diagonal entry for the strange quark mass(The details are straightforward).

Next we turn to the coupling of the pions to the nucleons (the proton and neutron).

We define a Dirac field Ni, where N = p (the proton) and N2 = n (the neutron).

We assume that, under an SU(2)L x SU(2)r transformation,
P.N; — L;’P.Nj, (83.20)
Py N; — R;7PyN;. (83.21)

The standard Dirac kinetic term jN@N 1is then SU(2)L x SU(2)r invariant, but the standard mass
term mp NN 1s not. (Here my is the value of the nucleon mass in the limit of zero up and down quark
masses.)

However, we can construct an invariant mass term by including appropriate factors of U and UT,



Linass = _mNN(UTPL + UPR)N : (83.22)
There 1s one other parity, time-reversal, and SU(2)L x SU(2)r invariant term with one derivative.

Including this term, we have

L =iNIN —myNU'P, + UP;)N 8323
— Yga—1)iNy*(U8,U'P, + U9, UP)N ,

where ga = 1.27 1s the axial vector coupling.

Its value 1s determined from the decay rate of the neutron via the weak interaction; see section 90.

The form of the lagrangian in eq. (83.23) is somewhat awkward.

It can be simplified by first defining

u(z) = explin®(z)T/ fr], (83.24)
so that U (x) = u2(x).
Then we define a new nucleon field

N = (uTPL + uPR)N . (83.25)

This 1s a field redefinition.



Equivalently, using the unitarity of u, we have

N = (uP, + u' PN . (83.26)

Using eq. (83.26) in eq. (83.23), along with the identities 8,U = (8 u)u 4 u(0,w), (Buut)u = —ul(8,u),
etc., we ultimately find

L =iNIN —myNN + NYN — gy NgvsN (83.27)

where we have defined the hermitian vector fields

v, = Siful(9,u) + u(0,ul)], (83.28)
a, = Sifu'(9,u) — u(d,u)] (83.29)
If we now expand u and u' in inverse powers of fx, we get
L =iNIN — mNNN + (ga/ fz)0um NT Py N + ... . (83.30)
We can integrate by parts in the interaction term to put the derivative on the fields.

Then, if we consider a process where an off-shell pion is scattered by an on-shell nucleon, we can use the
Dirac equation to replace the derivatives of A and N/ with factors of mx.

We then find a coupling of the pion to an on-shell nucleon of the form



L v = —z’gﬂNNﬂa/_V’aa’}gN, (83.31)
where we have set T2 =1/202, and 1dentified the pion-nucleon coupling constant,

9. 7n = 9gamn/ fr . (83.32)

The value of 9NN can be determined from measurements of the neutron-proton scattering cross
section, assuming that it is dominated by pion exchange; the resultis 9,y = 13.5.

Eq. (83.32), known as the Goldberger—Treiman relation, 1s then satisfied to within about 5%.
84 Spontaneous Breaking of Gauge Symmetries

Consider scalar electrodynamics, specified by the lagrangian
L =—(D"¢)'Dyp —V(p) — $F*Fp , (84.1)
where @ 1s a complex scalar field, D, = d,— 1gA,,, and

V(p) =m*oTo+ tA(pTp)? . (84.2)

(We call the gauge coupling constant g rather than e because we are using this theory as a formal
example rather than a physical model.)

So far we have always taken m? > 0, but now let us consider m2 < 0.



We analyzed this model in the absence of the gauge field in section 32.

Classically, the field has a nonzero vacuum expectation value (VEV for short), given by

(Ole(@)0) = v, (84.3)

where we have made a global U(1) transformation to set the phase of the VEV to zero, and

v = (4lm?|/A)Y? . (84.4)
We therefore write
p(x) = %(v + p(:z:))e_iX(“’)/” : (84.5)

where p(Xx) and x(x) are real scalar fields.
The scalar potential depends only on p, and is given by
V(p) = 1 0%p* 4+ 12vp° + {6 Ap" . (84.6)

Since y does not appear in the potential, it 1s massless; it 1s the Goldstone boson for the spontaneously
broken U(1) symmetry.

The big difference in the gauge theory is that we can make a gauge transformation that shifts the phase of
@(x) by an arbitrary spacetime function.

We can use this gauge freedom to set ¥ (x) = 0; this choice is called unitary gauge.



Using eq. (84.5) with x(x) =0 1n eq. (84.1), we have

(D) Dy = —1(8"p +ig(v + p)A*)(Bup — ig(v + p)A,)

) L 5 (84.7)
= —50"p0up — 59" (v + p)°AFA,, .
Expanding out the last term, we see that the gauge field now has a mass
M =gv. (84.8)

This 1s the Higgs mechanism: the Goldstone boson disappears, and the gauge field acquires a mass.

Note that this leaves the counting of particle spin states unchanged: a massless spin-one particle has two
spin states, but a massive one has three.

The Goldstone boson has become the third or longitudinal state of the now-massive gauge field.
A scalar field whose VEV breaks a gauge symmetry is generically called a Higgs field.
This generalizes 1n a straightforward way to a nonabelian gauge theory.

Consider a complex scalar field ¢ in a representation R of the gauge group.

The kinetic term for ¢ is -(D,@)'D,¢, where the covariant derivative is (Du@); = Oupi —iga A%L(TE) 5,

and the indices 1 and j run from 1 to d(R).

We assume that ¢ acquires a VEV



(0]¢p; (x)|0) = %vi , (84.9)
where the value of v; 1s determined (up to a global gauge transformation) by minimizing the potential.

If we replace ¢ by its VEV 1n -(D,®)™D, ¢, we find a mass term for the gauge fields,
Emass — _%(Mz)abAa'qu ) (84.10)

where the mass-squared matrix 1s
(M2)ab = %92’0: Tg,Tg}w’l}] . (8411)

The anticommutator appears because A#Ab, is symmetric on a <» b, and so we replaced T2rTPr with
1/2 {Tag , Tor}.

If the field ¢ 1s real rather than complex (which 1s possible only if R is a real representation), then we

remove the factor of root-two from the right-hand side of eq. (84.9), but this is compensated by an extra
factor of one-half from the kinetic term for a real scalar field; thus eq. (84.11) holds as written.

If there 1s more than one gauge group, then the g2 in eq. (84.11) is replaced by gagp, where g, 1s the

coupling constant that goes along with the generator T2, and all generators of all gauge groups are
included in the mass-squared matrix.



Recall from section 32 that a generator T 1s spontaneously broken if (Tar);; v; # 0.

From eq. (84.11), we see that gauge fields corresponding to broken generators get a mass, while those
corresponding to unbroken generators do not.

The unbroken generators (if any) form a gauge group with massless gauge fields.
The massive gauge fields (and all other fields) form representations of this unbroken group.
Let us work out some simple examples.

Consider the gauge group SU(N ), with a complex scalar field ¢ in the fundamental representation.

We can make a global SU(N ) transformation to bring the VEV entirely into the last component, and
furthermore make it real.

Any generator (T?)i that does not have a nonzero entry in the last column will remain unbroken.

These generators form an unbroken SU(N—-1) gauge group.

There are three classes of broken generators: those with (T2);N =1/2 for 1 # N (there are N—1 of these);
those with (T2);N = —1/2 i for i # N (there are also N—1 of these), and finally the single generator TV 21
= [2N(N-1)]-12 diag(1, . .., 1,—(N-1)).



The gauge fields corresponding to the generators in the first two classes get a mass M = 1/2 gv; we can

group them into a complex vector field that transforms in the fundamental representation of the unbroken
SU(N—-1) subgroup.

The gauge field corresponding to TV 2-1 gets a mass M = [(N-1)/2N 172 gv; it 1s a singlet of SU(N-1).
Consider the gauge group SO(N ), with a real scalar field in the fundamental representation.
We can make a global SO(N ) transformation to bring the VEV entirely into the last component.

Any generator ('T?) ;J that does not have a nonzero entry in the last column will remain unbroken.

These generators form an unbroken SO(N-1) subgroup. There are N—1 broken generators, those with
(T2) iN=—1fori#N .

The corresponding gauge fields get a mass M= guv; they form a fundamental representation of the
unbroken SO(N-1) subgroup.

In the case N = 3, this subgroup 1s SO(2), which is equivalent to U(1).

Consider the gauge group SU(N ), with a real scalar field @2 in the adjoint representation.

It will prove more convenient to work with the matrix-valued field @ = ¢2Ts; the covariant derivative of
Qis D, P =w,P — 1gAy,[T2,P], and the VEV of ¢ 1s a traceless hermitian N x N matrix V .



Thus the mass-squared matrix for the gauge fields 1s (M?2)ab = —1/2 g2 Tr{[T?,V], [T®,V]}.
We can make a global SU(N ) transformation to bring V into diagonal form.

Suppose the diagonal entries consist of Nj v1’s, followed by N2 v2’s, etc., where v < V2 < . . .,
and > iN;v; = 0.

Then all generators whose nonzero entries lie entirely within the ith block commute with V , and hence
form an unbroken SU(N1) subgroup.

Furthermore, the linear combination of diagonal generators that i1s proportional to V also commutes with
V , and forms a U(1) subgroup.

Thus the unbroken gauge group is SU(N1) X SU(N2) x ... x U(1).

The gauge coupling constants for the different groups are all the same, and equal to the original SU(N )
gauge coupling constant.

As a specific example, consider the case of SU(5), which has 24 generators.

Let the diagonal entries of V be given by (-1/3 —~1/3 —~1/3 ,+1/2 ,+1/2 )v.

The unbroken subgroup 1s then SU(3) x SU(2) x U(1).

The number of broken generators is 24 -8 -3 -1 =12.



The generator of the U(1) subgroup 1s T?4 = diag(—-1/3 ¢,—1/3 ¢,—1/3 ¢, +1/2 ¢, +1/2 ¢), where c2 = 3/5.

Under the unbroken SU(3) x SU(2) x U(1) subgroup, the 5 representation of SU(S) transforms as
5— (3,1,—3) @ (1,2, +5) . (84.12)

Here the last entry is the value of T24/c.

The 5 of SU(5) then transforms as

5— (3,1,+3)®(1,2,—3) . (84.13)

To find out how the adjoint or 24 representation of SU(S) transforms under the SU(3) x SU(2) x U(1)
subgroup, we use the SU(S) relation

55=24d1. (84.14)
From eqgs. (84.12) and (84.13), we have

0® 5 — [(37 ]-a _%) D (13 27 +%)] ® [(33 ]-7 +%) D (1a 27 _%)] . (84'15)
If we expand this out, and compare with eq. (84.14), we see that

24 — (8,1,0) ®(1,3,0) & (1,1,0)

_ (84.16)
D (37 2) _%) D (37 27 +%) y



The first line on the right-hand side of eq. (84.16) is the adjoint representation of SU(3) x SU(2) x U(1);
the corresponding gauge fields remain massless.

The second line shows us that the gauge fields corresponding to the twelve broken generators can be
grouped into a complex vector field in the representation (3, 2,-5/6).

Since it 1s an irreducible representation of the unbroken subgroup, all twelve vectors fields must have the
same mass.

This mass 1s most easily computed from (M2)#* =—g2 Tr([ T4, V][ T4, V]), where we have defined (T4)1j
=1/2 (816 + 8148;); the result is M =5/(6v2) gu.

85 Spontaneously Broken Abelian Gauge Theory
Consider scalar electrodynamics, specified by the lagrangian
L =—(Dto)'Dyp — V(p) — tFHE,, (85.1)

where ¢ 1s a complex scalar field and D, = d,— 1gA,.

We choose

Vip) =
which yields a nonzero VEV for ¢.

|

AT — %vz)2 : (85.2)

We therefore write

o(x) = %(v + p(z))e~X@)/v (85.3)



where p(x) and y(x) are real scalar fields.

The scalar potential depends only on p, and 1s given by

1y,,2 2 1 3 1 4
V(p) = A0 + 72vp° + 750" .
We can now make a gauge transformation to set

x(z) =0.

This 1s unitary gauge.

The kinetic term for ¢ becomes

1 1 2 2

—(D*@)' Dy = —10"00,p — 3g° (v + p)*A*A,, .

We see that the gauge field has acquired a mass
M = gv .
The terms in £ that are quadratic in A, are
— 1 1 ar2
£() — —ZFMVFMV - §M AMAM .

The equation of motion that follows from eq. (85.8) 1s

[(—0% + M?)g" + 040"])A, = 0.

If we act with d, on tnis equauon, we get

M?9"A, =0 .

(85.4)

(85.5)

(85.6)

(85.7)

(85.8)

(85.9)

(85.10)



If we now use eq. (85.10) in eq. (85.9), we find that each component of A, obeys the Klein-Gordon

equation,

(0% + M?)A,=0. (85.11)

The general solution of egs. (85.9) and (85.10) 1s

Alz) = ), / dk [ (k)ax(k)e™ + & (k)a] (k)e~* , (85.12)

where the polarization vectors must satisfy ke (k) = 0.

In the rest frame, where k = (M, 0, 0, 0), we choose the polarization vectors to correspond to definite spin

along the Z axis, |
8+(O) — %(0717_270) :
e-(0) = -5(0,1,+4,0) , (85.13)
£0(0) = (0,0,0,1) .

More generally, the three polarization vectors along with the timelike unit vector k#/M form an
orthonormal and complete set,

k-el(k) =0, (85.14)

ex(k)-ex(k) = oy, (85.15)
e kAR

> & (R)EK(k) = ¢ + =7 . (85.16)

A=—0,+



Since the lagrangian of eq. (85.8) has no manifest gauge invariance, quantization 1s straightforward.

The coefficients a™)(k) and ax(k) become particle creation and annihilation operators in the usual way,
and the propagator of the A, field is given by

4 eik(a:—y) §
T @A W0 = [ G5 e Tadk B

B / d4k ez’k(:c—y) ( w k“ky>
T etz \ T mr )

(85.17)

The interactions of the massive vector field A, with the real scalar field o can be read off of eq. (85.6).
The self-interactions of the p field can be read off of eq. (85.4).

The resulting Feynman rules can be used for tree-level calculations.
Loop calculations are more subtle.

We have imposed the gauge condition ¥(Xx) = 0, which corresponds to inserting a functional delta
function [, d(x(z)) into the path integral.

In order to integrate over Yy, we must make a change of integration variables from Re ¢ and Im ¢ to o
and 7; this 1s simply a transformation from cartesian to polar coordinates, analogous to dxdy = rdrde.

So we must include a factor analogous to r in the functional measure; this factor 1s



[1(v+ o)) = det(v+p)
’ x det(1+v71p) (85.18)

R = -1
X /DEDC e nghfdélz C(1+'U p)C .
In the last line, we have written the functional determinant as an integral over ghost fields.

We see that they have no kinetic term, and we have chosen the overall normalization of their action so
that their mass 1s mgn, where mgh 18 an arbitrary mass parameter.

Thus the momentum-space propagator for the ghosts is simply A( kZ) —1 /m2h
oh

We also see that there 1s a ghost-ghost-scalar vertex, with vertex factor —-im2g,v-1, but there i1s no

interaction between the ghosts and the vector field.
This seems like a fairly convenient gauge for loop calculations, but there is a complication.

The fact that the ghost propagator is independent of the momentum means that additional internal ghost
propagators do not help the convergence of loop-momentum integrals.

The same is true of vector-field propagators; from eq. (85.17) we see that, in momentum space, the
propagator scales like 1/M? in the limit that all components of k become large.

Thus, in unitary gauge, loop diagrams with arbitrarily many external lines diverge.



This makes it difficult to establish renormalizability.

A gauge that does not suffer from this problem is a generalization of Rz gauge (and in fact this name has
traditionally been applied only to this generalization).

We begin by using a cartesian basis for o,

© = \/—('v + h + ib) , (85.19)

where h and b are real scalar fields.

In terms of h and b, the potential is
Vip) = i)\’UQhQ + %)\vh(h2 + bz) + 11_6)‘(h2 + b2)2 : (85.20)

and the covariant aerivauve or @ 1s
Dy = 5| (8uh + gbA,) +i(9ub — g(v+h)Ay))| - (8521)
Thus the kinetic term for ¢ becomes

—(D*) Dy = —3(0,h + gbA,)? — 1(8,b — g(v+h)AL)? . (85.22)
Expanding this out, and rearranging, we get
—(D*¢)'D,p = —10,h8,h — 10,b0,b — Sg°v* A*A, + guAFD,b
+ gA*(hd,b — bO,h) (85.23)
— gvhA*A, — Lg°(h® + b%) A*A,



The first line on the right-hand side of eq. (85.23) contains all the terms that are quadratic in the fields.
The first two are the kinetic terms for the h and b fields.

The third 1s the mass term for the vector field.

The fourth 1s an annoying cross term between the vector field and the derivative of b.

In abelian gauge theory, in the absence of spontaneous symmetry breaking, we fix Rz gauge by adding to
L the gauge-fixing and ghost terms

where G = 0#A,,, and O(x) parameterizes an infinitesimal gauge transformation,
A/_L — A/.L o 8;1,0 ) (85.25)

p — o —1g0p . (85.26)

With G = oA, we have 0G/00 = —92.
Thus the ghost fields have no interactions, and can be ignored.

In the presence of spontaneous symmetry breaking, we choose instead

G =0"A, — &gub (85.27)



which reduces to 0#A, when v = 0.

Multiplying out G2, we have

Lot = —5& 10MA,0A, + gubdFA, — 2€g°v°b
= —% ~LoMA,0"A,, — guA,0Mb — %592'0%2 :

(85.28)

where we integrated by parts in the first two terms to get the second line.

Note that the second term on the second line of eq. (85.28) cancels the annoying last term on the first line
of eq. (85.23).

Also, the last term on the second line of eq. (85.28) gives a mass E!2M to the b field.

We must still evaluate L.

To do so, we first translate eq. (85.26) into

h — h+ g6b , (85.29)
b—b—gl(v+h).
Then we have (85.30)
0G



From eq. (85.24) we see that the ghost lagrangian is

‘Cgh — —E[—82 + fngu('v + h)] C (85.32)

= —0"co,c — £g°viee — Egvhec .

We see from the second term that the ghost has acquired the same mass as the b field, £1/2M.
Now let us examine the vector field.
Including L,r , the terms in £ that are quadratic in the vector field can be written as

Lo =—3A,]g" (-0 + M?) + (1-¢1)9"0" | A, . (85.33)
In momentum space, this reads

Lo =—3Au(=k)[(K? + M?)g" + (1-£1)kHk" | A, (k) - (85.34)

The kinematic matrix 1s
| = 8 Mg (16 R

= (k% + M2) (P (k) + k"K"/K?) + (1-€ H)k"K? (85.35)

= (k* + M?)P" (k) + & (k* + EM)KMEY K



where Prv(k) = grv — krkv/k? projects onto the transverse subspace; Prv(k) and krkv/k? are orthogonal

projection matrices.

Using this fact, it 1s easy to invert eq. (85.35) to get the propagator for the massive vector field in Re
gauge,
~ PP (k kPEY/ k>

“ K2 M2—ic K2+ EM? —ic’ (85.36)

We see that the transverse components of the vector field propagate with mass M , while the longitudinal
component propagates with the same mass as the b and ghost fields, E1/2M.

Eq. (85.36) simplifies greatly if we choose € = 1; then we have

v

~ g:“
APk = e =1 (85.37)

On the other hand, leaving & as a free parameter allows us to check that all £ dependence cancels out of
any physical scattering amplitude.

Since their masses depend on &, the ghosts, the b field, and the longitudinal component of the vector field
must all represent unphysical particles that do not appear in incoming or outgoing states.

To summarize, in Re gauge we have the physical h field with mass-squared m?2, =1/2 Av? and propagator

1/(k2 + m2y), the unphysical b field with propagator 1/(k2? + EM?2), the ghost fields ¢ and ¢ with
propagator 1/(k? + EM2), and the vector field with the propagator of eq. (85.36).



For external vectors, the polarizations are still given by eq. (85.13), and obey the sum rules of eq.
(85.16).

The mass parameter M 1s given by M = gv.

The interactions of these fields are governed by

L1 = —3 h(h® +b%) — 2A(h* + %)
+ gA*(hO,b — b3, h) — gvhA*A,, — Lg°(h* + b°) AFA, (85.38)
— £g*vhéc .

It is interesting to consider the limit & — .

In this limit, the vector propagator in Rz gauge, eq. (85.36), turns into the massive vector propagator of
eq. (85.17),
B g,uz/ 4 k,uku/MQ

Al (k) = =5 T e =00 (85.39)

The b field becomes infinitely heavy, and we can drop it. (Equivalently, its propagator goes to zero.)

The ghost fields also become infinitely heavy, but we must be more careful with them because their
interaction term, the last line of eq. (85.38), also contains a factor of E.

The vertex factor for this interaction is—igg2v = —i(EM2)v-1.



Note that this is the same vertex factor that we found in unitary gauge for the interaction between the Q
field and the ghost fields; see eq. (85.18) and take m2g, = EM2.

Thus we cannot drop the ghost fields, but we can take their propagator to be 1/m2q, rather than
1/(k2 + m2gp), since k2 « m2gp= EM2 in the limit § — .

This 1s the ghost propagator that we found in unitary gauge.
We conclude that the R: gauge in the limit € — o is equivalent to unitary gauge.

Of course, in this limit, we reencounter the problems with divergent diagrams that led us to consider
alternative gauge choices 1n the first place.

For practical loop calculations, Rt gauge with € = 1 is typically the most convenient.

In the next section, we consider Re gauge for nonabelian theories.

86 Spontaneously Broken Nonabelian Gauge Theory

In the previous section, we worked out the lagrangian for a U(1) gauge theory with spontaneous
symmetry breaking in Rz gauge.

In this section, we extend this analysis to a general nonabelian gauge theory.



As 1n section 85, it will be convenient to work with real scalar fields.

We therefore decompose any complex scalar fields into pairs of real ones, and organize all the real scalar
fields into a big list ¢i,1=1,...,N.

These real scalar fields form a (possibly reducible) representation R of the gauge group.

Let T a be the gauge-group generator matrices that act on ¢; they are linear combinations of the
generators of the SO(N) group that rotates all components of ¢; into each other.

Because these SO(N) generators are hermitian and antisymmetric, so are the T#’s. Thus 1(T?2);; is a real,
antisymmetric matrix.

The lagrangian for our theory can now be written as

L=—-1DF¢D,p — V(¢) — 1P FS, (86.1)

where

(Du)i = 0udi — 19a A5 (T7)ij b5 (86.2)

is the covariant derivative, and the adjoint index a runs over all generators of all gauge groups.
Because ¢; and A, are real fields, and 1(T?);; 1s a real matrix, (D, @); is real.

Now we suppose that the potential V(¢) 1s minimized when ¢ has a VEV



(0l¢i(2)]0) = v .
A generator T2 is unbroken if (Ta);jv; =0, and broken if (Ta);jp; # 0.

Each broken generator results in a massless Goldstone boson.

(86.3)

To see this, we note that the potential must be invariant under a global gauge transformation,

V((1-i0°T%)¢) = V(¢9) .
Expanding to linear order in the infinitesimal parameter O, we find

oV

%(Ta)jkﬁbk =0.

We differentiate eq. (86.5) with respect to ¢k to get

2V v ..
06,09, (T%)jkor + 6753-(7 )ik =0.

Now set ¢i = vi; then dV/d@i vanishes, because ¢p1 = vi minimizes V().

Also, we can 1dentify

PV
09;0¢; "

(m?)s

:'Ui

(86.4)

(86.5)

(86.6)

(86.7)



as the mass-squared matrix for the scalars (after spontaneous symmetry breaking).

Thus eq. (86.6) becomes
(m*)i;(T%); = 0. (86.8)

We see that if T2v # 0, then T2v 1s an eigenvector of the mass-squared matrix with eigenvalue zero.
So there is a zero eigenvalue for every linearly independent broken generator.

Let us write

¢i(z) = vi + xi() , (86.9)
where y; 1s a real scalar field.
The covariant derivative of ¢ becomes
(Dud)i = Ouxi — 192 A% (T*)ij(v + X); (86.10)
It 1s now convenient to define a set of real antisymmetric matrices
(7%)ij = 194(T7)i5 , (86.11)

and the real rectangular matrix

F% = (’r“)ijfuj : (86.12)



We can now write

(D'uqb)z = OuXi — AZ(FG' -+ TaX)z' : (86.13)

The kinetic term for ¢ becomes

_%DN(pDuqﬁ — _%8MX2'8;LXZ' — %(Faini)AauAZ + FaiAZaqu'

+ A xi(1%)i;0" x5 — AMALF ()i x; (86.14)
_ %AaﬂAzxi(TaTb)inj .

We see (from the second term on the right-hand side) that the mass-squared matrix for the vector fields 1s
(M?)® = F*F° = (FF")". (86.15)
A theorem of linear algebra states that every real rectangular matrix can be written as
Fo = S®(M°°)R;; | (86.16)
where S and R are orthogonal matrices, and the diagonal entries M2 are real and nonnegative.

From eq. (86.15) we see that these diagonal entries are the masses of the vector fields.

The vector fields of definite mass are then given by - AZ — SbaAz ,



Now we are ready to fix Rz gauge.

To do so, we add to £ the gauge-fixing and ghost terms

5 a
Lot + Loy = —26'G°G* — ¢ G & (86.17)
56
where we choose
G = 8’“AZ — EF% v . (86.18)
Then we have
Lo = —5E TO*ALOVAL + Fx;0MAS — SE(F*F%;) XX
(86.19)

= —% _lﬁ“AﬁB”Az — F“Z-Aza“x?; — %f(FaiFaj)Xin .
We integrated by parts in the first two terms to get the second line.

Note that the second term on the second line of eq. (86.19) cancels the annoying last term on the first line
of eq. (86.14).

Also, the last term on the second line of eq. (86.19) makes a contribution to the mass-squared matrix for
the y fields,

g(MQ)ij — gFaz'Faj = g(FTF)z] . (86.20)



Eq. (86.16) tells us that the eigenvalues of this matrix are £!2Ms, where M are the vector-boson masses.

The mass-squared matrix EM?2 should be added to the mass-squared matrix m2 that we get from the
potential, eq. (86.7).

Note that egs. (86.8) and (86.12) imply that (m2);; F3; = 0; eq. (86.20) then yields (m2)i(EM2)x = 0.
Thus these two contributions to the mass-squared matrix of the scalar fields live in orthogonal subspaces.

The scalar fields of definite mass are Xi: = RijXx;, where the block of R in the m?2 subspace is chosen to
diagonalize mZ.

The m?2 subspace consists of the physical, massive scalars, and the EM2 subspace consists of the
unphysical Goldstone bosons; these are the fields that would be set to zero in unitary gauge.

We must still evaluate L - to do so, we recall that 02(x) parameterizes an infinitesimal gauge
transformation,

A% — A% — D", (86.21)

xi = —047%)i(v+x); - (86.22)

Thus we have
0G*
66t

— —G”Dzb + EFY; (Tb)jk(’l) + X)k

_ _aﬂng +EFFY 4+ EF%(1°) e Xk
(86.23)

—O"Dyy + E(M?*)® + EF5(T°) jk Xk



and so the ghost lagrangian is

Loy = —0He°DIc” — E(M?)®e” — EF%(7°) jixuce . (86.24)
The ghost fields of definite mass are §@ — §basb and ¢ = Sbagd.
The complete gauge-fixed lagrangian is now given by egs. (86.1), (86.14) (86.19), and (86.24).

We can rewrite it in terms of the fields of definite mass.

This results in the replacements

F — M%%; (86.25)
(1%9)i; — S®(R™7°R);; , (86.26)
fabc e Sadsbescgfdeg (86.27)

throughout £.

The Feynman rules then follow in the usual way.



87: The Standard Model: Gauge and Higgs Sector

We now turn to the construction of the Standard Model of elementary particles, also called the
Glashow—Weinberg—Salam model.

This 1s the complete (except for gravity) quantum field theory that appears to describe our world.

It can be succinctly specified as a gauge theory with gauge group SU(3) x SU(2) x U(1), with left-handed
Weyl fields in three copies of the representation

(1,2,-12)e(1,1,+1)®3,2,+1/6 )3, 1,-2/3 )®3,1,+ 1/3),
and a complex scalar field in the representation (1,2,-1/2).
Here the last entry of each triplet gives the value of the U(1) charge, known as hypercharge.

The lagrangian includes all terms of mass dimension four or less that are allowed by the gauge
symmetries and Lorentz invariance.

We will construct the Standard Model over several sections.

We begin with the electroweak part of the gauge group, SU(2) x U(1), and the complex scalar field ¢,
known as the Higgs field, in the representation (2,—1/2).

The Higgs field acquires a nonzero VEV that spontaneously breaks SU(2) x U(1) to U(1); the unbroken
U(1) 1s 1dentified as electromagnetism.

We begin with the covariant derivative of the Higgs field ¢,



(Dup)i = Oupi — i[g2ALT® + g1 B, Y] ¢; (87.1)

where Ta =1/202 and Y = —1/2 I; Y 1s the hypercharge generator.

It will prove useful to write out goA2, T2 + g1B,Y in matrix form,

1 [ 92A3 — 1B, ga(AL —iA2
g AT + 1B,Y = > ( “1 | 2“ ( ‘; . (87.2)
gg(A“ + ZAM) —QQAN — ngN
Now suppose that ¢ has a potential
V(p) = 1A(plp — 30°)% . (873)

This potential gives ¢ a nonzero VEV.

We can make a global gauge transformation to bring this VEV entirely into the first component, and
furthermore make it real, so that

(Olp()[0) = % (;}) . (87.4)

The kinetic term for ¢ 1s —(Dr@)TD,¢.

After replacing ¢ by its VEV, we find a mass term for the gauge fields,



Lo — 121 O)(QZAi—ng,u 92(A;, — A7) )2(1)
mass 8 9 .

92(A, +iA7) —g2 A —g1B, 0

To diagonalize this mass-squared matrix, we first define the weak mixing angle

Ow = tan_l(gl/gg) :

and the fields
+ _ 1 1 . 42
W/J, = %(A/J' :FZA”) y
Z, = chi —swB, ,

— 3
A, = SWAM + cw B, ,
where sw = sin Ow, cw = cos Ow.

In terms of these fields, eq. (87.5) becomes

o=Z, V2Wi\ (1
Cma,ss=—%g%1)2(1, O)( Cw M u)( )

(87.5)

(87.6)

(87.7)
(87.8)

(87.9)

(87.10)



where we have identified
My = gav/2, (87.11)
M, = My /cos by . (87.12)
The observed masses of the W+ and Z0 particles are Mw = 80.4 GeV and Mz =91.2 GeV.
Eq. (87.12) then implies cos Ow = 0.882, or, as it is more usually expressed, sin20w = 0.223.
Note that the A, field remains massless; this signifies that there 1s an unbroken U(1) subgroup.
We will identify this unbroken U(1) with the gauge group of electromagnetism.

Before introducing leptons and quarks (which we do in sections 87 and 88), let us work out the complete
lagrangian for the gauge and Higgs fields, in unitary gauge.

This 1s sufficient for tree-level calculations.

The two complex components of the ¢ field yield four real scalar fields; three of these become the
longitudinal components of the W= and Z0.

The remaining scalar field must be able to account for shifts in the overall scale of ¢.

1 (v+ H(z)
¢($)=—< ) ) (87.13)

Thus we can write, in unitary gauge,



where H is a real scalar field; the corresponding particle is the Higgs boson.

The potential now reads
V(p) = sM°H? + I\wH® + 2 H*. (87.14)
We see that the mass of the Higgs boson is given by m2y = 1/2 Av2.

The Higgs boson has been observed; its mass 1s mug = 125.35 GeV as predicted by the theory!

The kinetic term for H comes from the kinetic term for ¢, and is the usual one for a real scalar field,
—1/2 o»H 0, H.

Finally, recall that the mass term for the gauge fields, eq. (87.10), 1s proportional to v2.
Hence 1t should be multiplied by a factor of (1 + v-1H)2.

Now we have to work out the kinetic terms for the gauge fields.

We have

L=—1F*"F; — :B"B,,, (87.15)

where



F,, = 0,4, — 0,A5, + g2(AZ A — AL AY) (87.16)

F7, = 0,4, — 0,45, + g2(AJ A, — AJA)) (87.17)
F3, = 0,4, — 0,45 + g2(A A — ALAY) (87.18)
B,, = 9,B, —9,B, . (87.19)

Next, form the combinations Fl,, + 1F?%,, .

Using eq. (87.7), we find
1 1 -T2\ __ + +
E(FMV — ?’F,u,l/) — D,U«Wl/ — DUWM ]

(87.20)
1 /1 -2\ _ Nnitw— _ Nt —
ﬁ(Fuv +iF,,) = D)W, —D,W, (87.21)
where we have defined a covariant derivative that acts on W+, ,
— . 3
D, =0,- Zngu
(87.22)

= 0y —192(swdAy, +cwZ,) .

If we 1dentify A, as the electromagnetic vector potential, and assign electric charge Q = +1 (in units of
the proton charge) to the W+, then we see from eq. (87.22) that we must identify the electromagnetic

coupling constant e as

e = goSin by . (87.23)



Here we are adopting the convention that e is positive. (In our treatment of quantum electrodynamics, we
used the convention that e is negative, but that is less convenient in the present context.)

We also have

Fg,, = 0,A; — a,,Af; —ige(W W, =W, W)

. _ _ 87.24
= swhu +ewsy, — zgg(WJW,, - WJWM ) ( )
B, = cwlu — swZu , (87.25)
where F,, = 0,Av— 0vA, 1s the usual electromagnetic field strength, and
Z,uz/ = a,u,Zu — 81/Z,u, (87.26)

is the abelian field strength associated with the Z, field.

Now we can assemble all of this into the complete lagrangian for the electroweak gauge fields and the
Higgs boson 1n unitary gauge.

We will express g» in terms of e and Ow via g2 = e/sin Ow , and A in terms of my and v via A = 2m?2y/v 2.

We ultimately get



L =—31F"F,, — 1Z"Z,, — D¥W~VD,W; + D"W"D, W}
+ ie(F* + cot Ow ZH YW W,
— 5(e/sin®by ) (WHW WHW, — WHWIW"W,) (87.27)
— (MWW + M, Z"Z,)(1 + v 'H)?
— 10MHO,H — tmiH? — imiv ' H® — Imlv°H*

where

D, =0,—1ie(A, +cotbwZ,) . (87.28)

With the W+, field assigned electric charge Q = +1, this lagrangian exhibits manifest electromagnetic
gauge invariance.

The full underlying SU(2) x U(1) gauge invariance 1s not manifest, however, because we have fixed
unitary gauge.

88: The Standard Model: Lepton Sector
Leptons are spin-one-half particles that are singlets of the color group.

There are six different flavors of lepton; see Table 2.



name symbol mass @

(MeV)
Table 2: The six flavors of lepton. Q is the electric charge in electron e 0.5011 -1
units of the proton charge. Each charged flavor 1s represented electron neutrino Ve 0 0
by a Dirac field, each neutral flavor by a Majorana field (or, muon L 105.7 -1
equivalently, a left-haned Weyl field). Neutrino masses are muon neutrino Yy 0 0
exactly zero in the Standard Model. tau - 1777 =1
tau neutrino Vs 0 0

The six flavors are naturally grouped into three families or generations: € and ve, u and v,, T and V;.

Let us begin by describing a single lepton family, the electron and its neutrino.

We introduce left-handed Weyl fields £ and e in the representations (2,—1/2 ) and (1, +1) of
SU2) x U(1).

Here the bar over the e in the field e 1is part of the name of the field, and does not denote any sort of
conjugation.

The covariant derivatives of these fields are
(Dpl)i = 8,l; —iga A%(T*)i?4; — ig1(—5) Byl , (88.1)

and their kinetic terms are

Lyin = i1'G"(D,L); + i€'a"D e . (88.3)



The representation (2,—1/2 ) @ (1, +1) for the left-handed Weyl fields 1s complex; hence the gauge theory
1s chiral, and therefore parity violating.

We cannot write down a mass term involving £ and/or € because there 1s no gauge-group singlet
contained in any of the products

(2,—5) ® (1,41), (88.4)

However, we are able to write down a Yukawa coupling of the form

Lyuk = —yep;lje + h.c. (88.5)

where ¢ 1s the Higgs field in the (2,—1/2 ) representation that we introduced 1n the last section, and y is

the Yukawa coupling constant.

A gauge-invariant Yukawa coupling 1s possible because there is a singlet on the right-hand side of

(2,-3)®(2,—3) ® (1,+1) = (1,0) & (3,0) . (88.6)
There are no other gauge-invariant terms involving £ or € that have mass dimension four or less.

Hence there are no other terms that we could add to £ while preserving renormalizability.



We add egs. (88.3) and (88.5) to the lagrangian for ¢ and the gauge fields that we worked out in the last
section.

In unitary gauge, we replace ¢ with 1/72 (v +H), where H is the real scalar field representing the
physical Higgs boson, and ¢, with zero.

The Yukawa term becomes

1 _
Lyuk = —y(v+ H) ({28 + h.c.) . (88.7)
It 1s now convenient to assign new names to the SU(2) components of £,

vV
(= ( ) : (88.8)
€

We will rely on context to distinguish the field e from the electromagnetic coupling constant e.

Then eq. (88.7) becomes

Lyuk —%y(v + H)(ee +é'el)

(88.9)

y(v+ H)EE

1
V2

where we have defined a Dirac field for the electron,

€
£ = . (88.10)
()



We see that the electron has acquired a mass

Me = —= . 88.11
e~ /5 ( )
The neutrino has remained massless
We can describe the neutrino with a Majorana field
v
N = . (88.12)
il
However, it 1s often more convenient to work with
v
NLo=P.N = (0), (88.13)

where Pr = 1/2 (1-ys).

We can think of VL as a Dirac field; for example, the neutrino kinetic term it aH (%I/ can be written

as iINLAN..

Now we return to eqgs. (88.1) and (88.2), and express the covariant derivatives in the terms of the W=, ,
Z,,and A, fields.

From our results in section 87, we have



+
G AT + g AZT? = g2 ( o W ) (88.14)
V2\W; 0

and

R A,T° + 1BY = & (swhu+ ewZ,)T° + & (ewAy — swZ)Y
= e(A, + cot OwZ,)T° + e(A, — tan Oy Z,)Y (88.15)
= e(T° +Y)A, + e(cot Oy T — tan 6w Y)Z,, .

Since we identify A, as the electromagnetic field and e as the electromagnetic coupling constant (with
the convention that e is positive), we identify

Q= T3 +Y (88.16)

as the generator of electric charge.

Then, since
T3 = +3v, Tle=-}e, T?e=0, (88.17)
Yv=—-iv, Ye=-ze, Ye=+e, (88.18)
we see from eq. (88.16) that
Qv =0, Qe = —e, Qe = +e. (88.19)

This 1s just the set of electric charge assignments that we expect for the electron and the neutrino.



Then (since the action of Q on the fields is more familiar than the action of Y ) it is convenient to replace
Y in eq. (88.15) with Q — T3.

We find
ggAiT?’ + g1BLY = eQA, + e[(cot Oy + tan HW)T?’ — tan 0w Q| Z,
(88.20)
— eQAIJ’ + ﬁ(]ﬁ — S%VQ)Z,U' .
In terms of the four-component fields, we have
(92A2T3 + B Y)E = [—eAu + ﬁ(—%PL + S%V)ZM]S , (88.21)
(924,T° + 1 BY )Ny = 56— (+5)Zu Ny - (88.22)

tUsing eqs. (88.14) and (88.21-88.22) in eqs. (88.1-88.3), we find the couplings of the gauge fields to
the leptons,

Lint = 592W, T+ oW, T + 562, + eAuJh (88.23)
where we have defined the currents
tp — ¢ AU
JT = E N, (88.24)
JH = NLAPEL

(88.25)
T = J§ — sy dl s (88.26)



J3

7
']EM

ANLYHNL — 3EMEL (88.27)

—EHE . (88.28)

In many cases, we are interested in scattering amplitudes for leptons whose momenta are all well below
the W+ and Z9 masses.

In this case, we can integrate the W+, and Z, fields out of the path integral, as discussed in section 29.
We get the leading term (in a double expansion in powers of the gauge couplings and inverse powers of

Mw and Mz) by ignoring the kinetic energy and other interactions of the W=, and Z, fields, solving the
equations of motion for them that follow from Lmass + Lint, Where Ling, 1S given by eq. (88.23) and

2 — 1 as2
Lmass = —MWW_HLWM —_ §MZZ“ZM : (88.29)
and finally substituting the solutions back into Lmass + Lint.

This 1s equivalent to evaluating tree-level Feynman diagrams with a single W= or Z9 exchanged, with the
propagator gitv/M2wz.

The result is



2 2
Lo = =2 JHAT~ 4 — __JhJ,,

2M2 B 282 c2, M2
2
€ _
= S (J+”Ju + Jé‘JZu) (88.30)
W W

= 2V2 Gr(JTHT, + T4 Ty,) -

We used e = g2 sin Ow and Mw = Mz cos Ow to get the second line, and we defined the Fermi constant

62

f T 44/2 sin?0y M2,

G (88.31)

in the third line.

We can use Lefr to compute the tree-level scattering amplitude for processes like vee~ — vee™.

Having worked out the interactions of a single lepton generation, we now examine what happens when
there 1s more than one of them.

Let us consider the fields {i and €;, where I = 1,2, 3 is a generation index.
The kinetic term for all these fields is

Lyin = il1'5*(D,)i7L;; + ie)a"D e, | (88.32)



where the repeated generation index is summed.

The most general Yukawa term we can write down now reads

Ly = —€”pil;y.,€;, + hee. (88.33)

where yyy 1s a complex 3 x 3 matrix, and the generation indices are summed.

We can make unitary transformations in generation space on the fields: {1 — Liy {s
and €; — FE;,e;, where Land E are independent unitary matrices.

The kinetic terms are unchanged, and the Yukawa matrix y is replaced with LTyFE.
We can choose L and E so that LTy FE. is diagonal with positive real entries yi .
The charged leptons £, then have masses m,, = y,v/ v/2, :and the neutrinos remain massless.

In the currents, eqgs. (88.24—88.28), we simply add a generation index I to each field, and sum over
it.

Let us work out the details for one process of particular importance: muon decay, y~ — e vey,.

Let the four-component fields be E for the electron, A/ for the muon, Ne. for the electron neutrino, and

N, for the muon neutrino.

Only the charged currents J*, are relevant; the neutral current J*, and the electromagnetic



current Jtgpm do not contribute.

Ignoring the T terms in the charged currents, we have

JTH = EvPNLL + MiAY* N (88.34)
JH = NeeY*EL + Ny My, . (88.35)

The relevant term 1n the effective interaction is

Ceﬁ‘ —_ 2\/5 GF(EL')"UINQL)(NmLfY#ML) . (8836)

This can be simplified by means of a Fierz identity
Log = —4V2Gr(MC P, NL)(EPLNE) . (88.37)

Assigning momenta as shown in fig. (88.1), and using the usual Feynman rules for incoming and
outgoing particles and antiparticles, the scattering amplitude 1s

T = —4v2 Gy (ujCPvy)(us Py Cuy") (88.38)
= —4V2 Gy (v, P, v}y) (uh Pyv})

Taking the complex conjugate, and using P, =Pr, we find

(IT%) = 64GE(p1p3) (P1p5) - (88.39)



Multiplying egs. (88.38) and (88.39), summing over final spins and averaging over the initial spin, we
get

(IT°) = 5(4v2)*GE Tr[(—#—mu) PL(~$2) Pl

(88.40)
x Tr[(—p3+me) Pr(—p1) L] -
The traces are easily evaluated, with the result
(IT1%) = 64GE (p1p3) (p1P5) - (88.41)

We get the decay rate I by multiplying <| 7 [12) by dLIPS3(p:1) and integrating over p'i23.

We can work out the result (in the limit me < m,,),
2,.,0
_ GFm y
19273

After including one-loop corrections from electromagnetism, and accounting for the nonzero electron

mass, the measured muon decay rate is used to determine the value of Gr, with the result
Gr=1.166 x10-> GeV—2

(88.42)

89 The Standard Model: Quark Sector

Quarks are spin-one-half particles that are triplets of the color group.

There are six different flavors of quark; see Table 1 in section 83.



The six flavors are naturally grouped into three families or generations: u and d, ¢ and s, t and b.

Let us begin by describing a single quark family, the up and down quarks.

We introduce left-handed Weyl fields q, @ , and 4 1in the representations (3,2,+ 1/6 ), (3, 1,-2/3 ), and
(3,1,+1/3)of SUB) x SU2) x U(1).

Here the bar over the letter in the fields « and d is part of the name of the field, and does not denote
any sort of conjugation.

The covariant derivatives of these fields are

(D/,LQ)az' = OpQoi — ’i93AZ(T3? )aﬂ%i — ?:92AZ(T§ )ij%j

. (89.1)

_ Zgl(_i_%)Buqai :
(DM’L_L)O‘ = M’L_l,a — iggAZ(Tg)ag’L_l,ﬁ —_ ’igl(—%)BMﬂa . (89.2)
(Dpd)* = 8,d* — igs A%(T2)*3d” — ig1(+3)Bud™ . (89.3)

We rely on context to distinguish the SU(3) gauge fields from the SU(2) gauge fields.

The kinetic terms forq, & ,and 4 are

Lxin = ’iqTai5“(DuCI)ai + z’ﬂL&“(DMﬂ)a + iJL&‘“’(DMJ)O‘ | (89.4)



The representation (3,2,+1/6 ) ® (3,1,-2/3) ® (3, 1, + 1/3) for the left-handed Weyl fields 1s complex;
hence the gauge theory 1s chiral, and therefore parity violating.

We cannot write down a mass term involving q, u ,and/or 4§ because there 1s no gauge-group singlet
contained 1n any of the products of their representations.

But we are able to write down Yukawa couplings of the form

Lyuk = —Y'€” 0iqajd® — y" ¢ qaiti® + h.c. (89.5)

where ¢ 1s the Higgs field in the (1, 2,—1/2 ) representation that we introduced in section 87, and y' and

y'" are the Yukawa coupling constants.

These gauge-invariant Yukawa couplings are possible because there are singlets on the right-hand sides
of B
(1,2,-3) ®(3,2,+3) ® (3,1,+3) = (1,1,0) ®... , (89.6)

L2+D) @32 +)®B,1,-3) = (LL0)e.... 697

There are no other gauge-invariant terms involving q, % ,or 4 that havemass dimension four or less.

Hence there are no other terms that we could add to £ while preserving renormalizability.

In unitary gauge, we replace ¢ with 172 (v + H), where H is the real scalar field representing the
physical Higgs boson, and ¢, with zero.



The Yukawa term becomes
Ly = — 5y (v + H)ga2d® — 53" (v + H)ge1@* + h.c. . (89.8)

It 1s now convenient to assign new names to the SU(2) components of ¢,

q = ° 89.9
J (89.9)

Lyvak = — 75y (v + H)(dad® + dld™®) — 25y (v + H) (ua@® + Ghu')

Then eq. (89.8) becomes

(89.10)

~ 59 (v + H)D"Do — 23/ (v + H)U U

where we have defined Dirac fields for the down and up quarks,

do Ug
D, = 7 Uy = . (89.11)

We see from eq. (89.10) that the up and down quarks have acquired masses

y"U My, = y”’v (89.12)
\/ﬁ ) u — \/§ . :

mqg —



Now we return to egs. (89.1-89.3), and express the covariant derivatives in the terms of the W=, |, Z,,
and A, fields.

From our results in section 88, we have

g ALT! 4 g A2T2 = 92 0 Wi (89.13)
H g v2\w,; o ) |
P AT + g1B,Y = eQA, + swecw (T° - s2,Q)Z, , (89.14)
where
Q= T3 +Y (89.15)

1s the generator of electric charge.

Then, since
Tu = +iu, T?d=-id, T°a=0, T°d=0, (89.16)
— 1 _ 1 - 2= 7 17
Yu=+zu, Yd=+zd, Yu=-3u, Yd=+3d, (89.17)
we see from eq. (89.15) that
Qu = +§u Qd = —%d , Qu= —%'& . Qd= -I-%cf. (89.18)

This is just the set of electric charge assignments that we expect for the up and down quarks.



In terms of the four-component fields, we have

(g2 A3T% + 1 B,Y)U = :+§6A,L + 5L (+3P - 23)Z,)U (89.19)

(&
SwCw

(924,T° + 1 BLY)D = | —ged, + 55 (=3P + 3 2)ZM_D, (89.20)

Using eqs. (89.13) and (89.19-89.20) in eqgs. (89.1-89.4), we find the couplings of the electroweak gauge
fields to the quarks,

Lint = \/—92W+J s \/—QQW_J+“-I-S Cw Z J +6A JEM, (89.21)

where we have defined the currents

JT = DUty (89.22)
JH = UAND, (89.23)
T = JE — 55, Jh (89.24)
J = LU AUy, — 1DADy (89.25)
Jhy = +2UN*U — iDYD . (89.26)

Having worked out the interactions of a single quark generation, we now examine what happens when
there 1s more than one of them.

Let us consider the fields qair , %;, and d ;, »WhereI=1,2,3is a generation index.



The kinetic term for all these fields 1s

Liin = iq"5"(Dyy)ai™ qjr + iuh,6"(D,) 50 + il 6" (D) *pdy ,  (8927)

where the repeated generation index is summed.

The most general Yukawa term we can write down now reads

Lyuk = =€ 0iajry;,d5 — ¢ qeiry], a5 + hec. (89.28)
where y'i; and y"1y are complex 3 x 3 matrices, and the generation indices are summed.
[n unitary gauge, this becomes
Lyvuk = —%(v + H)dyy, ,d% — %(v + H)ugy, ,u% + h.c. . (89.29)

We can make unitary transformations in generation space on the fields:
d; —>_D1JdJa d; — Dy,d;, uy — Upyuy, and u; — Up,uy,

where U ,D, U and D are independent unitary matrices.

The kinetic terms are unchanged (except for the couplings to the W=, as we will discuss momentarily),
and the Yukawa matrices y’ and y"’ are replaced with DTy/D and U*y"U.

the



We can choose D, D, U, and U so that D"™y’'D and UTy"U are diagonal with positive real entries y'r and

r

y"'1

The down quarks Dy then have masses mg, =y1 v/V2, and the up quarks Ul have masses m,,, =y"1 v/

V2.

In the neutral currents J#3 and J#gm, we simply add a generation index I to each field, and sum over it.

The charged currents are more complicated, however; they become

J+.u — ﬁLI(VT)IJ/YuuLJ ) (8930)

JH = HLIVIJ’)’MDLK ; (89.31)

where V = UTD is the Cabibbo—Kobayashi—Maskawa matrix (or CKM matrix for short).

Note that we did not have this complication in the lepton sector, because there we had only one Yukawa
term.

A 3 x 3 unitary matrix has 9 real parameters.

However, we are still free to make the independent phase rotations D, — €D, and U, — eP1U,,
as these leave the kinetic and mass terms invariant.

These phase changes allow us to make the first row and column of Vyj real, eliminating 5 of the
9 parameters.



The remaining four can be chosen as 0; (the Cabibbo angle), 02, 03, and &, where

/ C1 +S81C3 +S5183 \

’ ’
V = | —s1co cicoc3 — s283€"  c1ca83 + sac3e™ | (89.32)

\ —5182  C182C3 + Ca83€® 18283 — cacze® )
and ¢; = cos O; and s; = sin 6;.

The measured values of these angles are s; =0.224, s, =0.041,s3 =0.016, and 0 = 40-.

Note that the charged currents now have some terms with a phase factor ei® , and some without.

Since the time-reversal operator T 1s antiunitary (T-11T=-1), the charged currents do not transform in a
simple way under time reversal.

This implies that the charged current terms in Ly are 1s not time-reversal invariant; hence the

electroweak interactions violate time-reversal symmetry.

Since CP T is always a good symmetry, time-reversal violation is equivalent to CP violation; € 1s
therefore sometimes called the CP violating phase.

At high energies, we can use our results to compute electroweak contributions to scattering amplitudes
involving quarks.



This 1s because, at high energies, the SU(3) coupling g3 1s weak; we can, for example, reliably compute
the decay rates of the W= and Z0 into quarks, because az(Mz) = g23 (Mz )/47t =0.12 is small enough to
make QCD loop corrections a few-percent etfect.

To understand low-energy processes such as neutron decay, we must first write the currents in terms of
hadron fields.

We take this up in the next section.

For now, we simply note that the terms 1n the charged currents that involve only up and down quarks are
JTH = 1Dy Uy, , (89.33)
JH =cUy"D,y, (89.34)

where c; 1s the cosine of the Cabibbo angle.

90 Electroweak Interactions of Hadrons

Now that we know how quarks couple to the electroweak gauge fields, we can use this information to
obtain amplitudes for various processes involving hadrons.

We will focus on three of the most important: neutron decay, n — pe~i7; charged pion
decay, 7~ — p~v,; and neutral pion decay, 70 — ~~.

Recall from section 83 the chiral lagrangian for pions and nucleons,



L=-1f2Tro"U'0,U +v* Te(MU + M'UT)
+iNIN —myN(U'P, + UPR)N (90.1)
— L(ga—1)iNy*(UB,U' P, + UT8,UP,)N

where U(X) = exp[21ma(x)T? /fx ], @ 1s the pion field, N is the nucleon field, f 1s the pion decay constant,
M is the quark mass matrix, v3 is the value of the quark condensate, mn 1s the nucleon mass, and ga is

the axial vector coupling.

The electroweak gauge group SU(2) x U(1) 1s a subgroup of the SU(2)L x SU(2)r x U(1)v flavor group
that we have in the limit of zero quark mass.

It will prove convenient to go through the formal procedure of gauging the full flavor group, and only
later 1dentifying the electroweak subgroup.

We therefore define matrix-valued gauge fields [,(x) and 1,(x) that transform as
l, — LI, LT +4iLy,L" (90.2)
r, — Rr,R'+iRO,R'. (90.3)
Here L(x) and R(X) are 2 x 2 unitary matrices that correspond to a general SU(2)L x SUQ2)r x U(1)v

gauge transformation; we restrict the U(1) part of the transformation to the vector subgroup by requiring
det L=detR and Tr [, = Tr 1.



The transformation rules for the pion and nucleon fields are

U — LUR' . (90.4)
Ny — LNy, , (90.5)
Nr — RNy, (90.6)

where N1 = PLN and Nr = PrN are the left- and right-handed parts of the nucleon field.

We can make the chiral lagrangian gauge invariant (except for terms involving the quark masses) by
replacing ordinary derivatives with appropriate covariant derivatives.

We determine the covariant derivative of each field by requiring it to transform in the same way as the
field itself; for example, D,U — L(D,U )RT.

We thus find
D, U =9,U—-1l,U+1WU0r,, (90.7)
D, U" =0,U" +iU", —ir, U, (90.8)
D, N, = (8, —il,) N, , (90.9)
D, Ny = (8, —iru)Nx . (90.10)

Making the substitution d — D in £, we learn how the pions and nucleons couple to these gauge fields.



As 1n section 83, it 1S more convenient to work with the nucleon field V', defined via

N = (uP, + u'PR)N (90.11)

where u2 = U.

Making this transformation, we ultimately find

L= -L2mye*Ute, U — itvo,Ut — irtUto,U
+ 1ML, + vt — 20U, UT

. . (90.12)
+ 03 Te(MU + MU +iNIN — myNN
+N@+ 5L+ 5FIN — gaN(d + 5 — 57 )N,
where 1.4 .
v, = silu'(Ouu) +u(Ouu')], (90.13)
a, = 3ifu’ (Buu) — u(8uu')] (90.14)
l, =u'lu, (90.15)
P fu/rMuT : (90.16)
It 1s now convenient to set
b = B+ b (90.17)

rp =TT 4 by (90.18)



We have normalized by so that the corresponding charge 1s baryon number.

The SU(2) gauge fields of the Standard Model can now be identified as
924, =1, , (90.19)
and the electromagnetic gauge field as
eA, =15 +r3 + 1p (90.20)
H K poto27H ’

Eq. (90.20) follows from reconciling egs. (90.9) and (90.10) with the requirement that the
electromagnetic covariant derivatives of the proton field p = N1 and the neutron field n = N, be given by

(0,—1eA,)p and dun.

We can now find the hadronic parts of the currents that couple to the gauge fields by differentiating £

with respect to them, and then setting them to zero.

We find

Jot = (0L/0l})

[=r=0

= Lif2 e T°U*UT + INu Ty (1—gays)uN (90.21)

= +3fr0tT® — §e®°mP Ot + NT Y (1-gavs)N + ...



ap

= (0L/0r}) -
Lif2 Te T°UTOMU + AN uT *(1+gays )ul (90.22)
— 5 frOFm® — 3e®mP O mC + INT Y (1+gays)N + ...
(L/ab,)| _ _ (90.23)

NAHN .

In the third lines of egs. (90.21) and (90.22), we have expanded in inverse powers of f .

We can now identify the currents that couple to the physical W=, ,Z,, and A, fields as

Tt = ¢y (J* — i)

JH

T5e1(fr0tmT + it ) + ey (l—gays)p+ ... (90.24)

= ¢y (JLH +iJ2H)

%Cl(fwaﬂﬂ'_ — in%9kn™) + sa Py (1—gays)n+ ... (90.25)
J5 — sedbm s (90.26)
JoH

L(fro*n” + z'7r+c'<9_‘)"7r_)

_ _ 90.27
+ 1P (1—gavs)p — s (1—gays)n+ ..., ( )



Jhy = I + T + LTk

- (90.28)
=i O +pyrp+ ...,
where ¢ 1s the cosine of the Cabibbo angle, and the interactions are specified by
Ling = 592Wi T + Z5goaW, T + 56— Z,Jf + eAuJbu . (90.29)

For low-energy processes involving W= or Z0 exchange, we can use the effective current-current
Iinteraction that we derived in section 88,

Lo = 2V2Gr(JTHI, + T Ty,) . (90.30)
We should include both hadronic and leptonic contributions to the currents.
Consider charged pion decay, 7 — W V.
The relevant terms in the charged currents (neutral currents do not contribute) are

JH = %lewaﬂﬂ'_ :

J+“ — %H’Y“(l—’)’g,)./\/‘m,

(90.31)

(90.32)

where M 1s the muon field and Ny, 1s the muon neutrino field.

The relevant term in the effective interaction is then



Lot = Grey 01~ My, (1—75) Ny, - (90.33)

The corresponding decay amplitude is

T = Grey frkH ﬂwu(l—%)'vz : (90.34)
where the four-momenta of the pion, muon, and antineutrino are k, p1, and po.

Eq. (90.34) can be simplified by using ¥ = #, + #, along with U1y = —m,U1 and Pov2 = 0: ; we
get

T = —Gpcy fampyur (1—7s5)vs . (90.35)

We see that 7~ 1s proportional to the muon mass; since m, > me, decay to up~ 7, 1s preferred over decay
to e U,.

Squaring 7~ and summing over final spins, we find

(T %) = (Gper frmy)*(—8p1-p2)

= 4(Grcy famy)?(m2 — mi) .

(90.36)

We used —2pi'p2 = p?1 + p?— (p1+p2)? = —-m?, + 0 + m?; to get the second line.

We now have



r= / dLIPS, (k)(|T?)

2Mm
_|py
- 8mm?2 (ITF) (90.37)
_ G%c%meimﬂ - m_i 2
47 m2 |’

where we used Ipil = (m2;— m2,)/2my to get the last line.

Since we determine the value of GF from the decay rate of the muon (see section 88), the charged pion
decay rate allows us to fix the value of c¢ifx.

The value of ¢ can be determined from the rate for the decay process m~ — mVe~ Ve, Which is
straightforwardly calculated.

The relevant hadronic term in the charged current is

T = — Lieynn (90.38)

which depends on ¢; but not f;.

Comparison with experiment then yields ¢ = 0.974.

We note that the key feature of eq. (90.38) is that it involves spin-zero hadrons that are members of an
1sospin triplet; eq. (90.38) applies to any such hadrons, including nuclei.



Thus ¢; can also be measured in superallowed Fermi decays, which take a nucleus from one spin-zero
state to another spin-zero state with the same parity in the same isospin multiplet.

Having thus determined ¢, the charged pion decay rate yields fr = 92.4 MeV.
Next we consider neutron decay, n — pe™ V.

The relevant terms in the charged currents (neutral currents do not contribute) are
— 1 —
JF = sapy*(1—gays)n , (90.39)
+u __ 17¢
JH = ZEF(1—75)Ne , (90.40)
where € is the electron field and N. is the electron neutrino field.

The relevant term in the effective interaction is then

L = 5Greipy* (1-gavs)nExu(1—75)Ne - (90.41)

Consider a neutron with four-momentum p, = (my, 0), and spin up along the z axis; the decay amplitude
1S

T = Z5Gre[py" (1-gays)un][Teyu (1—5)vs] (90 42)
where untn = 5(1—52)(—Pntmn).

We take the absolute square of 7 and sum over the final spins.



Since the maximum available kinetic energy 1s my— mp— me = 0.782 MeV « my,, the proton is
nonrelativistic, and we can use the approximations pype = —mpEe and PpPs =~ —mpEy  in addition to
the exact formulae pn'pe = —myEe and Prn'Pr = —Mp L.

After a tedious but straightforward calculation, we find

(IT*) = 16Gci (14 3¢2)mum,E.E;

Pe'Py | ,2Pe , %Py (90.43)
1 A B
' EE T E TR |

where the correlation coefficients are given by

YT 14320 T 14392 1+ 3¢2

When we integrate over the final momenta to get the total decay rate, the correlation terms vanish, and so
the rate 1s proportional to G2rc21(1 + 3g24a).

0

Since we get the value of G2gc2; from the rate for 7~ — 7°e™ V.. the neutron decay rate allows us to

determine 1 + 3g24 .

To get the sign of ga, we need a measurement of either A or B. (The antineutrino three-momentum can
be determined from the electron and proton three-momenta.)

The result 1s that ga = +1.27.



The measured values of the three correlation coefficients are all consistent with eq. (90.44).

Finally, we consider the decay of the neutral pion into two photons, 70 — yYy.
None of the terms in our chiral lagrangian, eq. (90.12), couple a single 7 to two photons.
Therefore, without adding more terms, this process does not occur at tree level.

However, at the one-loop level, we have the diagrams of fig. (90.1); a proton circulates in the loop.

o o<
-k 1 /S/\ l+k 1 zy\
: . : o k k4 k ko
Figure 90.1: One-loop diagrams contributing - > - A1 4+ ->- V1
to o= yYy. The solid line is a proton. v

Let us evaluate these diagrams.
In section 83, we found that the coupling of the iV to the nucleons is given by
1 _ _
Looxn = —5(9a/ fr)0um (DY 5D — Ayt ysn) . (90 45)

This leads to a 70pp vertex factor of 1/2 (ga/f)keYPYs.

The diagrams in fig. (90.1) are then 1dentical to the diagrams we evaluated in section 76,
and so the one-loop decay amplitude 1s



Tl 1oop = 5(ga/ fr)(i€)*c1,E2,k,CHP (K1, ko, k) (90 46)

where

)

k,CH P (K1, k2, k) = — =" *Pk1,kag . (90.47)

o2

Here we have chosen to renormalize so as to have ki, Crve(k, ko, k) = 0 and koyCroe(ky, ko, k) = 0; this 1s

required by electromagnetic gauge invariance.
Combining eqgs. (90.46) and (90.47), we get

2
gac cQHBY
An?fr "

This result is subject to higher-loop corrections.

ﬂ—loop - = klael,uk25521/ . (90.48)

Note that diagrams with extra internal pion lines attached to the nucleon loop are not suppressed by
any small expansion parameter.

Thus we cannot trust the overall coefficient in eq. (90.48).

Note that this amplitude would arise at tree level from an interaction of the form
£J‘[O’Y’Y X TcogaﬂBUFﬂaFuﬁ .

If we integrate out the nucleon fields to get an effective lagrangian for the pions and photons alone, such
a term should appear.



There 1s a problem, however.

The SUR2)L x SU2)r x U(1)v symmetry of the effective lagrangian implies that a pion field that has no
derivatives acting on it must be accompanied by at least one factor of a quark mass.

For example, we could have Lxoyy a 1 Tr((MU-MTU)ewBoF, o Fyp .

The problem i1s that there are no quark-mass factors in eq. (90.48).

So we have an apparent contradiction between our explicit one-loop result, and a general argument based
on symmetry.

This contradiction is resolved by noting that the electromagnetic gauge field results in an anomaly in the
axial current J3u A = J3u - J3g .

In terms of the quark doublet

o U
= (D) a (90.49)

this current 1s B
W= QT3 Y50

= sUN*ysU — 3Dy ysD

(90.50)

where we have suppressed the color indices.



Using our results in sections 76 and 77, the anomalous divergence of this current is given by

2

€
Ouli = =5 T(T°Q%)e P Fyy Fy (90.51)
where ,
2 0
Q= (+3 ) (90.52)
0 -}

is the electric charge matrix acting on the quark fields, and the trace includes a factor of three for color;
we thus have

T(T°Q%) =3(5(+3)° — 5(-3)°) = +3. (90.53)
and so
3 e’
a/LJA'u — _3271'2 5'UV'OUF,uVFp0 . (90.54)

This formula is exact in the limit of zero quark mass.

Now using egs. (90.21) and (90.22), we can write the axial current in terms of the pion fields as

3u . 3 3
A — YL T YR

90.55
= fOt7’ + ... . ( )



(We do not include the nucleon contribution because we are considering the effective lagrangian for
pions and photons after integrating out the nucleons.)

From eq. (90.55) we have 0,J3%a = f 02700 +. . . .

Combining this with eq. (90.54), we get

62

—62 0 _
- 32m2f,

eMP Fuy Fpo + O(f17) . (90.56)

This equation of motion would follow from an effective lagrangian that included an interaction term of

the form

62

Lrory = Soa2p " w0t P F o . (90.57)

This interaction leads to a 0 — yy decay amplitude of

62

T =—
A2 fr

Eﬂ’upaklﬂslyk2p82g : (90.58)

This amplitude receives no higher-order corrections in €2, but is subject to quark-mass corrections; these
are suppressed by powers of m2,/(45fx)2.



Comparing eq. (90.58) with eq. (90.48), we see the one-loop result (which receives unsuppressed
corrections) 1s too large by a factor of ga = 1.27.

Squaring 7 , summing over final spins, integrating over dLIPS2(k), and multiplying by a symmetry
factor of one half (because there are two i1dentical particles in the final state), we ultimately find that the
decay rate is

o?m3

b= 6473 f2

(90.59)

This prediction is in agreement with the experimental result, which has an uncertainty of about 7%.
91 Neutrino Masses
Recall from sections 88 and 89 that a single generation of quarks and leptons consists of left-handed
Weyl fields qqn;, 4%, d*, 4;, and. € in the representations (3,2, + 1/6),(3.,1,-2/3),( 3., 1,+ 1/3),
(1,2,-1/2),and (1, 1, +1) of the gauge group SU(3) x SU(2) x U(1).

The Higgs field 1s a complex scalar ¢; in the representation (1, 2,—-1/2).

The Yukawa couplings among these fields that are allowed by the gauge symmetry are
Lyvuk = —ye’ pilje — y'e” 0iqa;jd* — y" " qaii™ + h.c. . OL.1)

After the Higgs field acquires its VEV, these three terms give masses to the electron, down quark, and up
quark, respectively.



The neutrino remains massless.

Thus, massless neutrinos are a prediction of the Standard Model.

However, there 1s now good experimental evidence that the three neutrinos actually have small masses.
The data implies that mass of the heaviest neutrino is in the range from 0.04 eV to 0.5 eV.

To account for this, we must extend the Standard Model.

Let us continue to consider a single generation.

We introduce a new left-handed Weyl field v in the representation (1, 1, 0); this field does not couple to
the gauge fields at all, and its kinetic term 1s simply Z'DT(‘;M@M v. (The bar over the v in the field v is

part of the name of the field, and does not denote any sort of conjugation.)

With this new field, we can introduce a new Yukawa coupling of the form
Loy = —ijot ;o + hc. . (91.2)
In unitary gauge, this becomes
Lovax = =G0+ H)(vv + 2 (91.3)
We see that the neutrino mass is ™

the the the  (he



If this was the end of the story, we would have no understanding of why the neutrino mass i< so much
less than the other first-generation quark and lepton masses; we would simply have to take Y much less
thany,y’,and y".

However, because ¥y 1s in a real representation of the gauge group, we are allowed by the gauge
symmetry to add a mass term of the form

Lomass = —2 M (07 + 7'07) . (91.4)
Here M 1s an arbitrary mass parameter.

In particular, it could be quite large.

Adding egs. (91.3) and (91.4), we find a mass matrix of the form

) B 0 m v
Ly 5 mass = ) (V V) . _ + h.c. . (91.5)
m M 7

If we take M » ™, then the eigenvalues of this mass matrix are M and - m?/M . (The sign of the
smaller eigenvalue can be absorbed into the phase of the corresponding eigenfield.)

Thus, if ™ is of the order of the electron mass, then M%/M is less than 1 eV if M is greater than 103
GeV.

So ¥ can be of the same order as the other Yukawa couplings, provided M is large.



This is called the seesaw mechanism for getting small neutrino masses.

The eigenfield corresponding to the smaller eigenvalue 1s mostly v, and the eigenfield corresponding to
the larger eigenvalue is mostly 5 .

Another way to get this result is to integrate out the heavy j; field at the beginning of our analysis.

We get the leading term (in an expansion in inverse powers of M) by i1gnoring the kinetic energy of

the v field, solving the equation of motion for it that follows from + Luvuk, and finally

YV mass

substituting the solution back into  Lomass  + Loyuk.

The result is

Lovuicemass = 537 |(016)(04)) + b
(91.6)
= —sm,(vv + vV (1 + H/v)?
where
B ’ﬁ'Lz 3}2’02
=T T T oM 91.7)

Again, we can absorb the minus sign in eq. (91.7) by making the field re-definition v — 1v.
The seesaw mechanism has a straightforward extension to three generations.

Let us consider the fields 4; 7, €7, and 7;, wherel=1,2,3isa generation index.



The most general Yukawa and mass terms we can write down now read

[quk+mass — _5ij90i€j1y1JéJ — SOTiKiIgIJDJ — %MIJDIDJ + h.c. (91.8)

where yy and y;; are complex 3 — 3 matrices, M1J is a complex symmetric 3 X 3 matrix, and the
generation indices are summed.

In unitary gauge, this becomes

EYuk+mass — _%(v‘i_H)e]yIJé_] _— %(U+H)VI:91JDJ — %MIJDIDJ + h.C. . (919)

We can now integrate out the 7 fields; eq. (91.9) is then replaced with
> 2
Lyuk+mass = — \/%(erH )eryr €r— %(m,,)”(uluﬁu}fui)(HH/v) , (91.10)

where we have defined the complex symmetric neutrino mass matrix

(my)rs = —30*(G"M19) 1, . (91.11)

We can make unitary transformations in generation space on the fields: et — Eyey,, &, — E,,é,,,and
vi — Ny vy, where E, E , and N are independent unitary matrices.

The kinetic terms are unchanged (except for the couplings to the W*, as we will discuss momentarily),
and the matrices y and mv are replaced with E*yE and N'm,N.



We can choose the unitary matrices E, E , and N so that ETyE and N*m,N. are diagonal with
positive real entries yrand m,,, .

The neutrinos Ny then have masses m,,, , and the charged leptons €1 have masses me, = yIv/v2.

In the neutral currents J#3 and Jtgm, we stmply add a generation index I to each field, and sum
over it.

The charged currents are more complicated, however; they become

J‘*‘M — ELI(XT)IJ’)'”NLJ ) (9112)
J_'u“ — NLIXIJ'Y'U'ELK ) (9113)

where X = N7E 1s the analog in the lepton sector of the CKM matrix V in the quark sector.
One difference, though, between X and V 1s that the phases of the Majorana N fields are fixed by the

requirement that the neutrino masses are real and positive.
Thus we cannot change these phases to make the first column of X real, as we did with V .
We are allowed to change the phases of the Dirac €; fields, so we can make the first row of X real.

Thus X has 9 — 3 = 6 parameters, two more than the CKM matrix V.

The presence of X in the charged currents leads to the phenomenon of neutrino oscillations.



A neutrino that is produced by scattering an electron off a target will be a linear combination Xjyvy of the
neutrinos of definite mass.

The different mass eigenstates propagate at different speeds, and then (in a subsequent scattering) may
become (if there 1s enough energy) muons or taus rather than electrons.

It 1s the observation of neutrino oscillations that led to belief that neutrinos have mass.
This has now been observed.

Neutrinos are significantly lighter than other known particles, with their masses being less than 0.45 eV/
c? as determined by the KATRIN experiment.

The exact mass of each neutrino flavor is still unknown, but it is established that they are all much lighter
than electrons.



