Are you ready?



These lectures are based on the notion that quantum field theory 1s most readily learned by starting with
the simplest examples and working through their details 1n a logical fashion.

To this end, I have tried to set things up at the very beginning to anticipate the eventual need for
renormalization, and not be cavalier about how the fields are normalized and the parameters defined.

I believe that these precautions take a lot of the “hocus pocus” (to quote Feynman) out of the
“dippy process” of renormalization.

A field theory with many pedagogical virtues is ¢3 theory in six dimensions, where its coupling constant
1s dimensionless.

The reason ¢3 theory in six dimensions is a nice example is that its Feynman diagrams have a simple
structure, but still exhibit the generic phenomena of renormalizable quantum field theory at the one-loop
level.

Thus, in Part I of these lectures, ¢3 theory in six dimensions is the primary example.

I use it to give introductory treatments of most aspects of relativistic quantum field theory for spin-zero
particles, with a minimum of the technical complications that arise in more realistic theories (like QED)
with higher-spin particles.

Although I eventually discuss the Wilson(one of my advisors at Cornell, my instructor in QFT III and he
was a very good friend) approach to renormalization and effective field theory, and use effective field
theory extensively for the physics of hadrons in Part III,

I do not feel it is pedagogically useful to bring it in at the very beginning, as is sometimes advocated.



The problem is that the key notion of the decoupling of physical processes at different length scales 1s
an unfamiliar one for most students; there 1s nothing in typical courses on quantum mechanics or

electromagnetism or classical mechanics to prepare students for this idea (which was deemed worthy of
a Nobel Prize for Ken Wilson in 1982).

It also does not provide for a simple calculational framework, since one must deal with the infinite
number of terms 1n the effective lagrangian, and then explain why most of them don’t matter after all.

It’s noteworthy that Wilson himself did not spend a lot of time computing properly normalized
perturbative S-matrix elements, a skill that graduate students musto have because a great deal of current
research still depends on it.

Indeed, the vaunted success of quantum field theory as a description of the real world is based almost
entirely on our ability to carry out these perturbative calculations.

Studying renormalization early on has other pedagogical advantages as we will see.

In general I have tried to present topics so that the more interesting aspects (from a present-day point of
view) come first.

An example 1s anomalies.

In the traditional approach they usually start with the 1 — vy decay rate, whereas, I begin by
demonstrating that anomalies destroy the self-consistency of the great majority of chiral gauge theories,
a fact that strikes me as much more interesting and dramatic than an incorrect calculation of the 7° decay
rate.

Then, when we do eventually get to this decay process, it appears as a straightforward consequence of
what we already learned about anomalies

While I have sometimes included more mathematical detail than is ideal for a lecture, I have also tended
to omit explanations based on “physical intuition.”



Thus, the following set of lectures 1s designed to introduce you to the 1deas of Quantum
Field Theory.

There 1s no way to avoid difficult mathematics - it 1s the language of filed theory, so I will
do the detailed derivations with all the mathematical operations even though some of the
material might be beyond almost all you.

I will, however, always finish with a physical picture of what has been proved.

All important aspects of the subject material will be covered and I hope my explanations
will be enough to allow you to understand how the derivation proceeded and what is the
fundamental meaning of all the equations and results.

You should come out of this class with a good understanding of what quantum field
theory entails, what the fundamental equations are and their physical meanings.

If you want to go deeper than this coverage, then you have to pick up a full-blown
textbook, do all the mathematical derivations in detail, and also do all the problems to
make sure you understanding 1s deep.

Soletusproceed........coviiiiiiiiiiiiiii It will be an adventure.



Quantum Field Theory
Part I - Spin Zero

1 Attempts at relativistic quantum mechanics

In order to combine quantum mechanics and relativity, we must first understand what we mean by
“quantum mechanics” and “relativity”.

Let us begin with quantum mechanics.

Somewhere 1n most textbooks on the subject, one can find a list of the “axioms of quantum mechanics”.

These include statements along the lines of

The state of the system is represented by a vector in Hilbert space.
Observables are represented by hermitian operators.
The measurement of an observable yields one of its eigenvalues as the result
And so on.
We do not need to review these closely here.

The axiom we need to focus on 1s the one that says that the time evolution of the state of the system is
governed by the Schrodinger equation,



0
| t) = 1.1
iho 1, t) = H|p, 1) , (1.1

where H 1s the hamiltonian operator, representing the total energy.

Let us consider a very simple system: a spinless, nonrelativistic particle with no forces acting on it.

In this case, the hamiltonian is

1

where m 1s the particle’s mass, and P 1s the momentum operator.

In the position basis, eq. (1.1) becomes
ih—(x,t) = ———V%h(x,t) , (1.3)

where ¥ (x,r) = xly 1) 1s the position-space wave function.
We would like to generalize this to relativistic motion.

The obvious way to proceed is to take



H = +\/P2c2 + m2c? (14)

which yields the correct relativistic energy-momentum relation.

If we formally expand this hamiltonian in inverse powers of the speed of light ¢, we get

1
H=mc*+ —P%*+.... (1.5)
2m

This 1s simply a constant (the rest energy), plus the usual nonrelativistic hamiltonian, eq. (1.2), plus
higher-order corrections.

With the hamiltonian given by eq. (1.4), the Schrodinger equation becomes

ih zp(x t) = +1/—R22V2 4 m2ct b(x, ) . (1.6)

Unfortunately, this equation presents us with a number of difficulties.

One is that it apparently treats space and time on a different footing: the time derivative appears only on
the left, outside the square root, and the space derivatives appear only on the right, under the square root.

This asymmetry between space and time i1s not what we would expect of a relativistic theory.



Furthermore, if we expand the square root in powers of V2, we get an infinite number of spatial
derivatives acting on ¥ (X,f); this implies that eq. (1.6) 1s not local 1in space.

We can alleviate these problems by squaring the differential operators on each side of eq. (1.6) before
applying them to the wave function.

Then we get
—R2s(x,t) = (—h2PV2 + mPct)(x, 1) . (1.7)

This 1s the Klein-Gordon equation, and it looks a lot nicer than eq. (1.6). It is second-order in both space
and time derivatives, and they appear in a symmetric fashion.

To better understand the Klein-Gordon equation, let us consider in more detail what we mean by
“relativity”.

Special relativity tells us that physics looks the same 1n all inertial frames.

To explain what this means, we first suppose that a certain spacetime coordinate system (c?,X) represents
(by fiat) an inertial frame.

Let us define xo= ct, and write x#, where y = 0,1,2,3, in place of (ct.,x).

It 1s also convenient (for reasons not at all obvious at this point) to define xo = — xY and x; = xi, where 1 =
1,2,3.



This can be expressed more elegantly if we first introduce the Minkowski metric,
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( +1
+1 ’
\ +1

Guv

(1.8)

where blank entries are zero.

We then have x, = g,vXV, where a repeated index 1s summed.
= 8u

To invert this formula, we introduce the inverse of g, which is confusingly also called g, except with both
indices up: .

g = 1

" . (1.9)
+1

We then have grvgy, = OHy, Where O#,is the Kronecker delta (equal to one if its two indices take on the
same value, zero otherwise).

Now we can also write x# = grVvxy.

It 1s a general rule that any pair of repeated (and therefore summed) indices must consist of one
superscript and one subscript; these indices are said to be contracted.



Also, any unrepeated (and therefore unsummed) indices must match (in both name and height) on the
left- and right-hand sides of any valid equation.

Now we are ready to specify what we mean by an inertial frame.

If the coordinates x#represent an inertial frame (which they do, by assumption), then so do any other
coordinates z# that are related by

T = AP, z¥ + at

(1.10)
where A#y 1s a Lorentz transformation matrix and a* is a translation vector.
Both A#y and a are constant (that is, independent of x#).
Furthermore, A#y must obey
g\ N = g0 (1.11)

Eq. (1.11) ensures that the interval between two different spacetime points that are labeled by x# and x'»
in one inertial frame, and by z* and Z'* in another, is the same.

This interval is defined to be

(z — x/)Q = gw/(x - w’)ﬂ(x - wl)y (1.12)
= (x — x')2 — c2(t — t')2 .



In the other frame, we have

(z -7)* = gu(z - 2)(z - 7)

= gu A )N o (x — )P (x —2')°
= Ggpo (T — ') (x — z')°
_ (ZE . 513,)2 ,

(1.13)

as desired.

When we say that physics looks the same, we mean that two observers (Alice and Bob, say) using two
different sets of coordinates (representing two different inertial frames) should agree on the predicted
results of all possible experiments.

In the case of quantum mechanics, this requires Alice and Bob to agree on the value of the wave function
at a particular spacetime point, a point that is called x by Alice and * by Bob.

Thus if Alice’s predicted wave function is y(x), and Bob’s is (), then we should have {(x) = (z) .

Furthermore, in order to maintain \{(x) = (Z) throughout spacetime, \{(x) and 1/(Z) should obey
identical equations of motion.

Thus a candidate wave equation should take the same form in any inertial frame.



Let us see 1f this 1s true of the Klein-Gordon equation.

We first introduce some useful notation for spacetime derivatives:

xH cOot’
0 10
b— (-
o = oz, ( c@t’v)
Note that
Oz’ = g

so that our matching-index-height rule is satisfied.

If £ and x are related by eq. (1.10),then ¢ and 0 are related by
O = A*,0 .
To check this, we note that
5Pz = (AP, ") (A%, 2" + a*) = NP, A%, (8"a”) = AP, A%, " = g |
as expected.

The last equality in eq. (1.18) 1s another form of eq. (1.11); see section 2.
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(1.18)



We can now write eq. (1.7) as
—h2c?03v¢(x) = (—h?c*V? + m2cH)y(x) . (1.19)

After rearranging and identifying 02 = o#d, =—0d%y + V2, we have

(—0% + m*c’/h*)p(z) = (1.20)

This 1s Alice’s form of the equation.

Bob would write

(=0% + m*c/r*)Y(z) = (121)

Is Bob’s equation equivalent to Alice’s equation?

To see that it is, we set 1)(Z) = }(x), and note that

0% = 9,,0"0” = g A ,A*,0P0° = 0* . (1.22)

Thus, eq. (1.21) 1s indeed equivalent to eq. (1.20).



The Klein-Gordon equation 1s therefore manifestly consistent with relativity: it takes the same form in
every inertial frame.

This 1s the good news.

The bad news 1s that the Klein-Gordon equation violates one of the axioms of quantum mechanics: eq.
(1.1), the Schrodinger equation in its abstract form.

The abstract Schrodinger equation has the fundamental property of being first order in the time
derivative, whereas the Klein-Gordon equation is second order.

This may not seem too important, but in fact it has drastic consequences.

One of these 1s that the norm of a state,

(¥, t|Y,t) /d3 (¥, t|x) (x|, ) /d3fl?¢ (), (1.23)

1s not in general time independent.
Thus probability is not conserved.

The Klein-Gordon equation obeys relativity, but not quantum mechanics.



Dirac attempted to solve this problem (for spin-one-half particles) by introducing an extra discrete label
on the wave function, to account for spin: JPa(x),a=1, 2.

He then tried a Schrodinger equation of the form
zhawa (x) = (—zhc(a )ab0j + mc (ﬂ)ab)¢b($) : (1.24)

where all repeated indices are summed, and i and [3 are matrices in spin-space.
This equation, the Dirac equation, is consistent with the abstract Schrodinger equation.
The state ly,a,t) carries a spin label a, and the hamiltonian 1s
Hap = cPj(e?)ap + mc?(B)ab (1.25)
where P; 1s a component of the momentum operator.

Since the Dirac equation 1s linear in both time and space derivatives, it has a chance to be consistent with
relativity.

Note that squaring the hamiltonian yields

(H?)gp = ?P; Pp(a? ) g + mc® Pj(a? B+ Ba?) gy + (mc?)?(8?) ap - (1.26)



Since P;j Px 1s symmetric on exchange of j and k, we can replace ajok by its symmetric part, %{ou’,ock},
where {A ,B} = AB+ BA is the anticommutator.

Then, if we choose matrices such that

{aja ak}ab — 25jk5ab 9 {aja lB}ab =0 ) (52)ab — 5ab 9 (127)

we will get
(H®)ap = (P%c® + m?*c*)6ap - (1.28)

Thus, the eigenstates of H? are momentum eigenstates, with H? eigenvalue p2c? + m2c4.
This 1s, of course, the correct relativistic energy-momentum relation.

While it 1s outside the scope of this section(comes later) to demonstrate it, it turns out that the Dirac
equation 1s fully consistent with relativity provided the Dirac matrices obey eq. (1.27).

So we have apparently succeeded in constructing a quantum mechanical, relativistic theory!
There are, however, some problems.
We would like the Dirac matrices to be 2 x 2, in order to account for electron spin.

However, they must in fact be larger.



To see this, note that the 2 x 2 Pauli matrices obey {0i,0i} = 201 and are thus candidates for the Dirac a
matrices.

However, there 1s no fourth matrix that anticommutes with these three (easily proven by writing down
the most general 2 x 2 matrix and working out the three anticommutators explicitly).

Also, we can show that the Dirac matrices must be even dimensional.

Thus their minimum size is 4x 4, and i1t remains for us to interpret the two extra possible “spin” states.

However, these extra states cause a more severe problem than a mere overcounting.

Acting on a momentum eigenstate, H becomes the matrix co-p + mc2f3.

One can show that the trace of this matrix is zero.

Thus the four eigenvalues must be +E(p), +E(p),—E(p),—E(p), where E(p) = +(p2c? + m2c4)1/2,
The negative eigenvalues are the problem: they indicate that there 1s no ground state.

In a more elaborate theory that included interactions with photons, there seems to be no reason why
a positive energy electron could not emit a photon and drop down into a negative energy state.

This downward cascade could continue forever.

(The same problem also arises in attempts to interpret the Klein-Gordon equation as a modified form of
quantum mechanics.)



Dirac made a wildly brilliant attempt to fix this problem of negative energy states.

His solution 1s based on an empirical fact about electrons: they obey the Pauli exclusion principle.

It 1s impossible to put more than one of them in the same quantum state.

What if, Dirac speculated, all the negative energy states were already occupied’

In this case, a positive energy electron could not drop into one of these states, by Pauli exclusion.

Many questions immediately arise.

Why don’t we see the negative electric charge of this Dirac sea of electrons?

Dirac’s answer: because we’re used to it. (More precisely, the physical effects of a uniform charge
density depend on the boundary conditions at infinity that we impose on Maxwell’s equations, and there
1s a choice that renders such a uniform charge density

invisible.)

However, Dirac noted, if one of these negative energy electrons were excited into a positive energy state

(by, say, a sufficiently energetic photon), it would leave behind a hole in the sea of negative energy
electrons.

This hole would appear to have positive charge, and positive energy.



Dirac therefore predicted (in 1927) the existence of the positron, a particle with the same mass as the
electron, but opposite charge.

The positron was found experimentally five years later.

However, we have now jumped from an attempt at a quantum description of a single relativistic particle
to a theory that apparently requires an infinite number of particles.

Even if we accept this, we still have not solved the problem of how to describe particles like photons or
pions or alpha nuclei that do not obey Pauli exclusion.

At this point, it 1s worthwhile to stop and reflect on why it has proven to be so hard to find an acceptable
relativistic wave equation for a single quantum particle.

Perhaps there 1s something wrong with our basic approach.
And there is.

Recall the axiom of quantum mechanics that says that “Observables are represented by hermitian
operators.”

This 1s not entirely true. There 1s one observable in quantum mechanics that is not represented by a
hermitian operator: time.

Time enters into quantum mechanics only when we announce that the “state of the system” depends on
an extra parameter t.



This parameter 1s not the eigenvalue of any operator.
This 1s 1n sharp contrast to the particle’s position x, which is the eigenvalue of an operator.

Thus, space and time are treated very differently, a fact that 1s obscured by writing the Schrodinger
equation in terms of the position-space wave function ¥ (x.,z).

Since space and time are treated asymmetrically, it 1s not surprising that we are having trouble
incorporating a symmetry that mixes them up.

So, what are we to do?

In principle, the problem could be an intractable one: it might be impossible to combine quantum
mechanics and relativity.

In this case, there would have to be some meta-theory, one that reduces in the nonrelativistic limit to
quantum mechanics, and in the classical limit to relativistic particle dynamics, but is actually neither.

This, however, turns out not to be the case.

We can solve our problem, but we must put space and time on an equal footing at the outset.
There are two ways to do this.

One 1s to demote position from its status as an operator, and render it as an extra label, like time.

The other 1s to promote time to an operator.



Let us discuss the second option first.
If time becomes an operator, what do we use as the time parameter in the Schrodinger equation?
Happily, in relativistic theories, there 1s more than one notion of time.

We can use the proper time 7 of the particle (the time measured by a clock that moves with it) as the time
parameter.

The coordinate time 7 (the time measured by a stationary clock in an inertial frame) is then promoted to
an operator.

In the Heisenberg picture (where the state of the system 1s fixed, but the operators are functions of time
that obey the classical equations of motion), we would have operators X#(7), where X0 =T.

Relativistic quantum mechanics can indeed be developed along these lines, but it 1s surprisingly
complicated to do so. (The many times are the problem; any monotonic function of 7 1s just as good a
candidate as 7 itself for the proper time, and this infinite redundancy of descriptions must be understood
and accounted for.)

One of the advantages of considering different formalisms is that they may suggest different directions
for generalizations.

For example, once we have X#(t), why not consider adding some more parameters?

Then we would have, for example, X#(0,1).



Classically, this would give us a continuous family of worldlines, what we might call a worldsheet, and
so X#(0,t) would describe a propagating string.

This 1s indeed the starting point for string theory.

Thus, promoting time to an operator is a viable option, but is complicated in practice.
Since we now know that “string theory” does not work.

We now know not to go down that path!

Let us then turn to the other option, demoting position to a label.

The first question is, label on what?

The answer 1s, on operators.

Thus, consider assigning an operator to each point x in space; call these operators ¢(x).

A set of operators like this 1s called a guantum field.

In the Heisenberg picture, the operators are also time dependent:

o(x,t) = et p(x, 0)e R (1.29)



Thus, both position and (in the Heisenberg picture) time are now labels on operators; neither is itself the
eigenvalue of an operator.

So, now we have two different approaches to relativistic quantum theory, approaches that might, in
principle, yield different results.

This, however, is not the case: it turns out that any relativistic quantum physics that can be treated in one
formalism can also be treated in the other.

Which we use 1s a matter of convenience and taste.

And, quantum field theory, the formalism in which position and time are both labels on operators, 1s
much more convenient and efficient for most problems.

There 1s another useful equivalence: ordinary nonrelativistic quantum mechanics, for a fixed number of
particles, can be rewritten as a quantum field theory.

This 1s an informative exercise, since the corresponding physics is already familiar.
Let us carry it out.

Begin with the position-basis Schrodinger equation for n particles, all with the same mass m, moving in
an external potential U(x), and interacting with each other via an interparticle potential V(x1— x»):



2 n j—1
(-h—v§- + U(xj)) +) ) Vixj—xx)|v, (1.30)

where ¥ = 1Y (X1,....Xn; t) 1s the position-space wave function.

The quantum mechanics of this system can be rewritten in the abstract form of eq. (1.1) by first
introducing (in, for now, the Schrodinger picture) a quantum field a(x) and its hermitian conjugate a’(x).

We take these operators to have the commutation relations

la(x),a(x")
a’(x),a’(x)] = 0, (131)

a(x),a" (x'),

where 03(x) is the three-dimensional Dirac delta function.

Thus, a®(x) and a(x) behave like harmonic-oscillator creation and annihilation operators that are labeled

by a continuous index.

In terms of them, we introduce the hamiltonian operator of our quantum field theory,



H = /d3:1: a' (x) (—%VQ + U(x))a(x)

(1.32)
+1 [ dady Vix—y)al )l ()aly)alx)
Now consider a time-dependent state of the form
|¢7t> — /d3$1 .o deEn ’(P(Xl, ooy Xny t)aT(Xl) R aT(xn)l()) 9 (1.33)

where Y (X1,...,Xn; t) 1s some function of the n particle positions and time, and 10) 1s the vacuum state, the
state that 1s annihilated by all the a’s,

a(x)[0) =0. (1.34)

It 1s now straightforward (though tedious) to verify that eq. (1.1), the abstract Schrodinger equation, is
obeyed if and only 1f the function vy satisfies eq. (1.30).

Thus we can interpret the state 10y as a state of “no particles”, the state a’(x1)I0) as a state with one
particle at position X1, the state a™(x1)a?(x2)I0) as a state with one particle at position X; and another at

position Xz, and so on.

The operator



N = / &z at (x)a(x) (135)

counts the total number of particles.

It commutes with the hamiltonian, as is easily checked; thus, if we start with a state of n particles, we
remain with a state of n particles at all times.

However, we can imagine generalizations of this version of the theory (generalizations that would not be
possible without the field formalism) in which the number of particles is not conserved.

For example, we could try adding to H a term like
AH /d3a: [aT(x)a2(x) + h.c.] . (1.36)

This term does not commute with N, and so the number of particles would not be conserved with this
addition to H.

Theories in which the number of particles can change as time evolves are a good thing: they are needed
for correct phenomenology.

We are already familiar with the notion that atoms can emit and absorb photons, and so we had better
have a formalism that can incorporate this phenomenon.



We are less familiar with emission and absorption (that is to say, creation and annihilation) of electrons,
but this process also occurs in nature; it is less common because 1t must be accompanied by the emission
or absorption of a positron, antiparticle to the electron.

There are not a lot of positrons around to facilitate electron annihilation, while ete- pair creation requires
us to have on hand at least 2mc? of energy available for the rest-mass energy of these two particles.

The photon, on the other hand, 1s its own antiparticle, and has zero rest mass; thus photons are easily and
copiously produced and destroyed.

There 1s another important aspect of the quantum theory specified by egs. (1.32) and (1.33).

Because the creation operators commute with each other, only the completely symmetric part of y
survives the integration in eq. (1.33).

Therefore, without loss of generality, we can restrict our attention to y’s of this type:

V(oox X t) = FP0 X X T) (1.37)

This means that we have a theory of bosons, particles that (like photons or pions or alpha nuclei) obey
Bose-Einstein statistics.

If we want Fermi-Dirac statistics instead, we must replace eq. (1.31) with



{a(x),a(x")} =0,
{a'(x),a"(x")} =0, (1.38)

{a(x),a'(x')} = 6°(x —x) ,

where again {A,B}= AB+ BA is the anticommutator.

Now only the fully antisymmetric part of 1 survives the integration in eq. (1.33), and so we can restrict
our attention to

?,D(...Xi...Xj...;t) =—1,b(...xj...xz-...;t) . (1.39)

Thus we have a theory of fermions.

It 1s straightforward to check that the abstract Schrodinger equation, eq. (1.1), still implies that i obeys
the differential equation (1.30).

Now, however, the ordering of the a and a' operators in the last term of eq. (1.32) becomes significant,
and must be as written.

Interestingly, there is no simple way to write down a quantum field theory with particles that obey
Boltzmann statistics, corresponding to a wave function with no particular symmetry.



This 1s a hint of the spin-statistics theorem, which applies to relativistic quantum field theory.

It says that interacting particles with integer spin must be bosons, and interacting particles with
half-integer spin must be fermions.

In our nonrelativistic example, the interacting particles clearly have spin zero (because their creation
operators carry no labels that could be interpreted as corresponding to different spin states), but can be
either bosons or fermions, as we have seen.

Now that we have seen how to rewrite the nonrelativistic quantum mechanics of multiple bosons or
fermions as a quantum field theory, it is time to try to construct a relativistic version.

2 Lorentz Invariance

Prerequisite: 1
A Lorentz transformation 1s a linear, homogeneous change of coordinates from x# to x #,

T = AF, ¥, (2.1)
that preserves the interval x? between x# and the origin, where

T’ = etz = gz’ = x% — c*t? . (2.2)

This means that the matrix A#y must obey

g/J,I/A'upAVO' = Ypo 5 (2.3)



where 1

( )
o +1 (2.4)

uv = 41 : .

\ +1/

1s the Minkowski metric.

Note that this set of transformations includes ordinary spatial rotations: take A% = 1, A% = Aip =0, and
Ajj=Rj; where R is an orthogonal rotation matrix

The set of all Lorentz transformations forms a group: the product of any two Lorentz transformations 1s
another Lorentz transformation; the product is associative; there 1s an identity transformation,
Ary = ory; and every Lorentz transformation has an inverse.

It 1s easy to demonstrate these statements explicitly.

For example, to find the inverse transformation (A-1)#y, note that the left-hand side of eq. (2.3) can be
written as Avo/AVs, and that we can raise the @ index on both sides to get AveAVs = 0.

On the other hand, by definition, (A-1)eyAVs = 0.

Therefore

(A™1)P, = A, . (2.5)



Another useful version of eq. (2.3) is

g AP AT, = g7 2.6)

To get eq. (2.6), start with eq. (2.3), but with the inverse transformations (A-1)#, and (A-1)Ys.

Then use eq. (2.5), raise all down indices, and lower all up indices.

The result is eq. (2.6).

For an infinitesimal Lorentz transformation, we can write

AF, = 6", + Swh, . (2.7)

Eq. (2.3) can be used to show that 0w with both indices down (or up) is antisymmetric:

OWps = —0Wgp - (2.8)

Thus there are six independent infinitesimal Lorentz transformations (in four spacetime dimensions).

These can be divided into three rotations (dwij= —&ijx 7%k 80 for a rotation by angle 80 about the unit
vector n ) and three boosts (Owip = 7; O1 for a boost in the direction n by rapidity on).



Not all Lorentz transformations can be reached by compounding infinitesimal ones.
If we take the determinant of eq. (2.5), we get (det A)-1 = det A, which implies det A = 1.
Transformations with det A = +1 are proper, and transformations with det A =—1 are improper.

Note that the product of any two proper Lorentz transformations is proper, and that infinitesimal
transformations of the form A =1 + 0w are proper.

Therefore, any transformation that can be reached by compounding infinitesimal ones is proper.

The proper transformations form a subgroup of the Lorentz group.

Another subgroup is that of the orthochronous Lorentz transformations: those for which A% > +1.
Note that eq. (2.3) implies (A%)2 — Aip Aip = 1; thus, either A A% = +1 or A A% =<-1.

An infinitesimal transformation is clearly orthochronous, and it 1s straightforward to show that the
product of two orthochronous transtormations 1s also orthochronous.

Thus, the Lorentz transformations that can be reached by compounding infinitesimal ones are both
proper and orthochronous, and they form a subgroup.



We can introduce two discrete transformations that take us out of this subgroup: parity and time reversal.

The parity transformation 1s

PE, = (P HE, = . (2.9)

It 1s orthochronous, but improper.

The time-reversal transformation 1is

TH, = (T H*, = . (2.10)

It 1s nonorthochronous and improper.

Generally, when a theory i1s said to be Lorentz invariant, this means under the proper orthochronous
subgroup only.

Parity and time reversal are treated separately.

It 1s possible for a quantum field theory to be invariant under the proper orthochronous subgroup, but not
under parity and/or time-reversal.



From here on, in this section, we will treat the proper orthochronous subgroup only.
Parity and time reversal will be treated in section 23.
In quantum theory, symmetries are represented by unitary (or antiunitary) operators.

This means that we associate a unitary operator U(A) to each proper, orthochronous Lorentz
transformation A.

These operators must obey the composition rule

UNA) =UNUA) . (2.11)

For an infinitesimal transformation, we can write

U(1+0w) = I + 56w, M, (2.12)

where M#v = —MW¢ 1s a set of hermitian operators called the generators of the Lorentz group.

If we start with U(A)-TU(A)U(A) = UA-TA'A), let A'=1 + dw’, and expand both sides to linear order
in 0w, we get

0w U(A) T MM U(A) = dwy, A*,AY , MP° . (2.13)

We see that each vector index on M#Vv undergoes its own Lorentz transformation.

This 1s a general result: any operator carrying one or more vector indices should behave similarly.



For example, consider the energy-momentum four-vector P, where PV 1s the hamiltonian A and P! are
the components of the total three-momentum operator.

W t
© expec U(A)"'PHU(A) = A*, P . 21

If we now let A =1 + 0w in eq. (2.14), expand to linear order in 0w, and equate the antisymmetric part
of the coefficients of 0w,v, we get the commutation relations

(M, M%) = ih (g M¥* ~ (uew)) = (p0) 2.16)

These commutation relations specify the Lie algebra of the Lorentz group.

We can identify the components of the angular momentum operator J as J; = %Sijijk, and the
components of the boost operator K as K; = M0,

We then find from eq. (2.16) that
[Ji, K] = ihejp Ky (2.17)
[Kz,K] = —’l:hEz'ijk .

The first of these 1s the usual set of commutators for angular momentum, and the second says that K
transforms as a three-vector under rotations.



The third implies that a series of boosts can be equivalent to a rotation.

Similarly, we can let A =1 + 0w in eq. (2.15) to get

[P, MP] = z‘h(gWPP — (p<—>a)) : (2.18)
which becomes
Ji, H] =0,
[Ji, Pj] = ihe;jp Py 2.19)
K;, H| = ihP;
[K;, Pj] = ihdy; H

Also, the components of P# should commute with each other:

[PMPJ] — 07

B H] =0 (2.20)

Together, eqgs. (2.17), (2.19), and (2.20) form the Lie algebra of the Poincare group.

Let us now consider what should happen to a quantum scalar field ¢(x) under a Lorentz transformation.

We begin by recalling how time evolution works in the Heisenberg picture:



e+z'Ht/h(p(x, O)e—th/h _ (p(x, t) .
Obviously, this should have a relativistic generalization,

e—iP:c/h(p(O)e-i—iP:c/h _ QO(ZE) ,

where Px= Prx, = P - x— Hct.
We can make this a little fancier by defining the unitary spacetime translation operator
T(a) = exp(—iP"a,/h) .

Then we have

T(a) " p(x)T(a) = p(z — a) .
For an infinitesimal translation,

T(6a) = I — %ba,P" .

Comparing eqgs. (2.12) and (2.25), we see that eq. (2.24) leads us to expect
U(A) " p(z)U(A) = p(A™ ) .

2.21)

(2.22)

(2.23)

(2.24)

(2.25)

(2.26)



Derivatives of ¢ then carry vector indices that transform in the appropriate way, e.g.,
U(A) 10 p(z)U(A) = A*,0°p(A™ ') , (2.27)
where the bar on a derivative means that it is with respect to the argument T = A-!x.
Eq. (2.27) also implies
U(8) 162 p(x)U(A) = 8%p(Az) .
so that the Klein-Gordon equation, (—02 + m2/h2c2)gp = 0, is Lorentz invariant, as we saw in section 1.

3 Canonical Quantization of Scalar Fields

Prerequisite: 2

Let us go back and drastically simplify the hamiltonian we constructed in section 1, reducing it to the
hamiltonian for free particles:

(3.1)

where

3, |
i) = [ G © T al) 32



Here we have simplified our notation by setting
h=1. (3.3)

The appropriate factors of 7 can always be restored in any of our formulas via dimensional analysis.

The commutation (or anticommutation) relations of the @(p) and &'(p) operators are

[@'(p),a' ()] =0, (3.4)

where [A,B]= 1s either the commutator (if we want a theory of bosons) or the anticommutator (if we want
a theory of fermions).

Thus @' (p) can be interpreted as creating a state of definite momentum p, and eq. (3.1) describes a
theory of free particles.

The ground state is the vacuum |0); it 1s annihilated by a(p)

a(p)|0) =0, (3.5)



and so its energy eigenvalue is zero.

The other eigenstates of H are all of the form a'(p1)---a'(p,)|0) ,and the corresponding energy
eigenvalue is E(p1) +...+ E(pn), where E(p) = £ mp?2.

It 1s easy to see how to generalize this theory to a relativistic one; all we need to do is use the relativistic
energy formula E(p) = +(p2c? + m2c¢c4)V/2;

7= / d’p (p°c® + m*c")? @' (p)a(p) . (3.6)

Now we have a theory of free relativistic spin-zero particles, and they can be either bosons or fermions.

Is this theory really Lorentz invariant?

We will answer this question (in the affirmative) in a very roundabout way: by constructing it again,
from a rather different point of view, a point of view that emphasizes Lorentz invariance from the
beginning.

We will start with the classical physics of a real scalar field ¢(x).

Real means that ¢(x) assigns a real number to every point in spacetime.

Scalar means that Alice [who uses coordinates x# and calls the field ¢(x)] and Bob [who uses

coordinates Z" , related to Alice’s coordinates by " = Aryxv+av, and calls the field @(Z) ], agree on
the numerical value of the field: p(x) = P(7T)



This then implies that the equation of motion for ¢(x) must be the same as that for o(T)

We have already met an equation of this type: the Klein-Gordon equation,
(—=0% + m?)p(z) =0 . (3.7)

Here we have simplified our notation by setting
c=1 (3.8)

in addition to i = 1.

As with h, factors of ¢ can restored, if desired, by dimensional analysis.

We will adopt eq. (3.7) as the equation of motion that we would like ¢(X) to obey.

It should be emphasized at this point that we are doing classical physics of a real scalar field.

We are not to think of ¢(x) as a quantum wave function.

Thus, there should not be any factors of # in this version of the Klein-Gordon equation.

This means that the parameter m must have dimensions of inverse length; m 1s not (yet) to be thought of
as a mass.



The equation of motion can be derived from variation of an action S = [ L dt, where L is the
lagrangian.

Since the Klein-Gordon equation is local, we expect that the lagrangian can be written as the space
integral of a lagrangian density £: L = [d3x £.

Thus, S = [d4x £.

The integration measure d4x is Lorentz invariant: if we change to coordinates " = A#\xV, we have
d¢x =ldet Al d*x = d*x.

Thus, for the action to be Lorentz invariant, the lagrangian density must be a Lorentz scalar: £(x) =
£( 2).

Then we have § = / d*zL(z) = / d*zL(z) = S

Any simple function of ¢ 1s a Lorentz scalar, and so are products of derivatives with all indices

contracted, such as d0#@d,@.

We will take for £
L =—30"00up — 3m*¢” + Qo , (39)

where €2 1s an arbitrary constant.



We find the equation motion (also known as the Euler-Lagrange equation) by making an infinitesimal
variation 0@(X) in ¢(x), and requiring the corresponding variation of the action to vanish:

0 = 68
_ / d'z [~ 10500, — 10"0d,60 — mPp 5 (3.10)

= /d"‘m :+8“8M<p — m2go] 0y .

In the last line, we have integrated by parts in each of the first two terms, putting both derivatives on ¢.

We assume 0@(X) vanishes at infinity in any direction (spatial or temporal), so that there is no surface

term.

Since 0@ has an arbitrary x dependence, eq. (3.10) can be true if and only if (—92 + m2)p= 0.

One solution of the Klein-Gordon equation 1s a plane wave of the form exp(ik-x + 1wt), where K 1s an
arbitrary real wave-vector, and

w = +(k? 4+ m?)1/2 (3.11)

The general solution (assuming boundary conditions that require ¢ to remain finite at spatial infinity) is

then

3
cp(x, t) — ;(kk) [a(k)eik-x—iwt 4+ b(k)ez’k-x+iwt] ’ (3.12)




where a(k) and b(k) are arbitrary functions of the wave vector Kk, and f(k) 1s a redundant function of the
magnitude of kK which we have inserted for later convenience.

Note that, if we were attempting to interpret @(x) as a quantum wave function (which we most definitely

are not ), then the second term would constitute the “negative energy” contributions to the wave
function.

This 1s because a plane-wave solution of the nonrelativistic Schrodinger equation for a single particle
looks like exp(ip - x— 1E(p)?), with E(p) = % mp?; there 1s a minus sign in front of the positive energy.

We are trying to interpret eq. (3.12) as a real classical field, but this formula does not generically result
in gbeing real.

We must impose ¢*(x) = ¢(X), where

@Y (X t) d(:) [a* (k)e—zk-x+zwt + b (k)e_ka_u‘)t]

(3.13)
d3k

* e—ik-x+z’wt + b*(_k)e+ik-x—iwt] .

In the second term on the second line, we have changed the dummy integration variable from k to —K.

Comparing eqgs. (3.12) and (3.13), we see that p*(X) = ¢(x) requires b*(—K) = a(k).



Imposing this condition, we can rewrite ¢ as
d3k
o0 = | 765
B d’k
) f(k) [
B d’k
) f(k)

a(k)eik-x—z’wt + a* (_k)eik-x-}-iwt]

-

(k)e'ék-x—iwt + a* (k)e—ik-X-l-iwt] (3 14)

[a(k) etkr a* (k) e—z’kx] ,

where kx = k-x— wt 1s the Lorentz-invariant product of the four-vectors x# = (t, x) and k* = (w, K):
kx= krx, = guvkrxv.

Note that
k* = ktk, =k —w® = —m?*. (3.15)

A four-momentum k# that obeys k? =—m? 1s said to be on the mass shell, or on shell for short.

It 1s now convenient to choose f(k) so that d3k/f(k) 1s Lorentz invariant.

An integration measure that 1s manifestly invariant under orthochronous Lorentz transformations 1s
d*ko(k2+m?2) B(k0), where 0(x) is the Dirac delta function, 6(x) is the unit step function, and k9 is treated
as an independent integration variable.

We then have



+00
/ dk’ 6(k*4+m?) 0(k°) = L (3.16)

50 2w

Here we have used the rule

+00
/ dz §(g Z |g (3.17)

— 00

where g(x) 1s any smooth function of x with simple zeros at x= X; ; in our
case, the only zero 1s at kO =

Thus we see that if we take f(k) a w, then d3k/f(k) will be Lorentz invariant.

We will take f(k) = (2m)32w.
It 1s then convenient to give the corresponding Lorentz-invariant differential its own name:

~ d’k

dk (27)32w : (3.18)

Thus we finally have
p(x) = /Efc [a(k)eika’ +a*(k)e_ik“’] : (3.19)



We can also invert this formula to get a(Kk) in terms of ¢(X).

We have

| | - (3.20)
/d3a: e~ R TPy p(x) = —La(k) + Lte**a*(—k) .
We can combine these to get
a(k) = /d3a: e~ ke [z’@ocp(:v) + wgo(a:)]
(3.21)

T
where f 0 g =£9,8) - (9,/)g, and dop = @/t = Y.

Note that a(k) 1s time independent.

Now that we have the lagrangian, we can construct the hamiltonian by the usual rules.

Recall that, given a lagrangian L(qi, ¢;) as a function of some coordinates g; and their time
derivatives ¢; ,the conjugate momenta are given by p; = dL/d¢q; , and the hamiltonian by H = ipi ¢;— L.



In our case, the role of qi(t) is played by ¢(x,t), with x playing the role of a (continuous) index.

The appropriate generalizations are then s
II(x) =
(%) = 5o@) (322)
and
H=Tp— L (3.23)
where # is the hamiltonian density, and the hamiltonian itself is H= [d3x #.
In our case, we have H(.’E) _ cp(iB) (3.24)
and
H = 111" + 3(Vp)® + 3m’p° — Qo . (3.25)

Using eq. (3.19), we can write H in terms of the a(k) and a*(K) coefficients
H = —QOV+%/Zi7c217c’d3x |
(—iw a(k)e*® + iw a* (k) _ka) ( w' a(k e*' T 4+ i a*(k')e_ik’“’)
+ (—|—z’k a(k)e™ — ik a*( _"k"’) (—l—zk’ eF'T _ ik a* (K )e '@ )
+m? (a(k)eik"’" + a*(k)e_’k"’) (a(k')e’k, +a (k’)e_ik"'”)]



= —QoV + 3(2m)* [ dk dk |
63 (k — k’)(—i—ww’ + kK + m?)
(6 (i) 4 aliga" (e -0
+ 83k + K)(—ww' — kK +m?)
x (a(k)a(k)e Tt 1 o* (k)a* (k') FH )

—QoV + %/Zﬁ; i[
(+0? + %7+ m?) (a* (K)a(k) + a(k)a" (k)
+ (—w? + 17 + m?) (a(k)a(-k)e 2! + a* (k)a* (~k)e ")

= 0V +} [ dk w(a190() + (190" () .

where V i1s the volume of space.

(3.26)

To get the second equality, we used

/ d’r = (27)°6°(q) (3.27)



To get the third equality, we integrated over k', using %’: d3k'/(2m)32w’.

The last equality then follows from w = (K2+m?)1/2,

Also, we were careful to keep the ordering of a(k) and a*(k) unchanged throughout, in anticipation of
passing to the quantum theory where these classical functions will become operators that may not
commute.

Let us take up the quantum theory now.

We can go from classical to quantum mechanics via canonical quantization.

This means that we promote g; and p; to operators, with commutation relations [qi , ;] =0, [pi , p;] =0,
and [q; , pj] = i1dj;.

In the Heisenberg picture, these operators should be taken at equal times.

In our case, where the “index” is continuous (and we have set i1 = 1), we have

[(p(x, t)a go(x/,t): =0,
[II(x,t),II(x',t)] =0, (3.28)

i0°(x — %) .
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From these canonical commutation relations, and from eqgs. (3.21) and (3.24), we can deduce

Q
~~
w
~—
=)
—~~
.
~—
|

(3.29)

~~
A

0,
0,
(27)°2w 6° (k — K) .

Q
~ N
~
—
|

We are now denoting a*(k) as a’(k), since a’(k) 1s now the hermitian conjugate (rather than the complex
conjugate) of the operator a(k).

We can now rewrite the hamiltonian as

H= / dk w at (K)a(k) + (£ — )V, (3.30)

where
-3 3
& = 5(2m) /d kw (331)

1s the total zero-point energy of all the oscillators per unit volume, and, using eq. (3.27), we have
interpreted (27)303(0) as the volume of space V.

If we integrate in eq. (3.31) over the whole range of K, the value of &y 1s infinite.

If we integrate only up to a maximum value of A, a number known as the ultraviolet cutoff, we find



(3.32)

where we have assumed A > m.

This 1s physically justified if, in the real world, the formalism of quantum field theory breaks down at
some large energy scale.

For now, we simply note that the value of €2y 1s arbitrary, and so we are free to choose 2o = &o.

With this choice, the ground state has energy eigenvalue zero.
Now, if we like, we can take the limit A — oo, with no further consequences.
We will meet more of these ultraviolet divergences after we introduce interactions.

The hamiltonian of eq. (3.30) is now the same as that of eq. (3.6), with a(k) = [(2m)32w]/2 a (k).

The commutation relations (3.4) and (3.29) are also equivalent, if we choose commutators (rather than
anticommutators) in eq. (3.4).

Thus, we have re-derived the hamiltonian of free relativistic bosons by quantization of a scalar field
whose equation of motion is the Klein-Gordon equation.



The parameter m in the lagrangian is now seen to be the mass of the particle in the quantum theory.

More precisely, since m has dimensions of inverse length, the particle mass is ficm.)

What if we want fermions?

Then we should use anticommutators in egs. (3.28) and (3.29).

There 1s a problem, though; eq. (3.26) does not then become eq. (3.30).

Instead, we get H =—C2yV, a simple constant.

Clearly there 1s something wrong with using anticommutators.

This 1s another hint of the spin-statistics theorem, which we will take up in section 4.
Next, we would like to add Lorentz-invariant interactions to our theory.

With the formalism we have developed, this is easy to do.

Any local function of ¢(x) 1s a Lorentz scalar, and so if we add a term like ¢3 or ¢* to
the lagrangian density £, the resulting action will still be Lorentz invariant.

Now, however, we will have interactions among the particles.

Our next task is to deduce the consequences of these interactions.



However, we already have enough tools at our disposal to prove the spin-statistics theorem for spin-zero
particles, and that i1s what we turn to next.

4 The Spin-Statistics Theorem

Prerequisite: 3

Let us consider a theory of free, spin-zero particles specified by the hamiltonian

Hy = /cfi\fc wa'(k)a(k) ,

(4.1)

where w = (k2 + m?2)!2, and either the commutation or anticommutation relations

la(k)
a' (k),
la(k)

)

a(k’)
a’ ()

~»

a’ ()

ETRRNTRRT
|

~~
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)

, (4.2)
2m)°2w 6° (k — k') .

Of course, if we want a theory of bosons, we should use commutators, and if we want fermions, we

should use anticommutators.

Now let us consider adding terms to the hamiltonian that will result in local, Lorentz invariant

Iinteractions.

In order to do this, it 1S convenient to define a nonhermitian field,



0T (x,0) = /EZTC e’®* q(k) ,

and 1ts hermitian conjugate

et (x,0) = /Zﬁc e™®* g(k) ,

These are then time-evolved with Ho:

Pt (x,1) = et (x, 00! = [ dk ¢ (k).

p~(x,t) = ety (x,0)e 0t = /cfﬁc e %% gl (k) .

Note that the usual hermitian free field ¢(x) is just the sum of these: p(X) = p+(x) + p~(X).

For a proper orthochronous Lorentz transformation A, we have

This implies that the particle creation and annihilation operators transform as

a
ot

A7Kk)
(A7'K) .

(4.3)

4.4)

(4.5)

(4.6)

4.7)



This, in turn, implies that ¢*(x) and ¢—(x) are Lorentz scalars:
UA) "' p*(2)U(A) = p*(A7'2) . (4.8)

We will then have local, Lorentz invariant interactions if we take the interaction lagrangian density £ to
be a hermitian function of ¢*(x) and ¢—(x).

To proceed we need to recall some facts about time-dependent perturbation theory in quantum
mechanics.

The transition amplitude Jt; to start with an initial state |1y at time t = — and end with a final state If)

at time t = +° 1s

Tri= (I Texp|—i [ e Hi0)| 1), 9)

— 00

where Hi(t) 1s the perturbing hamiltonian in the interaction picture,

H](t) = eXp(—l—iHot) H; eXp(—iHot) . (4.10)

H, 1s the perturbing hamiltonian in the Schrodinger picture, and T is the time ordering symbol: a product
of operators to 1ts right is to be ordered, not as written, but with operators at later times to the left of

those at earlier times.



We write H; = [d3x #1(x,0), and specify #1(x,0) as a hermitian function of ¢*+(x,0) and ¢-(x,0).

Then, using eqgs. (4.5) and (4.10), we can see that, in the interaction picture, the perturbing hamiltonian
density #1(x.,t) 1s simply given by the same function of ¢+(x,t) and @-(X.t).

Now we come to the key point: for the transition amplitude Jt—; to be Lorentz invariant, the time

ordering must be frame independent.

The time ordering of two spacetime points x and x’ is frame independent if their separation 1s timelike;
this means that the interval between them 1s negative, (x—x")2 < 0.

Two spacetime points whose separation 1s spacelike, (x— x")2 > 0, can have different temporal ordering in
different frames.

In order to avoid Jt—; being different in different frames, we must then require

[Hi(z),Hr(z")] =0 whenever (xz—2')?>>0. (4.11)

Obviously, [¢*(x), p*(x")]+= [¢"(X), p-(x")]== O.

However,



[go""(m),cp_ (xl)]q: = [ dk Zﬁf/ ei(km_k,x,)[a(k)aaT (k/)]$

_ 1L ik(z—2'
= /dk@ @) (4.12)
m

Ki(mr)

4mlr

C(r) .

In the next-to-last line, we have taken (x— x")2 =12 >0, and K(z) 1s a modified Bessel function.
This Lorentz-invariant integral i1s most easily evaluated in the frame where t' = t.)

The function C(r) 1s not zero for any r > 0.

Not even when m = 0; 1n this case, C(r) = 1/4m2r2.

On the other hand, #1(x) must involve both ¢*(x) and ¢-(Xx), by hermiticity.

Thus, generically, we will not be able to satisty eq. (4.11).

To resolve this problem, let us try using only particular linear combinations of ¢*(x) and ¢-(x).

Define



pA(z) = o7 () + Ao~ (2) ,

ol(@) = 9~ (@) + Xt (@) o
where A is an arbitrary complex number.
We then have
[pa(@), pA(@))x = [p* (@), 0™ (@) + Ale™ (2), ¢ (@)]5
= 1F PR Cr) (@14
and
[oa(z), pa(@)]F = Al (2), 7 (2')]5 + Alp™ (2),¢7 (2')]5
= A1F1)C(r). (4.15)

Thus, if we want g (Xx) to either commute or anticommute with both gi(x") and @Ti(x") at spacelike

separations, we must choose IAl = 1, and we must choose commutators.

Then (and only then), we can build a suitable #1(x) by making it a hermitian function of ¢)(X).



But this has simply returned us to the theory of a real scalar field, because, for A = ei®, e-ie2¢ (X) is

hermitian.

In fact, if we make the replacements a(k)— eti*2g(k) and a’(k)— e-1%2g¥(Kk), then the commutation
relations of eq. (4.2) are unchanged, and e-1%2¢(x) = @(X) = @p+(x) + @ (X).

Thus, our attempt to start with the creation and annihilation operators a’(k) and a(k) as the fundamental
objects has simply led us back to the real, commuting, scalar field ¢(x) as the fundamental object.

Let us return to thinking of ¢(x) as fundamental, with a lagrangian density given by some function of the

Lorentz scalars ¢(x) and 0#¢(x)d,@(X).
Then, quantization will result in [¢(X),p(x")]s=0 for t =t'.

If we choose anticommutators, then [¢(x)]? = 0 and [0,¢(X)]? = 0, resulting in a trivial £ that is at most

linear in @, and independent of ¥.

This clearly does not lead to the correct physics.
This situation turns out to generalize to fields of higher spin, in any number of spacetime dimensions.

One choice of quantization (commutators or anticommutators) always leads to a trivial £, and so this
choice 1s disallowed.



Furthermore, the allowed choice 1s always commutators for fields of integer spin, and anticommutators
for fields of half-integer spin.

If we try treating the particle creation and annihilation operators as fundamental, rather than the fields,
we find a situation similar to that of the spin-zero case, and are led to the reconstruction of a field that
must obey the appropriate quantization scheme.

5 The LSZ Reduction Formula

Prerequisite: 3

Let us now consider how to construct appropriate initial and final states for scattering experiments.

In the free theory, we can create a state of one particle by acting on the vacuum state with a creation
operator

k) = a'(k)|0) (5.1)
where

= —1 / d3r et® 5()) o(x) . (5.2)
The vacuum state 10 1s annihilated by every a(k),

a(k)|0) =0, (5.3)

and has unit norm,

(0[0) = 1. (54)



The one-particle state |k) then has the Lorentz-invariant normalization
(k|K') = (27m)° 2w 6° (k — K') | (5.5)

where 0 = (k2 + m?2)1/2,

Next, let us define a time-independent operator that (in the free theory) creates a particle localized in
momentum space near ki, and localized in position space near the origin:

ol = / &% f1(K)al (k) 56

where

f1(k) o exp[—(k — k1)2/402] (5.7)

1s an appropriate wave packet, and o 1s its width in momentum space.
Consider the state a;710).

If we time evolve this state in the Schrodinger picture, the wave packet will propagate (and spread out).
The particle 1s thus localized far from the origin as t — +%.

If we consider instead a state of the form a; ax7 10y, where K # k2, then the two particles are widely
separated in the far past.



Let us guess that this still works 1n the interacting theory.

One complication is that at(k) will no longer be time independent, and so a'i, eq. (5.6), becomes time
dependent as well.

Our guess for a suitable initial state of a scattering experiment is then

i) = lim a{(t)ag(t)m) . (5.8)

t——00

By appropriately normalizing the wave packets, we can make <1 11) = 1, and we will assume that this 1s
the case.

Similarly, we can consider a final state

f) = lim al,(t)al,(2)[0), (5.9)

t——400
where k'1 # kK'2, and {f1 ) = 1.
This describes two widely separated particles in the far future.

We could also consider acting with more creation operators, if we are interested in the production of
some extra particles in the collision of two.

Now the scattering amplitude is simply given by {f | 1).



We need to find a more useful expression for {f11).

To this end, let us note that

al(+00) — a} (—o0)

+00
/ dt Boal ()

— 00

— / d% f1(k) / d*z 9y e"’“”gécp(x))

= / &k f1(k / d'z e (05 + w?)p(z)

; / & 1 (k / d*z % (82 + k2 + m2)p(z)

= —; / &k f1(k / d*z e** (92 — V2 + m2)p(z) (5.10)
— / %k f1(k / d*z €7 (82 — V2 + m?)p(x)

— / &% f1(k / d'z €7 (— 92 + m?)p(z) .

The first equality 1is just the fundamental theorem of calculus.

To get the second, we substituted the definition of at(t), and combined the d3x from
this definition with the dt to get d4x.

The third comes from straightforward evaluation of the time derivatives.



The fourth uses w2 = k2 + m2.
The fifth writes K2 as —V2 acting on eikx,

The sixth uses integration by parts to move the V2 onto the field ¢(x); here the wave packet is needed to
avoid a surface term.

The seventh simply identifies d% — V2 as —d2.

In free-field theory, the right-hand side of eq. (5.10) is zero, since @(x) obeys the Klein-Gordon equation.
In an interacting theory, with (say) £ = % g3, we have instead (—d? + m2)p = % g2,

Thus the right-hand side of eq. (5.10) 1s not zero in an interacting theory.

Rearranging eq. (5.10), we have
a{(—oo) = aJ{ (400) +i/d3k f1(k) /d4:1: e*%(—0% + m?)p(x) . (5.11)

We will also need the hermitian conjugate of this formula, which (after a little more rearranging) reads

a1(+00) = a1(—o0) + 14 /d3k fi(k /d e kT (—9% + m?)p(x) . (5.12)



Let us return to the scattering amplitude,
(fli) = (0ay (+00)ag (+00)al (—oo)al(—o00)|0) . (5.13)

Note that the operators are in time order.

Thus, if we feel like it, we can put in a time-ordering symbol without changing anything:

(f]i) = (0| Tay (+00)ag (+00)al (—oo)al(—00)|0) . (5.14)

The symbol T means the product of operators to its right 1s to be ordered, as written, but with operators
at later times to the left of those at earlier times.

Now let us use egs. (5.11) and (5.12) in eq. (5.14).
The time-ordering symbol automatically moves all ai(—)’s to the right, where they annihilate 10).
Similarly, all aTi(+¢)’s move to the left, where they annihilate {Ol.

The wave packets no longer play a key role, and we can take the 0 — 0 limit 1n eq. (5.7), so that

fi(k) = 03(k— k).

The initial and final states now have a delta-function normalization, the multiparticle generalization
of eq. (5.5).



We are left with
(fli) = i+ / d'ey €171 (~0F + m?) .
d'z} e 171 (6% + m?).. (5.15)

X (0| Tp(z1)...o(z})... |O) .

This formula has been written to apply to the more general case of n incoming particles and n’ outgoing
particles; the ellipses stand for similar factors for each of the other incoming and outgoing particles.

Eq. (5.15) 1s the Lehmann-Symanzik-Zimmermann reduction formula, or LSZ formula for short.
It 1s one of the key equations of quantum field theory.

However, our derivation of the LSZ formula relied on the supposition that the creation operators of free
field theory would work comparably in the interacting theory.

This 1s a rather suspect assumption, and so we must review it.

Let us consider what we can deduce about the energy and momentum eigenstates of the interacting
theory on physical grounds.

First, we assume that there is a unique ground state 10y, with zero energy and momentum.

The first excited state 1s a state of a single particle with mass m.



This state can have an arbitrary three-momentum K; its energy is then E = w = (k? + m2)1/2,
The next excited state 1s that of two particles.

These two particles could form a bound state with energy less than 2m (like the hydrogen atom in
quantum electrodynamics), but, to keep things simple, let us assume that there are no such bound states.

Then the lowest possible energy of a two-particle state 1s 2m.

However, a two-particle state with zero total three-momentum can have any energy above 2m, because
the two particles could have some relative momentum that contributes to their total energy.

Thus we are led to a picture of the states of theory as shown in fig. (5.1).

\f/
Figure 5.1: The exact energy eigenstates in the (P E)

2m plane. The ground state is isolated at (0,0), the

one-particle states form an isolated hyperbola that passes
through (0,m), and the multi-particle continuum lies at
and above the hyperbola that passes through (0,2m).

0 P

Now let us consider what happens when we act on the ground state with the field operator ¢(x).



To this end, it 1s helpful to write

p(x) = exp(—iP"z,)p(0)exp(+iP"x,) , (5.16)
where P# is the energy-momentum four-vector.
This equation, introduced in section 2, 1s just the relativistic generalization of the Heisenberg equation.

Now let us sandwich ¢(x) between the ground state (on the right), and other possible states (on the left).

For example, let us put the ground state on the left as well.
Then we have
(Ol ()0) = (0]e™"“¢(0)e™*|0)

= (0[¢(0)]0) .

(5.17)

To get the second line, we used P#l0) = 0.
The final expression is just a Lorentz-invariant number.

Since 10 1s the exact ground state of the interacting theory, we have (in general) no 1dea what this
number 1s.



We would like {0lp(0)I0) to be zero.

This 1s because we would like af1(£), when acting on 10, to create a single particle state.

We do not want a™i(£%) to create a linear combination of a single particle state and the ground state.

But this is precisely what will happen if <0lgp(0)I0) 1s not zero.
So, if v = {0lp(0)I0) 1s not zero, we will shift the field ¢(x) by the constant v.
This means that we go back to the lagrangian, and replace ¢(x) everywhere by ¢(x) + v.

This 1s just a change of the name of the operator of interest, and does not affect the physics.

However, the shifted ¢(x) obeys, by construction, <Olg(x)I0 = 0.

Let us now consider <{plp(x)I0y, where Ip) 1s a one-particle state with four-momentum p, normalized

according to eq. (5.3).
Again using eq. (5.16), we have
<p| e—iPxQO(O)B_HPx |0>

e” """ (pl(0)]0) ,

(ple(x)|0) (5.18)



where <{plep(0)I0) 1s a Lorentz-invariant number.

It 1s a function of p, but the only Lorentz-invariant functions of p are functions of p2, and p? is just
the constant —m?2.

So {plp(0)I0) is just some number that depends on m and (presumably) the other parameters in the
lagrangian.

We would like {plp(0)I0) to be one.

That 1s what it 1s in free-field theory, and we know that, in free-field theory, a'i(x%) creates a correctly
normalized one-particle state.

Thus, for a1(x) to create a correctly normalized one-particle state in the interacting theory, we must
have {plp(0)I0) = 1.

So, if {plp(0)I0) 1s not equal to one, we will rescale (or, one might say, renormalize) @(x) by a
multiplicative constant.

This 1s just a change of the name of the operator of interest, and does not affect the physics.

However, the rescaled ¢(x) obeys, by construction, {plg(0)I0y = 1.

Finally, consider {p,nlg(x)I0y, where |p,n) is a multiparticle state with total four-momentum p, and n 1s
short for all other labels (such as relative momenta) needed to specify this state.



We have | |
(p,nle”* " p(0)et**|0)

e”"P*(p,n|¢(0)|0) (5-19)
e P An(p) ,

(P, nle(2)]0)

where An(p) 1s a function of Lorentz invariant products of the various (relative and total) four-momenta
needed to specify the state.

Note that, from fig. (5.1), p® = (p%? + M?2)1”2 with M = 2m.
The invariant mass M is one of the parameters included in the set n.

We would like {p,nlgp(x)I0) to be zero, because we would like a'i(x%), when acting on 10), to create a

single particle state.
We do not want a’i(+%) to create any multiparticle states.

But this 1s precisely what may happen if {p,nlp(x)I0) 1s not zero.

Actually, we are being a little too strict.

We really need <{p,nl at1(x>) l0>to be zero, and perhaps it will be zero even if {p,nlp(x)I0) 1s not.



Also, we really should test a’1(£2°)|l0) only against normalizable states.

Mathematically, non-normalizable states cause all sorts of trouble; mathematicians don’t consider them
to be states at all.

In physics, this usually doesn’t bother us, but here we must be especially careful.

So let us write

=> / d’p n(p)|p, M) | (5.20)

where the n(p)’s are wave packets for the total three-momentum p.

Note that eq. (5.20) is highly schematic; the sum over n includes integrals over continuous parameters
like relative momenta.

Now we want to examine

Wlal (10) = i3 [ & i) [ @ £109) [ d b (o, nlielz) 0 521)

We will take the limit t — +°¢ in a moment.

Using eq. (5.19), eq. (5.21) becomes



Wlal010) = =53 [ dp vip) [ Pk £10) [ da(ehoe) dn(p) .
= Zn: / d°p ¢;,(p) / &’k f1(k) / d’z (p°+k°)e'* P A, (p) . -

Next we use [ d3r e!k—P)* = (27)3§3(k — p) to get
(blal ()]0 = / & (2m)3 (0 +K0)5 (p) f1(P) An (p)' " ) 5.23)

where p0 = (p2 + M2)1”2 and k0 = (p2 + m?)!1/2,
Now comes the key point.
Note that p© 1is strictly greater than k9, because M = 2m > m.

Thus the integrand of eq. (5.23) contains a phase factor that oscillates more and more rapidly as t — oo,

Therefore, by the Riemann-Lebesgue lemma, the right-hand side of eq. (5.23) vanishes as t— +

Physically, this means that a one-particle wave packet spreads out differently than a multiparticle wave
packet, and the overlap between them goes to zero as the elapsed time goes to infinity.



Thus, even though our operator a'i(t) creates some multiparticle states that we don’t want, we can
“follow” the one-particle state that we do want by using an appropriate wave packet.

By waiting long enough, we can make the multiparticle contribution to the scattering amplitude as small
as we like.

Let us recap.

The basic formula for a scattering amplitude in terms of the fields of an interacting quantum field theory
is the LSZ formula, which 1s worth writing down again:

(fla) = it /d ek121(_92 1 m?) ...
, (5.24)
d’zy e 171 (— 0% +m?)..
x (0|To(z1)...po(z]) |O) .
The LSZ formula is valid provided that the field obeys
(0]eo(x)]|0) =0 and (k|o(z)|0) = e~ (5.25)

These normalization conditions may conflict with our original choice of field and parameter
normalization in the lagrangian.

Consider, for example, a lagrangian originally specified as



— 1 1, 2 2 1 3
L=—50"pdup— sm°p° + 590° . (5.26)
After shifting and rescaling (and renaming some parameters), we will have instead
1 1 2 2 1 3

Here the three Z’s and Y are as yet unknown constants.
They must be chosen to ensure the validity of eq. (5.25); this gives us two conditions in four unknowns.
We fix the parameter m by requiring it to be equal to the actual mass of the particle (equivalently, the
energy of the first excited state relative to the ground state), and we fix the parameter g by requiring
some particular scattering cross section to depend on g in some particular way.

For example, in quantum electrodynamics, the parameter analogous to g is the electron charge e.

The low-energy Coulomb scattering cross section is proportional to e4, with a definite constant of
proportionality and no higher-order corrections; this relationship defines e.

Thus we have four conditions in four unknowns, and it is possible to calculate Y and the three Z’s order
by order in powers of g.

Next, we must develop the tools needed to compute the correlation functions OIT@(x1)...10) in an

interacting quantum field theory.



6 Path Integrals in Quantum Mechanics

Prerequisite: none

Consider the nonrelativistic quantum mechanics of one particle in one dimension; the hamiltonian is

H(P,Q)=5-P*+V(Q), 6.1)

where P and Q are operators obeying [Q,P] =1.

We set /i = 1 for notational convenience.

We wish to evaluate the probability amplitude for the particle to start at position ' at time t’, and end at
position q"" at time t"’.

This amplitude 1s {q"le-Ht"-")Iq"), where Iq') and |q'") are eigenstates of the position operator Q.

We can also formulate this question in the Heisenberg picture, where operators are time dependent and
the state of the system is time independent, as opposed to the more familiar Schrodinger picture.

In the Heisenberg picture, we write Q(t) = elHtQe-Ht,
We can then define an instantaneous eigenstate of Q(t) via Q(t)lg.t) = qlq.b.

These instantaneous eigenstates can be expressed explicitly as Iq,t)= etiHtq), where Qlg)= qlg).



Then our transition amplitude can be written as {q", t"lq’, t'> in the Heisenberg picture.

To evaluate (q",t"lq"t'>, we begin by dividing the time interval T =t"— t'into N + 1 equal pieces of
duration ot=T/(N+ 1).

Then introduce N complete sets of position eigenstates to get
(¢",t"lq',t) / H dg; (¢"|e”""*lqn)(anle” " |an-1) ... (@ale ¢} . (6.2)

The integrals over the q’s all run from —co to +.
Now consider {qle-iHotlq).
We can use the Campbell-Baker-Hausdorf formula
exp(A + B) = exp(A) exp(B) exp(—%[A, Bl +...) (6.3)
to write

exp(—iH6t) = exp[—i(6t/2m)P?] exp[—idtV (Q)] exp[O(6t?)] . (6.4)

Then, in the limit of small 0t, we should be able to ignore the final exponential.



Inserting a complete set of momentum states then gives
» w 2 .
(gze ZH(St|(11> = / dp1 (gzle Hot/2m) p1){p1le “eviQ) |q1)

= / dp, et/ 2m)py =itV (a1) (2|p1) (P1]g1)

_ [dn o—i(0t/2m)p} —i6tV(q1) ,ip1(92—q1) (6.5)
2T

_ [d;m o—iH(p1,q1)8t Jip1(g2—q1)
o

To get the third line, we used {qlpy = (2m)-1"2 exp(ipq).

If we happen to be interested in more general hamiltonians than eq. (6.1), then we must worry about the
ordering of the P and Q operators in any term that contains both.

If we adopt Weyl ordering, where the quantum hamiltonian H(P,Q) is given in terms of the classical
hamiltonian H(p,q) by

dx dk

H(P,Q) = o 2m

iz P+ikQ / dpdgqe=P=*9 H(p q) | (6.6)

then eq. (6.5) is not quite correct; in the last line, H(p1,q:1) should be replaced with H(p1,q1), where ¢
1
=5 (q1 + q).



For the hamiltonian of eq. (6.1), which 1s Weyl ordered, this replacement makes no difference in the limit
ot— 0.

Adopting Weyl ordering for the general case, we now have
N Nodp: | )
(" t"|¢,t) = / H dq; H 2_3 e'Pi(2+1=95) ¢—iH (p5,35)0t (6.7)
, (s
k=1 7=0
where ¢ = %(qj +qQj+1),qo=q’, and qn+1 = q".
If we now define ;= (gj+1— q;)/0Ot, and take the formal limit of 0t— 0, we get

t//

@', ¢1¢,) = [ DaDp exeli [ at(pe)i®) - H(e),a0)) | 63)

The integration 1s to be understood as over all paths in phase space that start at q(t') = q' (with an
arbitrary value of the initial momentum) and end at q(t”") = q”(with an arbitrary value of the final
momentum).

If H(p,q) 1s no more than quadratic in the momenta [as 1s the case for eq. (6.1)], then the integral over p
1s gaussian, and can be done in closed form.

If the term that 1s quadratic in p 1s independent of q [as 1s the case for eq. (6.1)], then the prefactors
generated by the gaussian integrals are all constants, and can be absorbed into the definition of 2Dq.

The result of integrating out p is then



(¢ "|d,t') = / Dq exp|i

t//

t/

dt L(4(t),q(t))

; (6.9)

where L( ¢, q) is computed by first finding the stationary point of the p integral by solving

OH (p, q)

0

0= %(pQ—H(P,Q)) =4 -

Op

(6.10)

for p in terms of ¢ and q, and then plugging this solution back into p ¢ — H to get L.

We recognize this procedure from classical mechanics: we are passing from the hamiltonian formulation

to the lagrangian formulation.

Now that we have egs. (6.8) and (6.9), what are we going to do with them?

Let us begin by considering some generalizations; let us examine, for example, <q”'t"IQ(t1)lq’t’), where
gin by g g pic, q q

t' <t <t”.

This 1s given by

(@, t"|Q(t1)|d, ') = (¢"|e " HE ~t) Qe tH1 =14y .

(6.11)

In the path integral formula, the extra operator Q inserted at time t; will simply result in an extra factor

of q(tr).



Thus
(¢",t"1Q(t)Id 1) = / DpDq q(t1) e, (6.12)
where S = ft*;" dt (pg — H)
Now let us go in the other direction; consider f DpDgq q(ti)q(tQ)éiS
This clearly requires the operators Q(t1) and Q(t2) but their order depends on whether t; < tz or t2 < tj.

Thus we have

/Dqu q(t1)q(t2) € = (¢", t"|TQ(t1)Q(t2)ld, ') . (6.13)

where T 1s the time ordering symbol: a product of operators to its right is to be ordered, not as written,
but with operators at later times to the left of those at earlier times.

This 1s significant, because time-ordered products enter into the LSZ formula for scattering amplitudes.
To further develop these methods, we need another trick: functional derivatives.

We define the functional derivative 0/0f(t) via

) (6.14)
5f(t1) f(tQ) — 5(t1 - tZ) y




where 0(t) is the Dirac delta function.

Also, functional derivatives are defined to satisty all the usual rules of derivatives (product rule, chain
rule, etc).

Eq. (6.14) can be thought of as the continuous generalization of (d/0X;)x;= 0;.

Now, consider modifying the lagrangian of our theory by including external forces acting on the particle:

H(p,q) — H(p,q) — f(t)q(t) — h(t)p(t) , (6.15)

where f(t) and A(t) are specified functions.

In this case we will write

tl/
g t"|d, t)Y s = | DpDq exp|i dt (pg— H+ fg+ hp)| . (6.16)
f ;

where H i1s the original hamiltonian.

Then we have



" ", ) ph = / DpDq q(ty) e J dlpi—H+fathe]

0f(t1)
1 o0 1 o "oy gl / | dt [pg—H h
L 1 — [ DD i pg—H+ fq+hp] 617
i 5f(t1) i (5f(t2) (C] , 1 |q , 1 >f,h prq Q(tl)Q(tQ) € ) ( )
F 5 (@O = [ DoDgp(en) e dlritisest
) 5h(t1) ’ ’ ’ ’

and so on.

After we are done bringing down as many factors of q(ti) or p(ti) as we like, we can set f(t) = h(t) =0,
and return to the original hamiltonian.

Th
(" t"|TQ(t1) ... P(ty) ... |d, ')
1 5 1 ) v (6.18)
- A" Lt .

Suppose we are also interested in initial and final states other than position eigenstates.
Then we must multiply by the wave functions for these states, and integrate.

We will be interested, in particular, in the ground state as both the initial and final state.
Also, we will take the limits t'— —co and t'— +0.

The object of our attention is then



(010)sr = lim [ dqg"dq" ¢¥5(q") (q",t"|d',t) ¢n %o(d') , (6.19)

t/ - — 0

t!! -+ o0

where Po(q) = (ql0) is the ground-state wave function.

Eq. (6.19) 1s a rather cumbersome formula, however.

We will, therefore, employ a trick to simplify it.

Let In) denote an eigenstate of H with eigenvalue E,.

We will suppose that Eg = 0O; if this 1s not the case, we will shift H by an appropriate constant.

Next we write

|q',t’> _ th’|q>

(6.20)

||
]
E
3
El
SN

where Yn(q) = {(qln) is the wave function of the nth eigenstate.

Now, replace H with (1-1€)H in eq. (6.20), where € is a small positive infinitesimal.



Then, take the limit t'— —© of eq. (6.20) with € held fixed.

Every state except the ground state 1s then multiplied by a vanishing exponential factor, and so the limit
1s simply YP*o(q")I0>.

Next, multiply by an arbitrary function x(q’), and integrate over q'.

The only requirement 1s that <Oly) # 0.

We then have a constant times |0y, and this constant can be absorbed into the normalization of the path
integral.

A similar analysis of <q" t"I= {q"le-H"" shows that the replacement H — (1—1€)H also picks out the

ground state as the final state in the t"— +c0 limit.

What all this means 1s that if we use (1-1€)H instead of H, we can be cavalier about the boundary

conditions on the endpoints of the path.
Any reasonable boundary conditions will result in the ground state as both the initial and final state.

Thus we have

+o0
z/ dt (pq — (1—ie)H + fq+ hp)] . (6.21)

— 00

(0[0) .5, = /DPDQ exp




Now let us suppose that H = Hp + Hi, where we can solve for the eigenstates and eigenvalues of Ho, and
H can be treated as a perturbation.

Suppressing the i€, eq. (6.21) can be written as

(0[0) ,n = /Dqu exp z/:o dt (pg — Ho(p,q) — Hi(p,q) +fq+hp)]
i [Tt 1)
X /Dqu exp[i/::) dt (pc] — Hy(p,q) + fq+ hp)] :

To understand the second line of this equation, take the exponential prefactor inside the path integral.

Then the functional derivatives (that appear as the arguments of H;) just pull out appropriate factors of
p(t) and q(t), generating the right-hand side of the first line.

We assume that we can compute the functional integral in the second line, since it involves only the
solvable hamiltonian Hp.

The exponential prefactor can then be expanded in powers of H; to generate a perturbation series.



If Hi depends only on q (and not on p), and if we are only interested in time-ordered products of Q’s (and
not P’s), and if H 1s no more than quadratic in P, and if the term quadratic in P does not involve Q, then

eq. (6.22) can be simplified to
L [T 1 9
(5 57m)|

(010); = exp

+00 (6.23)
X /Dq exp[z/ dt (Lo(q, q) —|—fq)] :

— 00
where Li(q) = —Hi(q).
7 The Path Integral for the Harmonic Oscillator
Prerequisite: 6
Consider a harmonic oscillator with hamiltonian

1 2 1 22
H(P,Q) = 5-P°+ ;mw”Q~ . (7.1)

We begin with the formula from section 6 for the ground state to ground state transition amplitude in the
presence of an external force, specialized to the case of a harmonic oscillator:

“+00

(0[0) s = poDq expi/ dt[pd - (l—ie)H+fq] - (7.2)

— 00



Looking at eq. (7.1), we see that multiplying H by 1—i€ is equivalent to the replacements

m-! — (1-1e)m-! [or, equivalently, m — (1+1€)m] and mw? — (1-1€)mm?2.

Passing to the lagrangian formulation then gives

: 00 1 . -2 1 . 2 2
(0]0) 5 = /Dq expz/ dt[§(1+ze)mq — 5(1—ie)mwq +fq] . (7.3)

—00

From now on, we will simplify the notation by setting m = 1.

Next, let us use Fourier-transformed variables,

+00

iB) = [ areFar), )= [

; e PLG(E) . (7.4)
— 00 — 00 v

The expression in square brackets in eq. (7.3) becomes

]. +OO dE dE, —Z / . . o~ —~ /
[. : ] — §/_ Sy (E+E )t[(—(l—l—ze)EE' — (1—ze)w2)Q(E)(I(E)
o0 (7.5)

+ F(B)4(E") + f(ENd(E))|.
Note that the only t dependence is now in the prefactor.

Integrating over t then generates a factor of 2mo(E+ E').



Then we can easilv integrate over E’ to get

/*wdt[ ]

S

=3 /+oo ab 1—|—ze)E (1—ie)w2)§(E)§(—E)

+ f(B)a(—B) + f(-B)d(B)|.

00271'

The factor 1in large parentheses 1s equal to E2— w2 + 1(E? + w?)e, and we can absorb the positive

coefficient into € to get E2 — w2 + €.

Now it 1s convenient to change integration variables to

Then we get

= / T dE " |F(E)(E? - w? + ie)(~F) -

f(E)f(-E)

E? — 2 + i€

Furthermore, because eq. (7.7) is just a shift by a constant, Dq= Dx.

Now we have

(7.6)

(7.7)

(7.8)



T dF FE
<O|O>f — €Xp 2 o sz)_;_fE‘ﬂ )

/ Dx exp

Now comes the key point.

- - (7.9)
/ T AE S BY(E? — W + ie)F(—E)

oo 2T

The path integral on the second line of eq. (7.9) 1s what we get for <0l0)s1n the case f = 0.

On the other hand, if there 1s no external force, a system in its ground state will remain 1n 1its
ground state, and so <0l0)r=o = 1.

Thus <0l0)r1s given by the first line of eq. (7.9),

+dE  J(E)f(-E)
2 2 — B2 4+ w? — i€

(0]0) s = exp (7.10)

We can also rewrite <0l0)s in terms of time-domain variables as

i o[t N oo
. / dtdt' FO)GE —t)F{E)] (7.11)

— OO

(0]0)5 = exp

where

+0o JFE e—iE(t—t’)
Gt — 1) :/_oo e e g7l (7.12)



Note that G(t—t") 1s a Green’s function for the oscillator equation of motion:

2
(% + wz) Gt—-t)=06t-1t). (7.13)

This can be seen directly by plugging eq. (7.12) into eq. (7.13) and then taking the e— 0 limit.

We can also evaluate G(t— t") explicitly by treating the integral over E on the right-hand side of eq. (7.12)
as a contour integral in the complex E plane, and then evaluating it via the residue theorem.

The result 1s

Gt —t') = iexp(—z’whﬁ ~t]). (7.14)

Consider now the formula from section 6 for the time-ordered product of operators.

In the case of initial and final ground states, it becomes

1
i 6f(t)

Using our explicit formula, eq. (7.11), we have

(0[TQ(%1) ... 10)

...(O|O)f|f20 . (7.15)

the



0[TQ(1)Q(t2)[0) = % 5f((5t1) % (5f((st2) <O|O>f|f=0
1 0 too / /

— [l-G(tz — t1) + (term with f,s)] <O|O>f’f=0

= 1G(ts — t1) .

We can continue 1n this way to compute the ground-state expectation value of the time-ordered product
of more Q(t)’s.

If the number of Q(t)’s 1s odd, then there 1s always a left-over f(t) in the prefactor, and so the result 1s
Zero.

If the number of Q(t)’s 1s even, then we must pair up the functional derivatives in an appropriate way to
get a nonzero result.

Thus, for example,
OITQ()QE)QU)Q)I0) = 5 [G(ta—t2)Glts—ta)

+ G(t1—t3)G(ta—14) (7.17)
+ G(t1—t4)G(ta—t3)]



More generally,

OITQ(t1) ... Q(tan)|0) = — 3 Gltis—tis) ... Cltipe s —tin) - (18

(} . .
pairings
8 The Path Integral for Free Field Theory

Prerequisite: 3,7

Our results for the harmonic oscillator can be straightforwardly generalized to a free field theory with
hamiltonian density

Ho = 311° + 2(V)? + 3m°p” . (8.1)
The dictionary we need 1s

q(t) — p(x,t) (classical field)
Q(t) — ¢(x,t) (operator field) (8.2)

f(t) — J(x,t) (classical source)

The distinction between the classical field ¢(x) and the corresponding operator field should be clear from

context.

To employ the € trick, we multiply Ho by 1- i€.



The results are equivalent to replacing m? in Hp with m?— 1e.
From now on, for notational simplicity, we will write m2 when we really mean m2— i¢.

Let us write down the path integral (also called the functional integral)tor our free field theory:
Zo(J) = (0]0)y = /Dcp et J d'zllotTe] (8.3)
where
Lo = 8“ 00, p — m?p? (8.4)

1s the lagrangian density, and

Dy x | | do(z) (8.5)

1s the functional measure.
Note that when we say path integral , we now mean a path in the space of field configurations.
We can evaluate Z.(J) by mimicking what we did for the harmonic oscillator in section 7.

We introduce four-dimensional Fourier transforms,

4
/d e " o(z) , p(z) = / (gﬂl;l e** B(k) (8.6)



where kx = —kot + K'X, and ko 1s an integration variable.

Then, starting with Sy = [ d* [Lo + J¢], we get

/ d4k
~ 9

where k? = k?— (ko)2.

We now change path integration variables to

Since this is merely a shift by a constant, we have D¢ = Dy.

The action becomes

J(k)J(—k)

1 [ d%
S0 = 5/ (27)4

Just as for the harmonic oscillator, the integral over yvsimply yields a factor of Zo(0) =

Therefore

k2_|_m2

- X(k)(k* + m*)X(—k)

(k) (K +m*)(—k) + T (k) B(—k) + T(~k) (k)|

(8.7)

(8.8)

(8.9)

0l0>5=0 = 1.



Zo(J) = exp

d% J(k (k)}

2 (2m)% k%2 +m? — ie
(8.10)

= exp :%/d‘lx dz' J(x)A(x — :B')J(ac')] .

Here we have defined the Feynman propagator,

d4% etk(z—z")
Alx —z') = G B m? —ic (8.11)

The Feynman propagator 1s a Green’s function for the Klein-Gordon equation,

(=02 +m*)A(x — ') = 6*(z — o) . (8.12)
This can be seen directly by plugging eq. (8.11) into eq. (8.12) and then taking the € — 0 limiat.

We can also evaluate A(x— x") explicitly by treating the ko integral on the right-hand side of eq. (8.11) as
a contour integral in the complex ko plane, and then evaluating it via the residue theorem.

The result 1s

Az —2')

’I,‘/(/i]; 6z'k-(x—x’)—7l<.u|t—t’|

i i (8.13)
= 10(t— t'/dke"(” ) +i0(¢ /dke_z(“""’ ,



where O(t) is the unit step function. The integral over dk can also be performed in terms of Bessel
functions; see section 4.

Now, by analogy with the formula for the ground-state expectation value of a time-ordered product of
operators for the harmonic oscillator, we have

| )
OT (1) 10} = 5 575+ 2|,y - 8.14)

Using our explicit formula, eq. (8.10), we have

1 o6 1 0
OTe(e)e(@2)10) = 5 5705 7 57005 2 1o
| )
= _ d4:1:’A:E—:B’Jat’]ZJ

i 0J(x1) U (2 (@] Zof )‘J=0 (8.15)

[1A(zz — 21) + (term with J)] Zo(J)|,_,

= lA(IEQ — 231) .

()

We can continue in this way to compute the ground-state expectation value of the time-ordered product
of more @’s.

If the number of ¢’s is odd, then there 1s always a left-over J in the prefactor, and so the result is zero.



If the number of @’s 1s even, then we must pair up the functional derivatives in an appropriate way to get

a nonzero result.

Thus, for example,

1

(0T p(21)p(z2)(23)¢(20)[0) = 5 |A(e1-22)A(23—24)
+ A(IEl—xg)A(iBg T ) (8.16)
-+ A($1—5E4)A(£B2 1173)]
More generally,
1
<O|T(P($l) e (:0(332n)|0> — ’l,_n Z A(QBH _xiz) K A(xizn—1 _',I;’I:Zn) . (8.17)
pairings

This result i1s known as Wick’s theorem.
9 The Path Integral for Interacting Field Theory
Prerequisite: 8

Let us consider an interacting quantum field theory specified by a lagrangian of the form

L= —32,0"p0up — 3Zmm°¢”" + §Zg9¢0° +Y ¢ . 5.18

As we discussed at the end of section 5, we fix the parameter m by requiring it to be equal to the actual
mass of the particle (equivalently, the energy of the first excited state relative to the ground state), and we
fix the parameter g by requiring some particular scattering cross section to depend on g in some
particular way.



We will have more to say about this after we have learned to calculate cross sections.

We also assume that the field is normalized by

(Olp(z)|0) =0  and (k|p(z)]0) = e~ %% . (9.2)

Here 10) 1s the ground state, normalized via {0l0) = 1, and k) 1s a state of one particle with
four-momentum k», where k? = krk, = —m?, normalized via

(K'|k) = (2m)°2k°6° (K — k) . (9.3)

Thus we have four conditions (the specified values of m, g, <0lpl0), and <klpl0>), and we will use these

four conditions to determine the values of the four remaining parameters (Y and the three Z’s) that
appear in £.

Before going further, we should note that this theory (known as ¢3 theory, pronounced “phi-cubed”)
actually has a fatal flaw.

The hamiltonian density is
1 r7—1772 1 2 2 1 3
Classically, we can make this arbitrarily negative by choosing an arbitrarily large value for ¢.

Quantum mechanically, this means that this hamiltonian has no ground state.



It we start off near ¢ =0, we can tunnel through the potential barrier to large ¢, and then “roll down the
hill”.

However, this process is invisible in perturbation theory in g.
The situation 1s exactly analogous to the problem of a harmonic oscillator perturbed by a g3 term.

This system also has no ground state, but perturbation theory (both time dependent and time
independent) does not “know” this.

We will be interested in eq. (9.1) only as an example of how to do perturbation expansions in a simple
context, and so we will overlook this problem.

We would like to evaluate the path integral for this theory,

Z(J) ={0/|0); = /Dgo et | dwllotLit o] (9.5)

We can evaluate Z(J) by mimicking what we did for quantum mechanics at the end of section 6.

Specifically, we can rewrite eq. (9.5) as

eifd4:z: L1 (% 5727) Zo(J) ,

(9.6)



where Zo(J) 1s the result in free-field theory,

Zo(J) = exp [% / d*c d*z’ J(z)A(zx — z')J (z)

(9.7)

We have written Z(J) as proportional to (rather than equal to) the right-hand side of eq. (9.6) because the
€ trick does not give us the correct overall normalization; instead, we must require Z(0) = 1, and enforce

this by hand.

Note that, in eq. (9.7), we have implicitly assumed that

Lo = —30Mpd,p — sm*p°

since this 1s the £o that gives us eq. (9.7).
Therefore, the rest of £ must be included in £;.

We write

L1

%ZQQSOS + Lct y

Loy = —%(Z(p—l)a“ga@“cp = %(Zm—l)nga2 +Yop,

where £ 1s called the counterterm lagrangian.

(9.8)

(9.9)



We expect that,as g— 0,Y - 0 and Z; — 1.

In fact, as we will see, Y = O(g) and Zi = 1 + O(g?).

In order to make use of eq. (9.7), we will have to compute lots and lots of functional derivatives of Zo(J).

Let us begin by 1ignoring the counterterms.

We define

) 1
Z1(J) ox exp % gg/d4az (;

§
6J(x)

where the constant of proportionality 1s fixed by Z;(0) = 1.

;

We now make a dual Taylor expansion in powers of g and J to get

<3 i |z [ W eEI0A-2IE)]

If we focus on a term in eq. (9.11) with particular values of V and P, then the number of surviving

;

%4

sources (after we take all the functional derivatives) is E = 2P— 3V.

(9.10)

(9.11)



Here E stands for external, a terminology that should become clear by the end of the next section; V
stands for vertex and P for propagator .

The overall phase factor of such a term 1s then 1V(1/1)3ViP = 1V+E—-P, and the 3V functional derivatives
can act on the 2P sources in (2P)!/(2P-3V)! different combinations.

However, many of the resulting expressions are algebraically identical.

To organize them, we introduce Feynman diagrams.

In these diagrams, a line segment (straight or curved) stands for a propagator % A(x—-y), a filled circle at
one end of a line segment for a source ifd4xJ(x), and a vertex joining three line segments for iZgg [ d4x.

Sets of diagrams with different values of E and V are shown in figs. (9.1-9.11).

O—0O ©

S =23 S =2x3!

Figure 9.1: All connected diagrams with E=0and V = 2.

To count the number of terms on the right-hand side of eq. (9.11) that result in a particular diagram, we
first note that, in each diagram, the number of lines 1s P and the number of vertices 1s V.



We can rearrange the three functional derivatives from a particular vertex without changing the
resulting diagram; this yields a counting factor of 3! for each vertex.

Also, we can rearrange the vertices themselves; this yields a counting factor of V!.

Similarly, we can rearrange the two sources at the ends of a particular propagator without changing the
resulting diagram; this yields a counting factor of 2! for each propagator.

Also, we can rearrange the propagators themselves; this yields a counting factor of P!.

All together, these counting factors neatly cancel the numbers from the dual Taylor expansions in
eq. (9.11).

However, this procedure generally results in an overcounting of the number of terms that give identical
results.

This happens when some rearrangement of derivatives gives the same match-up to sources as some
rearrangement of sources.

This possibility is always connected to some symmetry property of the diagram, and so the factor by
which we have overcounted is called the symmetry factor.

The figures show the symmetry factor S of each diagram.

Consider, for example, the second diagram of fig. (9.1).



The three propagators can be rearranged in 3! ways, and all these rearrangements can be duplicated by
exchanging the derivatives at the vertices.

Furthermore the endpoints of each propagator can be simultaneously swapped, and the effect duplicated
by swapping the two vertices.

OO0 OZD

D5 &

=23x 3!

Thus, S =2 x 3! =12.

Figure 9.2: All connected diagrams with E=0 and V = 4.

Let us consider two more examples.

In the first diagram of fig. (9.6), the exchange of the two external propagators (along with their attached
sources) can be duplicated by exchanging all the derivatives at one vertex for those at the other, and
simultaneously swapping the endpoints of each semicircular propagator.



Figure 9.3: All connected diagrams withE=1and V = 1.

o« D o0 OC

S=23

Figure 9.4: All connected diagrams with E=1 and V = 3.

o—©0

S=2

Figure 9.5: All connected diagrams with E=2 and V = 0.

Figure 9.6: All connected diagrams with E=2 and V = 2.



Also, the effect of swapping the top and bottom semicircular propagators can be duplicated by swapping
the corresponding derivatives at each vertex.

Thus, the symmetry factoris S=2 x 2 =4.

In the diagram of fig. (9.10), we can exchange derivatives to match swaps of the top and bottom external
propagators on the left, or the top and bottom external propagators on the right, or the set of external
propagators on the left with the set of external propagators on the right.

Thus, the symmetry factoris S=2 x 2 x 2 =8.

The diagrams in figs. (9.1-9.11) are all connected: we can trace a path through the diagram between any
two points on it. However, these are not the only contributions to Z(J).

The most general diagram consists of a product of several connected diagrams.
Let C; stand for a particular connected diagram, including its symmetry factor.

A general diagram D can then be expressed as

1
D=—||(C)", (9.12)
Sp

where np 1s an integer that counts the number of Cr’s in D, and Sp is the additional symmetry factor for D
(that 1s, the part of the symmetry factor that is not already accounted for by the symmetry factors already
included 1n each of the connected diagrams).



S

=23
S =23
Y C; ;.
S =23
S =24
S =22

S =22

Figure 9.7: All connected diagrams with E=2 and V =4,



Figure 9.8: All connected diagrams withE=3 and V = 1.

S=3' S=22 S=22

Figure 9.9: All connected diagrams with E=3 and V = 3.

S=23

Figure 9.10: All connected diagrams with E=4 and V = 2.



S =22

Figure 9.11: All connected diagrams with E =4 and V =4.



We now need to determine Sp.

Since we have already accounted for propagator and vertex rearrangements within each Ci, we need to
consider only exchanges of propagators and vertices among different connected diagrams.

These can leave the total diagram D unchanged only if (1) the exchanges are made among different
but identical connected diagrams, and only if (2) the exchanges involve all of the propagators and
vertices 1n a given connected diagram.

If there are n; factors of Ci in D, there are ni! ways to make these rearrangements.

Overall, then, we have

Sp =]]n:!. (9.13)
I

Now Z1(J) is given (up to an overall normalization) by summing all diagrams D, and each D is labeled
by the integers ny.

Therefore Z1(J) {Z}D
ny

« Y [T (€™

inr} 1

<[ ™

I ny=0
x | ] exp (Cr)
I

x exp (>.;Cr) .

(9.14)



Thus we have a remarkable result: Z;(J) 1s given by the exponential of the sum of connected diagrams.

This makes it easy to impose the normalization Z;(0) = 1: we simply omit the vacuum diagrams (those
with no sources), like those of figs. (9.1) and (9.2).

We then have
Z1(J) = exp[iW1(J)] , 9.15)
where we have defined
iWi(J)= Y Cr, (9.16)
1#{0}

and the notation I #{0} means that the vacuum diagrams are omitted from the sum, so that W(0) = 0.

We have included a factor of 1 on the left-hand side of eq. (9.16) because then W.(J) 1s real in free-field
theory, which can be easily checked.

Were it not for the counterterms in £1, we would have Z(J) = Z:(J).

Let us see what we would get if this was, 1n fact, the case.

In particular, let us compute the vacuum expectation value of the field ¢(x), which is given by



(9.17)

This expression 1s then the sum of all diagrams [such as those in figs. (9.3) and (9.4)] that have a single
source, with the source removed:

Olp(@)[0) = Sig [ d'y tA@-y)tAw-y) +O(") 9.18)

Here we have set Zs = 1 in the first term, since Zs = 1 + O(g?).

We see the vacuum-expectation value of ¢(X) 1s not zero, as 1s required for the validity of the LSZ

formula.

To fix this, we must introduce the counterterm Y ¢.

Including this term in the interaction lagrangian £; introduces a new kind of vertex, one where a single
line segment ends; the corresponding vertex factoris 1Y d4 .

The simplest diagrams including this new vertex are shown 1n fig. (9.12), with a cross symbolizing the
vertex.



Figure 9.12: All connected diagrams with E=1, X > 1 (where X is the
number of one-point vertices from the linear counterterm), and V + X < 3.

Assuming Y= O(g), only the first diagram in fig. (9.12) contributes at O(g), and we have

Olp@)0) = (i + }(i9)2A0) [ d'y tA@-y) +0(g") 919

Thus, in order to have (Olp(x)I0> = 0, we should choose

Y = 2igA(0) + O(g°) . (9.20)

The factor of 1 1s disturbing, because Y must be a real number: it 1s the coefficient of a hermitian operator
in the hamiltonian, as seen in eq. (9.4).

Therefore, A(O) must be purely imaginary, or we are in trouble.

We have



dk 1
— 9.21
A0) / (2m)% k2 +m? —ie 2D

From eq. (9.21), it is not immediately obvious whether or not A(0) is purely imaginary, but eq. (9.21)
does reveal another problem: the integral diverges at large k.

This 1s another example of an ultraviolet divergence, similar to the one we encountered in section 3 when
we computed the zero-point energy of the field.

To make some progress, we introduce an ultraviolet cutoff A, which we assume is much larger than m
and any other energy of physical interest.

Modifications to the propagator above some cutoff may be well justified physically; for example,
quantum fluctuations in spacetime itself should become important above the Planck scale, which is given
by the inverse square root of Newton’s constant, and has the numerical value of 10!° GeV (compared to,
say, the proton mass, which is 1 GeV).

In order to retain the Lorentz-transformation properties of the propagator, we implement the ultraviolet
cutoff in a more subtle way than we did in section 3; specifically, we make the replacement

4 ik(z—y) 2 2
dk e ( A ) 022,

A(:E_y)_)/(27r)4 k%2 +m?2 —ie \ k%2 + A2 — e



The integral is now convergent, and we can evaluate the modified A(O) with the methods of section 14;
for A » m, the result is

(

_ 2
= 1gr2 A“ . (9.23)

A(0)

Thus Y is real, as required.
If we like, we can now formally take the limit A — .

The parameter Y becomes infinite, but (Olp(x)I0) remains zero, at least to this order in g.

It may be disturbing to have a parameter in the lagrangian that is formally infinite.

However, such parameters are not directly measurable, and so need not obey our preconceptions about
their magnitudes.

Also, it 1s important to remember that Y includes a factor of g; this means that we
can expand in powers of Y as part of our general expansion in powers of g.

When we compute something measurable (like a scattering cross section), all the formally infinite
numbers will cancel in a well-defined way, leaving behind finite coefficients for the various powers of g.

We will see how this works in detail in sections 14—20.

As we go to higher orders in g, things become more complicated, but in principle the procedure is the
same.



Thus, at O(g3), we sum up the diagrams of figs. (9.4) and (9.12), and then add to Y whatever O(g3) term
1s needed to maintain <Olp(x)I0) = 0.

In this way we can determine the value of Y order by order in powers of g.
Once this 1s done, there 1s a remarkable simplification.

Our adjustment of Y to keep <Olp(x)I0> = 0 means that the sum of all connected diagrams with a single

source 1S zero.

Consider now that same infinite set of diagrams, but replace the single source in each of them with some
other subdiagram.

Here 1s the point: no matter what this replacement subdiagram is, the sum
of all these diagrams is still zero.

Therefore, we need not bother to compute any of them!

The rule is this: ignore any diagram that, when a single line 1s cut, falls into two parts, one of which has
no sources.

All of these diagrams (known as tadpoles) are canceled by the Y counterterm, no matter what
subdiagram they are attached to.

The diagrams that remain (and need to be computed!) are shown in fig. (9.13).
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Figure 9.13: All connected diagrams without tadpoles with E <4 and V < 4.



We turn next to the remaining two counterterms.

For notational simplicity we define

and recall that we expect each of these to be O(g?).

We now have

Z(J) = exp [—%/d% (%&]im)) (—Aaa% +Bm2) GdJim))] Zy(J). (925

We have integrated by parts to put both d«x’s onto one 0/0J(X).

Note that the time derivatives in this interaction should really be treated by including an extra source
term for the conjugate momentum IT= ¢ .

However, the space derivatives are correctly treated, and then the time derivatives must work out
comparably by Lorentz invariance.

Eq. (9.25) results in a new vertex at which two lines meet.

The corresponding vertex factor is (—1) [ d4x(—=Ad2x+ Bm?2); the 92« acts on the x in one or the other (but
not both) propagators.



Which one does not matter, and can be changed via integration by parts.

Diagramatically, all we need do 1s sprinkle these new vertices onto the propagators in our existing
diagrams.

How many of these vertices we need to add depends on the order in g we are working to achieve.

This completes our calculation of Z(J) in ¢3 theory.

We express it as

Z(J) =expliW(J)], (9.26)

where W(J) 1s given by the sum of all connected diagrams with no tadpoles and at least two sources, and
including the counterterm vertices just discussed.

Now that we have Z(J), we must find out what we can do with it.

10 Scattering Amplitudes and the Feynman Rules

Prerequisite: 5,9

Now that we have an expression for Z(J) = exp 1IW(J), we can take functional derivatives to compute
vacuum expectation values of time-ordered products of fields.

Consider the case of two fields; we define the exact propagator via



A (21 — z2) = (0|Te(x1)p(x2)[0) . (10.1)

For notational simplicity let us define

1 )
5 = - (10.2)
i 0J(x;)
Then we have
(0T (1) (@2)|0) = 615 2(J)| ,_
= 01091W (J) o 5173W(J)’J:0 52iW(J)’J=O (10.3)
p— 51527/W(¢]) .]:O

To get the last line we used 0OjW(J)lj=0 = {Olp(x;)I0) = 0.

Diagramatically, 01 removes a source, and labels the propagator endpoint xj.

Thus % A(X1—x2) 1s given by the sum of diagrams with two sources, with those sources removed and the
endpoints labeled x; and x».

The labels must be applied in both ways.



If the diagram was originally symmetric on exchange of the two sources, the associated symmetry factor
of 2 1s then canceled by the double labeling.)

At lowest order, the only contribution 1s the “barbell” diagram of fig. (9.5) with the sources removed.
Thus we recover the obvious fact that %A(Xl—Xz) = % A(x1—x2) + O(g2).

We will take up the subject of the O(g?2) corrections in section 14.

For now, let us go on to compute

(0] Tp(x1)p(x2)p(T3)p(24)|0) = 610203042 (J)
- [515253542'W

+ (0102iW) (03641 W) (10.4)
+ (8,65iW) (8264iW)

+ (8164iW) (6203iW) ]JZO .

We have dropped terms that contain a factor of <Olp(x)I0)> = 0.

According to eq. (10.3), the last three terms in eq. (10.4) simply give products of the exact propagators.



Let us see what happens when these terms are inserted into the LSZ formula for two incoming and two
outgoing particles,

] " - NN N
(Fliy = it [ oy dio '] iz eithizrthasakizi ks

X (—02 +m?2)(— 3 + m?) (=02 +m?2)(—03 +m?) (10.5)
% (0] Tp(1)p(2) (), ) (ah)[0)

: 1 1 : : ..
If we consider, for example, 7 A(x1—x"1) 5 A(x2—x"2) as one term in the correlation function in eq. (10.5),
we get from this term

/ d*zy d*zo d*zy dialy et F1m1the2 =k —ko25) B0V F (299)
o (10.6)
= (2m)*8* (k1 —k)) (2m)*6* (ko—Kh) F (k1) F (ko)

where F(Xij) = (—0% +m?)(—02+m?2) A(Xjj), F (k) 1s its Fourier transform, xj;' = x;i—x'j, and kyj' = (ki+k'5)/2.

The important point is the two delta functions: these tell us that the four-momenta of the two outgoing
particles (1" and 2') are equal to the four-momenta of the two incoming particles (1 and 2).

In other words, no scattering has occurred.

This 1s not the event whose probability we wish to compute!



The other two similar terms 1n eq. (10.4) either contribute to “no scattering” events, or vanish due to
factors like 04(ki+k2) (which is zero because k0; +k0 = 2m > 0).

In general, the diagrams that contribute to the scattering process of interest are only those that are fully
connected: every endpoint can be reached from every other endpoint by tracing through the diagram.

These are the diagrams that arise from all the 0’s acting on a single factor of W.
Therefore, from here on, we restrict our attention to those diagrams alone.

We define the connected correlation functions via

(0|Tp(x1)...0(xg)|0)c =0d1... 5E7JW(J)‘J:O : (10.7)
and use these instead of OIT@(x1) ...p(xg)l0) in the LSZ formula.
Returning to eq. (10.4), we have
(0| To(z1)o(z2)p(x])o(5)|0)c = 610201/ 02t W e (10.8)

The lowest-order (in g) nonzero contribution to this comes from the diagram of fig. (9.10), which has
four sources and two vertices.

The four 0’s remove the four sources; there are 4! ways of matching up the 0’s to the sources.



These 24 diagrams can then be collected into 3 groups of 8 diagrams each; the 8 diagrams in each group
are 1dentical.

The 3 distinct diagrams are shown in fig. (10.1).

Note that the factor of 8 neatly cancels the symmetry factor S = 8 of the diagram with sources.

NN N

2/ \2’ P NV W

2

Figure 10.1: The three tree-level Feynman diagrams that contribute to the connected
correlation function <OlIT@(X1)@(x2)@(x'1)p(x'2)I0)c.

This 1s a general result for tree diagrams (those with no closed loops): once the sources have been
stripped off and the endpoints labeled, each diagram with a distinct endpoint labeling has an overall
symmetry factor of one.

The tree diagrams for a given process represent the lowest-order (in g) nonzero contribution to that
process.

We now have



(0| To(z1)p(22) (219 (ﬂlfz)lO
= (ig)* /d d*z A(y—2z)
[A(xl —9)A(22-y) A7) —2) A(eh—2)
+ A(z1-y)A(z1—y) A(z2—2) A(T5—2)
+ Aa1-9)A(y—y) Aaa—2)A(z1-2) |
+0(g) .
Next, we use eq. (10.9) in the LSZ formula, eq. (10.5).

Each Klein-Gordon wave operator acts on a propagator to give

(=07 + m*)A(z; —y) = 6*(zi — y)

The integrals over the external spacetime labels xi 2,12’ are then trivial, and we get

(i) = (ig)? (3) [ dlyd's Aly—z) [ e rvthav—Hiz—t)
+ez(k1y+k2z kly—klz)

n 6z(k:1y+k:22: kiz—kLy) ] 4+ 0(94) .

(10.9)

(10.10)

(10.11)



This can be simplified by substituting

d3k 6z'k:(y—z)
— — 10.12
Aly = 2) / (2m) k2 +m? — ie O

into eq. (10.9).

Then the spacetime arguments appear only 1n phase factors, and we can integrate them to get delta
functions:

% 1
(Jli) = Z.92‘/ (;1#)4 k? +m? — ie

x [(27r)454(k1+k2+k) (2m) 6% (K, +K,+k)

+ (2m)*6* (k1 —k}+k) (27)*6* (kb —ko+k)

+ (2m)*6% (kn —Kj+k) (2m)*6% (K —ka+k) | + O(g%) (10.13)

= ig” (2m)*6* (k1+ko—k, —kb)
o [ 1 n 1 n 1 ]
(k1+ko)? +m?  (k1—k))? +m? = (k1—kb)? + m?
+0(g%) .

the the



In eq. (10.13), we have left out the i€’s for notational convenience only; m2is really m? — ie.

The overall delta function in eq. (10.13) tells that that four-momentum 1s conserved in the scattering
process, which we should, of course, expect.

For a general scattering process, it 1s then convenient to define a scattering matrix element J via
(fli) = (277)454(kin—kout)’i7 ; (10.14)
where kin and kou are the total four-momenta of the incoming and outgoing particles, respectively.

Examining the calculation which led to eq. (10.13), we can take away some universal features that lead
to a simple set of Feynman rules for computing contributions to 1J for a given scattering process.

The Feynman rules are:

1. Draw lines (called external lines) for each incoming and each outgoing
particle.

2. Leave one end of each external line free, and attach the other to a
vertex at which exactly three lines meet. Include extra internal lines
in order to do this. In this way, draw all possible diagrams that are
topologically inequivalent.



3. On each incoming line, draw an arrow pointing towards the vertex.
On each outgoing line, draw an arrow pointing away from the vertex.
On each internal line, draw an arrow with an arbitrary direction.

4. Assign each line its own four-momentum. The four-momentum of
an external line should be the four-momentum of the corresponding
particle.

5. Think of the four-momenta as flowing along the arrows, and conserve
four-momentum at each vertex. For a tree diagram, this fixes the
momenta on all the internal lines.

6. The value of a diagram consists of the following factors:

for each external line, 1;

for each internal line with momentum k, —i/(k? + m? — ie);

for each vertex, ¢Z,g.

7. A diagram with L closed loops will have L internal momenta that are

not fixed by rule #5. Integrate over each of these momenta ¢; with
measure d*/{;/(2m)%.

8. A loop diagram may have some leftover symmetry factors if there are
exchanges of internal propagators and vertices that leave the diagram
unchanged; in this case, divide the value of the diagram by the sym-
metry factor associated with exchanges of internal propagators and
vertices.



9. Include diagrams with the counterterm verter that connects two prop-
agators, each with the same four-momentum k. The value of this
vertex is —i(Ak* + Bm?), where A = Z, — 1 and B = Z,, — 1, and
each is O(g?).

10. The value of 77 is given by a sum over the values of all these diagrams.

For the two-particle scattering process, the tree diagrams resulting from these rules are shown in fig.

(102).
k, k \% k, k \%
/ 1+k \( ky kz k /

Figure 10.2: The tree-level s-, t-, and u-channel diagrams contributing to 17 for two particle scattering.

Now that we have our procedure for computing the scattering amplitude J , we must see how to relate it

to a measurable cross section.



11 Cross Sections and Decay Rates

Prerequisite: 10

Now that we have a method for computing the scattering amplitude J , we must convert it into

something that could be measured in an experiment.

In practice, we are almost always concerned with one of two generic cases: one incoming particle, for
which we compute a decay rate, or two incoming particles, for which we compute a cross section.

We begin with the latter.
Let us also specialize, for now, to the case of two outgoing particles as well as two incoming particles.

In @3 theory, we found in section 10 that in this case we have

1 1
(k)2 +m2  (ki—F,)2 + m?

_ 2 4 1.1
T =g +®r%ﬁ+m2+0@)’ (11.1)

where k; and k> are the four-momenta of the two incoming particles, k'y and k'; are the four-momenta of
the two outgoing particles, and k; +k2 = k'1 +k’».

Also, these particles are all on shell : k2; = —m?;.

Here, for later use, we allow for the possibility that the particles all have different masses.



Let us think about the kinematics of this process.

In the center-of-mass frame, or CM frame for short, we take k; + ko = 0, and choose ki to be in the +z
direction.

Now the only variable left to specify about the initial state is the magnitude of kj.

Equivalently, we could specify the total energy in the CM frame, E; + Eo.

However, 1t 1s even more convenient to define a Lorentz scalar s = —(k; +k»)2.

In the CM frame, s reduces to (E1 + E2)?; s 1s therefore called the center-of-mass energy squared.

Then, since E; = (k21 + m21)!2 and E? = (k?; + m?2,)!/2, we can solve for |k;l in terms of s, with the result

k| = s2 — 2(m% + m3)s + (m? —m3)2 (CM frame) . (11.2)

73V
Now consider the two outgoing particles.

Since momentum is conserved, we must have k’; + k'> = 0, and since energy is conserved, we must also
have (E'1 + E")? =s.

Then we find



1
' _— 2 2 2 2
k| = 2\/§\/82 — 2(m3, +ms,)s + (m7, —ms,)? (CM frame) . (11.3)
Now the only variable left to specify about the final state is the angle 0 between k; and k’;.

However, it is often more convenient to work with thelLorentz scalar t = —(k;— k'1)2, which is related to 0
by
t =m3 4+ mi — 2E1E; + 2|kq||k| cos @ . (11.4)

This formula 1s valid in any frame.

The Lorentz scalars sand tare two of the three Mandelstam variables, defined as
s = —(k1tkz)? = —(k1+k3)*
t = —(k1—ky)? = —(ka—kb)?, (11.5)
u = —(k1—kb)? = —(ko—k})* .

The three Mandelstam variables are not independent; they satisty the linear relation

s—|—t—|—u:m%—|—m%+m%+m§,. (11.6)
In terms of s, t, and u, we can rewrite eq. (11.1) as
1 1 1
T — g2 O(a* : 11.7
9 m2—s+m2—t+m2—u +0(g") (11.7)



which demonstrates the notational utility of the Mandelstam variables.

Now let us consider a different frame, the fixed target or FT frame (also sometimes called the lab
frame), In which particle #2 1s initially at rest: ko = 0.

In this case we have

1
k| = %\/82 —2(m? + m3)s + (m? —m3)? (FT frame) . (11.8)
Note that, from eqs. (11.8) and (11.2),

ma|Kilpr = Vs |Kiloum - (11.9)

This will be usetul later.
We would now like to derive a formula for the differential scattering cross section.

In order to do so, we assume that the whole experiment is taking place in a big box of volume V, and
lasts for a large time T.

We should really think about wave packets coming together, but we will use some simple shortcuts
instead.

Also, to get a more general answer, we will let the number of outgoing particles be arbitrary.



Recall from section 10 that the overlap between the initial and final states is given by

<f|7'> — (27T)454(kin—kout)’l:T . (11.10)
To get a probability, we must square {f| 1), and divide by the norms of the initial and final states:
p_ IOF .
(F1F)(ile)

The numerator of this expression is
[(FIi)|* = [(2m)*6% (kin—Kous)]* | T]* . (11.12)
We write the square of the delta function as
[(27)*6% (kin—kout )] = (27)*8* (kin—kout) X (27)%6%(0) , (11.13)

and note that

(2m)*6%(0 /d (11.14)
Also, the norm of a single particle state 1s given by

(k|k) = (2m)°2k"6%(0) = 2k°V . (11.15)



Thus we have

(is) = 4By EQV7 (11.16)
(FIf)y = 1] 2&5°v (11.17)
j=1

where n' 1s the number of outgoing particles.

If we now divide eq. (11.11) by the elapsed time T, we get a probability
per unit time

(27r)454(kin_kout) V |7—|2

P= e
4B\ EpV2 17 2KV

(11.18)

This 1s the probability per unit time to scatter into a set of outgoing particles with precise momenta.
To get something measurable, we should sum each outgoing three-momentum k'j over some small range.

Due to the box, all three-momenta are quantized: k'; = (25/L)n’;, where V= L3, and n’; is a three-vector
with integer entries.

Here we have assumed periodic boundary conditions, but this choice does not affect the final result.

In the limit of large L, we have



. vV 31./
Z ,(27T)3/d k. (11.19)

3
Thus we should multiply P by a factor of Vd3k';/(2m)3 for each outgoing particle.

The we get
(271’)454 (kin_kout)
A1 EsV

712 T] di (11.20)
j=1

P =

where we have identified the Lorentz-invariant phase-space differential

N 3
dh= 0%
(2m)°2k (11.21)

that we first introduced 1n section 3.

To convert p to a differential cross section do, we must divide by the incident flux.
Let us see how this works in the FT frame, where particle #2 is at rest.

The incident flux is the number of particles per unit volume that are striking the target particle (#2), times
their speed.

We have one incident particle (#1) in a volume V with speed v = Ikil/E1 , and so the incident flux 1s |k;l/
EV.



Dividing eq. (11.20) by this flux cancels the last factor of V, and replaces E; in the denominator with IK;l.

We also set E> = m? and note that eq. (11.8) gives Ikilm?2 as a function of s; do will be Lorentz invariant
if, in other frames, we simply use this function as the value of |k;Im?Z.

Adopting this convention, and using eq. (11.9), we have

1
 Alki|omy/s

where |Kilcm 1s given as a function of s by eq. (11.2), and we have defined the n’-body Lorentz-invariant
phase-space measure

LIPS, (k) = (2m)*0* (k=" k) ] dk); - (11.23)
j=1

do |T|? dLIPS,, (k1+ks) , (11.22)

Eq. (11.22) 1s our final result for the differential cross section for the scattering of two incoming particles
into n -.outgoing particles.

Let us now specialize to the case of two outgoing particles.

We need to evaluate

dLIPS,(k) = (2m)*6%(k—K, —kb) dk,dk}, | (11.24)
where k = k; + ko.

Since dLIPS2(k) is Lorentz invariant, we can compute it in any convenient frame.



Let us work in the CM frame, where Kk =Kk +ko=0and k0 =E; + E» = \/s; then we have

1
4(27)2E. B}

dLIPS; (k) = J(E1+E;—/5) 8° (ki +ky) Ak d k), . (11.25)

We can use the spatial part of the delta function to integrate over d3k'>, with the result
1

dLIPS, (k) = S(E'+E)—\/s) dk" 11.26
where now
E| = \/k’l2 +m?, and Ej= \/k’l2 + m3, . (11.27)
Next, let us write
&, = ki d]i| A (1128

where dQ2cm = sin 0d0d¢ is the differential solid angle, and O is the angle between ki and k'; in the CM
frame.

We can carry out the integral over the magnitude of k'; in eq. (11.26) using [dx0(f(x)) = Xilf '(xi)l-1,
where x; satisfies f(xi) = 0.

In our case, the argument of the delta function vanishes at just one value of Ik’sl, the value given by eq.
(11.3).

Also, the derivative of that argument with respect to |k'il 1s



O (1 | k| |, [k
o (B B = V5) = 4
E} + E!
_ |k/|( ! 2) (11.29)
\"E 5
Kilv5
E; By
Putting all of this together, we get
ki
dLIPS, (k) = Qe - (11.30)

Combining this with eq. (11.22), we have

do 1 |k
dQcvm  64m2s |k

7], (11.31)
where |k;l and Ik’;| are the functions of s given by eqs. (11.2) and (11.3), and dQ2cwm 1s the differential
solid angle in the CM frame.

The differential cross section can also be expressed in a frame-independent manner by noting that, in the
CM frame, we can take the differential of eq. (11.4) at fixed s to get



dt = 2|kq| |ki| dcos @ (11.32)

ds2
= 2k k| == . (1133
(]
Now we can rewrite eq. (11.31) as
do 1 5
dt ~ Gamslk,? 7|”, (11.34)

where |kl 1s given as a function of s by eq. (11.2).

We can now transform do/dt into do/d€2 in any frame we might like (such as the FT frame) by taking the
differential of eq. (11.4) in that frame.

In general, though, [k’;l depends on 0O as well as s, so the result is more complicated than it is in eq.
(11.32) for the CM frame.

Returning to the general case of n’ outgoing particles, we can define a Lorentz invariant total cross
section by integrating completely over all the outgoing momenta, and dividing by an appropriate

symmetry factor S.

If there are n'; identical outgoing particles of type 1, then

S=]1]ni!, (11.35)



and 1
o= 5 /da : (11.36)
where do is given by eq. (11.22).

We need the symmetry factor because merely integrating over all the outgoing momenta in dLIPS, treats
the final state as being labeled by an ordered list of these momenta.

But if some outgoing particles are identical, this 1s not correct; the momenta of the identical particles
should be specified by an unordered list (because, for example, the state at1at2l0) is identical to the state
afrat1l0)).

The symmetry factor provides the appropriate correction.

In the case of two outgoing particles, eq. (11.36) becomes

1 do
_ 2 [40. %0
o s/ Aow 70 (1137)
o2 [t+1 do
- — d 0 —
S 1 COS dQCI\/I ) (11.38)

where S = 2 if the two outgoing particles are identical, and S = 1 if they are distinguishable.

Equivalently, we can compute o from eq. (11.34) via



—l/tmdtd—a 11.39
O—S tmin dt , ( . )

where tmin and tmax are given by eq. (11.4) in the CM frame with cos O = —1 and +1, respectively.

To compute ¢ with eq. (11.38), we should first express t and u in terms of s and O via eqs. (11.4) and
(11.6), and then integrate over O at fixed s.

To compute 0 with eq. (11.39), we should first express u in terms of s and t via eq. (11.6), and then
integrate over t at fixed s.

Let us see how all this works for the scattering amplitude of ¢3 theory, eq. (11.7).

In this case, all the masses are equal, and so, in the CM frame, E = %\/ s for all four particles, and
IK'1l = kil = eq.(11.4) becomes % (s— 4m?2)1/2,

Then eq. (11.4) becomes
t = —2%(s —4m?)(1 — cos¥) . (11.40)

From eq. (11.6), we also have
u=—3(s —4m?*)(1 + cos ) . (11.41)

Thus |772 1s quite a complicated function of s and 0.



In the nonrelativistic limit, kil « m or equivalently s — 4m? « m2, we have

592 [ 8 [s—4m? 5 27 s — 4m? 2 '
. N — — 11.42
T=52|! 15( m2 )+18(1+25COS 9)( m2 + _ (11.42)
+0(g%) -

Thus the differential cross section 1s nearly 1sotropic.

In the extreme relativistic limit, Ikl > m or equivalently s > mZ2, we have

2 2 2 2
g 0 (3 4 cos®0) m
T - Ssin2 3+COS 0— ( Sin29 — 16) ?-I— (1143)
+0(g%) .

Now the differential cross section is sharply peaked in the forward (0 = 0) and backward (0 = )
directions.

We can compute the total cross section 0 from eq. (11.39).

We have 1n this case tmin = —(s— 4m?) and tmax = 0.

Since the two outgoing particles are 1dentical, the symmetry factor is S = 2.



Then setting u = 4m? — s—t, and performing the integral in eq. (11.39) over t at fixed s, we get

B g* 2 N s — 4m? 2
7= 327s(s —4m?2) | m?2 = (s —m?)?2 s—3m?
) 22 (11.44)
dm s —3m
1 O(g°) .
T (s —m?)(s — 2m?) “( m? )} Fo
In the nonrelativistic limit, this becomes
25¢g | . 79 [s—4m? '
— 1— .| +0(g% . .
7~ 11527m$ 60 ( m?2 ) T +0(g’) (11.45)
In the extreme relativistic limit, we get
4 i 2 )
g m 6
o= l1+-—+... | +0 . 11.46
167Tm?2 52 2 s (9°) (1146

These results illustrate how even a very simple quantum field theory can yield specific predictions for
cross sections that could be tested experimentally.

Let us now turn to the other basic problem mentioned at the beginning of this section: the case of a single
incoming particle that decays to n other particles.



We have an immediate conceptual problem.

According to our development of the LSZ formula in section 5, each incoming and outgoing particle
should correspond to a single-particle state that 1s an exact eigenstate of the exact hamiltonian.

This is clearly not the case for a particle that can decay.
Referring to fig. (5.1), the hyperbola of such a particle must lie above the continuum threshold.
Strictly speaking, then, the LSZ formula 1is not applicable.

A proper understanding of this issue requires a study of loop corrections that we will undertake in section
25.

For now, we will simply assume that the LSZ formula continues to hold for a single incoming particle.

Then we can retrace the steps from eq. (11.11) to eq. (11.20); the only change is that the norm of the
initial state 1s now

(1|t) = 2E1V (11.47)
instead of eq. (11.16).

Identifying the differential decay rate dI”" with P then gives

dr = — L TR dLIPS,, (k) | (11.48)
1



where now s = —=k2;{ = m?2;.

In the CM frame (which is now the rest frame of the initial particle), we have E1 = m; in other frames,
the relative factor of Ei/m; in dI" accounts for relativistic time dilation of the decay rate.

We can also define a total decay rate by integrating over all the outgoing momenta, and dividing by the
symmetry factor of eq. (11.35):

1
I'=— [dl. 11.49
S/ (11.49)

This enables us yo compute a decay rate, more later.

12 Dimensional Analysis with ii=c=1

Prerequisite: 3

We have set h=c=1.

This allows us to convert a time T to a length L via T=c-!L, and a length L to an inverse mass M-! via
L= hc M-I,

Thus any quantity A can be thought of as having units of mass to some power (positive, negative, or
zero) that we will call [A].

For example,



m| = +1, (12.1)
zt] = -1, (1222)
o] = 41, (12.3)
d%] = —d . (12.4)

In the last line, we have generalized our considerations to theories in d spacetime dimensions.

Let us now consider a scalar field in d spacetime dimensions with lagrangian density

N
L= —%8“<pc9ﬂ<p — %m2<p2 — Z %gngon : (12.5)
n=3
The action 1s
S = / d L (12.6)
and the path integral 1is
Z(J) = /D<p exp[z’/ d% (L + Jga)] . (12.7)

From eq. (12.7), we see that the action S must be dimensionless, because it appears as the argument of
the exponential function.

Therefore



S]=0. (12.8)
Combining eqgs. (12.4) and (12.8) yields
L] =d. (12.9)

Then, from egs. (12.9) and (12.3), and the fact that d#@d,¢ is a term in £, we see that we must have

(o] = 5(d—2) . (12.10)

Then, since gnen 1s also a term in £, we must have

[gn] = d — sn(d —2) . (12.11)

In particular, for the 3 theory we have been working with, we have
93] = 5(6 —d) . (12.12)

Thus we see that the coupling constant of ¢3 theory 1s dimensionless in d = 6 spacetime dimensions.

Theories with dimensionless couplings tend to be more interesting than theories with dimensionful
couplings.

This 1s because any nontrivial dependence of a scattering amplitude on a coupling must be expressed as a
function of a dimensionless parameter.



If the coupling is itself dimensionful, this parameter must be the ratio of the coupling to the appropriate
power of either the particle mass m (if it isn’t zero) or, in the high-energy
regime s » m2, the Mandelstam variable s.

Thus the relevant parameter is gs-gl2,

If [g] 1s negative [and it usually is: see eq. (12.11)], then gs-(&l’2 blows up at high energies, and the
perturbative expansion breaks down.

This behavior is connected to the nonrenormalizability of theories with couplings with negative mass
dimension, a subject we will take up in section 18.

It turns out that such theories require an infinite number of input parameters to make sense; see section
29.

In the opposite case, [g] positive, the theory becomes trivial at high energy, because gs-18V2 goes
rapidly to zero.

Thus the case of [g] = 0 is just right: scattering amplitudes can have a nontrivial dependence on g at all
energies.

Therefore, from here on, we will be primarily interested in ¢3 theory 1in d = 6 spacetime dimensions,

where [g3] = 0.



13 The Lehmann-Kallen Form of the Exact Propagator

Prerequisite: 9

Before turning to the subject of loop corrections to scattering amplitudes, 1t will be helpful to consider

what we can learn about the exact propagator A(x— y) from general principles.
We define the exact propagator via
Az —y) =i(0|Te(z)e(y)|0) .
We take the field ¢(x) to be normalized so that
(Olp(z)[0) =0 and  (klp(z)|0) = e .

In d spacetime dimensions, the one-particle state Ik) has the normalization

(k|k') = 2m)* 1 2w 6 Hk - K)
with = (k2 + m2)1/2,

The corresponding completeness statement is

[ @ k)l = 1y

(13.1)

(13.2)

(13.3)

(13.4)



where I is the 1identity operator in the one-particle subspace, and

d—1
dk = (2j)d_ - (13.5)
1s the Lorentz invariant phase-space differential.
We also define the exact momentum-space propagator A(k?) via
Aw-y)= | % k) A2) (13.6)
(2m)?
In free-field theory, the momentum-space propagator is
ARY) = — 2 (137

k2 4+ m2 — e

It has an isolated pole at k? = —m? with residue one; m is the actual, physical mass of the particle, the
mass that enters into the energy-momentum relation.

We begin our analysis with eq. (13.1).
We take xo > yo, and insert a complete set of energy eigenstates between the two fields.

Recall from section 5 that there are three general classes of energy eigenstates:



1. The ground state or vacuum |0), which is a single state with zero
energy and momentum.

2. The one particle states |k), specified by a three-momentum k and
with energy w = (k? + m?)!/2.

3. States in the multiparticle continuum |k,n), specified by a three-
momentum k and other parameters (such as relative momenta among
the different particles) that we will collectively denote as n. The
energy of one of these states is w = (k? + M?)1/2, where M > 2m; M
is one of the parameters in the set n.

Thus we get

(Olp(z)p(y)|0) = {0]¢(2)|0){0]¢(y)]0)
+ [ dk (0l(@) k) (kli () 0 138)

+ 3 [ @ 0lp(@)lk, n)(k, nlp()[0)

The sum over n 1s schematic, and includes integrals over continuous parameters like relative momenta.
The first two terms in eq. (13.8) can be simplified via eq. (13.2).

Also, writing the field as ¢(x) = exp(—1P»x,)@(0)exp(+iP#x,), where P¥ is the

energy-momentum operator, gives us



(k,n|p(x)]0) = e (k, n|p(0)]0) , (13.9)
where k0 = (k2 + M2)12,

We now have
Olp(@e®I0) = [ dke™ =)+ 37 [ ke V| (k,nlp ([0 (13.10)

Next, we define the spectral density

p(s) = |(k,n|0(0)|0)|* (s — M?) . (13.11)

n

Obviously, p(s) = 0 for s = 4m? and p(s) = 0 for s < 4m?.

Now we have

(Olp(x)(y)|0) = /ﬁceik(‘”—y) + ds p(s)/ﬁceik(‘”—y) : (13.12)

4m?

In the first term, kO = (k2 + M?2)!2, and in the second term, kO = (k2 + s)!/2,

Clearly we can also swap x and y to get



(Ole(y)p(x)|0) = / dk e~ k@—y) |

as well.

We can then combine eqs. (13.12) and (13.13) into a formula for the time-ordered product

(0T (z)p(y)|0) = 8(z”—y”){0]e(z)(¥)]0) + 6(y°—2) (0] (y)¢(z)|0),

4m>2

oo
ds p

where O(t) is the unit step function, by means of the identity

d% etk(z—y)
(2m)4 k2 + m?2 — ie

the derivation of eq. (13.15) was sketched 1n section 8.

= i@(mo—yo)/gfceik(x_y)

(s)/ﬁce‘ik(x_y)

+i9(y0—m0)/ﬁc6_ik(x_y) :

Combining eqs. (13.12-13.15), we get

0 To(2)p(w)|0) = [

d

o0

+ ds p(s)

4m?2

1

k2 +m? — ie

1

k2 + s —ie

}.

(13.13)

(13.14)

(13.15)

(13.16)



Comparing eqgs. (13.1), (13.6), and (13.16), we see that

- 1 o0 1
A(k?) = d .
() k2+m2—ie+ A2 s p(s) k% + s — g€

(13.17)

This is the Lehmann-Kallen form of the exact momentum-space propagator A(k?).

We note in particular that A (k2) has an isolated pole at k2 = —m?2 with residue one, just like the
propagator in free-field theory.

14 Loop Corrections to the Propagator
Prerequisite: 10, 12,13

In section 10, we wrote the exact propagator as

LA (21-22) = (0 Top(21)p(22)|0) = 181 W ()| (14.1)

J=0"

where iW(J) is the sum of connected diagrams, and 0; acts to remove a source from a diagram and label
the corresponding propagator endpoint Xx;.

In @3 theory, the O(g?) corrections to %A (X1—x2) come from the diagrams of fig. (14.1).

To compute them, it is simplest to work directly in momentum space, following the Feynman rules of
section 10.



An appropriate assignment of momenta to the lines is shown in fig. (14.1).

| > >
k k k k

Figure 14.1: The O(g?) corrections to the propagator.
We then have
LA(K?) = FA(K?) + FARR?) [ill(k) | L A(K?) + O(g") (14.2)

where

(14.3)

I(k?) = L(ig)? (1) / amyd DEHR)AE) (14.4)

1s the self-energy.

Here we have written the integral appropriate for d spacetime dimensions; for now we will leave d
arbitrary, but later we will want to focus on d= 6, where the coupling g is dimensionless.



In the first term 1n eq. (14 .4), the factor of one-half 1s the symmetry factor associated with exchanging
the top and bottom semicircular propagators.

Also, we have written the vertex factor as 1g rather than 1Z; g because we expect Z; = 1 + O(g2), and so
the Z,— 1 contribution can be lumped into the O(g#) term.

In the second term, A =Z,— 1 and B = Zn— 1 are both expected to be O(g?).
It will prove convenient to define 11(k?2) to all orders via the geometric series

A (k)
LA(K?) [ini(k?) | LA (K?)

LA(K?) zH(k2)
LA(K?) zl'[(k2)

1A(K) = $AK?)
(14.5)

Sl S
s|p—l sh—l

— - -

This 1s illustrated 1n fig. (14.2).

| @ | (ﬂ)—(:)7+---

Figure 14.2: The geometric series for the exact propagator.

The sum in eq. (14.5) will include all the diagrams that contribute to A(k2) if we take i[1(k2) to be given
by the sum of all diagrams that are one-particle irreducible, or 1PI for short.



A diagram 1s 1PI if it 1s still connected after any one line 1s cut.

The 1PI diagrams that make an O(g#) contribution to i11(k2) are shown in fig. (14.3).

Figure 14.3: The O(g?*) contributions to il1(k?).

When writing down the value of one of these diagrams, we omit the two external propagators.

If we sum up the series in eq. (14.5), we get

~ oy 1
AR = Erm —TI(k?) (149

In section 13, we learned that the exact propagator has a pole at k? = —m? with residue one.

This 1s consistent with eq. (14.6) if and only 1f

(—m?) = 0, (14.7)
II'(—m?) =0, (14.8)



where the prime denotes a derivative with respect to k2.

We will use eqgs. (14.7) and (14.8) to fix the values of A and B.

Next we turn to the evaluation of the O(g?) contribution to il1(k2?) in eq. (14.4).

We have the immediate problem that the integral on the right-hand side diverges at large { for d = 4.
We faced a similar situation in section 9 when we evaluated the lowest-order tadpole diagram.
There we~introduced an ultraviolet cutoff A that modified the behavior of A(£2) at large £2.

Here, for now, we will simply restrict our attention to d < 4, where the integral in eq. (14.4) 1s finite.
Later we will see what we can say about larger values of d.

We will evaluate the integral in eq. (14.4) with a series of tricks.

We first use Feynman'’s formula to combine denominators,

1 —
Ay A,

/ dF, (1141 + ...+, A,)"" (14.9)

where the integration measure over the Feynman parameters x; 1s



1
/dF = (n—l)!/ dry...dz, 0(x1+ ...+ — 1) . (14.10)
0
This measure 1s normalized so that

/an 1=1. (14.11)

In the case at hand. we have

A((k+6)*)A(£) =

(&2 +m?)((€ + k)2 + m?)

1 —2
= dx £2+2m€-k+xk2+m2]

0 (14.12)
1 - —2
= [ dz |+ zk)* +2(1—-2)k* + m2]
O L
1 —2
= dx [qz + D] :
0

where we have suppressed the i€’s for notational convenience; they can be restored via the replacement

m?2 — m? — 1€.

In the last line we have defined



q={+xk (14.13)
and

D = iE(l—.’E)k2 +m?. (14.14)

We then change the integration variable in eq. (14.4) from { to q; the jacobian 1s trivial, and we have
ddf = ddq.

Next, think of the integral over qY from — to +% as a contour integral in the complex g plane.

If the integrand vanishes fast enough as Iq°l — o, we can rotate this contour clockwise by 90°, as shown
in fig. (14.4), so that it runs from —1% to +1.

Im g9

x X
Re q¢
§ : q
Figure 14 .4: The q° integration contour along the real axis can be rotated
to the imaginary axis without passing through the poles at Q¥ =—w + i€

and @ = +w — 1€.

In making this Wick rotation, the contour does not pass over any poles.

The 1€’s are needed to make this statement unambiguous.

Thus the value of the integral 1s unchanged.



It 1s now convenient to define a euclidean d-dimensional vector g via q° =1q 4 and g; = ¢;; then
g% = q 2, where

g =q{+...+ qd (14.15)
Also, ddg=1ddq

Therefore, in general,

[ & fa*~ie) =i [ a' (@) (14.16)

as long as f(42) — O faster than 1/4d as g — oo,

Now we can write

[1(k*) = $9°1(k*) — Ak* — Bm* + O(g%) , (14.17)

I(k?) = /da:/ dd— _2+D) (14.18)

It 1s now straightforward to evaluate the d-dimensional integral over @n spherical coordinates.

where

Before we perform this calculation, however, let us introduce another trick, one that can simplify the task
of fixing A and B through the imposition of eqs. (14.7) and (14.8).

Here 1s the trick: differentiate 11(k2) twice with respect to k2 to get



" (k%) = 5¢°I"(k*) + O(g") , (14.19)
where, from eqgs. (14.18) and (14.14),

d% 1

142
2r)d @+ D)t (1429

e = [ ' dz 627 (1—a)? /

Then, after we evaluate these integrals, we can get 11(k?) by integrating with respect to k2, subject to the
boundary conditions of egs. (14.7) and (14.8).

In this way we can construct I1(k?) without ever explicitly computing A and B.
Notice that this trick does something else for us as well.

The integral over ¢ in eq. (14.20) is finite for any d < 8, whereas the original integral in eq. (14.18) is
finite only for d < 4.

This expanded range of d now includes the value of greatest interest, d = 6.
How did this happen?

We can gain some insight by making a Taylor expansion of 11(k?) about k2 = —m?:



(14.21)

From eqs. (14.18) and (14.14), 1t 1s straightforward to see that I(—m?2) 1s divergent for d = 4, I'(—m?2) is
divergent for d = 6, and, 1n general, IW(—m?2) 1s divergent for d = 4 + 2n.

We can use the O(g?) terms in A and B to cancel off the % g2](—m?2) and % g2]'(—m?) terms in I1(k?),
whether or not they are divergent.

But if we are to end up with a finite 11(k2), all of the remaining terms must be finite, since we have no
more free parameters left to adjust.

This 1s the case for d < 8.

Of course, for 4 < d < 8, the values of A and B (and hence the lagrangian coeffcients Z =1+ A and
Zm =1 + B) are formally infinite, and this may be disturbing.

However, these coefficients are not directly measurable, and so need not obey our preconceptions about
their magnitudes.



Also, it 1s important to remember that A and B each includes a factor of g2; this means that we can
expand in powers of A and B as part of our general expansion in powers of g.

When we compute 11(k2) (which enters into observable cross sections), all the formally infinite numbers
cancel 1n a well-defined way, provided d < 8.

For d = 8, this procedure breaks down, and we do not obtain a finite expression for I1(k?).
In this case, we say that the theory is nonrenormalizable.
We will discuss the criteria for renormalizability of a theory in detail in section 18.

It turns out that ¢3 theory 1s renormalizable for d < 6. (The problem with 6 < d < 8 arises from

higher-order corrections, as we will see in section 18.)

Now let us return to the calculation of I1(k?2).

Rather than using the trick of first computing I11"(k?), we will instead evaluate 11(k?) directly from eq.
(14.18) as a function of d for d < 4.

Then we will analytically continue the result to arbitrary d.
This procedure 1s known as dimensional regularization.

Then we will fix A and B by imposing eqs. (14.7) and (14.8), and finally take the limit d— 6.



We could just as well use the method of section 9.

Making the replacement

2
Ap?) = 5— S
p? +m? —ie p? + A% — e

(14.22)

where A is the ultraviolet cutoff, renders the O(g?) term in I1(k?) finite for d < 8; This procedure is
known as Pauli—Villars regularization.

We then evaluate I1(k2) as a function of A, fix A and B by imposing eqgs. (14.7) and (14.8), and take the
A — o limit.

Calculations with Pauli-Villars regularization are generally much more cumbersome than they are with
dimensional regularization.

However, the final result for I1(k2) is the same.

Eq. (14.21) demonstrates that any regularization scheme will give the same result for d < 8, at least as
long as it preserves the Lorentz invariance of the integrals.

We therefore turn to the evaluation of 1(k?), eq. (14.18).

The angular part of the integral over ¢ yields the area Qq of the unit sphere in d dimensions, which is



Qy = - (14.23)

this is most easily verified by computing the gaussian integral [dd¢g e-42 in both cartesian and spherical
coordinates.

Here I'(x) 1s the Euler gamma function; for a nonnegative integer n and small x,

L(n+1) = n! (14.24)
['(n+3) = (2n) v
n!on ’ (14.25)
_ (_l)n 1 n -1
F(—?’H—ZE) Y 5 -7t Zkzl k™™ + O(x) ’ (14.26)
where vy = 0.5772... 1s the Euler-Mascheroni constant.
The radial part of the ¢ integral can also be evaluated in terms of gamma functions.
The overall result (generalized slightly) is
_ _ 17
/ ddq (q2)a _ F(b_a'__ ) ( § ) D—(b—a—d/2) ' (1427)
(2m) @+ D)~ (4m)¥ 2T (5)0(Ld)



We will make frequent use of this formula throughout ese notes.

In the case of interest, eq. (14.18), we have a=0 and b = 2.

There 1s one more complication to deal with.

Recall that we want to focus on d= 6 because in that case g is dimensionless.

However, for general d, g has mass dimension €/2, where

e=6—-4d. (14.28)

To account for this, we introduce a new parameter £ with dimensions of mass, and make the
replacement

g — gjif/? . (14.29)
In this way g remains dimensionless for all €.
Of course, [t is not an actual parameter of the d = 6 theory.
Therefore, nothing measurable (like a cross section) can depend on it.

This seemingly innocuous statement is actually quite powerful, and will eventually serve as the
foundation of the renormalization group.



We now return to eq. (14.18), use eq. (14.26), and set d = 6 — €; we get

I(k?) = L(-1+3) /01 dz D (4—”)6/2 .

(4m)3 D
Hence, with the substitution of eq. (14.29), and defining
o= 92
- (4m)?

for notational convenience. we have

1 AN
(k%) = %aI‘(—H—%)/ dz D | — )
0

— Ak* — Bm® 4+ 0(o?) .
Now we can take the e— 0 limit, using eq. (14.26) and

A¥2 =14+ EmA+0(?) .

The result 1s

(k%) = —1a

(% + 1) (%k2 +m2) -|-/01 dz D In (t:[g)]

— Ak* — Bm? + 0(a?) .

(14 30)

(14.31)

(14.32)

(14.33)

(14.34)



1
Here we have used / dx D =16 k2 + m2.
0

It 1s now convenient to define

and rearrange things to get

~ {§a[z +In(u/m) +
— { Q é +In(pu/m) +

p=+Vare V2

(k%) = Lo /da:Dln(D/m)

2 &

If we take A and B to have the form

A= —1q

6
B=—

a

é + In(pu/m) + % + KA
¢ +In(u/m) + 3 +rp

DO | =t t\.'JIr—l
_|_
o3
N——
3[\3
_|_
S
QI\D

+0(a?),
+0(a”)

where K A and K g are purely numerical constants, then we get

1
I1(k?) = %a/ dz D In(D/m?) + a(%l’{,Ak2 + K:Bm2) + 0(a?) .
0

Thus this choice of A and B renders I1(k?) finite and independent of u, as required.

(14.35)

(14.36)

(14.37)

(14.38)

(14.39)



To fix KA and Kp, we must still impose the conditions I1(—m?2) = 0 and I1'(—m?2) = 0.

The easiest way to do this 1s to first note that, schematically,

[1(k?) = —a/ dz DIn D + linear in k? and m? 4+ O(a?) . (14 40)

We can then impose I11(—m?2) =0 via

1
H(k2) . %a/ dz DIn(D/Dg) + linear in (k% + m?) + O(az) : (14.41)
0

where

Dy = D‘/&:_mz = [1—z(1—z)m? . (14.42)

Now it is straightforward to differentiate eq. (14.41) with respect to k2, and find that I1'(—m?2) vanishes
for

II(k*) = 2a/ dz DIn(D/Dy) — 750(k* + m?) + O(a?) . (14 43)

The integral over x can be done in closed form; the result is
(k%) = [c1k2 + com? + 2k2 f('r)] +0(a?), (14.44)

where c| = 3—75\/3, Cy = 3—271:\/3, and



f(r) = r’tanh™(1/r), (14 45)
r = (1+4m?/k*)'? . (14.46)

There is a branch point at k2 = —4m?2, and 11(k?) acquires an imaginary part for k? < —4m?; we will
discuss this further in the next section.

We can write the exact propagator as

X 12\ 1 1
A7) = (1 TR /(K2 —|—m2)> B tm?—ic’ (14.47)

In fig. (14.5), we plot the real and imaginary parts of I11(k? )/(k? + m?) in units of .

Figure 14.5: The real and imaginary parts of I1(k? )/(k?> + m? ) in units of a.



We see that its values are quite modest for the plotted range. For much larger values of |k2l, we have

2
klz—lfrn)ﬂ ~ 11—2a[ln(k2/m2) + cl] + 0(a?) . (14.48)

If we had kept track of the 1€’s, k? would be k? — i1€; when k2 1s negative, we have
In(k2 — 1€) = In Ik2| — 17t.

The imaginary part of 11(k2)/(k? + m2) therefore approaches the asymptotic value of
— 1—12 to+ O(a2) when k2 1s large and negative.

The real part of 11(k2)/(k? + m2?), however, continues to increase logarithmically with Ik2l when k2| is
large.

We will begin to address the meaning of this in section 26.

15 The One-Loop Correction in Lehmann-Kallen Form

Prerequisite: 14

In section 13, we found that the exact propagator could be written in Lehmann-Kallen form as

~ 1 o0 1
A(k?) =
(k) k2+m2—ie+ 4m2d8'0(8)k2+3—ie’

(15.1)



where the spectral density p(s) 1s real and nonnegative.

In section 14, on the other hand, we found that the exact propagator could be written as

1
g 2 15.2
(k ) k2+m2—ze—l'[(k2) ’ ( )

and that, to O(g?2) in ¢3 theory in six dimensions,

I1(k?) = —a/ dz DIn(D/Dy) — s5a(k* + m?) + O(a?) (15.3)
where _ 2 3
a = g°/(4m)
i s (15.4)
= z(1—x)k” + m* — i€, (15.5)
Dy = [1—z(1—2)m? . (15.6)

In this section, we will attempt to reconcile egs. (15.2) and (15.3) with eq. (15.1).
Let us begin by considering the imaginary part of the propagator.

We will always take k? and m? to be real, and explicitly include the appropriate factors of i€ whenever

they are needed.

We can use eq. (15.1) and the identity



1 €T 1€
— — 9 5 T 3 2
X — 1€ xr“ + € r“ + €

1
m—i—m (z) ,

where P means the principal part, to write

Im A (k?)

m6(k* +m?) + / ds p(s) w8(k* + s)
= m(k* +m?) + mp(—k?)
where p(s) =0 for s < 4m?2.

Thus we have

mp(s) =ImA(—s) for s> 4m?

Let us now suppose that Im I1(k?) = 0 for some range of k2.

In section 14, we saw that the O(a) contribution to I1(k?) is purely real for k2

Then, from eqs. (15.2) and (15.7), we get

Im A(k?) = w6(k* + m? —I(k*)) for ImII(k*)=0.

(15.7)

(15.8)

(15.9)

> —4m?2.

(15.10)



From I1(—m?2) = 0, we know that the argument of the delta function vanishes at k2 = —m?2, and from I1’
(—m?2) = 0, we know that the derivative of this argument with respect to k? equals one at k2 = —m?Z.

Therefore
Im A(k?) = n6(k* + m?) for ImII(k*)=0. (15.11)
Comparing this with eq. (15.8), we see that p(—k2) =0 if ImI1(k?) = 0.
Now suppose ImI1(k2) is not zero for some range of k2.
In section 14, we saw that the O(a) contribution to I11(k?) has a nonzero imaginary part for k? < —4m2.

Then we can 1gnore the i€ 1n eq. (15.2), and

Im IT(k2)
(k% + m? + Rell(k?))? + (ImII(k?))?

Im A (k?) = for ImII(k%)#0. (15.12)

Comparing this with eq. (15.8) we see that

_ Im II(—s) (15.13)

TP = (T T m2 + Rell(—s))? + (ImITI(—s))?

Since we know p(s) = 0 for s < 4m?2, this tells us that we must also have Im I1(-s) =0 for s < 4mZ, or
equivalently Im I1(k?) = O for k? > —4m?2.



This 1s just what we found for the O(a) contribution to 11(k2) in section 14.

We can also see this directly from eq. (15.3), without doing the integral over x.
The integrand 1n this formula 1s real as long as the argument of the logarithm is real and positive.
From eq. (15.5), we see that D 1s real and positive if and only if x(1-x)k? > —m2.

The maximum value of x(1-x) 1s 1/4, and so the argument of the logarithm is real and positive for the
whole integration range 0 < x < 1 if and only if k2 > —4m?Z.

In this regime, ImI1(k?) = 0.

On the other hand, for k2 < —4m?2, the argument of the logarithm becomes negative for some of the
integration range, and so ImI1(k2) # O for k? < —4m?2.

This is exactly what we need to reconcile eqs. (15.2) and (15.3) with eq. (15.1).

16 Loop Corrections to the Vertex

Prerequisite: 14

Consider the O(g3) diagram of fig. (16.1), which corrects the ¢3 vertex.

In this section we will evaluate this diagram.



l+k,

Figure 16.1: The O(g3) correction to the vertex 1Vi(ki, k2, k3).

We can define an exact three-point vertex function 1V3(ki, ko, k3) as the sum of one-particle irreducible
diagrams with three external lines carrying momenta ki, k2 and k3, all incoming, with k1 + ko +ks =0 by
momentum conservation.

In adopting this convention, we allow kY; to have either sign; if k; 1s the momentum of an external
particle, then the sign of kO; 1s positive if the particle 1s incoming, and negative if it is outgoing.

The original vertex 1Z.g 1s the first term in this sum, and the diagram of fig. (16.1) is the second. Thus we
have

iV3(k1, ke, k3) = iZ,9 + (ig)° (%)3/ (;jid A((l—k1)*)A((L+k2)*) A (%) (16.1)

+0(g°) .



where

1
/dF3 S 2/ diBl diBQ dmg 5($1+$2+IE3—1) . (16-3)
0

We manipulate the right-hand side of eq. (16.2) to get

A((0—k1)2)A((L+k2)?)A(£2)
_ -3
_ /ng 02 — 20-(z1k1 — m2ks) + z1kT + T2k + m2]

_ /dF3 (0 — 21Ky + oko)? + 21 (1—21 )k? + 2o(1—a9) K2 (16.4)

513
+ 2z 122k k2 +m ]

=/dF3[q2—|—D]_3.

In the last line, we have defined q = {— x1k; + x2ko, and

D

r1(1—21)k? + 22(1—22)k3 + 2z122k1 - kg + m* (16.5)

2 2 2 2
= x3T1k] + T3T2k5 + T122k5 +M”

where we used k23 = (k1 + k2)? and X1 + X2 + X3 = 1 to simplify the second line.



After making a Wick rotation of the q° contour, we have

d%g 1
Va(k, ko, ks) /9 = Zy +6* [ dFs [ 655 o +0("). (16.6)

where ¢ is a euclidean vector.
This integral diverges for d = 6.

We therefore evaluate it for d < 6, using the general formula from section 14; the result is

d= 1
/ d’g 1 _TB=39) 5 3-a2) (16.7)
(2m)* (@ + D)*  2(4m)%/?

Now we set d = 6— €.

To keep g dimensionless, we make the replacement g— g [1¢/2.

Then we have

AN
Va(ki, ka, ks)/g = Zy + 3aT(§) [ ng( 1;‘) +0(e?),

where o = g2/(4m)3. (16.8)

Now we can take the e— 0 limit.

The result is



Vs(k1, k2, k3)/9 = Z4 + 3

2 4 ji? 9
5+/dF3 1n(e”’D)] + O(a”) ,

where we have used [dFs = 1.

We now let u2 =4me-v (12, set

Zy=1+C,
and rearrange to get
Vi(ky k2, ks) /g = 1+ {a[L +In(u/m)| +C|

- %a/ng ln(D/mz)
+ 0(a?) .

If we take C to have the form

C = —a[% + In(u/m) + "'30] +0(c?)

where xc 1s a purely numerical constant, we get

V(ky, ko, k3)/g = 1 — %a/ng In(D/m?) — koo + 0(a?) .

(16.9)

(16.10)

(16.11)

(16.12)

(16.13)



Thus this choice of C renders Vis(ki, k», k3) finite and independent of u, as required.

We now need a condition, analogous to I1(—m?) = 0 and I1'(—m?) = 0, to fix the value of xc.

These conditions on I1(k?) were mandated by known properties of the exact propagator, but there is
nothing directly comparable for the vertex.

Different choices of xc correspond to different definitions of the coupling g.

This 1s because, in order to measure g, we would measure a cross section that depends on g; these cross
sections also depend on xc.

Thus we can use any value for xc that we might fancy, as long as we all agree on that value when we

compare our calculations with experimental measurements.

It 1s then most convenient to simply set xc = 0.

This corresponds to the condition
V3(0,0,0) =g . (16.14)
This condition can then also be used to fix the higher-order (in g) terms in Z,.

The integrals over the Feynman parameters in eq. (16.13) cannot be done 1n closed form, but it is easy to
see that if (for example) Ik2il » m?2, then



Vi(ki, ko, k3)/g~1— %a[ln(k%/mQ) + 0(1)] + 0(a?) . (16.15)

Thus the magnitude of the one-loop correction to the vertex function increases logarithmically with [kZjl
when k2| > m2,

This is the same behavior that we found for I1(k?)/(k? + m?) in section 14.

17 Other 1PI Vertices

Prerequisite: 16

In section 16, we defined the three-point vertex function 1V3(ki, k2, k3) as the sum of all one-particle
irreducible diagrams with three external lines, with the external propagators removed.

We can extend this definition to the n-point vertex 1Va(ki, ..... kn).

There are two key differences between V, 3 and V3 in @3 theory.

The first is that there is no tree-level contribution to V, >3.
The second 1s that the one-loop contribution to V, >3 is finite for d < 2n.

In particular, the one-loop contribution to V, >3 is finite for d = 6.



Let us see how this works for the case n = 4.
We treat all the external momenta as incoming, so that k1 + k2 + k3 + k4 = 0.

One of the three contributing one-loop diagrams is shown in fig. (17.1); in this diagram, the
ks vertex 1s opposite to the ki vertex.

Two other inequivalent diagrams are then obtained bv swapping k3 <> k» and k3 < ka.

kiogok, K
<

A% NI+ ky + Ky
l>k
+

k2 2 k3

Figure 17.1: One of the three one-loop Feynman diagrams contributing to the four-point vertex
1Va(k1, k2, k3, k4); the other two are obtained by swapping k3 <> k2 and k3 <> kj.

We then have
d% - - - .
iVy = 94/ (om0 A((0—k1))A((L+E2)*) A((U+ka+k3)*) A(£2)
+ (kg < ko) + (k3 < k4) (17.1)

+ 0(g°) .



Feynman’s formula gives

(=KD A((U+k2)?) A((U+ko+k3)?)A(£2)
_ /dF4[ f kl) +.’E2(£+k'2) +:1:3(€+k2+k3)2+x4€2+m2]

(17.2)
—4
/dF4 CI + D1234] ,
where q = {— x1k1 + x2ko + x3(ko+k3) and, after making repeated use of x1+x2+x3+x4 = 1 and
ki+ko+ks+ks = O,
Diogy = k2 k2 k2 k?
1234 = T1T4K] + TaZ4Ky + ToX3K3 + T1T3Ky (17.3)

+ z122(k1+k2)? + z3z4(ko+k3)% + m? .

We see that the integral over q is finite for d < 8, and 1n particular for d = 6.

After a Wick rotation of the q° contour and applying the general formula of section 14, we find

/ d" ] _ ! (17.4)
(2m)6 (2 + D)*  6(4m)3D



Thus we get

4

g 1 1 1 ) 6

V, = / dF. ( + + +0(g% . (17.5)
4 6(4m)3 4 D1234  Di3aa  Dioas (9°)

This expression is finite and well-defined; the same is true for the one-loop contribution to V, for
all n > 3.

18 Higher-Order Corrections and Renormalizability

Prerequisite: 17

In sections 14—17, we computed the one-loop diagrams with two, three, and four external lines for ¢3

theory in six dimensions.

We found that the first two involved divergent momentum integrals, but that these divergences could be
absorbed into the coefficients of terms in the lagrangian.

If this 1s true for all higher-order (in g) contributions to the propagator and to the one-particle irreducible
vertex functions (with n = 3 external lines), then we say that the theory is renormalizable.

If this 1s not the case, and further divergences arise, it may be possible to absorb them by adding some
new terms to the lagrangian.

If a finite number of such new terms is required, the theory is still said to be renormalizable.



However, if an infinite number of new terms is required, then the theory 1s said to be nonrenormalizable.
Despite the infinite number of parameters needed to specify it, a nonrenormalizable theory is generally
able to make useful predictions at energies below some ultraviolet cutoff A; we will discuss this in
section 29.

In this section, we will deduce the necessary conditions for renormalizability.

As an example, we will analyze a scalar field theory in d spacetime dimensions of the form

L=—5Z,0"p0up — 5Zmm° 0" — Y 4 Zngnp" . (18.1)

n=3

Consider a Feynman diagram with E external lines, I internal lines, L closed loops, and V, vertices that
connect n lines.

Here V, 1s just a number, not to be confused with the vertex function V.

Do the momentum integrals associated with this diagram diverge?

We begin by noting that each closed loop gives a factor of dd{;, and each internal propagator gives a
factor of 1/(p? + m2), where p 1s some linear combination of external momenta k; and loop momenta £;.

The diagram would then appear to have an ultraviolet divergence at large {; if there are more £’s in the
numerator than there are in the denominator.



The number of £’s in the numerator minus the number of €’s in the denominator 1s the diagram’s
superficial degree of divergence.

D=dL—2I, (18.2)

and the diagram appears to be divergent if
D>0. (18.3)

Next we derive a more useful formula for D.

The diagram has E external lines, so another contributing diagram is the tree diagram where all the lines

are joined by a single vertex, with vertex factor —1Zggg; this is, in fact, the value of this entire diagram,
which then has mass dimension [gEg].

The Z’s are all dimensionless, by definition.

Therefore, the original diagram also has mass dimension [gg], since both are contributions to the same
scattering amplitude:

[diagram| = [gg] . (18.4)

On the other hand, the mass dimension of any diagram is given by the sum of the mass dimensions of its
components, namely

diagram| = dL — 2 + )~ V,[gn) . (18.5)

n=3



From eqs. (18.2), (18.4), and (18.5), we get

D =gg] — ) _ Valgn] - (18.6)
n=3

This 1s the formula we need.

From eq. (18.6), it is immediately clear that if any [g,] < 0, we expect uncontrollable divergences, since
D increases with every added vertex of this type.

Therefore, a theory with any [ga] < 0 is nonrenormalizable.

According to our results 1n section 12, the coupling constants have mass dimension

—qg_1 _
[Qn] =d zn(d 2) ; (18.7)

and so we have

2d

lgn] <0 if n> e (18.8)

Thus we are limited to powers no higher than ¢4 in four dimensions, and no higher than ¢3 in six

dimensions.

The same criterion applies to more complicated theories as well: a theory is nonrenormalizable if any
coefficient of any term in the lagrangian has negative mass dimension.



What about theories with couplings with only positive or zero mass dimension?
We see from eq. (18.6) that the only dangerous diagrams (those with D = 0) are those for which [gg] = 0.
But in this case, we can absorb the divergence simply by adjusting the value of Zk.

This discussion also applies to the propagator; we can think of 11(k?) as representing the loop-corrected
counterterm vertex Ak? + Bm2, with A and Bm? playing the roles of two couplings.

We have [A] =0 and [BmZ2] = 2, so the contributing diagrams are expected to be divergent (as we have
already seen in detail), and the divergences must be absorbed into A and Bm?Z.

D is called the superficial degree of divergence because a diagram might diverge even if D < 0, or might
be finite even if D > 0.

The latter can happen if there are cancellations among {’s in the numerator.
Quantum electrodynamics provides an example of this phenomenon that we will encounter in Part III.

For now we turn our attention to the case of diagrams with D < O that nevertheless diverge.

Consider, for example, the diagrams of figs. (18.1) and (18.2).

The one-loop diagram of fig. (18.1) with E = 4 1s finite, but the two-loop correction from the first
diagram of fig. (18.2) 1s not: the bubble on the upper propagator diverges.



\{}/

X

Figure 18.2: A two-loop contribution to V4, and the corresponding counterterm insertion.

This 1s an example of a divergent subdiagram.

However, this 1s not a problem in this case, because this divergence 1s canceled by the second diagram of
fig. (18.2), which has a counterterm vertex in place of the bubble.

This 1s the generic situation: divergent subdiagrams are diagrams that, considered in isolation, have
D =0.

These are precisely the diagrams whose divergences can be canceled by adjusting the Z factor of the
corresponding tree diagram (in theories where [g,] = O for all nonzero g,).

Thus, we expect that theories with couplings whose mass dimensions are all positive or zero will be
renormalizable.

A detailed study of the properties of the momentum integrals in Feynman diagrams 1s necessary to give a
complete proof of this.



Theories with spin-one fields are renormalizable for d = 4 if and only if these spin-one fields are
associated with a gauge symmetry.

We will study this in Part III.
Theories of fields with spin greater than one are never renormalizable for d > 4.

19 Perturbation Theory to All Orders

Prerequisite: 18

In section 18, we found that, generally, a theory is renormalizable if all of its lagrangian coefficients have
positive or zero mass dimension.

In this section, using ¢3 theory in six dimensions as our example, we will see how to construct a finite

expression for a scattering amplitude to arbitrarily high order in the ¢3 coupling g.

We begin by summing all one-particle irreducible diagrams with two external lines; this gives us the
self-energy 11(k2).

We next sum all 1PI diagrams with three external lines; this gives us the three-point vertex function
Va(ki k2 .k3).

Order by order in g, we must adjust the value of the lagrangian coeftficients Zy, Zm, and Z; to maintain
the conditions II(—m?2) =0, II'(-m?2) = 0, and V3(0,0,0) = g.



Next we will construct the n-point vertex functions V, (ki,....kn) with 4 <n < E, where E 1s the number
of external lines in the process of interest.

We compute these using a skeleton expansion.

This means that we draw all the contributing 1PI diagrams, but omit diagrams that include either
propagator or three-point vertex corrections.

That 1s, we include only diagrams that are not only 1PI, but also 2PI and 3PI: they remain connected
when any one, two, or three lines are cut.

Cutting three lines may isolate a single tree-level vertex, but nothing more complicated.
Then we take the propagators and vertices in these diagrams to be given by the exact
propagator A (k?) = (k2 + m? - I1(k?))—1 and vertex V3(ki.k2,k3), rather than by the tree-level
propagator A (k2) = (k2 + m2)—1 and vertex g.

We then sum these skeleton diagrams to get V, for4 <n <E.

Order by order in g, this procedure is equivalent to computing V, by summing the usual set of
contributing 1PI diagrams.

Next we draw all tree-level diagrams that contribute to the process of interest (which has E external
lines), including not only three-point vertices, but also n-point vertices forn=3,4,..., E.

Then we evaluate these diagrams using the exact propagator A(k2) for internal lines, and the exact 1PI
vertices Vj; external lines are assigned a factor of one.



This is because, in the LSZ formula, each Klein-Gordon wave operator becomes (in momentum space) a
factor of k2; + m? that multiplies each external propagator, leaving behind only the residue of the pole in
that propagator at k?; = —m?2; by construction, this residue is one.

We sum these tree diagrams to get the scattering amplitude; loop corrections have all been accounted for
already in A(k?) and V,.

Order by order in g, this procedure 1s equivalent to computing the scattering amplitude by summing the
usual set of contributing diagrams.

Thus we now know how to compute an arbitrary scattering amplitude to arbitrarily high order.

The procedure 1s the same in any quantum field theory; only the form of the propagators and vertices
change, depending on the spins of the fields.

The tree-level diagrams of the final step can be thought of as the Feynman diagrams of a quantum action
(or effective action, or quantum effective action) 1'(¢).

There is a simple and interesting relationship between the effective action I'(¢) and the sum of connected

diagrams with sources iW(J).

We derive it in section 21.



20 Two-Particle Elastic Scattering at One Loop
Prerequisite: 19

We now illustrate the general rules of section 19 by computing the two-particle elastic scattering
amplitude, including all one-loop corrections, in ¢3 theory in six dimensions.

Elastic means that the number of outgoing particles (of each species, in more general contexts) is the
same as the number of incoming particles (of each species).

We computed the amplitude for this process at tree level in section 10, with the result

~

7:,]Tcree — %(ig)z [A(_S) + A(_t) + A(_u)] ) (20-1)
where A (—s) = 1/(—s + m2 — i¢) is the free-field propagator, and s, t, and u are the Mandelstam variables.

Later we will need to remember that s 1s positive, that t and u are negative, and that s + t + u= 4m?2.

The exact scattering amplitude is given by the diagrams of fig. (20.1), with all propagators and vertices
interpreted as exact propagators and vertices.

Recall, however, that each external propagator contributes only the residue of the pole at k? = —m?2, and
that this residue 1s one; thus the factor associated with each external line 1s simply one.

We get the one-loop approximation to the exact amplitude by using the one-loop expressions for the
internal propagators and vertices.



Figure 20.1: The Feynman diagrams contributing to the two-particle elastic scattering amplitude; a double line stands for the
exact propagator T A(k), a circle for the exact three-point vertex Vi(ki k2 .k3), and a square for the exact four-point vertex
Va(ki,k2,ks.ks). An external line stands for the unit residue of the pole at k2 =—m?2.

We thus have
Tictoop = 3 ({iVs(s)?A(=s) + [(Va(OPA(-) + [Va()*A(-w)  (202)
+iVy(s,t,u) ,

where, suppressing the 1€’s,



—s+m2—T1I(—s)’

la /01 dz Dy(s)In(Ds(s) /Do) — fya(—s +m?)

] — %a/ng In(D;

1

(s)/m?) ,
1

1

1 2
1 F.
6 a/d : [D4(8,t) " Dy(t,u) i Dy(u, 5)

Here o = g2/(4m)3, the Feynman integration measure 18

[ 4. £(@)

and we have defined

|

1
(n—1)!/0 dzy ... dz, 6(z1+ . . . +xn—1)f(2)

(n—l)!/o1 dzq /Ol_x
x f(z)

1 l—-21—...—xp—2
de c o / dwn_l
0

Tn=1—1—...—Tn_1

)

(20.3)

(20 4)

(20.5)

(20.6)

(20.7



Ds(s) = —x(1—x)s + m? : (20.8)
Dy = +[1-z(1—z)lm”, (20.9)
D3(s) = —z1228 + [1—(z1432)z3]m? (20.10)
Dy(s,t) = —x1728 — x3T4t + [1—(T1+22) (T3+T4)]M° . (20.11)

We obtain Vs(s) from the general three-point function V3(ki,k2,k3) by setting two of the three k% to —m2,
and the third to —s.

We obtain Va(s,t,u) from the general four-point function Va(ki.k2,k3.ks) by setting all four k?; to —-m2,
(k1 + k2)? to —s, (k1 + k3)? to —t, and (ki + k4)? to —u.

Recall that the vertex functions are defined with all momenta treated as incoming; here we have
identified —k3 and —k4 as the outgoing momenta.

Egs. (20.2-20.11) are formidable expressions.

To gain some intuition about them, let us consider the limit of high-energy, fixed angle scattering, where
we take s, Itl, and lul all much larger than m2.

Equivalently, we are considering the amplitude in the limit of zero particle mass.

We can then set m2 = 0 in Da(s), D3(s), and Da(s.t).



For the self-energy, we get

[I(—s) = —%as/ol dr z(1—2x) [ln(;—g) +ln(1fil(1fl))] + Sas

= —f—zas[ln(—s/mz) + 3 — W\/g] .

Thus,
A(=s) = —3 —}[(—s)
— —é(l + 11—2a[1n(—s/m2) + 3 — 77\/5]) + 0(0‘2) :

The appropriate branch of the logarithm is found by replacing s by s + i€.

For s real and positive, —s lies just below the negative real axis, and so

In(—s) =Ilns —im.
For t (or u), which is negative, we have instead

In(—t) = In ¢,

Int = In|t| + 17 .

For the three-point vertex, we get

(20.12)

(20.13)

(20.14)

(20.15)



Vi(s)/g =1— %a/ng [ln(—s/mz) - ln(:zzlazg)] :

(20.16)
=1-— %a[ln(—s/'m?) — 3] :

where the same comments about the appropriate branch apply.

For the four-point vertex, the integral over the Feynman parameters can be done in closed form, with the

result
dFy 3 ( 9 2
_ 72 + [In(s /) )
Dy(s,t) s+t [ ] (20.17)
3 ([ o 2
S (7r + [in(s/8) ) |
where the second line follows from s + t + u =0.
Putting all of this together, we have
Titoop = 9°| F(5,t,u) + F(t,u,8) + F(u,5,t) | , (20.18)
where . )
F(s,t,u) = — - ( - %a[ln(—s/fm?) + c] — %a[ln(t/u)] ) , (20.19)

and ¢ = (62 + v/3— 39)/11 = 2.33.

This 1s a typical result of a loop calculation: the original tree-level amplitude 1s corrected by powers of
logarithms of kinematic variables.



21 The Quantum Action

Prerequisite: 19

In section 19, we saw how to compute (in ¢3 theory in d = 6 dimensions) the 1PI vertex functions

Vau(ki,....,ks) for n = 4 via the skeleton expansion: draw all Feynman diagrams with n external lines that

are one-, two-, and three-particle irreducible, and compute them using the exact propagator A(k2) and
three-point vertex function Vi(ki k2 .k3).

We now define the guantum action (or effective action, or quantum effective action)

1 d%

L(p) = 5 (%) - (k) (K? +m® — TI(k?)) (k)
Z n./ ddkl - ddk) (2m)*6% (k1. . . +kn) (21.1)

an(kl, o kp) @(k1) .. 0(ky)

where ©(k) = [ddxe-ikxp(x).

The quantum action has the property that the tree-level Feynman diagrams it generates give the complete
scattering amplitude of the original theory.

In this section, we will determine the relationship between I'(¢) and the sum of connected diagrams with
sources, 1IW(J), introduced 1n section 9.

Recall that W(J) 1s related to the path integral



/’Dcp exp[zS +z/d :chO] (21.2)

where S = [ddx £ is the action, via

Z(J) = expliW (J)] . (21.3)

Consider now the path integral
Zr(J) E/Dgp exp[zl"(go +z/da:.]<,0] (21.4)
= expliWr(J)] . (21.5)

Wr(J) is given by the sum of connected diagrams (with sources) in which each line represents the exact
propagator, and each n-point vertex represents the exact 1PI vertex V.

Wr(J) would be equal to W(J) if we included only tree diagrams in Wr(J).

We can isolate the tree-level contribution to a path integral by means of the following trick.

Introduce a dimensionless parameter that we will call i1, and the path integral

| Do exp[ ( +/d:1:]ga)] 21.6)

— eXp[’in,h(J)] . (21.7)

Zr n(J)



In a given connected diagram with sources, every propagator (including those that connect to sources) 1s
multiplied by 1, every source by 1/h, and every vertex by 1/A.

The overall factor of 71 is then AP-E-V_where V is the number of vertices, E is the number of sources

(equivalently, the number of external lines after we remove the sources), and P is the number of
propagators (external and internal).

We next note that P-E—V 1s equal to L—1, where L 1s the number of closed loops.

This can be seen by counting the number of internal momenta and the constraints among them.
Specifically, assign an unfixed momentum to each internal line; there are P—E of these momenta.
Then the V vertices provide V constraints.

One linear combination of these constraints gives overall momentum conservation, and so does not
constrain the internal momenta.

Therefore, the number of internal momenta left unfixed by the vertex constraints i1s (P-E)—(V—-1), and
the number of unfixed momenta is the same as the number of loops L.

So, Wr.n(J) can be expressed as a power series in /i of the form

Wrn(J) =Y R* T WrL(J). (21.8)
L=0



If we take the formal limit of i — O, the dominant term is the one with L = 0, which is given by the sum

of tree diagrams only.
This 1s just what we want.
We conclude that
W(J) = WI‘,L:()(J) . (21.9)
Next we perform the path integral in eq. (21.6) by the method of stationary phase.

We find the point (actually, the field configuration) at which the exponent is stationary; this 1s given by
the solution of the quantum equation of motion

0 (o) = —J(z) . (21.10)

Let ¢j(X) denote the solution of eq. (21.10) with a specified source function J(x).

Then the stationary-phase approximation to Zr,a(J) 1s

1

Zr 1(J) = exp [ﬁ (I‘(<pJ) + /dd:z: Jc,oJ) + O(h”)] . (21.11)



Combining the results of egs. (21.7), (21.8),(21.9), and (21.11), we find

W(J) =T(ps) + /ddfv Jog . (21.12)

This 1s the main result of this section.
Let us explore it further.

Recall from section 9 that the vacuum expectation value of the field operator ¢(x) 1s given by

0
Olp(x)|0) = W(J , (21.13)
Ole(@)I0) = 575w
Now consider what we get if we do not set J = O after taking the derivative:
0
0 0)s = Wi(J) . (21.14)
(Olp(@)0)s = 57 W ()

This 1s the vacuum expectation value of ¢(X) in the presence of a nonzero source function J(x).

We can get some more information about it by using eq. (21.12) for W(J).

Making use of the product rule for derivatives, we have

(0lp(2)|0).s = Méml“(w) +u(z) + /dﬁy J () 55%‘](%) . (21.15)




We can evaluate the first term on the right-hand side by using the chain rule,

o' () 590.1( )
d% . (21.16)
Les) / Y50, (y) 0J(x)

5J

Then we can combine the first and third terms on the right-hand side of eq. (21.15) to get

Ole@I0ns = [d [551) + )| 7Y + s(a) @117

Now we note from eq. (21.10) that the factor in large brackets on the right-hand side of eq. (21.17)

vanishes, and so
Ole(2)[0)s = pu(z) . (21.18)

That 1s, the vacuum expectation value of the field operator ¢(x) in the presence of a nonzero source

function is also the solution to the quantum equation of motion, eq. (21.10).

We can also write the quantum action in terms of a derivative expansion,

= [d% [~ U(p) - 2@ 00+ ..., 2119

where the ellipses stand for an infinite number of terms with more and more derivatives, and U(¢) and

Z (@) are ordinary functions (not functionals) of ¢(x).



U(9) 1s called the guantum potential (or effective potential, or quantum effective potential ), and it plays
an important conceptual role in theories with spontaneous symmetry breaking; see section 31.

However, it is rarely necessary to compute it explicitly, except in those cases where we are unable to do
SO.

22 Continuous Symmetries and Conserved Currents

Prerequisite: 8

Suppose we have a set of scalar fields ¢pa(x), and a lagrangian density £(X) = £(@a(x),0,@a(X)).
Consider what happens to £(x) if we make an infinitesimal change @.(X)— @a(X) + 0@a(X) in each field.

We have £(x) — £(x) + 0£(x), where 0£(X) is given by the chain rule,

oL oL (22.1)
— 0Q, 4 0,00, .
50a(@) "7 T 3@ 0a(@)) 2107

O0L(x)

Next consider the classical equations of motion (also known as the Euler-Lagrange equations, or the field
equations), given by the action principle

5S
0pa ()

where S = [d4y£(y) is the action, and 0/0¢@a(X) is a functional derivative.

=0, (22.2)



For definiteness, we work in four spacetime dimensions, though our results will apply in any number.

We have (with repeated indices implicitly summed)

d
5900, / 5 Soa

_ / Yy OLly) dpu(y)  _ OLLY) (0upe(y))
Opp(y) dpa(z) ~ O(Oups(y)) Opalz)

OLWY) OL(y) ! (223)
= [ d° Spad” (y—z) + 0ba 0,6 (y—
[ 2 B " 0=5)+ gty 0 ””}
_ 0L (x) 5 0L (x)
Opa(z) " 0(Oupa(z))
We can use this result to make the replacement
0L (x) 0L (x) 05
> O -+ (22.4)
Opa(z) g O(Oupa(z))  dpa(z)

in eq. (22.1).

Then, combining two of the terms, we get



0L (x)
(Oppa(z))

53
0pa ()

0L(x) = 0, (8 5g0a(:13)> + dpa(T) . (22.5)

Next we identify the object in large parentheses in eq. (22.5) as the Noether current

. 0L (x)
Hx) = dpa(T) . (22.6)
"0 = 5@upate)) P
Eq. (22.5) then implies
0,7"(x) = 6L(xz) — 05 dpq(x) . (22.7)
g Opa(z) ™" |

If the classical field equations are satisfied, then the second term on the right-hand side of eq. (22.7)
vanishes.

The Noether current plays a special role if we can find a set of infinitesimal field transformations that
leaves the lagrangian unchanged, or invariant.

In this case, we have 0£ = 0, and we say that the lagrangian has a continuous symmetry.

From eq. (22.7), we then have d,j#* = 0 whenever the field equations are satisfied, and we say that the
Noether current is conserved.

In terms of its space and time components, this means that



0

4 i) =0 (22.8)
5 () +V-j(x)=0

If we interpret j(x) as a charge density, and j(x) as the corresponding current density, then eq. (22.8)
expresses the local conservation of this charge.

Let us see an example of this.

Consider a theory of a complex scalar field with lagrangian

L= —0"¢'0,p0 — m*plo — IA(pT0)? . (229)
We can also rewrite £ in terms of two real scalar fields by setting ¢ = (¢1 + 1 g02)/\/2 to get
L = —50"010,01 — 50" 020,02 — 3m° (0] + 05) — 16 A (01 +¥5)° . (22.10)

In the form of eq. (22.9), it 1s obvious that £ is left invariant by the transformation
o(r) — e “op(x) , (22.11)

where o 1s a real number.
This 1s called a U(1) transformation, a transformation by a unitary 1x1 matrix.

In terms of ¢ and ¢, this transformation read



(cpﬂ:z:)) B ( COS sina) (cpl(:zz)> (21.12)
@2 (x) —sina  cos o w2 (x)

If we think of (¢1 , ¢2) as a two-component vector, then eq. (22.12) 1s just a rotation of this vector in the

8

plane by angle a.
Eq. (22.12) 1s called an SO(2) transformation, a transformation by an orthogonal 2 x 2 matrix with a
special value of the determinant (namely +1, as opposed to—1, the only other possibility for an

orthogonal matrix).

We have learned that a U(1) transformation can be mapped into an SO(2) transformation.

The infinitesimal form of eq. (22.11) 1s

p(z) — @) —iap(r),
(21.13)
o'(z) — ¢'(z) +iap'(z),

where o, 1s now infinitesimal.

In eq. (22.6), we should treat ¢ and ¢> as independent fields.

It 1s also conventional to scale the infinitesimal parameter out of the current, so that we have



oL oL . .

"
7= 0000) 000,67 7

= (—0M")(—iawp) + (—0"p) (+iap")

= aIm(p'oy) |

where A9 '#B = AgB— (91A)B.

Canceling out o, we find that the Noether current 1s

j* = Im(p! ") .

We can also repeat this exercise using the SO(2) form of the transformation.

For infinitesimal a, eq. (22.12) becomes 0@ = +0¢2 and 02 = —0.@1.

Then the Noether current 1s given by

)

[
T
D
=
S
o
Q
AS
S
_I_
|
D
=
AS
5,
T
Q
AS

= a(p10 p2)
which is (hearteningly) equivalent to eq. (22.14).

(22.14)

(22.15)

(22.16)



Let us define the Noether charge

Qz/d O(z) = /dwlm (130p) (22.17)

and 1nvestigate its properties.

If we integrate eq. (22.8) over d3x, use Gauss’s law to write the volume integral of V-j as a surface

integral, and assume that the boundary conditions at infinity fix j(x) = O on that surface, then we find that
Q 1s constant in time.

To get a better 1dea of the physical implications of this, let us rewrite Q using the free-field expansions

p(r) = /Cfi\lg [a(k)eik": _|_b*(k)6—z'kx] |
(22.18)
SOT(fE) = /Efc [b(k)e“"x 4+ a*(k)e—ikx] |

We have written a*(k) and b*(k) rather than af(k) and bi(k) because so far our discussion has been about
the classical field theory.

In a theory with interactions, these formulae (and their first time derivatives) are valid at any one
particular time (say, t = —).

Then, we can plug them into eq. (22.17), and find (after some manipulation similar to what we did for
the hamiltonian in section 3)

Q= / dk [a — b(k)b* (K)] . (22.19)



In the quantum theory, this becomes an operator that counts the number of a particles minus the number
of b particles.

This number is then time-independent, and so the scattering amplitude vanishes identically for any
process that changes the value of Q.

This can be seen directly from the Feynman rules, which conserve Q at every vertex.

To better understand the implications of the Noether current in the quantum theory, we begin by
considering the path integral,

_ / Do ellS+ Ja% Jaga] (22.20)

The value of Z(J) is unchanged if we make the change of variable @.(x)— @a(X) + 0¢@a(X), with 0¢@a(X) an

arbitrary infinitesimal shift that (we assume) leaves the measure D¢ invariant.

Thus we have

0=6Z(J)

_ /Dgpe i[S+ [d%y Jyp] /d4 (54,0 @ + Ja(:z:)) dpa(x) . (22.21)

We can now take n functional derivatives with respect to .J, (X;), and then set J = 0, to get



0= /D¢GZS/d [ 590 <Pa1($1)"'90an(xn)
: (22.22)

+ Z ©a,(T1) - - - Oaa, 54 (z—;5) . . . Pan(Tn) | 0pa(z) .

Since 0@,(x) is arbitrary, we can drop it (and the integral over dx).

Then, since the path integral computes the vacuum expectation value of the time-ordered product, we
have

05
o) £(@1) - Gar(@n)l0)

0 = i(0|T
(22.23)

+ f:<0lT<pa1(w1) -+ 8aa; 0" (2=25) .. @ (0)10)

These are the Schwinger-Dyson equations for the theory.

To get a feel for them, let us look at free-field theory for a single real scalar field, for which

8S/d¢p(x) = (02 — m*)p(x).

Forn =1 we get

(=02 + m?)i{0|To(z)p(z1)|0) = 6*(z—=z1) . (22.24)



That the Klein-Gordon wave operator should sit outside the time-ordered product (and hence act on the
time-ordering step functions) is clear from the path integral form of eq. (22.22).

We see from eq. (22.24) that the free-field propagator, A(x—x1) = 1{0ITp(x)@(x1)I0>, is a Green’s function
for the Klein-Gordon wave operator, a fact we first learned in section 8.

More generally, we can write

05

T
0 50 (@

) Par(T1) .- Qo (zn)|0) =0 for z#z1. p. (22.25)

We see that the classical equation of motion 1s satisfied by a quantum field inside a correlation function,
as long as its spacetime argument differs from those of all the other fields.

When this is not the case, we get extra contact terms.
Let us now consider a theory that has a continuous symmetry and a corresponding Noether current.

Take eq. (22.22), and set 0@,(X) to be the infinitesimal change in @,(x) that results in 0.£(x) = 0.

Now sum over the index a, and use eq. (22.7).

The result 1s the Ward (or Ward-Takahashi) identity
0 = 9,(0|T5" () Par(T1) - - - Pan(Tn)]0)

+ Z<O|T‘PCL1(5E1) e 5‘Paj(m)54($_mj) o @an(mn)lm .

(22.26)



Thus, conservation of the Noether current holds in the quantum theory, with the current inside a
correlation function, up to contact terms with a specific form that depends on the details of the
infinitesimal transformation that leaves £ invariant.

The Noether current is also useful in a slightly more general context.

Suppose we have a transformation of the fields such that 0.£(x) is not zero, but instead is a total
divergence: 0£(x) = 9,K#(x) for some K#(x).

Then there is still a conserved current, now given by

0L (x)

¥ (x) = (00 (@) 0pa(T) — K*(T) . (22.27)

An example of this is provided by the symmetry of spacetime translations.

We transtorm the fields via g.(x)— @a(x— a), where a# 1s a constant four-vector.
The infinitesimal version of this is @i(X)— @a(X)— avdv@a(X), and so we have 0¢@a(X) = —avdv@a(X).
Under this transformation, we obviously have £(x) — £(x— a), and so 0£(Xx) =—avd+£L(x) =—0dv(a¥£(X)).

Thus 1n this case Ky(x) = —av£(x), and the conserved current is



OL(z) —a” z)) —a"L(x
3(3#%(33))( vpa(?)) = a"L{2) (22.28)

= a,T"(x) ,

7" (z)

where we have defined the stress-energy or energy-momentum tensor

0L (x)
(Oppa(z))

For a renormalizable theory of a set of real scalar fields @.(X), the lagrangian takes the form

T (z) = — 5 0"pa(z) + g""L(x) . (22.29)

1
L =—50"00upa — V(o) , (22.30)
where V(¢) 1s a polynomial in the ¢,’s.
In this case

TH = 0*p,0"p, + g L . (22.31)

In particular,

2 2
T = 3105 + 3(Vea)* + V() | (2232)
where 11, = doga 1s the canonical momentum conjugate to the field @,.

We recognize T as the hamiltonian density # that corresponds to the lagrangian density of eq. (22.30).



Then, by Lorentz symmetry, T% must be the corresponding momentum density.
We have
TV = 8%, ps = -1,V ¢, . (22.33)

To check that this 1s a sensible result, we use the free-field expansion for a set of real scalar fields [the

same as eq. (22.18) but with b(k) = a(k) for each field]; then we find that the momentum operator is
given by

pi — / d3 T% (¢ / dk K’ af (K)a, (K) | (22.34)
which 1s just what we would expect.
We therefore 1dentify the energy-momentum four-vector as
Pt — / & TO(z) . (22.35)
Recall that in section 2 we defined the spacetime translation operator as

T(a) = exp(—iP"a,) , (22.36)

and announced that it had the property that

T(a)  pa(2)T(a) = pa(z — a) . (22.37)



Now that we have an explicit formula for P#, we can check this.

This 1s easiest to do for infinitesimal a#; then eq. (22.37) becomes
[pa(z), P*] = 20" @q(x) . (22.38)
This can indeed be verified by using the canonical commutation relations for ¢.(x) and IL.(x).

One more symmetry we can investigate is Lorentz symmetry.

If we make an infinitesimal Lorentz transformation, we have @a(X)— @i(x+ 0w * X), where 0w - X is

shorthand for 0Yoxe.

This case is very similar to that of spacetime translations; the only difference is that the translation
parameter av is now x dependent, a¥ — —0wYXO.

The resulting conserved current is
MHPP(2) = 2" TH(x) — 2PTH () , (22.39)
and 1t obeys d,M#ve = 0, with the derivative contracted with the first index.
Mkve is antisymmetric on its second two indices; this comes about because 0OwVe is antisymmetric.

The conserved charges associated with this current are



MY = / d°x MP(z) (22.40)

and these are the generators of the Lorentz group that were introduced in section 2.

Again, we can use the canonical commutation relations for the fields to check that the Lorentz generators
have the right commutation relations, both with the fields and with each other.

23 Discrete Symmetries: P ,T ,C,and Z

In section 2, we studied the proper orthochronous Lorentz transformations, which are continuously
connected to the identity.

In this section, we will consider the effects of parity.
+1

PH,

|
~~
3
[—
S
=
AN
|

(23.1)

and time reversal,

+1 ' (23.2)
+1

We will also consider certain other discrete transformations such as charge conjugation.



Recall from section 2 that for every proper orthochronous Lorentz transformation Ay there is an
associated unitary operator U(A) with the property that

UA) tp(z)UA) = p(A™ ) . (23.3)

P=U(P), (23.4)
T=U(T), (23.5)
such that
P~lo(z)P = ¢(Px) , (23.6)
T ()T = ¢(Tx) . (23.7)

There 1s, however, an extra possible complication.

Since the ? and J matrices are their own inverses, a second parity or time-reversal transformation
should transform all observables back into themselves.

Using eqs. (23.6) and (23.7), along with P2 =1 and J2 = 1, we see that

P 2p(z)P? = ¢(z) (23.8)
T 2p(x)T? = ¢(x) . (23.9)



Since ¢(X) 1s a hermitian operator, it is in principle an observable, and so egs. (23.8) and (23.9) are just

what we expect.

However, another possibility for the parity transformation of the field, different from eqgs. (23.6) and
(23.7) but nevertheless consistent with eqs. (23.8) and (23.9), 1s

P lp(@)P = —p(Px), (23.10)
T lp(x)T = —p(Tx) . (23.11)

This possible extra minus sign cannot arise for proper orthochronous Lorentz transformations, because
they are continuously connected to the identity, and for the identity transformation (that is, no
transformation at all), we must obviously have the plus sign.

If the minus sign appears on the right-hand side, we say that the field 1s odd under parity (or time
reversal).

If a scalar field 1s odd under parity, we sometimes say that it is a pseudoscalar.
So, how do we know which 1is right, egs. (23.6) and (23.7), or egs. (23.10) and (23.11)?

The general answer is that we get to choose, but there is a key principle to guide our choice: if at all
possible, we want to define P and T so that the lagrangian density is even,

P 'L(z)P = +L(Px), (23.12)
T 'L(x)T = +L(Tz) . (23.13)



Then, after we integrate over d*x to get the action S, the action will be invariant.
This means that parity and time-reversal are conserved.

For theories with spin-zero fields only, it is clear that the choice of egs. (23.6) and (23.7) always leads to
eqs. (23.12) and (23.13), and so there 1s no reason to flirt with egs. (23.10) and (23.11).

For theories that also include spin-one-half fields, certain scalar bilinears in these fields are necessarily
odd under parity and time reversal, as we will see in section 40.

If a scalar field couples to such a bilinear, then eqs. (23.12) and (23.13) will hold if and only if we choose
eqgs. (23.10) and (23.11) for that scalar, and so that is what we must do.

There 1s one more interesting fact about the time-reversal operator T: it 1s antiunitary, rather than unitary.
Antiunitary means that 7-1iT = —i.

To see why this must be the case, consider a Lorentz transformation of the energy-momentum
four-vector,

U(A)~1PHU(A) = A*, PV . (23.14)
For parity and time-reversal, we therefore expect

P~lptp = pH, P" (23.15)

T-1P*rT = TH, PV . (23.16)

In particular, for y =0, we expect P-/HP = +H and T-'HT= —H.



The first of these is fine; it says the hamiltonian 1s invariant under parity, which is what we want.

However, eq. (23.16) is a disaster: it says that the hamiltonian is invariant under time-reversal if and only
if H = —H, which is possible only if H = 0.

Can we just put an extra minus sign on the right-hand side of eq. (23.16), as we did for eq. (23.11)?
The answer 1s no.

We constructed Pr explicitly in terms of the fields in section 22, and it 1s easy to check that choosing
eq. (23.11) for the fields does not yield an extra minus sign in eq. (23.16) for the energy-momentum
four-vector.

Let us reconsider the origin of eq. (23.14).

We first recall that the spacetime translation operator
T(a) = exp(—iP-a) . (23.17)
(which should not be confused with the time-reversal operator T) transforms a scalar field according to
T(a) tp(z)T(a) = o(z —a) . (23.18)

The spacetime translation operator is a scalar with a spacetime coordinate as a label; by analogy with eq.
(23.3), we should have

UN)'T()UA) =T (A a) . (23.19)



Now, treat a# as infinitesimal in eq. (23.19) to get

UAN) (I —ia,P*U(A) = I —i(A™1), a, P”

' (23 20)
= I —iA'ya,PY .

For time-reversal, this becomes
T-'(I —ia,P")T =1 —iT*,a,P" . (2321)
If we now i1dentify the coefficients of —ia, on each side, we get eq. (23.16), which is bad.

In order to get the extra minus sign that we need, we must impose the antiunitary condition

T~4T = —i . (23.22)

We then find
T 'P*T = —TH, PV (23.23)

instead of eq. (23.16).
This yields T-/HT = +H, which is the correct expression of time-reversal invariance.

We turn now to other unitary operators that change the signs of scalar fields, but do nothing to their
spacetime arguments.

Suppose we have a theory with real scalar fields ¢.(x), and a unitary operator Z that obeys



Z () Z = nape(z) (23.24)
where 1. 1s either +1 or—1 for each field.

We will call Z a Z, operator, because Z; 1s the additive group of the integers modulo 2, which 1s
equivalent to the multiplicative group of +1 and-1.

This also implies that Z2 =1, and so Z-1 =Z.

For theories with spin-zero fields only, the same 1s also true of P and T, but things are more subtle for
higher spin, as we will see in Part II.)

Consider the theory of a complex scalar field ¢ = (1 +1 goz)/\/Z that was introduced in section 22, with
lagrangian
L = —0"p'9up —m’p'p — A(¢'p)" (23:25)

1

= —50"010up1 — 50" 020up2 — 5M° (1 + 93) — 1A (P1 +3)% (23.26)

In the form of eq. (23.25), £ 1s obviously invariant under the U(1) transformation

o(x) . (23.27)

—i

p(z) — e

In the form of eq. (23.26), £ 1s obviously invariant under the equivalent SO(2) transformation,



©o1(x) cosa sinq ©o1(x)
— , (23.28)
wa(x) —sina  cosa ()
However, it 1s also obvious that £ has an additional discrete symmetry,
p(z) = ¢ () (23.29)
in the form of eq. (23.25), or equivalently
(cm(x)) (+1 0 ) (cm(@)
— - (23.30)
p2() 0 -1/ \¢a(z)
in the formofeq. (2 =,
This discrete symmetry is called charge conjugation.

It always occurs as a companion to a continuous U(1) symmetry.

In terms of the two real fields, it enlarges the group from SO(2) (the group of 2 x 2 orthogonal matrices
with determinant +1) to O(2) (the group of 2 x 2 orthogonal matrices).

We can implement charge conjugation by means of a particular Z, operator C that obeys

Clp(z)C = ¢l (z) , (2331)

or equivalently



Clpi(z)C = 41 (), (23.32)

C™pa(z)C = —pa(x) . (23.33)
We then have

CL(z)C = L(z), (23.34)
and so charge conjugation 1s a symmetry of the theory.

Physically, it implies that the scattering amplitudes are unchanged if we exchange all the a-type
particles (which have charge +1) with all the b-type particles (which have charge—1).

This means, in particular, that the a and b particles must have exactly the same mass.
We say that b is a’s antiparticle.
More generally, we can also have Z> symmetries that are not related to antiparticles.
Consider, for example, ¢4 theory, where ¢ 1s a real scalar field with lagrangian
L =—10 pd,p — 3mp* — Lo . (23.35)
If we define the Z, operator Z via
Z Y o(2)Z = —p(x) (23.36)

then £ 1s obviously invariant.



We therefore have Z-/HZ = H, or equivalently [Z,H] = 0, where H is the hamiltonian.

If we assume that (as usual) the ground state is unique, then, since Z commutes with H, the ground
state must also be an eigenstate of Z.

We can fix the phase of Z [which is undetermined by eq. (23.36)] via
Z10) = Z71|0) = +]0) . (23.37)
then, using eqs. (23.36) and (23.37), we have

(Ole(2)[0) = (0|ZZ~ p(z)ZZ~*|0)
= —(0]¢(x)|0) .

Since <Olp(x)I0) 1s equal to minus itself, it must be zero.

(23.38)

Thus, as long as the ground state 1s unique, the Z, symmetry of ¢+ theory guarantees that the field has

zero vacuum expectation value.

We therefore do not need to enforce this condition with a counterterm Y¢, as we did in @3 theory.

The assumption of a unique ground state does not necessarily hold, however, as we will see in section
30.



24 Nonabelian Symmetries

Consider the theory (introduced in section 22) of a two real scalar fields ¢ and ¢, with
L = —50%018up1 — 50" 020upa — 5m*(¢F + ¢3) — 1g A (] + ¢3)% - (24.1)
We can generalize this to the case of N real scalar fields ¢; with
L = —30"p0upi — 3m°0ipi — 76 M (0igs)” (24.2)
where a repeated index 1s summed.

This lagrangian is clearly invariant under the SO(N) transformation
pi(z) = Rijp;() | (24.3)
where R 1s an orthogonal matrix with a positive determinant: RT = R-1, det R = +1.

This largrangian 1s also clearly invariant under the Z2 transformation ¢i(x)— —@i(x), which enlarges
SO(N) to O(N); see section 23.

However, in this section we will be concerned only with the continuous SO(N) part of the symmetry.
Next we will need some results from group theory.

Consider an infinitesimal SO(N) transformation,



R;; = 045 + 0;5 + 0(6?) . (24.4)
Orthogonality of R;; implies that ;; is real and antisymmetric.

It is convenient to express 0;; in terms of a basis set of hermitian matrices (T?);;.

The index a runs from 1 to 1/2 N(N—-1), the number of linearly independent, hermitian, antisymmetric,
N x N matrices.

We can, for example, choose each T2 to have a single nonzero entry —1 above the main diagonal, and
a corresponding +1 below the main diagonal.

These matrices obey the normalization condition

Tr(T°T?) = 26% . (24.5)

In terms of them, we can write

Ok = —10°(T%)jk , (24.6)

where 02 1s a set of 1/2 N(IN—1) real, infinitesimal parameters.
The Ta’s are the generator matrices of SO(N).

The product of any two SO(N) transformations is another SO(N) transformation; this implies that the
commutator of any two generator matrices must be a linear combination of generator matrices,

T, T = i fobere (24.7)



The numerical factors f abc are the structure coefficients of the group, and eq. (24.7) specifies its Lie
algebra.

If fabe = 0, the group is abelian.
Otherwise, it 1S nonabelian.

Thus, U(1) and SO(2) are abelian groups (since they each have only one generator that obviously must
commute with itself), and SO(N) for N = 3 1s nonabelian.

If we multiply eq. (24.7) on the right by T4, take the trace, and use eq. (24.5), we find
fabd — %’I, Tr ([Ta, Tb]Td) . (24 .8)
Using the cyclic property of the trace, we find that f 2b¢ must be completely antisymmetric.

Taking the complex conjugate of eq. (24.8) (and remembering that the T?’s are hermitian matrices), we
find that f abc must be real.

The simplest nonabelian group is SO(3).

In this case, we can choose (T2);; = —1€2ij, where €k 1s the completely antisymmetric Levi-Civita
symbol, with €123 = +1],

The commutation relations become



[T%, T = ie®°T* . (24.9)
That 1s, the structure coefficients of SO(3) are given by fabe = gabe,

Consider now a theory with N complex scalar fields ¢i, and a lagrangian

L= —0 0! Bup; — m*plp; — 1A(plei) (24.10)
where a repeated index 1s summed.

This lagrangian 1s clearly invariant under the U(N) transformation
pi(z) — Usjpj(z) | (24.11)

where U 1s a unitary matrix: UT = U-1,

We can write Uj;= e-19Uj;, where 0 is a real parameter and det U;; = +1; Uj; is called a special unitary
matrix.

Clearly the product of two special unitary matrices 1s another special unitary matrix; the Nx N special
unitary matrices form the group SU(N).

The group U(N) is the direct product of the group U(1) and the group SU(N); we write
U(N) =U(1) x SU(N).

Consider an infinitesimal SU(N) transformation,



~~

Uij = i — i0%(T%);; + O(6?) (24.12)
where 02 is a set of real, infinitesimal parameters.

Unitarity of U implies that the generator matrices T2 are hermitian, and det U = +1 implies that each Ta is
traceless.

This follows from the general matrix formula In det A=Tr In A.

The index a runs from 1 to N2—1, the number of linearly independent, hermitian, traceless, N x N
matrices.

We can choose these matrices to obey the normalization condition of eq. (24.5).
For SU(2), the generators can be chosen to be the Pauli matrices; the structure coefficients of SU(2) then

turn out to be fabe = 2gabe_the same as those of SO(3), up to an irrelevant overall factor, which could be
removed by changing the numerical factor on right-hand side of eq. (24.5) from 2 to 1/2.

For SU(N), we can choose the T#’s in the following way.

First, there are the SO(N) generators, with one —1 above the main diagonal a corresponding +1 below;
there are 1/2 N(N-1) of these.

Next, we get another set by putting one +1 above the main diagonal and a corresponding +1 below;
there are 1/2 N(N-1) of these.



Finally, there are diagonal matrices with n 1’s along the main diagonal, followed a single entry —n,
followed by zeros [times an overall normalization constant to enforce eq. (24.5)]; there are N—1
of these. The total 1s N2 —1, as required.

However, if we examine the lagrangian of eq. (24.10) more closely, we find that it 1s actually invariant
under a larger symmetry group, namely SO(2N).

To see this, write each complex scalar field in terms of two real scalar fields, ¢; = (¢j1 + iqojz)/\/2.

Then

90;[903' = 5(ph + @la + ..+ 0k + ©h2) - (24.13)

Thus, we have 2N real scalar fields that enter £ symmetrically, and so the actual symmetry group of eq.
(24.10) 1s SO(2N), rather than just the obvious subgroup U(N).

We will, however, meet the SU(N) groups again in Parts II and III, where they will play a more
important role.

25 Unstable Particles and Resonances

Consider a theory of two real scalar fields, ¢ and y, with lagrangian
L = —350"pdup — smop” — 50Mx0ux — smiX* + 590X° + she’ (25.1)

This theory 1s renormalizable in six dimensions, where g and h are dimensionless coupling constants.



Let us assume that mg > 2m;,.
Then it is kinematically possible for the ¢ particle to decay into two % particles.

The amplitude for this process 1s given at tree level by the Feynman diagram of fig. (25.1), and 1s simply

- —> - - Figure 25.1: The tree-level Feynman diagram for the decay of
a @ particle (dashed line) into two 7 particles (solid lines).

We can also choose to define g as the value of the exact ¢ %2 vertex function Vi(k.,k'i ,k'2) when all three
particles are on shell: k? =—m?2,, k'12 = k’»2 =—m?2,.

This implies that

exactly.

According to the formulae of section 11, the differential decay rate (in the rest frame of the initial ¢

particle) is 1

= — T|?
dl’ 2y dLIPS, [T, (25.3)



where dLIPS; 1s the Lorentz invariant phase space differential for two outgoing particles, introduced in
section 11.

We must make a slight adaptation for six dimensions:

dLIPS, = (2m)%8% (K, +k)—k) dky dk) . (25.4)

Here k= (my,0) 1s the energy-momentum of the decaying particle, and

~ d°k
dk = (2r)5% (25.5)

1s the Lorentz-invariant phase-space differential for one particle.

Recall that we can also write it as
~ d
dk =
(2m)°

2mé(k* + m3) 0(k”) , (25.6)

where O(X) is the unit step function.

Performing the integral over kOturns eq. (25.6) into eq. (25.5).

Repeating for six dimensions what we did in section 11 for four dimensions, we find



ks

dLIPSy =
>2 4(2m)*my,

dQ? , (25.7)

where IK'{|=1/2 (m2,— 4m?2,)!/2 is the magnitude of the spatial momentum of one of the outgoing

particles.
We can now plug this into eq. (25.3), and use dQ2 = Qs = 2752 /I'(5/2) = 8/3 n2.

We also need to divide by a symmetry factor of two, due to the presence of two identical particles in the
final state.

The result 1s 1 i
2 3m, / dLIPS: |T| (25.8)
11—277(1(1 -~ 4mi/mi)3/2 My (25.9)
where a = g2/(4m)3.

However, as we discussed in section 11, we have a conceptual problem.

According to our development of the LSZ formula in section 5, each incoming and outgoing particle
should correspond to a single-particle state that 1s an exact eigenstate of the exact hamiltonian.

This 1s clearly not the case for a particle that can decay.



Let us, then, compute something else instead: the correction to the ¢ propagator from a loop of ¥

particles, as shown in fig. (25.2).

Figure 25.2: A loop of ¥ particles
correcting the ¢ propagator.

The diagram 1s the same as the one we already analyzed in section 14, except that the internal
propagators contain m, instead of my.

There 1s also a contribution from a loop of ¢ particles, but we can ignore it if we assume that h« g.)

We have

1
(k2) = La /O dzDInD — A'k? — B'm? (25.10)
where
D =z(1-z)k* + mi — 1€, (25.11)

and A.and Bare the finite counterterm coefficients that remain after the infinities have been absorbed.
We now try to fix A-and B.by imposing the usual on-shell conditions I1(—m2,) = 0 and I1'(—m?2,) = 0.

But, we have a problem - for k2 = — m2, and my, > 2m,, D 1s negative for part of the range of x.

Therefore In D has an imaginary part.



This imaginary part cannot be canceled by A" and B’, since A" and B’ must be real: they are coefficients
of hermitian operators in the lagrangian.

The best we can do is Re I1(— m2,) = 0 and Re I1'(— m?y) = 0.
Imposing these gives

1
(k%) = %a/o dx D In(D/|Dyl|) — f—za(k2 + mi) : (25.12)

where

Dy = —z(1l-z)md +m2 . (25.13)
Now let us compute the imaginary part of 11(k2).

This arises from the integration range x- < X < X4, where x: =1/2 £ 1/2 (1 + m2,/k?)1/2 are the roots of
D =0 when k2 < —4m?,.

In this range, Im In D = —i7t; the minus sign arises because, according to eq. (25.11), D has a small
negative imaginary part.

Now we have
T 4
Im II(k?%) = —%71‘04/ dx D
T (25.14)

= —Lra(l + 4m2/k2)3/? k2



when k? < —4m?,.

Evaluating eq. (25.14) at k2 =—m?2,, we get

ImH(—mi) = tma(l — 4mi/mi)3/2 m?a . (25.15)

From this and eq. (25.9), we see that

2\ _
ImII(—mg) = m,I . (25.16)

This 1s not an accident.

Instead, it is a general rule.

We will argue this in two ways: first, from the mathematics of Feynman diagrams, and second, from the
physics of resonant scattering in quantum mechanics.

We begin with the mathematics of Feynman diagrams.

Return to the diagrammatic expression for I11(k2?), before we evaluated any of the integrals:

, d%, d%
(k") = _%292/ (27r)16 (271')26 (2m)"0 (=)
o 1 1
03 +m2 —ie £3 +m2 — ie (25.17)

— (AK* + Bmi) :



Here, for later convenience, we have assigned the internal lines momenta £ and {2, and explicitly
included the momentum-conserving delta function that fixes one of them.

We can take the imaginary part of 11(k?) by using the identity

1 1
— = P— +ind(x) , (25.18)
T — 1€ T

where P means the principal part.

We then get, in a shorthand notation,
(k) = ~4g” [ (PLPy — 726182) . (25.19)

Next, we notice that the integral in eq. (25.17) 1s the Fourier transform of [ A(x—y)]2, where

6 ik(z—y)
Az—y) = / dk e , (2520)

(2m)°® k% +m3 — ie

is the Feynman propagator.

Recall that we can get the retarded or advanced propagator (rather than the Feynman propagator) by
replacing the € in eq. (25.20) with, respectively,—se or +se, where s = sign(kO).

Therefore, in eq. (25.19), replacing 0; with —s10; and 02 with +s202 yields an integral that is the real part
of the Fourier transform of Acet(X—y) Aagv(X—Yy).



But this product 1s zero, because the first factor vanishes when xo = yo, and the second when x¢ < yo.
So we can subtract the modified integrand from the original without changing the value of the integral.

Thus we have

ImII(k*) = 2g°n /(1 + 5182)0103 . (25.21)

The factor of 1+ sis2 vanishes if £9; and €9, have opposite signs, and equals 2 if they have the same sign.

Because the delta function in eq. (25.17) enforces €91 + £9 = k9, and kO = my 1s positive, both €9 and {9,
must be positive.

So we can replace the factor of 1+ sis2 in eq. (25.21) with 20(£91)0(£9,).

Rearranging the numerical factors, we have

d%, d%
ImII(k?) = 1g? / (zﬂ)lﬁ (27r)26 (2m)96° (£1-+L2—k) (25.22)

x 2o (05 +m )9(80) 2w (05 +m )9(60)

If we now set k2 =—m2g, use eqs. (25.4) and (25.6), and recall that 7 = g the decay amplitude, we can
rewrite eq. (25.22) as

Im T1(—m / dLIPS, |T|? . (25.23)



Comparing eqgs. (25.8) and (25.23), we see that we indeed have
ImII(—m) = my,l . (25.24)

This relation persists at higher orders in perturbation theory.

Our analysis can be generalized to give the Cutkosky rules for computing the imaginary part of any
Feynman diagram, but this is beyond the scope of our current interest.

To get a more physical understanding of this result, recall that in non-relativistic quantum mechanics, a
metastable state with energy Eo and angular momentum quantum number £ shows up as a resonance in
the partial-wave scattering amplitude,

1
~ (25.25)
fe(E) E—Ey+il'/2"

If we 1imagine convolving this amplitude with a wave packet; {5 ( E)e—’iEt , we will find a time
dependence

1 Ty, —iE
piE) ~ /dE E— Byt \P)e t

~ e—’LEot—Ft/Z .

(25.26)

Therefore P (t)I2 ~ eI, and we 1dentify I as the inverse lifetime of the metastable state.

In the relativistic case, consider the scattering process Yy — XX.



The contributing diagrams from the effective action are those of fig. (20.1), where the exact internal
propagator can be either @ or y.

Suppose that the center-of-mass energy squared s is close to m2,.

Since the ¢ propagator has a pole near s = m?,, s-channel ¢ exchange, shown in fig. (25.3), makes

the dominant contribution to the 7y scattering amplitude.

_______ Figure 25.3: For s near m?2,, the dominant

contribution to Yy scattering is s-channel ¢ exchange.

We then have g2

T ~ :
—s +mg, — II(—s)

(25.27)

Here we have used the fact that the exact ¢y vertex has the value g when all three particles are on-shell.

Now let us write

2

s = (my +€)* ~ mZ, + 2mye (25.28)

where € « my 1s the amount of energy by which our incoming particles are off resonance.



We find

2
—g /chp
T ~ . 25.29
e + I(—m2)/2m, (2529

Recalling that Re 11(—m?2,) = 0, and comparing with eq. (25.25), we see that we should make the
identification of eq. (25.24).

26 Infrared Divergences

In section 20, we computed the oo — @@ scattering amplitude in ¢*# theory in six dimensions in the

high-energy limit (s, Itl, and lul all much larger than m?2).

We found that

T =Ty [ — %a(ln(s/mz) + O(mo)) + O(a2)] , (26.1

where 7p = —g?(s™! + t~1 4 w~1) is the tree-level result, and the O(mO) term includes everything
without a large logarithm that blows up in the limit m— O.

Suppose we are interested in the limit of massless particles.
The large log 1s then problematic, since it blows up in this limit.

What does this mean?

It means we have made a mistake - actually, two mistakes - in this section, we will remedy one of them.



Throughout the physical sciences, it 1s necessary to make various idealizations in order to make progress.
Recall the “massless springs™ and “frictionless planes” of freshman mechanics.

Sometimes these idealizations can lead us into trouble, and that is one of the things that has gone
wrong here.

We have assumed that we can 1solate individual particles.

The reasoning behind this was explained in section 5, and it depends on the existence of an energy gap
between the one-particle states and the multiparticle continuum.

However, this gap vanishes if the theory includes massless particles.

In this case, it 1s possible that the scattering process involved the creation of some extra very low energy
(or soft ) particles that escaped detection.

Or, there may have been some extra soft particles hiding in the initial state that discreetly participated in
the scattering process.

Or, what was seen as a single high-energy particle may actually have been two or more particles
that were moving colinearly and sharing the energy.

Let us, then, correct our 1dealization of a perfect detector and account for these possibilities.

We will work with g3theory, initially in d spacetime dimensions.



Let 7 be the amplitude for some scattering process in @3 theory.

Now consider the possibility that one of the outgoing particles in this process splits into two, as shown in
fig. (26.1).

Figure 26.1: An outgoing particle splits into two. The gray circle stands

/ \ for the sum of all diagrams contributing to the original amplitude 1 7.

The amplitude for this new process is given in terms of 7 by

-1

7;plit — ’l,g L2 + m2

T,

where k= ki + k», and k; and k> are the on-shell four-momenta of the two particles produced by the split.
For notational convenience, we drop our usual primes on the outgoing momenta.

The key point is this: in the massless limit, it is possible for 1/(k? + m2) to diverge.

To understand the physical consequences of this possibility, we should compute an appropriate
cross-section.



To get the cross section for the original process (without the split), we multiply | 7 2 by dk as well as by
similar differentials for other outgoing particles, and by an overall energy-momentum delta function.

For the process with the split, we multiply |7 gpid? by 1/2 EZT{J@\/;Q instead of dk.

The factor of one-half is for counting of 1dentical particles.)

If we assume that (due to some imperfection) our detector cannot tell whether or not the one particle
actually split into two, then we should (according to the usual rules of quantum mechanics) add the

probabilities for the two events, which are distinguishable in principle.

We can therefore define an effectively observable squared-amplitude via

T2 dk = | T2 dk + | Topiis|? 2dkrdka + . ... . (26.3)

obs

Here the ellipses stand for all other similar processes involving emission of one or more extra particles in
the final state, or absorption of one or more extra particles in the initial state.

We can simplify eq. (26.3) by including a factor of
1 = (2m)% 1 2w 641 (k1 +ko—k) dk (26.4)
in the second term.

Now all terms 1n eq. (26.3) include a factor of EZ\/;, so we can drop it.



Then, using eq. (26.2), we get

2

T2, = T2 |1 J
| |obs | | +(k2+m2)2(

2m)41 2w %7 (kg +ko—k) Ldkidky +...| . (26.5)

Now we come to the point: in the massless limit, the phase space integral in the second term 1n eq. (26.5)
can diverge.

This 1s because, for m=0,

kz = (kl -I- k2)2 = —4w1w2 sin2(0/2) ) (26.6)

where 0O is the angle between the spatial momenta k; and ko, and w12 = IKj 2l.

Also, form =0,

dk1dky ~ (W92 dw) (W3 dws) (sin®3 6 d9) . (26.7)
1 2

Therefore, for small 6

ﬁ?lm/{z dwl d(.cQ df
(k2)2 w5—d wg—d 07—d

Thus the integral over each w diverges at the low end for d < 4, and the integral over O diverges at the
low end for d < 6.

(26.8)

These divergent integrals would be cut off (and rendered finite) if we kept the mass m nonzero, as we
will see below.



Our discussion leads us to expect that the m — 0 divergence in the second term of eq. (26.5) should
cancel the m — 0 divergence in the loop correction to | 7 |2,

We will now see how this works (or fails to work) in detail for the familiar case of two-particle scattering
in six spacetime dimensions, where 7 is given by eq. (26.1).

For d = 6, there 1s no problem with soft particles (corresponding to the small-w divergence), but there 1s
a problem with collinear particles (corresponding to the small-0 divergence).

Let us assume that our imperfect detector cannot tell one particle from two nearly collinear particles if
the angle O between their spatial momenta is less than some small angle 0.

Since we ultimately want to take the m— 0 limit, we will evaluate eq. (26.5) with m2/k2 « 02 « 1.

We can immediately integrate over d>k. using the delta function, which results in setting k> = k— k;
everywhere.

Let {3 then be the angle between k; (which is still to be integrated over) and k (which is fixed).
For two-particle scattering, | kl=1/2 Vs in the limit m— 0.

We then have
Q4 w
, 4(271‘)5 Wi

(27!')5 2w (55 (kl —|—k2—k) %dAl/ClgEIQ |k1|4 d|k1| SiIlBIB dﬂ ] (269)



where Q24 = 272 1s the area of the unit four-sphere.
Now let v be the angle between k> and k.
The geometry of this trio of vectors implies 0 = 3 + v, Ikil = (sin y/sin 0)Ikl, and Ikzl = (sin 3/sin 0)IKI.

All three of the angles are small and positive, and it then is useful to write p = x0 and v = (1-x)0, with
O<x=<landO=<o0<«1.

In the low mass limit, we can safely set m= 0 everywhere in eq. (26.5) except in the propagator,
1/(k? + m?2).

Then, expanding to leading order in both O and m, we find (after some algebra)

k2 +m? ~ —z(1—2)k? [92 + (m¥/Kk?) f(a:)] | (26.10)
where f(x) = (1-x+x2)/(x—x2)2.
Everywhere else in eq. (26.5), we can sately set w; = kil | = (1—-x) Ikl and w2 = Ikzl= xIKl.

Then, changing the integration variables in eq. (26.9) from Ikl and [ to x and 0, we get

2Q) 1 0 63 db
T2 = |T]? |1+ 2 4/ 1— d/ | 61
| |obs | | + 0 :E( CC) X o [92+( +

4(2m)° m?/k?) f (x)]?




Performing the integral over O yields

Lin(6?k%/m?) — LIn f(z) — L . (26.12)
Then, performing the integral over x and using €24 = 272 and o = g2/(4m)3 ,we get
T 2 = [T |1+ a(In(*k?/m?) +¢) +...|, (26.13)
where ¢ = (4— 3V3m)/3 = —4.11.
The displayed correction term accounts for the possible splitting of one of the two outgoing particles.
Obviously, there is an 1dentical correction for the other outgoing particle.
Less obviously (but still true), there 1s an identical correction for each of the two incoming particles.

A glib explanation 1s that we are computing an effective amplitude-squared, and this is the same for the
reverse process, with in and outgoing particles switched.

So in and out particles should be treated symmetrically.

Then, since we have a total of four in and out particles (before accounting for any splitting,

T 1% = |T1 |1+ fa(In(°k*/m?) + ¢) + O(a?)] . (26.14)



We have now accounted for the O(a) corrections due to the failure of our detector to separate two
particles whose spatial momenta are nearly parallel.

Combining this with eq. (26.1), and recalling that k2 =1/4 s, we get

T2 = |0/ |1 = Ha(In(s/m?) + O(m?)) + O(a?)
x [1+ $a(In(8%s/m?) + O(m?)) + O(c?)]

— |7E)|2 [1 - OA(% ln(s/mz) + %ln(1/52) + O(mo)) (2615)

+ O(a2)] :
We now have two kinds of large logs.
One is In(1/02); this factor depends on the properties of our detector.

If we build a very good detector, one for which aln(1/02) is not small, then we will have to do more
work, and calculate higher-order corrections to eq. (26.15).

The other large log 1s our original nemesis In(s/m2).
This factor blows up in the massless limit.

This means that there is still a mistake hidden somewhere in our analysis.



27 Other Renormalization Schemes

To find the remaining mistake in eq. (26.15), we must review our renormalization procedure.

Recall our result from section 14 for the one-loop correction to the propagator,

(k%) = — [A + %a(é + %)]kQ — [B + a(é + %)]m2
1 (27.1)
+ %a/ dx DIn(D/u?) + O(a?)
0
where a = g2/(4m)3 and D= x(1-x)k?+m?2.
The derivative of I1(k?) with respect to k21s
(k%) = — |[A+ (L +1)] (27.2)

+ /01 dz z(1 — x) [ln(D/;ﬁ) + 1] +0(a?) .

We previously determined A and B via the requirements I1(—m?2) =0 and I1'(-m?2) = 0.

The first condition ensures that the exact propagator A(k2) has a pole at k2 = —m2, and the second ensures
that the residue of this pole is one.

Recall that the field must be normalized in this way for the validity of the LSZ formula.



We now consider the massless limit.
We have D= x(1-x)k2, and we should apparently try to impose 11(0) = I1'(0) = 0.
However, 11(0) is now automatically zero for any values of A and B, while I1'(0) is 11l defined.

Physically, the problem is that the one-particle states are no longer separated from the multiparticle
continuum by a finite gap in energy.

Mathematically, the pole in A (k?) at k2 = —m2 merges with the branch point at k2 = —4m2, and is no
longer a simple pole.

The only way out of this difficulty is to change the renormalization scheme.
Let us first see what this means in the case m # 0, where we know what we are doing.
Let us try making a different choice of A and B.

Specifically, let
A= —%az+0(”),

. ) (27.3)
B = —az+0(a) .

Here we have chosen A and B to cancel the infinities, and nothing more; we say that A and B have no
finite parts.

This choice represents a different renormalization scheme.



Our original choice (which, up until now, we have pretended was inescapable!) is called the on-shell or
OS scheme.

The choice of eq. (27.3) 1s called the modified minimal-subtraction or MS (pronounced “emm-ess-bar’)
scheme. [“Modified” because we introduced p via g — g i~%/?, with u2 = 4me-¥i* ; had we set p=fl

instead, the scheme would be just plain minimal subtraction or MS ]

Now we have

(k%) = —11—2a(k2 + 6m?) + la /()1 dx DIn(D/u?) + O(o?) (27.4)
as compared to our old result in the on-shell scheme,

Ilos (k%) = —Ha(k? + m?) + 1o /01 dz D1In(D/Dy) + O(a?) (27.5)
where again D= x(1-x)k? + m2, and Do = [-x(1—x)+1]m?2.
Notice that 11375 (k2) has a well-defined m— O limit, whereas I1os(k?) does not.
On the other hand, I1375(k?) depends explicitly on the fake parameter y, whereas I1os(k?) does not.
What does this all mean?
First, in the M S scheme, the propagator A5 (k?) will no longer have a pole at k2 = —m2.

The pole will be somewhere else.



However, by definition, the actual physical mass mph of the particle 1s determined by the location of this
pole: k2 =—m?y.

Thus, the lagrangian parameter m is no longer the same as mp.
Furthermore, the residue of this pole 1s no longer one.

Let us call the residue R.

The LSZ formula must now be corrected by multiplying its right-hand side by a factor of R-1/2 for each
external particle (incoming or outgoing).

This 1s because it is the field R-12 ¢ (x) that now has unit amplitude to create a one-particle state.

Note also that, in the LSZ formula, each Klein-Gordon wave operator should be —92? + m?,,, and not
—02 + m?; also, each external four-momentum should square to —m?,n, and not —m?.

A review of the derivation of the LSZ formula clearly shows that each of these mass parameters must be
the actual particle mass, and not the parameter in the lagrangian.

Finally, in the LSZ formula, each external line will contribute a factor of R when the associated
Klein-Gordon wave operator hits the external propagator and cancels its momentum-space pole, leaving

behind the residue R.

Combined with the correction factor of R-1/2 for each field, we get a net factor of R/2 for each external
line when using the M S scheme.



Internal lines each contribute a factor of (—1)/(k? + m2), where m 1s the lagrangian-parameter mass, and
each vertex contributes a factor of 1Zyg, where g is the lagrangian-parameter coupling.

Let us now compute the relation between m and mpn, and then compute R.

We have
Ags(B*) ™t = k% + m? — s (K7) (27.6)

and, by definition,

Ags(—m2) 1 =0. (27.7)

Setting k2 =—m?,p1n eq. (27.6), using eq. (27.7), and rearranging, we find
m2, = m® — Igs(—m2y,) . (27.8)

Since 11 5;5(k?) is O(a), we see that the difference between m?yn and m2 is O(a).

Therefore, on the right-hand side, we can replace m2,, with m2, and only make an error of O(a2).

Thus
mgh = m? — Igs(—m?) + O(a?) . (27.9)

Working this out, we get

1
m2, =m® — %a[%m? —m® + / dx Do In(Dy/p?)| + O(a?) (27.10)
0



where Do = [1-x(1-Xx)]m?Z.
Doing the integrals yields
mgh = m? [1 = %a(ln(;ﬂ/mz) + c’) + O(a2)] . (27.11)
where ¢’ = (34— 31v3)/15 = 1.18.
Now, physics should be independent of the fake parameter y .

However, the right-hand side of eq. (27.11) depends explicitly on p.

It must, be, then, that m and o take on different numerical values as y is varied, in just the right way to
leave physical quantities (like mpn) unchanged.

We can use this information to find differential equations that tell us how m and o change with .

For example, take the logarithm of eq. (27.11) and divide by two to get

Inmpp =Inm + %a(ln(u/m) + %c’) + O0(a?) . (27.12)
Now differentiate with respect to In y and require mpn to remain fixed:
0 d 1
= n
dln p iph
(27.13)
1 dm

_ 5 2
— mdlnu+ Sa+0(a”) .



To get the second line, we had to assume that do/dlny = O(a2), which we will verify shortly.

Then, rearranging eq. (27.13) gives

dm
e (~Za+0(?)m. (27.14)

The factor in large parentheses on the right is called the anomalous dimension of the mass parameter, and
it 1s often given the name Ym(a).

Turning now to the residue R, we have

d
-1 __ 2
B =02 [AW(’“ )~ (27.15)

k?=-m h
Using eq. (27.6), we get
R = 1Tl (—m2y)
= 1 — ITI'x(—m?) + O(a?) (27.16)
=1+ 1—2a(ln(u /m?) + c") + 0(a?),
where ¢” = (17— 3mv3)/3 = 0.23.

We can also use M S to define the vertex function. We take

C =—at+0(a?), (27.17)



and so

V3,M—S(k1, k‘g, kg) =g [1 — %Oz/dF;; ln(D/uz) + O(a2) (27.18)
where D = xyk?y + yzk?, + zxk?3 + m2.
Let us now compute the ¢¢ — ¢¢ scattering amplitude in our fancy new renormalization scheme.

In the low-mass limit, repeating the steps that led to eq. (26.1), and including the LSZ correction factor
(R12)4, we get

T = R* 7T, [1 = %a(ln(s/uz) + O(mo)) + O(a2)] : (27.19)

where 7y = —g?(s~ 1+t~ +u~1) is the tree-level result.

Now using R from eq. (27.16), we find
T =T [1-a(fjin(s/w) + §In(u?/m?) + O(m?)) + O(a?)]. 27.20)

To get an observable amplitude-squared with an imperfect detector, we must square eq. (27.20) and
multiply it by the correction factor we derived in section 26,

T2, = |T|? [1 + %a(ln(52s/m2) + O(mo)) + O(a2)] | (2721)

obs

where 0 is the angular resolution of the detector.



Combining this with eq. (27.20), we get

T2 = |To)? [1 - a(% In(s/p?) + 3 In(1/6°) + O(mo)) + O(a2)] . (27.22)
All factors of In m?2 have disappeared!
Finally, we have obtained an expression that has a well-defined m— O limit.

Of course, y is still a fake parameter, and so | 7 12,pscannot depend on it.

It must be, then, that the explicit dependence on y in eq. (27.22) is canceled by the implicit 4 dependence
of .

We can use this information to figure out how amust vary with p.

Noting that | 7 ¢I2 = O(g#) = O(a2), we have

In |72 = C1 + 2Ina+3a(lnp+ Cy) + 0(a?) (27.23)

where C; and C; are independent of x and a (but depend on the Mandelstam variables).

Differentiating with respect to In p then gives

s (27.24)
2 d
= =+ 30+ 0(a?)

adln,u



or, after rearranging,

do
dln p

= —30% + 0(c®) . (27.25)
The right-hand side of this equation is called the beta function.

Returning to eq. (27.22), we are free to choose any convenient value of y that we might like.
To avoid introducing unnecessary large logs, we should choose u? ~ s.
To compare the results at different values of s, we need to solve eq. (27.25).

Keeping only the leading term in the beta function, the solution 1s

(1)
1+ 5a(u1) In(uz/p)

a(pg) = (27.26)

Thus, as u increases, a.(u) decreases.
A theory with this property is said to be asymptotically free.

In this case, the tree-level approximation (in the M S scheme with u2~ s) becomes better and better at
higher and higher energies.

Of course, the opposite is true as well: as u decreases, o(u ) increases.



As we go to lower and lower energies, the theory becomes more and more strongly coupled.

If the particle mass 1s nonzero, this process stops at y~ m.

This is because the minimum value of s 1s 4m2, and so the factor of In(s/u?) becomes an unwanted large
log for u <« m.

We should therefore not use values of ybelow m.

Perturbation theory is still good at these low energies if a(m) « 1.

If the particle mass 1s zero, o(u) continues to increase at lower and lower energies, and eventually
perturbation theory breaks down.

This 1s a signal that the low-energy physics may be quite different from what we expect on the basis of a
perturbative analysis.

In the case of ¢3 theory, we know what the correct low-energy physics is: the perturbative ground state is
unstable against tunneling through the potential barrier, and there 1s no true ground state.

Asymptotic freedom 1s, in this case, a signal of this impending disaster.

Much more interesting 1s asymptotic freedom in a theory that does have a true ground state, such as
quantum chromodynamics.

In this example, the particle excitations are colorless hadrons, rather than the quarks and gluons we
would expect from examining the lagrangian.



If the sign of the beta function is positive, then the theory 1s infrared free.
The coupling increases as u increases, and, at sufficiently high energy, perturbation theory breaks down.
On the other hand, the coupling decreases as we go to lower energies.

Once again, though, we should stop this process at y~ m if the particles have nonzero mass.

Quantum electrodynamics with massive electrons (but, of course, massless photons) 1s in this category.
Still more complicated behaviors are possible if the beta function has a zero at a nonzero value of a.
We briefly consider this case in the next section.

28 The Renormalization Group

In section 27 we introduced the M S renormalization scheme, and used the fact that physical

observables must be independent of the fake parameter y to figure out how the lagrangian parameters m
and g must change with u.

In this section we re-derive these results from a much more formal (but calculationally simpler) point of
view, and see how they extend to all orders of perturbation theory.

Equations that tells us how the lagrangian parameters (and other objects that are not directly measurable,
like correlation functions) vary with y are collectively called the equations of the renormalization group.



Let us recall the lagrangian of our theory, and write it in two different ways.
In d = 6— € dimensions, we have

L= —3Z,0"00,p — 5 Zmm*0® + § 29955 %0" + Y (28.1)
and
L = —10%p00,00 — 2mipE + Lg0pd + Yoo - (28.2)

The fields and parameters in eq. (28.1) are the renormalized fields and parameters.
And in particular, they are renormalized using the M/.S scheme, with p2 = 4me-v 12,
The fields and parameters in eq. (28.2) are the bare fields and parameters.

Comparing eqs. (28.1) and (28.2) gives us the relationships between them:

vo(z) = Z;/%p(g;) , (28.3)
mo = 2,2 Z)*m (28.4)
g0 = Z,°?Z,gpit"? (28.5)
Yo = Z,'?Y . (28.6)

Recall that, after using dimensional regularization, the infinities coming from loop integrals take the
form of inverse powers of € = 6 — d.



In the MS renormalization scheme, we choose the Z’s to cancel off these powers of 1/€, and nothing
more.

Therefore the Z’s can be written as

> an(a)

Zy=14+) el (28.7)
n=1
oo

bn

I =1+ 6(,?) , (28.8)
n=1
. ¢

Zg=1+4)Y_ ”e(n ) (28.9)
n=1

where a = g2/(4m)3.

Computing I11(k?) and V3(ki,kz2.k3) in perturbation theory in the /S scheme gives us Taylor series in «
for ap(a), ba(a), and cn(@).

So far we have found

ai1(e) = —ga+0(a?), (28.10)
b1(a) = —a+ 0(a?) (28.11)
c1(a) = —a+ 0(a?) (28.12)

and that ap(a), bap(a), and cq(a) are all at least O(a2) for n = 2.



Next we turn to the trick that we will employ to compute the beta function for o, the anomalous
dimension of m, and other useful things.

This 1s the trick: bare fields and parameters must be independent of p.
Why i1s this so?

Recall that we introduced ywhen we found that we had to regularize the theory to avoid infinities in
the loop integrals of Feynman diagrams.

We argued at the time (and ever since) that physical quantities had to be independent of .

Thus pis not really a parameter of the theory, but just a crutch that we had to introduce at an
intermediate stage of the calculation.

In principle, the theory 1s completely specified by the values of the bare parameters, and, if we were
smart enough, we would be able to compute the exact scattering amplitudes in terms of them, without
ever introducing y.

The point is this: since the exact scattering amplitudes are independent of y, the bare parameters must
be as well.

Let us start with go.

It 1s convenient to define

o = g5/ (4m)3 = ZgzZ;:)’[lsa : (28.13)



and also

G(a,e) =In(Z.Z;°) . (28.14)

From the general structure of eqgs. (28.7) and (28.9), we have

>, G,
Gla,e) =) 5,(,,, ) , (28.15)
n=1

where, in particular,

Gi(a) = 2¢1(a) — 3a1(a)

(28.16)
= —3a+0(a?) .
The logarithm of eq. (28.13) can now be written as
Inoy =G(ao,e) +Ina+elnji. (28.17)

Next, differentiate eq. (28.17) with respect to In u, and require o.to be independent of it:

d
dln p

0G(a,e) da 1 do
= + — + €.
Oao dlnpy adlnp

In )
(28.18)




Now regroup the terms, multiply by a, and use eq. (28.15) to get

/ /
0 = (1 L oG | aGi() ) W o (28.19)

£ g2 dln i

Next we use some physical reasoning: do/dIn p 1s the rate at which o must change to compensate for a
small change in In .

If compensation 1s possible at all, this rate should be finite in the €— 0 limit.

Therefore, in a renormalizable theory, we should have

do
dln u

= —ca+ ((a) . (28.20)

The first term, —€q., 1s fixed by matching the O(¢) terms in eq. (28.19).

The second term, the beta function 3(a), is similarly determined by matching the O(€?) terms; the result
1S

B(a) = ?Gl(a) . (28.21)

Terms that are higher-order in 1/¢ must also cancel, and this determines all the other G'n(a)’s in terms of
G'i(o).

Thus, for example, cancellation of the O(e-!) terms fixes G'2(a) = aG'1(a)2.

These relations among the G'n(a)’s can of course be checked order by order in perturbation theory.



From eq. (28.21) and eq. (28.16), we find that the beta function 1s
B(a) = —2a” + 0(a?) . (28.22)

Hearteningly, this is the same result we found in section 27 by requiring the observed scattering cross
section | 7 2555 to be independent of y.

However, simply as a matter of practical calculation, it 1s much easier to compute Gi(a) than it is to
compute | 7 124ps.

Next consider the invariance of mg.

We begin by defining
M(a,e) = In(ZY?Z;1/?)
(28.23)
_ i My (o)
n=1 2
From eqgs. (28.10) and (28.12) we have
M (a) = $b1(a) — 5a1(e)
(28.24)

Then, from eq. (28.4), we have

Inmyg = M(a,e) +1Inm. (28.25)



Take the derivative with respect to In y and require mo to be unchanged:

d
0= dln p g
~ OM(a,e) do 1 dm
- Aonc) o ¥ Ting (28.26)
~ OM(a,e¢) 1 dm
= Oa (_€a+’8(a)>+mdln,u .
Rearranging, we find 1 dm > M (a)
= (ea - 5(04)) >
m dlnp -1 € (28.27)

= aMij(a) +... ,

where the ellipses stand for terms with powers of 1/¢.

In a renormalizable theory, dm/dln y should be finite in the ¢ — 0 limit, and so these terms must actually
all be zero.

Therefore, the anomalous dimension of the mass, defined via

(a) = 1 dm
YT mdnp (28 28)
1S given by
Ym(a) = aMi ()

(28.29)
= —2a+0(a?) .



Comfortingly, this is just what we found in section 27.

Let us now consider the propagator in the A/S renormalization scheme,

A (k2) —z/d &% (0T () 0(0)[0) .

The bare propagator,
Ro(k?) =i [ d® ™= (0[Tpo ()0 (0)]0)

should be (by the now-familiar argument) independent of .

The bare and renormalized propagators are related by
Ao (k?) = Z,A(K?) .

Taking the logarithm and differentiating with respect to In u, we get

d -
— In Ag(k?
0 dln p 1 0( )

dln Z, d ~ 5
— In A(k
dln p +d1n,u n A(R)

dln Z, 1 ( 9, doo O dm O
+ =
dinp— A(k?)

Oln p T dln u Oa i dlnp Om

)A(H).

(28.30)

(28.31)

(28.32)

(28.33)



We can write

Then we have

_ 1.2
InZ, = a(@) | ax(e) 220'1(&) +.. (28.34)
£ 3
dinZ, 0dInZ, do
dlnp  Oa dlnp
~ (a)j(a) ) B (28.35)
_( - 4o ( 6a—|—ﬂ(a))
= —adj(a) + ...,

where the ellipses in the last line stand for terms with powers of 1/¢.

Since &(l@) should vary smoothly with y in the € — 0 limit, these must all be zero.

We then define the anomalous dimension of the field

From eq. (28.35) we find

(o) = 1 dln Z,
%(@) =5 G, (28.36)
Yo(a) = —%aa’l(a)

(28.37)
= +5a+ 0(a) .



Eq. (28.33) can now be written as

0 O P —
( st Ble) o~ + Ym(a)mo— + 2%(04)) A(k?) =0 (28.38)

in the e— 0 limat.
This 1s the Callan-Symanzik equation for the propagator.

The Callan-Symanzik equation 1s most interesting in the massless limit, and for a theory with a zero of
the beta function at a nonzero value of a.

So, let us suppose that 3(a..) = 0 for some a.. # 0.

Then, for a= a.. and m= 0, the Callan-Symanzik equation becomes

0 -
(Blnu -1- 2'799(04*)) A(k2) =0. (2839)
The solution i1s (@)
~ C(CY*) ,11,2 ST
2
A(k”) = 12 (k2) , (28.40)

where C(a..) 1s an integration constant.

We used the fact that &(kZ) has mass dimension —2 to get the k? dependence in addition to
the 4 dependence.

Thus the naive scaling law E(k2)~ k-2 1s changed to A (k2)~ k=2l1-vg(an],

This has applications in the theory of critical phenomena, which 1s beyond the scope of this book.



29 Effective Field Theory

So far we have been discussing only renormalizable theories.

In this section, we investigate what meaning can be assigned to nonrenormalizable theories, following an
approach pioneered by Ken Wilson(who taught me QFT).

We will begin by analyzing a renormalizable theory from a new point of view.

Consider, as an example, @g*theory in four spacetime dimensions:
L= —%Zwa“cpaucp - %meihcpz — ﬁZ,\)\phgoél : (29.1)

This example 1s actually problematic, because this theory is trivial, a technical term that we will explain
later.

For now we proceed with a perturbative analysis.

We take the renormalizing Z factors to be defined in an on-shell scheme, and have emphasized this by
writing the particle mass as mph and the coupling constant as Aph.

We define Aph as the value of the exact 1PI four-point vertex with zero external four-momenta:

Aph = V4(0,0,0,0) . (29.2)



The path integral 1s given by
Z(J) = / Dy 5] 1% (29.3)

where S = [d% L and [J¢ is short for [ d*z Jp.

Our first step 1n analyzing this theory will be to perform the Wick rotation (applied to loop integrals in
section 14) directly on the action.

We define a euclidean time T = it.

Then we have
Z(J) = /Dcp e L : (29.4)

where Sg = [d% Lg, d*r = d°z dr,

Le = 52,000, + 5 ZmMoy0” + 35 Z3Aph®” (29.5)
and

0,00, = (0p/07)* + (V)? . (29.6)

Note that each term in Sg 1s always positive (or zero) for any field configuration @(x).

This 1s the advantage of working in euclidean space: eq. (29.4), the euclidean path integral, 1s strongly

damped (rather than rapidly oscillating) at large values of the field and/or its derivatives, and this makes
1ts convergence properties more obvious.



Next, we Fourier transform to (euclidean) momentum space via

@) = [ ok ethe i 2.7
)= (27)4 AR '
The euclidean action becomes
d4k 3 .
= / )(Zok? + Zrm?,) 3(K)
d4k1 d*4 29.8
Lo g 21)46% (ky +ko+katk (29.8)
+ 94 “2"\ph (2m)t (27r)4( m)*0" (k1+ke+ks+ks)

X @(k1)p(k2)p(ks)p(ks) -
Note that k2 = k2 + k2, > 0.

We now introduce an ultraviolet cutoff A.

It should be much larger than the particle mass mpn, or any other energy scale of practical interest.
Then we perform the path integral over all ¢(k) with Ikl > A.

We also take J =0 for Ikl > A.

Then we find
- / Dipjy<p €~ Sonet=[Ie (29.9)



where

e eff (P3A) _ /D(p|k|>A e—SE(SO) . (29.10)

Setr(@p; A) 1s called the Wilsonian effective action.

We can write the corresponding lagrangian density as

Lei(0;A) = LZ(A)0,00u0 + tm?(A)p? + LA(A)p?
29.11
+ Z Z cdi(A)Oq ( )

d>6 1

where the Fourier components of ¢(x) are now cut off at |kl > A:

A g
o(z) = /O i o Bk). (29.12)

The operators Og, in eq. (29.11) consist of all terms that have mass dimension d = 6 and that are even
under ¢ <> —@; 11s an index that distinguishes operators of the same dimension that are inequivalent after

integrations by parts of any derivatives that act on the fields.

The operators must be even under ¢ <> —@ 1n order to respect the ¢ «<» —@ symmetry of the original

lagrangian.

The coefficients Z(A), m2(A), M(A), and cqi(A) in eq. (29.11) are all finite functions of A.



This 1s established by the following argument.

We can differentiate eq. (29.9) with respect to J(x) to compute correlation functions of the renormalized
field ¢(x), and correlation functions of renormalized fields are finite.

Using eq. (29.9), we can compute these correlation functions as a series of Feynman diagrams, with
Feynman rules based on Lesr.

These rules include an ultraviolet cutoff A on the loop momenta, since the fields with higher momenta
have already been integrated out.

Thus all of the loop integrals in these diagrams are finite.

Therefore the other parameters that enter the diagrams— Z(A), m2(A), M(A), and cqi(A)—must be finite
as well, 1n order to end up with finite correlation functions.

To compute these parameters, we can think of eq. (29.8) as the action for two kinds of fields, those with
Ikl < A and those with |kl > A.

Then we draw all 1PI diagrams with external lines for |kl < A fields only.

For Aph « 1, the dominant contribution to cqi(A) for an operator Og4; with 2n fields and d— 2n derivatives

is then given by a one-loop diagram with 2n external lines (representing Ikl < A fields), n vertices, and a
Ikl > A field circulating in the loop; see fig. (29.1).



Figure 29.1: A one-loop 1PI diagram with 2n external )/ .
lines. Each external line represents a field with Ikl <A. > .

The internal (dashed) line represents a field with Ikl >A.

The simplest case to consider 1s O2q,1 = @20,

With 2n external lines, there are (2n)! ways of assigning the external momenta to the lines, but 2nx n x 2
of these give the same diagram: 2n for exchanging the two external lines that meet at any one vertex; n
for rotations of the diagram; and 2 for reflection of the diagram.

Since there are no derivatives on the external fields, we can set all of the external momenta to zero; then
all (2n)!/(2n2n) diagrams have the same value.

With a euclidean action, each internal line contributes a factor of 1/(k? + m2,1), and each vertex
contributes a factor of =ZyAph= —Aph + O(A2ph).

The vertex factor associated with the term

con1(A)p?™ in Leg is —(2n)! can,1(A). Thus we have

C(=pn)™(2n)! [ d% 1\
_(2n)!02n,1(A) — gnzn ‘/1; (271')4 (kQ -+ mgh) (29.13)

+O(\)




For 2n = 6, the integral converges, and we find

(=Apn/2)" 1 nt1
con,1(A) = =55+ (n_2) Aon? +O(\Ly ) - (29.14)

We have taken A >» myh, and dropped terms down by powers of mpn/A.

For 2n = 4, we have to include the tree-level vertex; in this case, we have

2
3 5 [ d% 1
—AA) = =2\ Apn + 5(—)\ph) /A (272 (kg +mgh> (29.15)

+OAy) -

This integral diverges.

To evaluate it, we note that the one-loop contribution to the exact four-point vertex is given by the same
diagram, but with fields of all momenta circulating in the loop.

Thus we have 3 o g ] 2
—V4(0,0,0,0) = —Zx Apn + —(—/\ph)2/ 4 ( 2 2 )
2 o (2m)* \k? +mpy (29.16)
+O(X3) -

Then, using V4(0,0,0,0) = Aph and subtracting eq. (29.15) from eq. (29.16), we get



: 2 [*_d 1Y 3 29.17
Aok AA) = 5 (~Apn) /0 i Pz ) OO (29.17)
p

Evaluating the (now finite!) integral and rearranging, we have

3
1672

A(A) = Aph + 5 A [In(A/mpn) — 5] + O(X,) - (29.18)

Note that this result has the problem of a large log; the second term 1s smaller than the first only 1f
}\ph IH(A/ mph) < 1

To cure this problem, we must change the renormalization scheme.

We will take up this issue shortly, but first let us examine the case of two external lines while continuing
to use the on-shell scheme.

For the case of two external lines, the one-loop diagram has just one vertex, and by momentum
conservation, the loop integral 1s completely indepedent of the external momentum.

This implies that the one-loop contribution to Z(A) vanishes, and so we have

Z(A)=1+0(\) - (29.19)

The one-loop diagram does, however, give a nonzero contribution to m2(A); after including the tree-level
term, we find



+ O(Agn) - (24.20)
This integral diverges.

To evaluate it, recall that the one-loop contribution to the exact particle mass-squared is given by the
same diagram, but with fields of all momenta circulating in the loop.

Thus we have

1 oo g4k 1
Cm2 = —Z m2 4 (= / +0(N2,) . 2421

Then, subtracting eq. (29.20) from eq. (29.21), we get

—m?2, +m?(A) = l(—)\ )/A d% ! + O(N\2))
ph o ph 0 (27_(_)4 k2—|—m12)h ph/ - (24.22)

2

Evaluating the (now finite!) integral and rearranging, we have

A
m*(A) = mpy, — - 61:2 A2 — ml In(A%/m)| + O(\) - (24.23)

We see that we now have an even worse situation than we did with the large log in A(A): the correction
term 1s quadratically divergent.

As already noted, to fix these problems we must change the renormalization scheme.



In the context of an effective action with a specific value of the cutoff Ay, there is a simple way to do so:
we simply treat this effective action as the fundamental starting point, with Z(Ao), m2(Ao), A(Ao), and
ca.i(/Ao) as input parameters.

We then see what physics emerges at energy scales well below Ay.

We can set Z(Ao) = 1, with the understanding that the field no longer has the LSZ normalization and that
we will have to correct the LSZ formula to account for this.

We will also assume that the parameters A(Ao), m2(Ao), and cqi(Ao) are all small when measured in
units of the cutoff:

A(Ao) < 1, (29.24)
im?(Ag)| < Af, (29.25)

cai(ho) < AJY

(29.26)
The proposal to treat the effective action as the fundamental starting point may not seem very appealing.

For one thing, we now have an infinite number of parameters to specity, rather than two!

Also, we now have an explicit cutoff in place, rather than trying to have a theory that works at all energy
scales.

On the other hand, it may well be that quantum field theory does not work at arbitrarily high energies.



For example, quantum fluctuations in spacetime itself should become important above the Planck scale,
which 1s given by the inverse square root of Newton’s constant, and has a numerical value of ~101° GeV

(compared to, say, the proton mass, which is ~ 1 GeV).

So, let us leave the cutoff Ao in place for now.

We will then make a two-pronged analysis.

First, we will see what happens at much lower energies.

Then, we will see what happens if we try to take the limit Ao — .
We begin by examining lower energies.

To make things more tractable, we will set
ca,i(Ao) =0 ; (29.27)

later we will examine the effects of a more general choice.

A nice way to see what happens at lower energies is to integrate out some more high-energy degrees of
freedom.

Let us, then, perform the functional integral over Fourier modes ¢(k) with A < [kl < Ag; we have

o~ Serr(#i0) _ / D cipian, € Sen 80 (29.28)



We can do this calculation 1in perturbation theory, mimicking the procedure that we used earlier.

We find
2ray 2 1 Ro d% 1
3 Ao g4 1 2
AA) = M(Ag) — 5,\2(1\0)/A 2n) (k2 +m2(AO)) +..., (29.30)
(=D, Ao d4% 1 n
C2n,1(A) - IMIn A (AO)[\ (271')4 (kQ R m2(AO)> T, (2931)

where the ellipses stand for higher-order corrections.

For A not too much less than Ao (and, in particular, for Im2(Ao)l « A2), we find

1

m*(A) = m?(Ao) + 75 A(Ao) (A5 — A%) + ... | (29.32)

A(A) = A(Ao) — 1637T2 A*(Ag) In % +... , (29.33)
—1)" 1 1

c2'n,1(A) — _327r2(2nn)(n—2) )‘n(AO) (Agn_4 - A(Q)n_4> +o. (2934)

We see from this that the corrections to m2(A), which is the only coefficient with positive mass
dimension, are dominated by contributions from the high end of the integral.

On the other hand, the corrections to cqi(/\), coefficients with negative mass dimension, are dominated
by contributions from the low end of the integral.



And the corrections to A(A), which is dimensionless, come equally from all portions of the range of
integration.

For the cqi(/\), this means that their starting values at Ao were not very important, as long as eq. (29.26)
1s obeyed.

Nonzero starting values would contribute another term of order 1/Ao 24 to can,1(/A), but all such
terms are less important than the one of order 1/A¢ 24 that comes from doing the integral down to Ikl =

A.
Similarly, nonzero values of cqi(A0) would make subdominant contributions to A(A).
As an example, consider the contribution of the diagram in fig. (29.2).

Figure 29.2: A one-loop contribution to the ¢* \ ,
vertex for fields with Ikl <A. The internal N

(dashed) line represents a field with Ikl >A. /\

Ignoring numerical factors, the vertex factor is ce,1(/Ao), and the loop integral is the same as the one that
enters into m2(A); it yields a factor of AZy— A2 ~ A2,

Thus the contribution of this diagram to A(A) is of order ce.1(Ao)A2.

This 1s a pure number that, according to eq. (29.26), is small.



This contribution is missing the logarithmic enhancement factor In(Ao/A) that we see in eq. (29.33).
On the other hand, for m2(A), there are infinitely many contributions of order A2pwhen cqi(/Ao) # 0.

These must add up to give m2(A) a value that is much smaller.

Indeed, we want to continue the process down to lower and lower values of A, with m2(A) dropping
until it becomes of order m2y, at A ~ mpp.

For this to happen, there must be very precise cancellations among all the terms of order A2 that
contribute to m2(A).

In some sense, it is more “natural” to have m2ph~ A(Ao) A2, rather than to arrange for these very precise
cancellations.

This philosophical issue is called the fine-tuning problem, and it generically arises in theories with
spin-zero fields.

In theories with higher-spin fields only, the action typically has more symmetry when these fields are
massless, and this typically prevents divergences that are worse than logarithmic.

These theories are said to be technically natural, while theories with spin-zero fields (with physical
masses well below the cutoff) generally are not.

(The only exceptions are theories where supersymmetry relates spin-zero and spin-one-half fields; the
spin-zero fields then inherent the technical naturalness of their spin-one-half partners.)



For now, in ¢* theory, we will simply accept the necessity of fine-tuning in order to have mpn < A.

Returning to eqgs. (29.32-29.34), we can recast them as differential equations that tell us how these
parameters change with the value of the cutoff A. 1

In particular, let us do this for A(A).

We take the derivative of eq. (29.33) with respect to A, multiply by A, and then set Ao = A to get

d 3

— 2 . 29 35
dlnAA(A) 1672 A(A)+ ( )

Notice that the right-hand side of eq. (29.33) is apparently the same as the beta function [3(A) = dA\/dIn p
that can be calculated, where it represents the rate of change in the M S parameter A that was needed to
compensate for a change in the M S renormalization scale y.

Eq. (29.33) gives us a new physical interpretation of the beta function: it is the rate of change in the
coefficient of the ¢+ term in the effective action as we vary the ultraviolet cutoff in that action.

Actually, though, there is a technical detail: it is really Z(A)-2A(A) that is most closely analogous to
the 7§ parameter A.

This 1s because, if we rescale ¢ so that it has a canonical kinetic term of 1/2 9,¢0d,¢@, then the coefficient
of the p* term is Z(A)2M(A).

Since Z(A) = 1 + O(A2(A)), this has no effect at the one-loop level, but it does matter at two loops.



We can account for the effect of this wave function renormalization (in all the couplings) by writing,
instead of eq. (29.11),

Leg(p;N) = $Z(M)0up8u + 3 Z(M)ym*(A)gp® + 5 Z°(A)A(A)p*
+ 3> 22 (A)eg (M) Oy

d>6 1

(29.36)

where ng;is the number of fields in the operator Og;.
Now the beta function for A is universal up through two loops.

At three and higher loops, differences with the A/.S beta function can arise, due to the different
underlying definitions of the coupling A in the cutoff scheme and the A/,S scheme.

We now have the overall picture of Wilson’s approach to quantum field theory.

First, define a quantum field theory via an action with an explicit momentum cutoff in place.,

Then, lower the cutoff by integrating out higher-momentum degrees of freedom.
As a result, the coefficients in the effective action will change.
If the field theory 1s weakly coupled—which in practice means eqgs. (29.24-29.26) are obeyed —then the

coefficients of the operators with negative mass dimension will start to take on the values we would have
computed for them in perturbation theory, regardless of their precise initial values.



It we continuously rescale the fields to have canonical kinetic terms, then the dimensionless coupling
constant(s) will change according to their beta functions.

The final results, at an energy scale E well below the initial cutoff Ao, are the same as we would predict
via renormalized perturbation theory, up to small corrections by powers of E/Ay.

The advantage of the Wilson scheme 1s that it gives a nonperturbative definition of the theory which is
applicable even if the theory is not weakly coupled.

With a spacetime lattice providing the cutoff, other techniques (typically requiring large-scale computer
calculations) can be brought to bear on strongly-coupled theories.

The Wilson scheme also allows us to give physical meaning to nonrenormalizable theories.
Given an action for a nonrenormalizable theory, we can regard it as an effective action.

We should then impose a momentum cutoff Ao, where Ao can be defined by saying that the coefficient of
every operator O; with mass dimension D; > 4 is given by ci/AoPi~+ with ¢; < 1.

Then we can use this theory for physics at energies below Ao.

At energies E far below Ay, the effective theory will look like a renormalizable one, up to corrections by
powers of E/Ay.

This renormalizable theory might simply be a free-field theory with no interactions, or no theory at all 1f
there are no particles with physical masses well below Ay.



We now turn to the final issue: can we remove the cutoff completely?

Returning to the example of ¢+ theory, let us suppose that we are somehow able to compute the exact

beta function.

Then we can integrate the renormalization-group equation dA/dln A = P(A) from A = mpp to A = Ap to
get

AMA
/ o) dr . Ao (29.37)
A(mpp) /B(’\) Mph

We would like to take the limit Ag— .

Obviously, the right-hand side of eq. (29.37) becomes infinite in this limit, and so the left-hand side must
as well.

However, it may not. Recall that, for small A, $(A) is positive, and it increases faster than A.

If this is true for all A, then the left-hand side of eq. (29.37) will approach a fixed, finite value as we take
the upper limit of integration to infinity.

This yields a maximum possible value for the initial cutoff, given by

In Amax _ / © 4 (29.38)
Mph  A(mpn) B(A) |




If we approximate the exact beta function with its leading term, 3A2/16m2 ,and use the leading term in eq.
(29.18) to get AM(mph) = Aph, then we find

2
Amax =~ My €67 /3% (29.39)

The existence of a maximum possible value for the cutoff means that we cannot take the limit as the
cutoff goes to infinity; we must use an effective action with a cutoff as our starting point.

If we insist on taking the cutoff to infinity, then the only possible value of Aph is Aph = O.

Thus, @4 theory 1s trivial in the limit of infinite cutoff: there are no interactions.

There 1s much evidence for this, but as yet no rigorous proof.

The same is true of quantum electrodynamics, as was first conjectured by Landau; in this case, Amax 1S
known as the location of the Landau pole.

However, the cutoff can be removed if the beta function grows no faster than A at large A; then the
left-hand side of eq. (29.37) would diverge as we take the upper limit of integration to infinity.

Or, B(\) could drop to zero (and then become negative) at some finite value A..

Then, if Aph < A., the left-hand side of eq. (29.37) would diverge as the upper limit of integration
approaches A..

In this case, the effective coupling at higher and higher energies would remain fixed at A., and A = A. is
called an ultravioldet fixed point of the renormalization group.



If the beta function is negative for A = M(myn), the theory is said to be asymptotically free, and A(A)
decreases as the cutoff is increased. In this case, there is no barrier to taking the limit A — .

In four space-time dimensions, the only asymptotically free theories are nonabelian gauge theories; see
section 69.

30 Spontaneous Symmetry Breaking
Consider ¢* theory, where @ 1s a real scalar field with lagrangian
1 1,2 2 14 4
L =—50"p0,p — 5m°p° — 57 " . (30.1)

As we discussed 1n section 23, this theory has a Z; symmetry: £ is invariant under ¢(x)— — ¢(X), and we

can define a unitary operator Z that implements this:
Z7Yp(x)Z = —p(x) . (30.2)

We also have Z2 =1, and so Z-! = Z. Since unitarity implies Z-! = Z7, this makes Z hermitian as well as
unitary.

Now suppose that the parameter m? 1s, in spite of its name, negative rather than positive.

We can write £ in the form
L=—50"p0up —V(p), (30.3)

where the potential 1s



V(p) = gm?¢® + 312"

(30.4)
— )\(go —v%)? — 14)\'04.

In the second line, we have defined
= +(6|m2|/\)/? . (30.5)
We can (and will) drop the last, constant, term in eq. (30.4).

From eq. (30.4) it is clear that there are two classical field configurations that minimize the energy:
@(x) = +v and @(Xx) =—Vv

This 1s in contrast to the usual case of positive m2, for which the minimum-energy classical field
configuration 1s ¢(x) = 0.

We can expect that the quantum theory will follow suit.

For m? < 0, there will be two ground states, [0+) and |0—), with the property that

(0-+p(2)|0+) = +v,
(0—lp(2)|0-) = —v, (30.6)

up to quantum corrections from loop diagrams that we will treat in detail in section 30.

These two ground states are exchanged by the operator Z,



Z|0+) = |0-) , (30.7)

and they are orthogonal: <0+/0—) = 0.
This last claim requires some comment.
Consider a similar problem in quantum mechanics,
H = %pQ + i)\(azz — '02)2 . (30.8)

There are two approximate ground states in this case, specified by the approximate wave functions

Vi (x) = (z|0£) ~ exp[—w(z Fv)?/2], (30.9)
where w= (Av2/3)12 is the frequency of small oscillations about the minimum.
However, the true ground state is a symmetric linear combination of these.

The antisymmetric linear combination has a slightly higher energy, due to the effects of quantum
tunneling.

We can regard a field theory as an infinite set of oscillators, one for each point in space, each with a
hamiltonian like eq. (30.8), and coupled together by the (V)2 term in the field-theory hamiltonian.



There 1s a tunneling amplitude for each oscillator, but to turn the field-theoretic state |0+) into 10—, all

the oscillators have to tunnel, and so the tunneling amplitude gets raised to the power of the number of
oscillators, that is, to the power of infinity (more precisely, to a power that scales like the volume of
space).

Therefore, in the limit of infinite volume, {0+l0—) vanishes.
Thus we can pick either |0+) or |0-) to use as the ground state.
Let us choose 10+).

Then we can define a shifted field,
p(x) = p(z) —v, (30.10)

which obeys (0+lp(x)I0+) = 0.

We must still worry about loop corrections, which we will do at the end of this section.

The potential becomes
V(p) = y1Allp +v)* —v°]? G0.11)
= %)\vzpz + %)\vp?’ + i)\p4 : |

and so the lagrangian is now

L= —30"00up — +M°p* — 2Avp® — FAp* . (30.12)



We see that the coefficient of the p2 term is 1/6 Av2 = ImZ|.
This coefficient should be identified as 1/2 m2,, where m, is the mass of the corresponding p particle.

Also, we see that the shifted field now has a cubic as well as a quartic interaction.

Eq. (30.12) specifies a perfectly sensible, renormalizable quantum field theory, but it no longer has an
obvious Z> symmetry.

We say that the Z> symmetry is spontaneously broken.

This leads to a question about renormalization.

If we include renormalizing Z factors in the original lagrangian, we get

L=-17,0/'p0,p — 2Zmm*p® — L Z\\p" . (30.13)

For positive m2, these three Z factors are sufficient to absorb infinities for d < 4, where the mass
dimension of A is positive or zero.

On the other hand, looking at the lagrangian for negative m? after the shift, eq. (30.12), we would seem
to need an extra Z factor for the o3 term.

Also, once we have a p3 term, we would expect to need to add a p term to cancel tadpoles.



So, the question 1s, are the original three Z factors sufficient to absorb all the divergences in the Feynman
diagrams derived from eq. (30.13)?

The answer is yes.

To see why, consider the quantum action (introduced in section 21)

d*
=5/ o B(—k) (K +m? —TI(K?) ) 3(k)
d d4k
Z n) / 1 7‘_)4 (27T)454(k1+ . +kn) (3014)
an(k1, oy kn) @(k1) .. (k)

computed with m2 > 0.

The ingredients of I'(¢p)—the self-energy 11(k?) and the exact 1PI vertices V,—are all made finite and
well-defined (in, say, the M/ S renormalization scheme) by adjusting the three Z factors in eq. (30.13).

Furthermore, for m2 > 0, the quantum action inherits the Z, symmetry of the classical action.

To see this directly, we note that V, must zero for odd n, simply because there is no way to draw a 1PI
diagram with an odd number of external lines using only a four-point vertex.

Thus I'(¢) also has the Z, symmetry.



This 1s a simple example of a more general result that we proved in problem 21.2: the quantum action
inherits any linear symmetry of the classical action, provided that it 1s also a symmetry of the integration
measure Do.

Linear means that the transformed fields are linear functions of the original ones.
The integration measure 1s almost always invariant; when it 1s not, the symmetry 1s said to be anomalous.

We will meet an anomalous symmetry in section 75.

Once we have computed the quantum action for m2 > 0, we can go ahead and consider the case of
m? < 0.

Recall from section 21 that the quantum equation of motion in the presence of a source is
0I'/0¢(x) = =J(x), and that the solution of this equation is also the vacuum expectation value of ¢(x).

Now set J(x) = 0, and look for a translationally invariant (that is, constant) solution ¢(x) = v.

If there 1s more than one such solution, we want the one(s) with the lowest energy.

This 1s equivalent to minimizing the quantum potential U(¢p), where

[(p) = /d4:v - UP) — 32(9) 00+ | (30.15)



and the ellipses stand for terms with more derivatives.

In a weakly coupled theory, we can expect the loop-corrected potential U(g) to be qualitatively similar to

the classical potential V(¢p).

Therefore, for m2 < 0, we expect that there are two minima of U(¢) with equal energy, located at

»(x) = v, where v = (0lp(x)I0) 1s the exact vacuum expectation value of the field.

Thus we have a description of spontaneous symmetry breaking in the quantum theory based on the
quantum action, and the quantum action i1s made finite by adjusting only the three Z factors that appear in
the original, symmetric form of the lagrangian.

In the next section, we will see how this works in explicit calculations.

31 Broken Symmetry and Loop Corrections

Consider @+ theory, where ¢ is a real scalar field with lagrangian
1 1 2 2 1 4
L=—5Z,0M'00,p— 5Zmm 0" — 57 Z\ ™ . (31.1)
In d= 4 spacetime dimensions, the coupling A is dimensionless.
We begin by considering the case m? > 0, where the Z, symmetry of £ under ¢ — — ¢ is manifest.

We wish to compute the three renormalizing Z factors.



We work in d =4 — € dimensions, and take A— A ¢ (where [ has dimensions of mass) so that A
remains dimensionless.

The propagator correction I1(k2) is given by the diagrams of fig. (31.1), which yield

ilI(k*) = 3(—iAa®)1A(0) — i(Ak® + Bm?) (31.2)
where A=7Z¢y—-1and B=7,- 1, and
- dY 1
A = : 31.3
(0) / (2m)4 £2 + m? (31.3)
Figure 31.1: O(A) corrections to I1(k2). @
>—e>— D>
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Using the usual bag of tricks from section 14, we find

~ —1 2
i A(0) = ’ . + 1+ ln(uZ/m2)] m? | (31.4)

where u2 = 4me-v (12,

Thus



A
2(4m)?

(k%) = E + 1+ In(p? /m2)] m? — Ak* — Bm? . (31.5)

From eq. (31.5) we see that we must have

A =00, (31.6)
A /1
B= 173 (g + nB) +0(N?%), (31.7)

where xg 1s a finite constant (that may depend on u).

In the M S renormalization scheme, we take xg = 0, but we will leave kg arbitrary for now.

Next we turn to the vertex correction, given by the diagram of fig. (31.2), plus two others with ko < k3
and k, <> ky; all momenta are treated as incoming.

Figure 31.2: The O(A2) correction to Va(ki, ko, k3, Ka).
Two other diagrams, obtained from this one via k; <
ks and k> <> k4, also contribute.

dk MS
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We have
. . 1 A2 (1 2, . .
iVa(ky, ko, ks, ka) = —iZuA+ 3(—iN)? (1) |iF(=s) +iF(—t) + iF(—u)]

-I-O()\?)) . (31.8)

Here we have defined s = —(k; + k2)?2 ,t = —(k1 + k3)? ,u =—(k; + k4)? , and

dY 1
: 2\ — ~E
) = 5 | oyt (e T @ )
(31.9)
- [2+/1d In 2/D)]
1672 € 0 i ’
where D= x(1-x)k2 + m2.
Setting Z), =1 + Cin eq. (31.8), we see that we need
3A /1
C= 163 (g + nc) +O0(N\?) , (31.10)

where xc 1s a finite constant.

We may as well pause to compute the beta function, 3(A) = dA/dIn u, where the derivative is taken with
the bare coupling Ao held fixed, and the finite parts of the counterterms set to zero, in accord with the A7 S
prescription.



We have

Xo = Z\Z,° N (31.11)
with
3\ 1
—2) — - 2 31.12
ln(Z,\Zw ) 5 - HO). (31.12)

Let Li(A) be the coefficient of 1/¢ in eq. (31.12).

Our analysis in section 28 shows that the beta function is then given by B(A) = A2L'1(A).

Thus we find 3)\2

— 3
BN = 155 +O(X%). (31.13)

The beta function is positive, which means that the theory becomes more and more strongly coupled at
higher and higher energies.

Now we consider the more interesting case of m? <0, which results in the spontaneous breakdown of the
/Z,> symmetry.

Following the procedure of section 30, we set ¢(x) = p(x) + v, where v = (6lm2l/A)!/2 minimizes the

potential (without Z factors).

Then the lagrangian becomes (with Z factors)



L = —52,0'00up — 5(322—1Zm)mpp°
+ 5(Zn—25)(3/Mi)*mip (31.14)
. %Z)\(3A[L€)1/2mpp3 . 21—42)\)\/16[)4 ,

where m?, = 2Ilm?2|.

Now we can compute various one-loop corrections.

We begin with the vacuum expectation value of p.

The O(A) correction is given by the diagrams of fig. (31.3).

Figure 31.3: The O(\) correction to the vacuum
expectation value of the p field. >]; O\l T i X
The three-point vertex factor 1s —17,,g3, where g3 can be read off of eq. (31.14):
g3 = (3Ni6)Y2m,, . (31.15)
The one-point vertex factor 1s 1Y, where Y can also be read off of eq. (31.14):
Y = 1(Zm—25)(3/ M) ?m? . (31.16)



Following the discussion of section 9, we then find that

(010(2)[0) = (&Y + §(~iZxg5) 1 A(0)) / d 1A (z—y) (31.17)
plus higher-order corrections.

Using egs. (31.15) and (31.16), and eq. (31.4) with m? — m?2,, the factor in large parentheses in eq.
(31.17) becomes

LGN (Zn=2s + 1oy [ 2 4 1 mmd)] +00%) (31.18)

1672

Using Zm=1+Band Z, =1 + C, with B and C from eqgs. (31.7) and (31.10), the factor in large
parentheses in eq. (31.18) becomes

A
1672

[nB — ko + 1+ ln(;ﬁ/mf,)] . (31.19)

All the 1/¢’s have canceled.

The remaining finite vacuum expectation value for p(x) can now be removed by choosing
KB — KO = —1—ln(u2/m?)) : (31.20)

This will also cancel all diagrams with one-loop tadpoles.



Next we consider the o propagator.

The diagrams contributing to the O(\) correction are shown in fig. (31 .4).

l+k
Figure 31.4: O(A) corrections to the p propagator. @
> >— + + =X >
k k k k k k
l

The counterterm insertion 1s —1X, where, again reading off of eq. (31.14),

B)m?) . (31.21)

e L

X =AK* + (3C -

Putting together the results of eq. (31.2) for the first diagram (with m? — m2,), eq. (31.9) for the second
(ditto), and eq. (31.21) for the third, we get

(k%) = —

(31.22)




Again using egs. (31.7) and (31.10) for B and C, we see that all the 1/¢’s cancel, and we’re left with

\ 1
2 m2 | 1+ In(u?/m2) + /O dz In(u2/D) + 1(9kc — k)

+O0(\?).

I1(k*) =

(31.23)

We can now choose to work in an OS scheme, where we require I11(—m2,) = 0 and I1'(—m2,) = 0.

We see that, to this order in A, I1(k?) is independent of k2.

Thus, we automatically have I1'(—m?2,) = 0, and we can choose 9xc—xg to fix I1(—m?2,) = 0.
Together with eq. (31.20), this completely determines kg and xc to this order in A.

Next we consider the one-loop correction to the three-point vertex, given by the diagrams of fig. (31.5).

We wish to show that the infinities are canceled by the value of Z) = 1 + C that we have already
determined.

The first diagram 1n fig. (31.5) 1s finite, and so for our purposes we can ignore it.



Figure 31.5: O(A) corrections to the
vertex for three Q fields.

The remaining three, plus the original vertex, sum up to give

iV3(k1, k2, k3)aiv = —2Zxg3 + 5(—i\)(—ig3) (%)2
x [iF(k}) +iF (k3) + iF (k3)] (31.24)
+O(N\/?)

where the subscript div means that we are keeping only the divergent part.

Using eq. (31.9), we have

Vs(ki, k2, k3)dgiv = —93 (1 + C — -+ O()\2)) : (31.25)

From eq. (31.10), we see that the divergent terms do indeed cancel to this order in A.
Finally, we have the correction to the four-point vertex.

In this case, the divergent diagrams are just those of fig. (31.1), and so the calculation of the divergent
part of V4 is exactly the same as it is when m2 > 0 (but with m, in place of m).



Since we have already done that calculation (it was how we determined C in the first place), we need not
repeat it.

We have thus seen how we can compute the divergent parts of the counterterms in the simpler case of
m2 > (0, where the Z, symmetry i1s unbroken, and that these counterterms will also serve to cancel the
divergences in the more complicated case of m2 < 0, where the Z> symmetry 1s spontaneously broken.

This a general rule for renormalizable theories with spontaneous symmetry breaking, regardless of the
nature of the symmetry group.

32 Spontaneous Breaking of Continuous Symmetries

Consider the theory (introduced in section 22) of a complex scalar field ¢ with
L=—0"p10,0 —m?plp— )\(cp ©)? . (32.1)

This lagrangian is obviously invariant under the U(1) transformation

p(z) , (32.2)

p(r) — e
where o 1s a real number.

Now suppose that m21s negative.

The minimum of the potential of eq. (32.1) 1s achieved for



p(z) = Jsve ™, (32.3)
where
v = (4/m?|/\)Y?, (32.4)

and the phase 0O is arbitrary; the factor of root-two in eq. (32.3) is conventional.
Thus we have a continuous family of minima of the potential, parameterized by O.

Under the U(1) transformation of eq. (32.2), 0 changes to 0 + a; thus the different minimum-energy field
configurations are all related to each other by the symmetry.

In the quantum theory, we therefore expect to find a continuous family of ground states, labeled by O,
with the property that

(Blo(x)0) = J5ve™™ . (32.5)
Also, according to the discussion in section 30, we expect {0'10) =0 for 0’ # 0.

Returning to classical language, there 1s a flat direction 1n field space that we can move along without
changing the energy.

The physical consequence of this is the existence of a massless particle called a Goldstone boson.

Let us see how this works in more detail.



We first choose the phase 0= 0, and then write
o(x) = %[’U + a(x) + ib(x)] (32.6)
where a and b are real scalar fields.
Substituting eq. (32.6) into eq. (32.1), we find

L = —%6“&8”,& — %6‘“bc'9”b

(32.7)
— |m?|a® — IAY?|m|a(a® + b%) — £ A(a® + %)%
We see from this that the a field has a mass given by 1/2 m2,= Im?2I.
The b field, on the other hand, is massless, and we identify it as the Goldstone boson.
A different parameterization brings out the role of the massless field more clearly.
We write . ix(@)/
() = E(v + p(x))e XY (32.8)

where p and 7 are real scalar fields.

Substituting eq. (32.8) into eq. (32.1), we get



2
L= —120%0,p— 2 1+£ OFx 0, x
2 2“2 2(12 U) : 4 (529)
— [m?|p* — AV |m|p® — - Ap* .

We see from this that the pfield has a mass given by 1/2 m?,= Im?2l, and that the y field 1s massless.

These are the same particle masses we found using the parameterization of eq. (32.6).

This 1s not an accident: the particle masses and scattering amplitudes are independent of field
redefinitions.

Note that the y field does not appear in the potential at all.
Thus it parameterizes the flat direction.

In terms of the p and ¥y fields, the U(1) transformation takes the simple form % (x)— % (x) + o.

Does the masslessness of the 7 field survive loop corrections?
It does.
To see this, we note that 1f the  field remains massless, its exact propagator ; «(k?) should have a pole

at k2 = 0; equivalently, the self-energy I1,(k2), related to the propagator by A, (k2) = 1/[k2— ITy(k2?)],
should satisfy I1(0) = 0.



We can evaluate 11,(0) by summing all 1PI diagrams with two external  lines, each with fourmomentum
k=0.

We note from eq. (32.9) that the derivatives acting on the 7 fields imply that the vertex factors for the
ey and poyy vertices are each proportional to ki-kz, where ki and k» are the momenta of the two Y lines

that meet at that vertex.

Since the external lines have zero momentum, the attached vertices vanish; hence, I1,(0) =0, and the ¥
particle remains massless.

The same conclusion can be reached by considering the quantum action I'(¢), which includes all loop

corrections.

According to our discussion in section 29, the quantum action has the same symmetries as the classical
action.

Therefore, in the case at hand,
I'(p) = T'(e ). (32.10)
Spontaneous symmetry breaking occurs if the minimum of I'(¢) is at a constant, nonzero value of ¢.

Because of eq. (32.10), the phase of this constant 1s arbitrary.



Therefore, there must be a flat direction in field space, corresponding to the phase of @(x).

The physical consequence of this flat direction 1s a massless particle, the Goldstone boson.
All of this has a straightforward extension to the nonabelian case.

Consider

L = —50"0i0upi — 5m*0ipi — 16 M (@ii)” (32.11)
where a repeated index 1s summed.

This lagrangian is invariant under the infinitesimal SO(N) transformation

5g02 _ —’i0“(T"’)z-jcpj ] (3212)

where 1 runs from 1 to 1/2 N(N-1), O2 is a set of 1/2 N(N—1) real, infinitesimal parameters, and each
antisymmetric generator matrix T2 has a single nonzero entry —1 above the main diagonal, and a
corresponding +1 below the main diagonal.

Now let us take m?2 < 0 in eq. (32.11).

The minimum of the potential is achieved for @i(x) = vi, where v2 = vivi = 4lm2l/A, and the direction

in which the N-component vector ¢; points is arbitrary.

In the quantum theory, we interpret v; as the vacuum expectation value (VEV for short) of the quantum
field @i(x).



We can choose our coordinate system so that vi = vOin; that is, the VEV lies entirely in the last
component.

Now consider making an infinitesimal SO(N) transformation.
This changes the VEV; we have
V; — U — i@a(Ta)ij’Uj
(32.13)
— ’U(SiN — z'9“(T"’)7;Nfu .
For some choices of 02, the second term on the right-hand side of eq. (32.13) vanishes.

This happens if the corresponding T2 has no nonzero entry in the last column.

There are N—1 T?’s with a nonzero entry in the last column: those with the —i in the first row and last
column, in the second row and last column, etc, down to the N—1th row and last column.

These T#’s are said to be broken generators.
A generator 1s broken if (T2);v; # 0, and unbroken if (T?);;v; = 0.

An infinitesimal SO(N) transformation that involves a broken generator changes the VEV of the field,
but not the energy.

Thus, each broken generator corresponds to a flat direction in field space.



Each flat direction implies the existence of a corresponding massless particle.

This 1s Goldstone’s theorem: there 1s one massless Goldstone boson for each broken generator.

The unbroken generators, on the other hand, do not change the VEV of the field.

Therefore, after rewriting the lagrangian in terms of shifted fields (each with zero VEV), there should
still be a manifest symmetry corresponding to the set of unbroken generators.

In the present case, the number of unbroken generators 1s 1/2 N(N—-1) — (N-1) = 1/2 (N-1)(N-2).
This is the number of generators of SO(N-1).

Therefore, we expect SO(N—1) to be an obvious symmetry of the lagrangian after it 1s written in terms of
shifted fields.

Let us see how this works in the present case.

We can rewrite eq. (32.11) as
L= —%8“8%8#%’ - Vi(p), (32.14)
with

V(p) = =X (pipi — v*)?, (32.15)

where v = (4lm2l/A)!2, and the repeated index i is implicitly summed from 1 to N.



Now let pn(X) = v+ p(X), and plug this into eq. (32.14).

With the repeated index 1 now implicitly summed from 1 to N—1, we have

L =—50"pi0upi — 50"00up — V(p, ) , (32.16)
where
Vip, ) = £A[(v+p)? + pips — v*]?
= 16A\(2vp + p* + pipi)? (32.17)

= 10?0 + 22wp(p® + @ipi) + 15 A (7 + pii)? .
There 1s indeed a manifest SO(N—1) symmetry in eqgs. (32.16) and (32.17).

Also, the N—1 ¢; fields are massless: they are the expected N—1 Goldstone bosons.
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33 Representations of the Lorentz Group

In section 2, we saw that we could define a unitary operator U(A) that implemented a Lorentz
transformation on a scalar field ¢(x) via

UA) " o(@)UA) = ¢(A™ ) . (33.1)
As shown in section 2, this implies that the derivative of the field transforms as
U(A) " 0*p(x)U(A) = A*,0°p(A ) (33.2)
where the bar on the derivative means that it is with respect to the argument 7 = A~ 'x.

Eq. (33.2) suggests that we could define a vector field A#(x) that would transform as

U(A) AP (z)U(A) = A¥,AP(A ') , (33.3)
or a tensor field B»v(x) that would transform as
U(A)"'B* (2)U(A) = A*,A”,B*? (A" '2) . (33.4)

Note that if B#V is either symmetric, B#V(x) = Bv#(x), or antisymmetric, B#V(x) = -B¥#(x), then the
symmetry is preserved by the Lorentz transformation.

Also, if we take the trace to get T(X) = g,vB#V(x), then, using g,v A# AVe= gos , we find that T(x)
transforms like a scalar field,



UN)'T(z)UA) =T(A z) . (33.5)

Thus, given a tensor field B#v(x) with no particular symmetry, we can write

B* (z) = AP (z) + S™ (z) + 1g"'T(z) (33.6)

where AV 1s antisymmetric (A#»v = — Av) and StV is symmetric (S#v = Sv#) and traceless (g,vS#v = 0).
The key point is that the fields A#v, S#v, and T do not mix with each other under Lorentz transformations.

Is it possible to further break apart these fields into still smaller sets that do not mix under Lorentz
transformations?

How do we make this decomposition into irreducible representations of the Lorentz group for a field
carrying n vector indices?

Are there any other kinds of indices we could consistently assign to a field?
If so, how do these behave under a Lorentz transformation?
The answers to these questions are to be found in the theory of group representations.

Let us see how this works for the Lorentz group (in four spacetime dimensions).



Consider a field (not necessarily hermitian) that carries a generic Lorentz index, ¢a(x).

Under a Lorentz transformation, we have

U(A) Ypa(z)U(A) = LaZ(A)ep(A 1), (33.7)
where LAB(A) is a matrix that depends on A.
These finite-dimensional matrices must obey the group composition rule

LAB(N)L®(A) = Lo“(A'A) . (33.8)
We say that the matrices LaAB(A) form a representation of the Lorentz group.

For an infinitesimal transformation A#y = 0¥y + OWHy, We can write
U(1+dw) = I + 2w, M"Y | (33.9)
where the operators M#V are the generators of the Lorentz group.
As shown 1n section 2, the generators obey the commutation relations
(M, MP7) = i g M — (pev)) — (pear) (33.10)

which specify the Lie algebra of the Lorentz group.



We can identify the components of the angular momentum operator J as Ji=1/2 gijkMik and the
components of the boost operator K as K; = Mi0,

We then find from eq. (33.10) that

[Ji, J;] = +igijndy (33.11)
[Ji, K] = +igiji Ky (33.12)
Ki, K] = —iexJk - (33.13)

For an infinitesimal transformation, we also have
LaP(1+0w) = 647 + £6w,u (S*) 4" | (33.14)
Eq. (33.7) then becomes
[pa(z), MM] = L pa(z) + (") 4" pp(2) , (33.15)

where £1V = 1/1(x#dV— XVOH).

Both the differential operators £#v and the representation matrices (S#V)AB must separately obey the same
commutation relations as the generators themselves.

Our problem now is to find all possible sets of finite-dimensional matrices that obey eq. (33.10), or
equivalently eqgs. (33.11-33.13).

Although the operators M#v must be hermitian, the matrices (S#V)AB need not be.



If we restrict our attention to eq. (33.11) alone, we know (from standard results in the quantum
mechanics of angular momentum) that we can find three (2j+1) x (2j+1) hermitian matrices J71, 72, and

J5 that obey eq. (33.11), and that the eigenvalues of (say) J3 are —j, —j+1,..., +j, where j has the possible
values 0, 1/2 , 1.,....

We further know that these matrices constitute all of the inequivalent, irreducible representations of the
Lie algebra of SO(3), the rotation group in three dimensions.

Inequivalent means not related by a unitary transformation; irreducible means cannot be made
block-diagonal by a unitary transformation.

(The standard derivation assumes that the matrices are hermitian, but allowing nonhermitian matrices
does not enlarge the set of solutions.)

Also, when j 1s a half integer, a rotation by 27t results 1n an overall minus sign; these representations of

the Lie algebra of SO(3) are therefore actually not representations of the group SO(3), since a 27 rotation
should be equivalent to no rotation.

As we saw 1n section 24, the Lie algebra of SO(3) 1s the same as the Lie algebra of SU(2); the
half-integer representations of this Lie algebra do qualify as representations of the group SU(2).

We would like to extend these conclusions to encompass the full set of eqgs. (33.11-33.13).

In order to do so, it is helpful to define some nonhermitian operators whose physical significance is
obscure, but which simplify the commutation relations.



These are
N;
N

(Ji —iK;) (33.16)
(Ji +1iK;) - (33.17)

N N

In terms of N; and N, egs. (33.11-33.13) become

[Ni, Nj| = igije Nk (33.18)
[N],N1] = ie;juN{ (33.19)
[N;,N]] =0. (33.20)

We see that we have two different SU(2) Lie algebras that are exchanged by hermitian conjugation.

As we just discussed, a representation of the SU(2) Lie algebra is specified by an integer or half integer;
we therefore conclude that a representation of the Lie algebra of the Lorentz group in four spacetime
dimensions is specified by two integers or half-integers n and n'.

We will label these representations as (2n+1, 2n'+1); the number of components of a representation is
then (2n+1)(2n'+1).

Different components within a representation can also be labeled by their angular momentum
representations.

To do this, we first note that, from eqs. (33.16) and (33.17), we have J; = N; + NT;.



Thus, deducing the allowed values of j given n and n’ becomes a standard problem in the addition of
angular momenta.

The general result 1s that the allowed values of j are In—n’l, In—n'l+1,..., n+n’, and each of these values
appears exactly once.

The four simplest and most often encountered representations are (1,1), (2,1), (1,2), and (2,2).

These are given special names:

(1,1) = Scalar or singlet

(2,1) = Left-handed spinor

(1,2) = Right-handed spinor
)

33.21
(2,2) = Vector ( )

It may seem a little surprising that (2,2) is to be identified as the vector representation.

To see that this must be the case, we first note that the vector representation is irreducible: all the
components of a four-vector mix with each other under a general Lorentz transformation.

Secondly, the vector representation has four components.
The only candidate irreducible representations are (4,1), (1,4), and (2,2).

The first two of these contain angular momenta j = 3/2 only, whereas (2,2) contains j=0and j = 1.



This 1s just right for a four-vector, whose time component 1s a scalar under spatial rotations, and whose
space components are a three-vector.

In order to gain a better understanding of what it means for (2,2) to be the vector representation, we must
first investigate the spinor representations (1,2) and (2,1), which contain angular momenta j =1/2 only.

34 Left- and Right-Handed Spinor Fields

Consider a left-handed spinor field .(X), also known as a left-handed Weyl field, which 1s in the (2,1)
representation of the Lie algebra of the Lorentz group.

Here the index a 1is a left-handed spinor index that takes on two possible values.

Under a Lorentz transformation, we have

U(A) Y9, (2)U(A) = L°(A)p (A1) (34.1)

where L,"(A) is a matrix in the (2,1) representation.

These matrices satisfy the group composition rule
L’ (AL (A) = L°(A'A) . (34.2)
For an infinitesimal transformation A#y = Oty + OWHy, We can write

L,*(146w) = 6," + 6w, (SE)a" (34.3)



where (Sp#v).b = — (SLv#)Jb 1s a set of 2 X 2 matrices that obey the same commutation relations as the
generators M#v, namely

[SE”,8L7] = i(g“” Sr7 — (w—w)) — (peo) . (34.4)
Using
U(1+6w) = I + %0wy, M* (34.5)

eq. (34.1) becomes
[Ya (), M) = LYo (z) + (SE)a"vb() | (34.6)
where L1V =1/1(x#dV— XVoH).

The £L#v term 1n eq. (34.6) would also be present for a scalar field, and 1s not the focus of our current

interest; we will suppress 1t by evaluating the fields at the spacetime origin, x» = 0.

Recalling that M1 = giik]Jy, where Jk 1s the angular momentum operator, we have

¥ [1pa (0), J] = (S7)a"¥s(0) - (34.7)
Recall that the (2,1) representation of the Lorentz group includes angular momentum j = 1/2 only.
For a spin-one-half operator, the standard convention is that the matrix on the right-hand side of eq.

(34.7) 1s 1/2 eikox where we have suppressed the row index a and the column index b , and where Okis
a Pauli matrix:



o1 = (2 é) o2 = (S BZ> 032((1) _01). (34.8)

We therefore conclude that

( ij)ab — %5ijk0k 3

Thus, for example, setting 1 =1 and j =2 yields (Sp12).> =12 €!%kox =1/2 03, and so (Sp.12)1! =+ 1/2,
(SL12)22=—1/2 , and (SL12)12 = (SL12),! = 0.

Once we have the (2,1) representation matrices for the angular momentum operator Ji, we can easily get
them for the boost operator Kx = Mk0,

This 1s because Jx = Nk + NTx and Kk = 1(Nx— NTx), and, acting on a field in the (2,1) representation, Ntk
1S Zero.

Therefore, the representation matrices for Kx are simply 1 times those for Ji, and so
(SK0) b = Lioy, . (34.10)
Now consider taking the hermitian conjugate of the left-handed spinor field ya(x).

Recall that hermitian conjugation swaps the two SU(2) Lie algebras that comprise the Lie algebra of the
Lorentz group.

Therefore, the hermitian conjugate of a field in the (2,1) representation should be a field in the (1,2)
representation; such a field is called a right-handed spinor field or a right-handed Weyl field.



We will distinguish the indices of the (1,2) representation from those of the (2,1) representation by
putting dots over them.

Thus, we write

[Wa ()] = ¥l (). (34.11)
Under a Lorentz transformation, we have

U(A) "9} (z)U(A) = Ri*(A)y] (A'2) (34.12)

where Rdb (A) i1s a matrix in the (1,2) representation.

These matrices satisfy the group composition rule

R’ (A)R;4(A) = Ra(NA) . (34.13)
For an infinitesimal transformation A#y = Oty + OWHy, We can write
Ra?(1+46w) = 64 + 16w, (SE)a? (34.14)
where ( Sé”)g = —( SEM)Q is a set of 2 x 2 matrices that obey the same commutation relations as the

generators M#v,

We then have



[$4(0), M*] = (SK")a"} (0) (34.15)
Taking the hermitian conjugate of this equation, we get

[M*,4(0)] = [(SE”)a"]" ¥ (0) - (34.16)
Comparing this with eq. (34.6), we see that

(SE)ab = —[(SH)a1]* . (34.17)

In the previous section, we examined the Lorentz-transformation properties of a field carrying two vector
indices.

To help us get better acquainted with the properties of spinor indices, let us now do the same for a field
that carries two (2,1) indices.

Call this field Ca(Xx). Under a Lorentz transformation, we have

U(A)"1Cu(2)U(A) = Le¢(A)Ly¢(A)Cog(A™ ) . (34.18)

The question we wish to address 1s whether or not the four components of Cap can be grouped into
smaller sets that do not mix with each other under Lorentz transformations.

To answer this question, recall from quantum mechanics that two spin-one-half particles can be in a state
of total spin zero, or total spin one.



Furthermore, the single spin-zero state 1s the unique antisymmetric combination of the two spin-one-half
states, and the three spin-one states are the three symmetric combinations of the two spin-one-half states.

We can write this schematically as 2 ® 2 = 15 ® 3s, where we label the representation of SU(2) by the

number of its components, and the subscripts S and A indicate whether that representation appears in the
symmetric or anti-symmetric combination of the two 2’s.

For the Lorentz group, the relevant relation is (2,1) ® (2,1) =(1,1)a & (3,1)s .
This implies that we should be able to write

Cab(z) = €apD(z) + Gap() (34.19)
where D(X) 1s a scalar field, €., = —€ba 1s an antisymmetric set of constants, and Gap(X) = Gpa(X).

The symbol €, 1s uniquely determined by its symmetry properties up to an overall constant; we will
choose €1 = —€12 = +1.

Since D(X) 1s a Lorentz scalar, eq. (34.19) is consistent with eq. (34.18) only if

Lo¢(A) Ly (A)eeqg = €ap - (34.20)

This means that €, 1s an invariant symbol of the Lorentz group: it does not change under a Lorentz
transformation that acts on all of its indices.

In this way, €. 1s analogous to the metric g,v, which is also an invariant symbol, since



AN PA G = Guo - (34.21)

We use g,v and its inverse g#V to raise and lower vector indices, and we can use €., and and its inverse gab
to raise and lower left-handed spinor indices.

Here we define €2b via

12

el =gy =+1, et=ep=-1 (34.22)
With this definition, we have
e =0.",  €%pe = 8% . (34.23)
We can then define
(z) = e®Py(z) - (34.24)
We also have (suppressing the spacetime argument of the field)
Yo = e’ = €ape™ e = 8 Y , (34.25)

as we would expect.

However, the antisymmetry of €2 means that we must be careful with minus signs; for example, eq.
(34.24) can be written 1n various ways, such as

P = e%hy = —£"%py, = —1hpe® = e . (34.26)



We must also be careful about signs when we contract indices, since
¥*Xa = €%YoXa = —€"PpXa = — X" - (34.27)

In section 35, we will (mercifully) develop an index-free notation that automatically keeps track of these
essential (but annoying) minus signs.

An exactly analogous discussion applies to the second SU(2) factor; from the group-theoretic relation
(12) ® (1,2)=(1,1)a ® (1,3)s, we can deduce the existence of an invariant symbol €., = —€;,

We will normalize £%° according to eq. (34.22).

Then eqs. (34.23-34.27) hold if all the undotted indices are replaced by dotted indices.
Now consider a field carrying one undotted and one dotted index, A (X).

Such a field 1s in the (2,2) representation, and in section 33 we concluded that the (2,2) representation
was the vector representation.

We would more naturally write a field in the vector representation as Au(X).

There must, then, be a dictionary that gives us the components of A, (X) in terms of the components of
A, (X); we can write this as

Age(z) =0l Ay(2) , (34.28)



woo. . .
where 0, 1s another invariant symbol.

That such a symbol must exist can be deduced from the group-theoretic relation

2,)2(1,2)®(2,2)=011a.... (34.29)

As we will see 1n section 35, 1t turns out to be consistent with our already
established conventions for Sy#v and Sg#Y to choose

.U —
o = (I,5) . (34.30)
Thus, for example, 0' — 4103 =—1.05 =03. =0.

» 222 »Y12 0 T 21

In general, whenever the product of a set of representations includes the singlet, there is a corresponding
invariant symbol.

For example, we can deduce the existence of g,v = gv, from

(27 2) ® (2> 2) — (17 1)S D (la 3)A D (3a l)A D (3a 3)8 . (34.31)

Another invariant symbol, the Levi-Civita symbol, follows from
(2,2)®(2,2) ®(2,2)®(2,2) =(1,1)a & ..., (34.32)

where the subscript A denotes the completely antisymmetric part.



The Levi-Civita symbol 1s e#veo, which 1s antisymmetric on exchange of any pair of its indices, and 1s

normalized via €0123 = 41,

To see that €#veo is invariant, we note that A»#qAvgAryAose2BV0 is antisymmetric on exchange

of any two of its uncontracted indices, and therefore must be proportional to e#Vveo,

The constant of proportionality works out to be det A, which is +1 for a proper Lorentz transformation.
We are finally ready to answer a question we posed at the beginning of section 33.

There we considered a field B#v(x) carrying two vector indices, and we decomposed it as

B" (z) = A" (z) + S*(z) + ¢ T(z) , (34.33)
where A#v 1s antisymmetric (A#»Y = —Av#) and S#V 1s symmetric (S#v = Sv#) and traceless (g,vS*v = 0).
We asked whether further decomposition into still smaller irreducible representations was possible.
The answer to this question can be found in eq. (34.31).
Obviously, T(x) corresponds to (1,1), and S#V(x) to (3,3).

But, according to eq. (34.31), the antisymmetric field A#»V(x) should correspond to (3,1) @ (1,3).



A field in the (3,1) representation carries a symmetric pair of left-handed (undotted) spinor indices; its
hermitian conjugate is a field in the (1,3) representation that carries a symmetric pair of right-handed
(dotted) spinor indices.

We should, then, be able to find a mapping, analogous to eq. (34.28), that gives A#*¥(x) in terms of a
field G_;(z) and its hermitian conjugate G’Zb(x) .

This mapping 1s provided by the generator matrices Sp#v and Sr#V.
We first note that the Pauli matrices are traceless, and so egs. (34.9) and (34.10) imply that (Sy1#v).2 = 0.
Using eq. (34.24), we can rewrite this as €26(Sy#V)a, = 0.

Since €2b1s antisymmetric, (Si#V)a must be symmetric on exchange of its two spinor indices.

An identical argument shows that (Sr#¥)ap must be symmetric on exchange of its two spinor indices.
Furthermore, according to eqgs. (34.9) and (34.10), we have

(S£9)a” = —i(S7%)a" . (34.34)

This can be written covariantly with the Levi-Civita symbol as

( 5V)ab — _%eﬂupa(SLpa)ab . (3435)



Similarly, . | |
(SE)ab = +2eMP7 (S bo)ab . (34.36)

Eq. (34.36) follows from taking the complex conjugate of eq. (34.35) and using eq. (34.17).

Now, given a field G.(x) in the (3,1) representation, we can map it into a self-dual antisymmetric tensor
Gnv(x) via

GH () = (S")® G () . (34.37)

By self-dual, we mean that G#V(x) obeys

G (z) = — LeMP? Gy (z) . (34.38)
Taking the hermitian conjugate of eq. (34.37), and using eq. (34.17), we get

G (z) = —(SE)*G! (2) | (34.39)
which 1s anti-self-dual,

G (z) = +4eMP Gl () . (34.40)

Given a hermitian antisymmetric tensor field A#V(x), we can extract its self-dual and anti-self-dual parts
via

G (z) = LA () — 1eMPAp (@) Ga.41)
G (z) = LA™ () + 1e"PAp (z) (34.42)



Then we have

AP () = G* () + GT™ () . (34.43)

The field G#¥(x) is in the (3,1) representation, and the field G/ (x) is in the (1,3) representation; these
do not mix under Lorentz transformations.

35 Manipulating Spinor Indices
In section 34 we introduced the invariant symbols €2, e, €,; , and gdi’ , where

el? = ¢l? = €21 = €51 = +1, g2l = g%l = €12 = €j5 = —1. (35.1)

We use the € symbols to raise and lower spinor indices, contracting the second index on the €.

If we contract the first index instead, then there 1s an extra minus sign.

Another invariant symbol 1s

05& — (I7 0) ) (35.2)

where I is the 2 x 2 identity matrix, and

g1 = 0 1 y 02 = 0 ! y 03 = ! 0 (353)
1 0 1 0 0 -1

are the Pauli matrices.



Now let us consider some combinations of invariant symbols with some indices contracted, such

B v
ds g’u,/O'aaO'bb .

This object must also be invariant.
Then, since it carries two undotted and two dotted spinor indices, it must be proportional to €a € ;.
Using eqgs. (35.1) and (35.2), we can laboriously check this; it turns out to be correct.

The proportionality constant works out to be minus two:

K = .
O aa¥ b = 2EqbE i, - (35.4)
Similarly, eab gb ot o,; must be proportional to g,v, and the proportionality constant is again minus
two: b_ab
a a v o __ v
eVEV 0,00 = —29" . (35.5)

: b :
Next, let’s see what we can learn about the generator matrices (Sl[fy)a and (S %V)g from the fact

b . .
that e, €*° and o', are all invariant symbols.

Begin with d
: eab = L(A)aL(A)p €cd , (35.6)
which expresses the Lorentz invariance of €ap.

For an infinitesimal transformation A#y = Oy + Ow*y, we have



Lo’ (146w) = 6,° + £6w, (SE)a° (35.7)

and eq. (35.6) becomes

Cab = Eab + 50wy | (SE)a%eeh + (S ) %ad | + O(d0?)

(35.8)

= eab + 0wy | —(SE )ab + (S )sa | + O(807)
Since eq. (35.8) holds for any choice of 0wy, it must be that the factor in square brackets vanishes.

Thus we conclude that (S1#V)a = (S1#V)va, which we had already deduced in section 34 by a different
method.

Similarly, starting from the Lorentz invariance of £% we can show that (S5 )i = (S5 )i -

Next, start from

chLd — APTL(A) R(A) bb 9

which expresses the Lorentz invariance of o

For an infinitesimal transformation, we have



AP = 6P + 26w, (SEY)P (35.10)

Lo’ (146w) = 85" + £0wu (SE)a" (35.11)
R’ (146w) = 6:° + £6w,, (SE)a? (35.12)

where
(S¢7)Pr = L(gHP" s — g"Po*;) . (35.13)

Substituting egs. (35.10-35.13) into eq. (35.9) and isolating the coefficient of 0w, yields
(g"P8", — g"PS*)or, +i(SEY) ol +i(SE)s 08 =0.  (35.14)
Now multiply by o, to get

O'étc-O'Zd cc a,a + 7’(‘5”u ) UbaUPCC + Z(S“V) ° prPCC =0. (35-15)

Next use eq. (35.4) in each of the last two terms to get

ot.or, — 0ot + 2i(SL” )ac€ac + 26(SK )ac€ac = 0 . (35.16)

cc” aa

If we multiply eq. (35.16) by -4¢ | and remember that 551@(5%”)&6 — (0 and that e%eq =

get a formula for (Sp#V)ac, namely

—2 we



(SE")ac = §6%(0hs00: — Ona0he) - (35.17)

Similarly, if we multiply eq. (35.16) by €ac, we get

(SR )ac = ﬁ€ac(05aagé — 0g40%2) - (35.18)

These formulae can be made to look a little nicer if we define

GHae — 5“1’6&6056 . (35.19)
Numerically, it turns out that
ghi = (I, —-3) . (35.20)

Using " , we can write eqgs. (35.17) and (35.18) as

+4(0"5" — 0"5")a" (35.21)

(S£")a’
(SK")% = —4(a"0” —&"a")%; . (35.22)

In eq. (35.22), we have suppressed a contracted pair of undotted indices arranged as ¢, and in eq.
(35.21), we have suppressed a contracted pair of dotted indices arranged as . .

We will adopt this as a general convention: a missing pair of contracted, undotted indices 1s understood
to be written as <. , and a missing pair of contracted, dotted indices is understood to be written as b

Thus, if % and 1 are two left-handed Weyl fields, we have



X¥ = x%, and xiyf =xIyfe. (25.23)

We expect Weyl fields to describe spin-one-half particles, and (by the spin-statistics theorem) these
particles must be fermions.

Therefore the corresponding fields must anticommute, rather than commute.

That 1s, we should have
Xa(Z)Vs(y) = =¥ (¥)Xa(T) - (25.24)

Thus we can rewrite eq. (35.23) as
XY = X"Va = —YaX" = V"Xa = ¥X - (25.25)

The second equality follows from anticommutation of the fields, and the third from switching ,* to
(which introduces an extra minus sign).

Eq. (35.25) tells us that yy = ¢y, which 1s a nice feature of this notation.

Furthermore, if we take the hermitian conjugate of Y, we get

)" = (X*%a)T = (o) (X)) = plxT = oixt. (25.26)

That ()= ypTyT1s just what we would expect if we 1gnored the indices completely.

Of course, by analogy with eq. (35.25), we also have Ty = yTyf.



In order to tell whether a spinor field 1s left-handed or right-handed when its spinor index is suppressed,

we will adopt the convention that a right-handed field 1s always written as the hermitian conjugate of a
left-handed field.

Thus, a right-handed field 1s always written with a dagger, and a left-handed field 1s always written
without a dagger.

Let’s try computing the hermitian conjugate of something a little more complicated:
ity = ol e, . (35.27)
This behaves like a vector field under Lorentz transformations,

UA)'la#x]U(A) = A¥,[pTa"x] . (35.28)

To avoid clutter, we suppressed the spacetime argument of the fields; as usual, it is x on the left-hand
side and A-!x on the right.

The hermitian conjugate of eq. (35.27) 1s _ o
Wiatxt = [l o x.]'

= X! (5")* ),
— X(T; 5Méa¢a

(35.29)
= XTc"f“w .

n the third line, we used the hermiticity of the matrices " = (I, —5)

We will get considerably more practice with this notation in the following sections.



36 Lagrangians for Spinor Fields

Suppose we have a left-handed spinor field ..
We would like to find a suitable lagrangian for it.
This lagrangian must be Lorentz invariant, and it must be hermitian.

We would also like it to be quadratic in 1, and its hermitian conjugate .7, because this will lead to a
linear equation of motion, with plane-wave solutions.

We want plane-wave solutions because these describe free particles, the starting point for a theory of
interacting particles.

Let us begin with terms with no derivatives.
The only possibility 1s Yap= P2, = €abyppPa, plus its hermitian conjugate.

Because of anticommutation of the fields (Yppa = —aPv), this expression does not vanish (as it would if
the fields commuted), and so we can use it as a term in £.

Next we need a term with derivatives.
The obvious choice 1s oo, plus i1ts hermitian conjugate.

This, however, yields a hamiltonian that 1s unbounded below, which is unacceptable.



To get a bounded hamiltonian, the kinetic term must involve both 1 and 7.
A candidate 1s 1T 0#d,N.

This not hermitian, but

(i1 5 0,1 = (i) 740yhc)’

—i0, P} (6%) a

= —id, P! %Y,

= it} 70t — 10, (] 7).

= i "0, — 10, (T5Hp) .

(36.1)

In the third line, we used the hermiticity of the matrices 7, = (I, - 7).

In the fourth line, we used —(0A)B=AJdB- 0(AB).

In the last line, the second term is a total divergence, and vanishes (with suitable boundary conditions on
the fields at infinity) when we integrate it over d*x to get the action S.

Thus z'wT 60, has the hermiticity properties necessary for a term in £.

Our complete lagrangian for 1 is then



L =i a0, — tmapyp — tm* Tyt (36.2)
where m 1s a complex parameter with dimensions of mass.

The phase of m is actually irrelevant: it m = Im|e*™ , we can set ) = e ie/2 ;Z in eq. (36.2); then we get
a lagrangian for v that is identical to eq. (36.2), but with m replaced by Iml.

So we can, without loss of generality, take m to be real and positive in the first place, and that is what we
will do, setting m*=m 1n eq. (36.2)

The equation of motion for 1 is then

5S ~
0= —5ur = —ig" 0,1 +mapt (36.3)

Restoring the spinor indices, this reads
0 = —igH*9, b + mapTe . (36.4)
Taking the hermitian conjugate (or, equivalently, computing —0S/01), we get
0 = +i(6"*)* Oup] + my®
— igHa9, ] + my® (36.5)
= —iot, Bﬂzpfé + ma, .



In the second line, we used the hermiticity of the matrices 0, = (I, - &)

In the third, we lowered the undotted index, and switched €. to ¢, which gives an extra minus sign.

Egs. (36.5) and (36.4) can be combined to read

mMog° —i0t. 0 0
( ) ” “)( C.):o. (36.6)
_ighied,  met ) \yté
We can write this more compactly by introducing the 4x4 gamma matrices
0 og
ol , : (36.7)
ot 0

Using the sigma-matrix relations,

(70" 770 e = =290 (36.8)
(cto” +a"o")?. = —2¢"" 6% ,
which are most easily derived from the numerical formulae o, = (I,) and 1% = (I, —d),we see
that the gamma matrices obey
{7} = 2", (36.9)

where {A,B} = AB+ BA denotes the anticommutator, and there 1s an understood 4 x 4 identity matrix on
the right-hand side.



We also introduce a four-component Majorana field

U = (f;) (36.10)

(—tv*0, +m)¥ =0. (36.11)

Then eq. (36.6) becomes

This 1s the Dirac equation.

We first encountered it in section 1, where the gamma matrices were given different names (5 = o and
ak = yOyk).

Also, in section 1 we were trying (and failing) to interpret W as a wave function, rather than as a
quantum field.

Now consider a theory of two left-handed spinor fields with an SO(2) symmetry,
L = 6" 0t — ympith — maplo] (36.12)
where the spinor indices are suppressed and 1 = 1, 2 1s implicitly summed.

As 1n the analogous case of two scalar fields discussed in sections 22 and 23, this lagrangian 1s invariant
under the SO(2) transformation

We can write the lagrangian so that the SO(2) symmetry appears as a U(1) symmetry instead; let



X = 5(%1 +ite) (36.14)
§ = Z5(1h —iva) . (36.15)

In terms of these fields, we have
L =ix'ard,x +i'o10,6 — mx& —meTxT . (36.16)

Eq. (36.16) 1s invariant under the U(1) version of eq. (36.13),

X — e "x,

. (36.17)
+ g .

{—e

Next, let us derive the equations of motion that we get from eq. (36.16), following the same procedure
that ultimately led to eq. (36.6).

cC —aH
( md.a wa? QL) (Xc) _0. (36.18)
—igh?€ 9,  md%. gte

We can now define a four-component Dirac field

Xe
U = (g*é) , (36.19)

The result 1s



which obeys the Dirac equation, eq. (36.11).

We have annoyingly used the same symbol W to denote both a Majorana field and a Dirac field; these are
different objects, and so we must always announce which is meant when we write W.

We can also write the lagrangian, eq. (36.16), in terms of the Dirac field W, eq. (36.19).

First we take the hermitian conjugate of W to get

U= (xl, €. (36.20)

[0 &
b= (5ac 0 ) ' (36.21)

Introduce the matrix

Numerically, 3 = 9.
However, the spinor index structure of 3 and Y9 is different, and so we will distinguish them.

Given 3, we define o
T=wip= (¢ xl). (36.22)
Then we have

T = £%, + 1€t . (36.23)



Also,
UyH9, W = %", 8,61 + x! 5149, x. . (36.24)

Using AoB = —(0A)B + d(AB), the first term on the right-hand side of eq. (36.24) can be rewritten as
20t 9,1 = —(8,6%) 0", €1 + 8, (6%, £1%) . (36.25)
Then the first term on the right-hand side of eq. (36.25) can be rewritten as
—(8,6%) o™, €1¢ = 1£1%0H, 9,6° = +€] 57,8, . (36.26)

Here we used anticommutation of the fields to get the first equality, and switched ¢; to +€ and 5 to %,
(thus generating two minus signs) to get the second.

Combining eqgs. (36.24-36.26), we get

U9, U = xT518,x + £1670,& + 0, (Ea*¢T) . (36.27)

Therefore, up to an irrelevant total divergence, we have
L =i¥y"9,¥ — mUV . (36.28)
This form of the lagrangian is invariant under the U(1) transformation

U — e @0,
G, o (36.29)
— e .



which, given eq. (36.19), 1s the same as eq. (36.17).

The Noether current associated with this symmetry is

§* = Uy = xTghy — ¢lare . (36.30)

In quantum electrodynamics, the electromagnetic current is eafy”“\IJ, where e 1s the charge of the
electron.

As 1n the case of a complex scalar field with a U(1) symmetry, there is an additional discrete symmetry,
called charge conjugation, that enlarges SO(2) to O(2).

Charge conjugation simply exchanges y and &.

We can define a unitary charge conjugation operator C that implements this,
C ™ Xa(2)C = &u(z)
C™¢u(2)C = Xa(z)

where, for the sake of precision, we have restored the spinor index and spacetime argument.

(36.31)

We then have C-1L(x)C = £L(X).

To express eq. (36.31) in terms of the Dirac field, eq. (36.19), we first introduce the charge conjugation
matrix



[ €ac 0
C= 0 g )’ (36.32)

Next we notice that, if we take the transpose of W, eq. (36.22), we get

. [
U = .
(xll ) (36.33)

Then, if we multiply by C, we get a field that we will call W€, the charge conjugate of W,

Ve =CU" = ( iﬁ”d) . (36.34)
X

We see that WC is the same as the original field W, eq. (36.19), except that the roles of i and € have been
switched.

We therefore have

C1U(z)C = ¥°(x) (36.35)
for a Dirac field.
The charge conjugation matrix has a number of useful properties.

As a numerical matrix, it obeys

Ct=Cc'=c'=-¢C, (36.36)



and we can also write it as

—gac 0
C = ( ) . (36.37)
0  —€ae
A result that we will need later 1s
X e 0 0 ot Ece O
C ' vHC = . .
0 €,/ \a"c 0 0 g

( 0 8abo.ll;l'é6éé )
8ab5-'ubcece O

:< 0 _‘_ﬂmé), (36.38)

7
o 0

The minus signs in the last line come from raising or lowering an index by contracting with the first
(rather than the second) index of an € symbol.

0 Uga
v = : (36.39)

Comparing with

we see that

CivHC = —(4")T . (36.40)



Now let us return to the Majorana field, eq. (36.10).
It is obvious that a Majorana field is its own charge conjugate, that is, W€ =W,
This condition is analogous to the condition ¢= ¢ that is satisfied by a real scalar field.

A Dirac field, with its U(1) symmetry, 1s analogous to a complex scalar field, while a Majorana field,
which has no U(1) symmetry, 1s analogous to a real scalar field.

We can write our original lagrangian for a single left-handed spinor field, eq. (36.2), in terms of a
Majorana field, eq. (36.10), by retracing eqgs. (36.20-36.28) with ¥ — 1 and § — ).

The result is

L =10y, — imIV . (36.41)

N| e

However, we cannot yet derive the equation of motion from eq. (36.41) because it does not yet
incorporate the Majorana condition WC€ = W,

To remedy this, we use eq. (36.36) to write the Majorana condition ¥ = C¥ " as ¥ = UTC,

Then we can replace W in eq. (36.41) by WTC to get
L= 2UTCyH 9,V — ;mITCY . (36.42)

The equation of motion that follows from this lagrangian 1s once again the Dirac equation.



We can also recover the Weyl components of a Dirac or Majorana field by means of a suitable projection
matrix.

Define _§.c 0
V5 ( . ), (36.43)
0 +0%

where the subscript 5 is simply part of the traditional name of this matrix, rather than the value of some
index.

Then we can define left and right projection matrices

P, = 1(1— ) (5"’C O)
= 51 —75)= )
L 2 00 (36.44)
P = 1@ ) (O ’ ) |
=50 +75) = .
t T2 0 6

Thus we have, for a Dirac field,

Xec

0

(36.45)



The matrix ys can also be expressed as

15 = iy iy

. (36.46)
= _ﬁguupaf)’myu')’p'ya ;
where €0123 =—1.

Finally, let us consider the behavior of a Dirac or Majorana field under a Lorentz transformation.

Recall that left- and right-handed spinor fields transform according to

U(A) " a(z)U(A) = L(A)o (A 2) , (36.47)
UA) "l (z)U(A) = R(A):é (A ), (36.48)

where, for an infinitesimal transformation A¥, = §*, + dw*,,

L(1+0w)a® = 82° + £0w, (S™)a® 36.49)

R(140w)s¢ = 8a° + £0wun (SK”)aC , (36.50)
and where |

(S£7)a’ = +5(c* 5" — a¥3H),°, (36.51)

(Sh")ee = —(6M0” — ¥ aH)%, . (36.52)



From these formulae, and the definition of y#, eq. (36.7), we can see that

[y Y] (HSI{W)GC ’ ) qH
Y, 47 = | =S 36.53
g7 0 (8, ( )

Then, for either a Dirac or Majorana field W, we can write
UM (2)UA) =DA)¥ (A 2), (36.54)
where, for an infinitesimal transformation, the 4 x 4 matrix D(A) is
D(14+éw) =1+ %5&)“,,5“” : (36.55)

with S#v given by eq. (36.53).

The minus sign in front of Sg#¥ in eq. (36.53)is compensated by the switch from a c . contraction in eq.
(36.50)toa € contraction in eq. (36.54).

37 Canonical Quantization of Spinor Fields I

Consider a left-handed Weyl field 1 with lagrangian

L =iwp'a"d,p — sm(pyp + Yiyt) . (37.1)



The canonically conjugate momentum to the field a(X) is the

r(z) = oL
~ 0(00%a(z))
= i@bg(x)ﬁo‘m :
The hamiltonian is
H=m “Bozpa — L

= ithl 5%, — L

= —ip15'Oinh + Sm(yp + pToT) .

The appropriate canonical anticommutation relations are

{%(Xa t)awc(}’a t)} =0,

{tha(x,8), (v, 1)} = 16" (x —y) .

Substituting in eq. (37.2) for mc, we get

{Ya(x,1), YL (y, 1) }5%° = 6,583 (x — y) .

Then, using 0o = 0%=1, we have

{Ya(x,1), ¥ (y, 1)} = 0283 (x — y) ,

(37.2)

(37.3)

(37 4)
(37.5)

(37.6)

(37.7)



or, equivalently,

{W%(x,t),9"(y, )} =" (x—y) .

(37.8)

We can also translate this into four-component notation for either a Dirac or a Majorana field.

A Dirac field is defined in terms of two left-handed Wey] fields 7y and € via

We also define

where

The lagrangian 1s

The fields ¥ and € each obey the canonical anticommutation relations of eq. (37.5).

This translates into

U =

6=

L = ix'548,x +i€1548,& — m(x¢ + €7xT)

B

T=0ig=(¢"x}),

( 0
00°

5%)
o)

= iUy*9, ¥ — mUV .

= (1)apd’(x—y),

(37.9)

(37.10)

(37.11)

(37.12)

(37.13)
(37.14)



where a and 3 are four-component spinor indices, and

0 Ugé
N = ( ) . (37.15)

GHie

Egs. (37.13) and (37.14) can also be derived directly from the four-component form of the lagrangian,
eq. (37.12), by noting that the canonically conjugate momentum to the field W is 0£/9(doW) = 1WY0, and

that (y0)2 = 1.

A Majorana field 1s defined in terms of a single left-handed Weyl field 1 via

oo [V
= " : (37.16)
We also define
U=0ig=(y* ¢l). (37.17)
A Majorana field obeys the Majorana condition
U =vU'C, (37.18)
where
_ECLC O
C = ( ) (37.19)
0 —€ae

1s the charge conjugation matrix.



The lagrangian 1s

L = i))'6"0, — ym(y + ¥y
U9,V — ImUU (37.20)
W

The field 1y obeys the canonical anticommutation relations of eq. (37.5).

This translates into

{Ua(x,1), Us(y,t)} = (C1°)ap 0’ (x —y) (3721)
{Ua(x,1),Up(y, 1)} = (V)apd®(x —y) (37.22)

where o and [3 are four-component spinor indices.

To derive eqgs. (37.21) and (37.22) directly from the four-component form of the lagrangian, eq. (37.20),
requires new formalism for the quantization of constrained systems.

This is because the canonically conjugate momentum to the field W is 0£/3(doW) = 1/2WTCy0 | and this

is linearly related to W itself; this relation constitutes a constraint that must be solved before imposition
of the anticommutation relations.

In this case, solving the constraint simply returns us to the Weyl formalism with which we began.

J— ~ —~~
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The equation of motion that follows from either ea. (37.12) or eq. (37.20) is the Dirac equation,

(—id+m)¥ =0. (37.23)

Here we have introduced the Feynman slash: given any four-vector a#, we define

¢=aq " (37.24)

To solve the Dirac equation, we first note that if we act on it with —%@ +m | we get

0= (i@ +m)(—id +m)¥
(PP + m>)V (37.25)

(=0% + m?)V .

Here we have used
¢¢‘ — auau’yp'yy
— L AV Lo AV
T aﬂa’V(2{7 s Y }+ 2[7 s Y ])

= auay (—QW + %[’Yﬂafyu])
= —a,a,9"" + 0

:—a2.

(37.26)

From eq. (37.25), we see that W obeys the Klein-Gordon equation.
Therefore, the Dirac equation has plane-wave solutions.

Let us consider a specific solution of the form



U(z) = u(p)e?* + v(p)e . (37.27)
where p® = o = (p? + m?2)!/2, and u(p) and v(p) are four-component constant spinors.

Plugging eq. (37.27) into the eq. (37.23), we get

(#+ m)u(p)e®® + (—g +m)v(p)e”P* = 0. (37.28)

Thus we require

(# +m)u(p)
(=# + m)v(p)

Each of these equations has two linearly independent solutions that we will call u+(p) and v+(p); their
detailed properties will be worked out in the next section.

0, (37.29)
0. '

The general solution of the Dirac equation can then be written as
(z)= 3" [ dp [bu(us(p)e™ +dl(p)os(p)e ] | (37.30)
s=d=

where the integration measure is as usual

dp = (37.31)



38 Spinor Technology

The four-component spinors us(p) and vs(p) obey the equations

(P + m)us(p) =0,

(38.1)
(—#+m)vs(p) = 0.
Each of these equations has two solutions, which we label via s =+ and s = —.
For m # 0, we can go to the rest frame, p = 0.
We will then distinguish the two solutions by the eigenvalue of the spin matrix
i i 293 0
S, = 1[71,72] = 5’71’72 = ( 1 ) : (38.2)
0 50’3
Specifically, we will require
Szui (O) — i%ui (O) ) (38 3)
Sz’Ui (O) S :F%’Ui (0) . .
The reason for the opposite sign for the v spinor 1s that this choice results in
J,. bl (0)] = £1p! (0) ,
J2,b(0)] = £15L(0) 38

[J,,dL(0)] = £idl.(0),

where J, is the z component of the angular momentum operator.



Eq. (38.4) implies that b7.(0) and d+(0) each creates a particle with spin up along the z axis.
We will verity eq. (38.4) in problem 39.2.

For p =0, we have Zd = —mY?, where

0 (0 I )
— , (38.5)
! I 0

Egs. (38.1) and (38.3) are then easy to solve.

Choosing (for later convenience) a specific normalization and phase for each of u+(0) and v+(0), we get

1 0
0 1
ut(0) =vm | |, u-(0) =vm| o |,
0 1
(38.6)
0 —1
1 0
U-I-(O) — \/E 0 ) ’U_(O) — \/R 1
—1 0
For later use we also compute the barred spinors
us(p) = ul(p)B
(38.7)

vus(p) = vi(p)8,



where

0 I
B = (1 o) (38.8)
satisfies
BT = 5T =B81=3. (38.9)
We get
u4(0) = v/m (1,0, 1, 0),
u_(0) =+v/m(0,1,0,1),
020 = Vi 01,0, 410
v_(0) = v/m (1, 0, —1, 0)

We can now find the spinors corresponding to an arbitrary three-momentum p by applying to us(0) and
vs(0) the matrix D(A) that corresponds to an appropriate boost.

This 1s given by

D(A) = exp(inp-K) , (38.11)
where P is a unit vector in the p direction, K9 = %[7,94%] = %4749 is the boost matrix, and
N = sinh~!(Ipl/m) 1s the rapidity.

Thus we have
w.(p) = exp(inpK)u.(0), 351



We also have

Ug = us(0) exp(—inp-K) ,
u (p) u (0) exp( np ) (38.13)
Us(P) = Us(0) exp(—inp-K) .
This follows from KJ = K7, where for any general combination of gamma matrices,
A=pAT3. (38.14)
In particular, it turns out that — "
=",
SV — SHV
s = 5, (38.15)
s = s
15 S = 155K .
The barred spinors satisfy the equations
us(p)(p+m) =0, 35.16)
Us(P)(—#+m) = 0. |

It 1s not very hard to work out us(p) and vs(p) from eq. (38.12), but it is even easier to use various tricks
that will sidestep any need for the explicit formulae.

Consider, for example, %y (p)us(p); from egs. (38.12) and (38.13), we see that Ty (p)us(p) = Uy (0)us(0),
and this is easy to compute from eqs. (38.6) and (38.10).



We find

Ug! (p)us(p) = +2m 63’3 )
(U (p)vs(p) = —2m 53’3 )

38.17
us (p)vs(p) = 0, ( )
vy (P)us(p) = 0.

2muy (p')y us(p) = Uy (') ;(p’ +p)t — 2iS" (p — p)u; us(P) , (38.18)
—2m s (p')7*vs(p) = Vs (P') | (' + p)F — 2iS* (' — p)u |vs(P) -
To derive them, start with
W = {7, #} + 500" #l = —p* - 2i5"p, (38.19)
P = {8 - S = -t + 2057, (38.20)

Add egs. (38.19) and (38.20), sandwich them between u’ and u spinors (or v’ and v spinors), and use egs.
(38.1) and (38.16).

An important special case is p’ = p; then, using eq. (38.17), we find

ﬂs’(p)”y#us(p) — 2p“53’s )

0 (P)70s(P) = 2965 S

With a little more effort, we can also show



Us (P)Y vs(—P)
Vg (p) US( p)

?

X 38.22
0 (38.22)

We will need eqgs. (38.21) and (38.22) in the next section.
Consider now the spin sums Y ._, us(p)us(p) and Y ._ . vs(p)vUs(p), each of which is a 4 x 4 matrix.

The sum over eigenstates of S, should remove any memory of the spin-quantization axis, and so the
result should be expressible in terms of the four-vector p# and various gamma matrices, with all vector
indices contracted.

In the rest frame, = -my?, and it is easy to check that $°__ L us(0)us(0) = myY +m and
> s—+ Us(0)75(0) = m’)’o — m.

We therefore conclude that

> us(p)us(p) = —p+m,
s=+
2”8(p)68(P) =-—p—m.

(38.23)

We will make extensive use of eq. (38.23) when we calculate scattering cross sections for spin-one-half
particles.

From eq. (38.23), we can get u, (p)u+(p), etc, by applying appropriate spin projection matrices.

In the rest frame, we have



(14 285;)us (0) = dssr us(0)
(1 —2585,)vs(0) = ds5 v5(0) . (38.24)

D= DO

In order to boost these projection matrices to a more general frame, we first recall that

I 0
v5 = iy %S = - (38.25)
0 I

This allows us to write S; =1/2 ylvyZ as S, = —1/2 ysy3yv.

In the rest frame, we can write Y0 as —p/m , and V3 as ,‘é , where z+ = (0, // ); thus we have
1
S, = 5150 - (38.26)

Now we can boost S; to any other frame simply by replacing 7{ and g with their values in that frame.

Note that, in any frame, z# satisfies z2 = 1 and z-p= 0.
Boosting eq. (38.24) then yields

3(1 = 5754 (P) = Guw s (P) 38.27
%(1 o 8’)’5#)’031(1)) = Ogg Us’(p) ) D

where we have used eq. (38.1) to eliminate Zj



Combining eqgs. (38.23) and (38.27) we get

(1= sv2)(—p+m), (38.28)
(1—sv2)(—p—m) .

N DN

us(P)ts(P)
vs(P)s(P) =

It 1s interesting to consider the extreme relativistic limit of this formula.
Let us take the three-momentum to be in the z direction, so that it 1s parallel to the spin-quantization axis.
The component of the spin in the direction of the three-momentum 1s called the helicity.

A fermion with helicity +1/2 1s said to be right-handed, and a fermion with helicity —1/2 1s said to be
left-handed.

For rapidity 1, we have

Ly = (coshn,0,0,sinh7) , (38.29)
2zl = (sinh 7, 0,0, cosh ) . |

The first equation is simply the definition of 1, and the second follows from z2 =1 and p -z= 0 (along
with the knowledge that a boost of a four-vector in the z direction does not change its X and y
components).

In the limit of large 1, we see that ) B
2= pt+0(™). (38.30)



Hence, in eq. (38.28), we can replace # with g/m, and then use the matrix
relation (¢/m)(—p £ m) = F(—p¢ £ m), which holds for p? = —m?2.

For consistency, we should then also drop the m relative to ﬂ, since it 1s down by a factor of O(e™).

—

We get us(P)us(p) — 5(1+ sv5)(—p) ,
vs(P)Vs(P) — 5(1 — s75)(—p) -

— N

(38.31)

(\V)

The spinor corresponding to a right-handed fermion (helicity +1/2) 1s u+(p) for a b-type particle and
v-(p) for a d-type particle.

According to eq. (38.31), either of these 1s projected by 1/2 (1 + vvs) = diag(0,0,1,1) onto the lower two
components only.

In terms of the Dirac field W(x), this is the part that corresponds to the right-handed Weyl field.

Similarly, left-handed fermions are projected (in the extreme relativistic limit) onto the upper two spinor
components only, corresponding to the left-handed Weyl field.

The case of a massless particle follows from the extreme relativistic limit of a massive particle.

In particular, egs. (38.1), (38.16), (38.17), (38.21), (38.22), and (38.23) are all valid with m =0, and eq.
(38.31) becomes exact.



Finally, for our discussion of parity, time reversal, and charge conjugation in section 40, we will need a

number of relationships among the u and v spinors.
First, note that Bus(0) = +us(0) and Bvs(0) = —v4(0).
Also, PKi = —Kif3.

We then have

us(—p) = +Bus(p) ,
vs(—p) = —Pus(p) -

(

Next, we need the charge conjugation matrix

0O -1 0 O \
C — +1 0 0 0

0O 0 0 +1

0O O -1 0

which obeys
ct=cl=c'1=-c,

pC =—-Cp ,
CIHC = —(v")" .

(38.32)

(38.33)

(38.34)
(38.35)
(38.36)

Using egs. (38.6), (38.10), and (38.33), we can show that Cus(0)T = vs(0) and Cvs(0)T = us(0).



Also, eq. (38.36) implies C-1KiC= —(Ki)T.
From this we can conclude that

Cus(p)” = vs(P) ;
Co.(p)" = us(p) D

Taking the complex conjugate of eq. (38.37), and using @™ = w! = Pu, we get

u:(p) — C/Bvs(p) )
38.38
s(p) = CPBus(p) - 59

v
Next, note that ysus(0) = +sv_s(0) and y5vs(0) = —su_s(0), and that ysKij = Kivys.

Therefore
Y5Us = 4+Ssv_g4 :
> (p) (p) (38.39)

Combining egs. (38.32), (38.38), and (38.39) results in

} (38.40)

u”(—p) = —sCysus(p) ,
vE(—=p) = —sCysvs(P) -

We will need eq. (38.32) in our discussion of parity, eq. (38.37) in our discussion of charge conjugation,
and eq. (38.40) 1n our discussion of time reversal.



39 Canonical Quantization of Spinor Fields II

A Dirac field W with lagrangian
L=i0@¥ — mIW¥ (39.1)

obeys the canonical anticommutation relations

{¥a(x,t),Yp(y,t)} =0, (39.2)
{Ua(x,1), Up(y, 1)} = (7))ap 8 (x - y) , (39.3)

and has the Dirac equation

(—i@ +m)¥ =0 (39.4)
as its equation of motion.
The general solution is
V(z) =Y [ dp [bu(@)us)e™ + di(p)vs(p)e ] | (39.5)
s==

where bs(p) and d¥s(p) are operators; the properties of the four-component spinors us(p) and vs(p) were
belabored in the previous section.

Let us express bs(p) and dfs(p) in terms of W(x) and E(g;)

We begin with



/d —’&p-’B\I; Z [%bs'(p)us’(p) + 2w QZWth( ) S’(—p)]

s'=+

(39.6)

Next, multiply on the left by 4 (p)7°, and use u,(p)y us (p) = 2wdss and us(p)Y vy (—p) =0

from section 38.

The result 1s

/ &z =P 7 (p)OU () .

Note that bs(p) 1s time independent.

To get bis(p), take the hermitian conjugate of eq. (39.7), using

[ﬂs(p)vo\l’(w)r = Us(p)7 ¥ ()
= T(z)y"us(p)
= U(z)7 us(p)

where, for any general combination of gamma matrices A,

A= BAT3.

Thus we find
= [ e P TepPup).

(39.7)

(39.8)

(39.9)

(39.10)



To extract d7s(p) from W(x), we start with

[ e u(@) = 3 [he by (~p)us(-p) + 5l (B)os ()] (39.11)

-

Next, multiply on the left by 7,(p)4°, and use o, (p)y vy (p) = 2w5;3, and Us (pjyous,(—p) =0
from section 38.

The result 1s
/d ”px_ \I'( ) . (39.12)

To get ds(p), take the hermitian conjugate of eq. (39.12), which yields

/ d’r e "P* U (z)y vs(p) - (39.13)

Next, let us work out the anticommutation relations of the b and d operators (and their hermitian
conjugates).

From eq. (39.2), it is immediately clear that

{bs(p),bs(P')} =0,
{ds(p),ds(P')} =0, (39.14)
{bs(p),d!,(p")} =0,

because these involve only the anticommutator of W with itself, and this vanishes.



Of course, hermitian conjugation also yields

{vi(p),d!,(p")} =0,
{di(p),dl,(p)} =0, (39.15)
{vl(p),ds (')} = 0.
Now consider
(bo(@). 6L (2} = [ dady et (o) (¥ ), () e ()
N / d’z e PP 4y (p)y 7 7 uy (P)
= (2m)*6*(p — P') us(P)Y us (P)
= (2m)%6%(p — p') 2w,y - (39.16)

In the first line, we are free to set x0 = y0 because bs(p) and by (p’) are actually time independent.

In the third, we used (Y9)2 = 1, and in the fourth, 7, (P)Y uy (p) = 2wlsy .

Similarly, o B
{dl(p),ds(P')} = / &’z dy eP* PV 1, (p)Y{¥(z), ¥ (y) 7 vy (P)

= / d’z PP 7, (p)y 71 vy (')
= (2m)°6°(p — P') vs(P)Y vs (P)

= (27'(')3(53(p - p,) 2woss! (39.17)



And finally, o B
(bs(p), dy (0)} = [ dodye ™V, (p)y (W (2), T (1)} vy (B

_ / &z e @)% 5 ()70 %, (p')

—0. (39.18)

According to the discussion in section 3, eqgs. (39.14-39.18) are exactly what we need to describe the
creation and annihilation of fermions.

In this case, we have two different kinds: b-type and d-type, each with two possible spin states, s = + and
s =-—.

Next, let us evaluate the hamiltonian
H = / d’z @(—z”yia&- + m)¥ (39.19)
in terms of the b and d operators.

We have



(—’l:")’iai —I—m)\Il _ Z /Cfi\{) (—’I:’)’iaz' +m>(bs(p)us(p)eip‘”
s==

+ dl (e (p)e )

—~—

= 3 [ db [b@)+'pi + myu(p)e
s==
+ dl(p)(=7'pi + m)vs (p)e " |
= 3" [ db [b0)0°w)us(p)e

+ dl(p)(—7’w)vs(p)e ™ #* ] .

Therefore

H = Z/ dp dp' &’z (b], (p')s (p)e ™" + do (p')5 (P) 7"

x w (bs(P)7 us (P)e®” — df(p)7vs(p)e ")

s,s’

=3 [dpdp’ d [ b6, (0) B
(

J— ~ ~

' T Rp £ ¢§qq§ A I © Jr MS the the the

(39.20)

the the Va(kikokska)



bl (p)bs(P) Ty (P)7 s (D)

(

— b, (—p)dl(p) Ty (—p)7 vs(p) 2!
(—
(

-z

8,8

| —|

+dy (=P)bs(P) T (—P)7 us(p) e
0 (39.21)
dy (P)d}(p) Ty (P)7"vs(P)
= Z/dp w | b}(p)bs(P) — ds(p)d}(P) |-
Using eq. (39.17), we can rewrite this as
H=} / dp w | bl(p)bs(p) + di(p)ds (p) | — 4&0V (39.22)
s==+

where & =1/2 (2m)-3 f d3k w 1s the zero-point energy per unit volume that we found for a real scalar
field in section 3, and V = (2m)303(0) = f d3x 1s the volume of space.

That the zero-point energy is negative rather than positive is characteristic of fermions; that it is larger in
magnitude by a factor of four is due to the four types of particles that are associated with a Dirac field.

We can cancel off this constant energy by including a constant term 2o = —4&p in the original lagrangian

density; from here on, we will assume that this has been done.



The ground state of the hamiltonian (39.22) is the vacuum state 10) that 1s annihilated by every bs(p) and

ds(p),
bs(p)[0) = ds(p)[0) = 0. (39.23)

Then, we can interpret the b7s(p) operator as creating a b-type particle with momentum p, energy
w = (p2 + m?)12 and spin S, =1/2 s, and the d¥s(p) operator as creating a d-type particle with the same
properties.

The b-type and d-type particles are distinguished by the value of the charge Q = f d3x j9, where
j* = WyrW is the Noether current associated with the invariance of £ under the U(1) transformation

lII_) e—iaq” E - e+i0( \P

Following the same procedure that we used for the hamiltonian, we can show that

= /dp :bl(p)bs(p) +ds(p)dl(p)_
e (39.24)

= / dp | bl (p)bs(p) — df(p)ds(p) | + constant .
s==4 i )

Thus the conserved charge Q counts the total number of b-type particles minus the total number of
d-type particles. (We are free to shift the overall value of Q to remove the constant term, and so we

shall.)

In quantum electrodynamics, we will identify the b-type particles as electrons and the d-type particles as
positrons.



Now consider a Majorana field W with lagrangian

L=1V"CHV — ;mU"CY . (39.25)

The equation of motion for W is once again the Dirac equation, and so the general solution is once again
given by eq. (39.5).

However, ¥ must also obey the Majorana condition Y = CJ *.

Starting from the barred form of eq. (39.5),

Ua) = Y [ dp [plp)(p)e ™ + dy(p)Ts(P)e™] (39.26)
s==
we have
CT (z) = 5 / dp [bl(p) Cu (p)e™#* + dy(p) CTT (p)e™*] . (39.27)

From section 38, we have

Cus(p)” = vs(p) ,

(39.28)
Cos(p)" = us(p) ,

and so

V(@)= 3 [ [plprate)e ™ + d(pus(p)e™] (39.29)



Comparing eqs. (39.5) and (39.29), we see that we will have W = CUtir
ds(p) = bs(p) - (39.30)
Thus a free Majorana field can be written as
V) = 3 [ dp @@l + @@ ™) .
s=
The anticommutation relations for a Majorana field,

{¥a(x,1), Yp(y,t)} = (C'Yo)aﬁ Fx—-y), (39.32)
{Ua(x,1),¥s(y, 1)} = (V)ap 8’ (x —y) (39.33)
can be used to show that

{bs(p)abs’(p,)} =0,

N 353 / (39.34)
{bs(p), by (P)} = (2m)76°(p — P') 2wdss
as we would expect.
The hamiltonian for the Majorana field W is
H=1 / d3z UTC(—in'd; + m)T
(39.35)

— %/d% U(—iv'0; + m)¥



and we can work through the same manipulations that led to eq. (39.21); the only differences are an extra
overall factor of one-half, and ds(p) = bs(p).

Thus we get
H=4Y [dpw[ble)b () - b@bie)] (39.36)
s==

Note that this would reduce to a constant if we tried to use commutators rather than anticommutators in

eq. (39.34), a reflection of the spin-statistics theorem.

Using eq. (39.34) as it is, we find

=3 [ b wbl @), (p) - 260V (39.37)

Again, we can (and will) cancel off the zero-point energy by including a term €y = —2& 1n the original

lagrangian density.
The Majorana lagrangian has no U(1) symmetry.

Thus there 1s no associated charge, and only one kind of particle (with two possible spin states).



40 Parity, Time Reversal, and Charge Conjugation

Recall that, under a Lorentz transformation A implemented by the unitary operator U(A), a Dirac (or
Majorana) field transforms as

UA)" W (2)UA) = D(A)T(A ') . (40.1)
For an infinitesimal transformation . A#,, = 0*, 4+ dw*,, the matrix D(A) is given by
D(146w) = I + 20w, S* | (40.2)
where the Lorentz generator matrices are
S = Lyt 4¥] . (40.3)

In this section, we will consider the two Lorentz transformations that cannot be reached via a sequence
of infinitesimal transformations away from the identity: parity and time reversal.

We begin with parity.

Define the parity transformation

[+ )

PH = (p—l)uy — (40.4)




and the corresponding unitary operator
P=U(P). (40.5)
Now we have

P~ 1U(z)P = D(P)¥(Pxz) . (40.6)

The question we wish to answer 1s, what 1s the matrix D(P)?

First of all, if we make a second parity transformation, we get
P~%¥(x)P? = D(P)*¥(x), (40.7)

and it 1s tempting to conclude that we should have D(P)? = 1, so that we return to the original field.
This 1s correct for scalar fields, since they are themselves observable.

With fermions, however, it takes an even number of fields to construct an observable.

Therefore we need only require the weaker condition D(P)2 = 1.

We will also require the particle creation and annihilation operators to transform in a simple way.

Because P lpp = —P , (40.8)
P 1Jp =47, (40.9)



where P 1s the total three-momentum operator and J is the total angular momentum operator, a parity
transformation should reverse the three-momentum while leaving the spin direction unchanged.

We therefore require

P~ 'bl(p)P = nbl(-p),

P~d}(p)P = nd}(-p) o

where 1) is a possible phase factor that (by the previous argument about observables) should satisfy
N> ==l.

We could 1n principle assign different phase factors to the b and d operators, but we choose them to be
the same so that the parity transformation is compatible with the Majorana condition ds(p) = bs(p).

Writing the mode expansion of the free field
U(z)= ) / dp [bs(p)us(p)eip Y+ dl(p)’vs(p)e_ip”"] , (40.11)
s==

the parity transformation reads

= ;/g}; :(P_lbs(P)P)Us(P)eipx + (P_ldl(p)P)vS(p)e_im]

=) / dp |7*bs(—p)us(p)e? +nd1(—p)vs(p)e—ipm] (40.12)
s== )

— do |n* w.(—p)ePP? t(p)vs(—p)e?P2] .
X [ b [rbu@)us ()™ + ndl )us(-p)e



In the last line, we have changed the integration variable from p to —p.

We now use a result from section 38, namely that

us(—p) = +Bus(p) ,
vs(—p) = —Pus(p)

5 (O I)
“\; o) (40.14)

Then, if we choose 1 =—1, eq. (40.12) becomes

(40.13)

where

P~1(z)P = 2/ dp |ibs(p) Bus ()™ + id}(p) Bus(p)e 77|

_ iBU(Pr) . (40.15)

Thus we see that D(P) = i. (We could also have chosen 1 = i, resulting in D(P) = —if3; either choice is
acceptable.)

The factor of 1 has an interesting physical consequence.

Consider a state of an electron and positron with zero center-of-mass momentum,



) = / dp ¢(p)bl(p)d!, (—p)|0) ; (40.16)

here @(p) 1s the momentum-space wave function.

Let us assume that the vacuum 1is parity invariant: Pl0) = P-110) = 10).

Let us also assume that the wave function has definite parity: ¢(—p) = (-)'@(p).

Then, applying the inverse parity operator on lp), we get
P1¢) = [ dp 9(p) (P'bL(p)P)(P~'d},(~p)P) P~[0).
= (=)* [ dp 6(P)bL(~p)dl, ()0} 40.17)
= (=9)* [ dp $(-p)bl(p)d}, ()0
= —(-)"I¢)

Thus, the parity of this state 1s opposite to that of its wave function; an electron-positron pair has an
intrinsic parity of —1.

This also applies to a pair of Majorana fermions.
This influences the selection rules for fermion pair annihilation in theories that conserve parity. (A pair of

electrons also has negative intrinsic parity, but this is less interesting because the electrons are prevented
from annihilating by charge conservation.)



Let us see what eq. (40.15) implies for the two Weyl fields that comprise the Dirac field.

Xa
U = (g’rd) , (40.18)

we see from eqs. (40.14) and (40.15) that
P~ 'xa(z)P = i€1%(Pz)

Recalling that

_ (40.19)
PlEl4(z)P = ixa(Pa) .

Thus a parity transformation exchanges a left-handed field for a right-handed one.

If we take the hermitian conjugate of eq. (40.19), then raise the index on one side while lowering it on
the other (and remember that this introduces a relative minus sign!), we get

P~x1(2)P = i€, (Px) ,
(40.20)
P&, (z)P = ix'*(Pz) .

Comparing egs. (40.19) and (40.20), we see that they are compatible with the Majorana condition
Ka(X) = Ea(X).

Next we take up time reversal.

Define the time-reversal transformation



TH, = (T HH, = (40.21)

and the corresponding operator
T=U(T). (40.22)

Now we have
—1
T7°V(z)T' = D(T)¥(Tx) . (40.23)
The question we wish to answer 1s, what 1s the matrix D(T )

As with parity, we can conclude that D(T )2 = 1, and we will require the particle creation and
annihilation operators to transform in a simple way.

Because T-1PT — _P ’ (40.24)
-1 _
I'J7T = -J, (40.25)

where P 1s the total three-momentum operator and J is the total angular momentum operator, a time-
reversal transformation should reverse the direction of both the three-momentum and the spin.

We therefore require



T_lbl(p)T — Cs b]t_s(_p) )

(40.26)
T'di(p)T = (o d' (—p) .
This time we allow for possible s-dependence of the phase factor.
Also, we recall from section 23 that T must be an antiunitary operator, so that 7 ~1{T = —j.
Then we have
T ()T

-X [ o [(T 60T ) uz(p)e 7 + (T~ dl(P)T )i (p)e™]

= 3 [ dp[Gt-sphui)e ™ + ol ()i (p)e™]

=Y [ [¢ byt (-R)ePTE + ¢l (Bt (—p)e T (40.27)

s=+ ]

In the last line, we have changed the integration variable from p to —p, and the summation variable from
S to —s.

We now use a result from section 38, namely that

%k

u (—p) = —sCysus(P) ,

40.28
0 ,(—p) = —5C50s(D) - (40-28)



Then, if we choose Cs = s, eq. (40.27) becomes
T 19 (2)T = Cys¥(Tx) . (40.29)

Thus we see that D(T) = Cys. (We could also have chosen s = —s, resulting in D(T) = — Cys; either
choice 1s acceptable.)

As with parity, we can consider the effect of time reversal on the Weyl fields.

Using egs. (40.18), (40.29),

o (—€“b 0 ) | (40 .30)
0 —&4
and
—0,° 0
BT ( 0 +5dé) ’ (40.31)
we see that

(40.32)

Thus left-handed Weyl fields transform into left-handed Weyl fields (and right-handed into right-handed)
under time reversal.



[f we take the hermitian conjugate of eq. (40.32), then raise the index on one side while lowering it on
the other (and remember that this introduces a relative minus sign!), we get

—-1. ta _ ’r
T x"(x)T yAVEIR 4033)

T %, (2)T = +£%(Tx) .

Comparing eqgs. (40.32) and (40.33), we see that they are compatible with the Majorana condition
Ka(X) = Ea(X).

It 1s interesting and important to evaluate the transformation properties of fermion bilinears of the
form AW, where A is some combination of gamma matrices.

We will consider A’s that satisfy A = A, where A = 3 At 3: in this case, W AW is hermitian.
Let us begin with parity transformations.
From ¢ = @73 and eq. (40.15) we get

P Y(2)P = —i¥(Pz)8, (40.34)
Combining egs. (40.15) and (40.34) we find

p-! (WA\IJ)P — T(ﬁAﬂ)\If , (40.35)

where we have suppressed the spacetime arguments (which transform in the obvious way).



For various particular choices of A we have

P16 = +1,
Biys0 = —i75 ,
0
+
byl = fy (40.36)
BY'B =~
87’758 = =" ,
BY 8 = +7"5 -
Therefore, the corresponding hermitian bilinears transform as
P—l(@p)P — LTV,
(\11275\1: P = — Uiy,
(40.37)

)
(\Iw“xp)P = + PHUAYT
P Tyt 0) P = — Py s 0

Thus we see that [y and @/yﬂv\p are even under a parity transformation, while @i%\p
and Pk~ are odd.

We say that \y is a scalar, ﬁfy#\p 1S a vector or polar vector, E’i%\ll 1s a pseudoscalar,
and Efy:“'fyS\Ij 1S a pseudovector or axial vector.



Turning to time reversal, from eq. (40.29) we get
T ()T =¥ (Tz)ysC L. (40.38)

Combining egs. (40.29) and (40.38), along with T-1AT= A+, we find
H(TAY)T = T (5C71A%Cy5) (40.39)

where we have suppressed the spacetime arguments (which transform in the obvious way).
Recall that C-1y#C = —(y#)T and that C-1ysC = vs.

Also, Y0 and 75 are real, hermitian, and square to one, while y! is antihermitian.

Finally, ys anticommutes with y#.

Using all of this info, we find
1sC11*Crys = +1,

v5C 1 (iv5)*Cys = —iys

15CH () Crs = +1°

1€ (1) Crs = =", #9040
1€ (175)"Cs =+
15C T (7' 5) " Crs = ="



Therefore,
(w T =40V,

)
) (Fig3)
)

T — —W’I,"}%\I] )
_ (40.41)
—1(\1;7#\1; T = —TH, TV |
T‘l(\Iny 75\1/):/" — _TH, Uy T .

Thus we see that WW is even under time reversal, while Wivs¥ WAHW and UyHy5¥ are odd.

For completeness we will also consider the transformation properties of bilinears under charge
conjugation.

Recall that o1y (2)C = C@T(a:) |
o (40.42)
C~10(z)C = ¥(2)C.
The bilinear & AW therefore transforms as
C(TAW)C = U"CACT" . (40.43)

Since all indices are contracted, we can rewrite the right-hand side as its transpose, with an extra minus
sign for exchanging the order of the two fermion fields.

We get



C}(TAT)C = —TUCTA™C™Y . (40.44)

Recalling that CT = C-1 = -C, we have
c1 (@A\p)c - @(c—lATc) U (40.45)

Once again we can go through the list:

C'1"C = +1,
C_l(i’)’5)TC = 4175 ,

40.46
CTH (T = =+, 040

C™H (v#5)7C = +9*7s5 -

Therefore,
( )C =+ 0V

(\Ilwg,\IJ)C’ = 4+ Uiy,
_ (40.47)

(\I'”y'“’\I!)C = — UAHT |

C~ (\Ilfy 75\1’)(3' = + Uyl .

Thus we see that UW | Tz’q/g,\l’ : E’y“\If are even under charge conjugation, Unkys W is odd.



For a Majorana field, we have C-'WC =W and C~1WC = ¥; this implies C-I( WAWY )C= WAV for
any combination of gamma matrices A.

Since eq. (40.47) tells that C-1( -Wr’y“\l’ )C=- .Efyﬂ\ll for either a Dirac or Majorana field, it must be
that .E,),u\p = 0 for a Majorana field.

Let us consider the combined effects of the three transformations (C, P, and T) on the bilinears.

From eqgs. (40.37),(40.41), and (40.47), we have

(CPT)™!(¥U)CPT = + TV,
(CPT)~!(WinsU)CPT = + Wi ¥,
(CPT)™! (¥y"¥)CPT = — Ty, (3049)
(CPT)~ (\Iw 75\IJ)C’PT — — Tyl

where we have used P, TV, = —0k,.

We see that rand Wi~ys ¥ are both even under CPT, while W~y# ¥ and WryH~sW both odd.

These are (it turns out) examples of a more general rule: a fermion bilinear with n vector indices (and no
uncontracted spinor indices) is even (odd) under CPT if n is even (odd).

This also applies if we allow derivatives acting on the fields, since each component of d, 1s odd under the
combination PT and even under C.



For scalar and vector fields, it 1s always possible to choose the phase factors in the C, P,and T
transformations so that, overall, they obey the same rule: a hermitian combination of fields and
derivatives 1s even or odd depending on the total number of uncontracted vector indices.

Putting this together with our result for fermion bilinears, we see that any hermitian combination of any
set of fields (scalar, vector, Dirac, Majorana) and their derivatives that is a Lorentz scalar (and so carries
no indices) 1s even under CPT.

Since the lagrangian must be formed out of such combinations, we have £(x) — £(—X) under CPT, and

so the action S = f d4xL 1s invariant.

This 1s the CPT theorem.

41 LSZ Reduction for Spin-One-Half Particles
Let us now consider how to construct appropriate initial and final states for scattering experiments.

We will first consider the case of a Dirac field W, and assume that its interactions respect the U(1)
symmetry that gives rise to the conserved current ,7 i \I”y“‘ll and its associated charge Q.

In the free theory, we can create a state of one particle by acting on the vacuum state with a creation
operator:

p,s,+) = bi(p)|0), 41.1)

p,s,—) = di(p)|0) , (41.2)



where the label + on the ket indicates the value of the U(1) charge Q, and

bl(p) = / d’r €' W (x)7 us(p) , (41.3)
di(p) = / &z 7% 5, (p)y U (z) . (41.4)

Recall that b7s(p) and d¥s(p) are time independent 1n the free theory.

The states Ip,s, =) have the Lorentz-invariant normalization

(p,s,q|p',s',q') = (27)° 2w 6°(p — P) Iss Oy (41.5)

where w = (p?2 + m?)172,

Let us consider an operator that (in the free theory) creates a particle with definite spin and charge,
localized in momentum space near p1, and localized in position space near the origin:

bl = / d’p f1(p)b! () , (41.6)

where

f1(p) o« exp[—(p — p1)?/40”] (41.7)

1S an appropriate wave packet, and o 1s 1ts width in momentum space.

If we time evolve (in the Schrodinger picture) the state created by this time-independent operator, then
the wave packet will propagate (and spread out).



The particle will thus be localized far from the origin as t — o,

If we consider instead an 1nitial state of the form l1)= b71b72l0), where p1 # p2, then we have two particles
that are widely separated in the far past.

Let us guess that this still works 1n the interacting theory.

One complication 1s that bfs(p) will no longer be time independent, and so bfy, eq. (41.6), becomes time
dependent as well.

Our guess for a suitable initial state for a scattering experiment is then

Nt Bl
i) = Tim by (£)by(t)[0) - (41.8)

By appropriately normalizing the wave packets, we can make (ili) = 1, and we will assume that this is the
case.

Similarly, we can consider a final state

£y =, lim _bl,(t)b} (£)[0) , (41.9)

where p'1 Zp2, and (flf) = 1.

This describes two widely separated particles in the far future.



We could also consider acting with more creation operators, if we are interested in the production of
some extra particles in the collision of two, or using d operators instead of bT operators for some
or all of the 1nitial and final particles.

Now the scattering amplitude 1s simply given by {f11 ).
We need to find a more useful expression for ¢ f11).

To this end, let us note that
bl (—o0) — b (+00)
+00
- / dt dyb! (t)
/dp fi(p /d4:1: Ao ( €* U (z)y us, (p)) :
/d fi(p /d4:c U ( x) 08 iyopo)usl (p)eip“’
/d3p fi(p /d4:1: U(x (7050 — iy'p; — zm) us, (p)e®

/d fi(p /d4:c\I'ac)(fyO 0— 'yz i zm)
)

= —/d3pf1 p /d4a:\IJ :I?)(")’O 0+725z—zm
B z/ d’p f1(p) / d's () (+id + m)us, (p)e™ .

(41.10)

Us, (p 1px

u81 (p prL’

The first equality 1is just the fundamental theorem of calculus.



To get the second, we substituted the definition of b(t), and combined the d3x from this definition with
the dt to get d*x.

The third comes from straightforward evaluation of the time derivatives.
The fourth uses (g + m)uyz(p) =0.
The fifth writes ip; as d; acting on eipx,

The sixth uses integration by parts to move the d; onto the field T(x), here the wave packet 1s needed to
avoid a surface term.

The seventh simply identifies y9do + y'0; as

In free-field theory, the right-hand side of eq. (41.10) is zero, since W(X) obeys the Dirac equation,
which, after barring it, reads

U(z)(+i@ + m) =0 (41.11)
In an interacting theory, however, the right-hand side of eq. (41.10) will not be zero.

We will also need the hermitian conjugate of eq. (41.10), which (after some slight rearranging) reads

b1(+00) — b1(—
‘Z/ d’p f / d'z e Ty, (p) (—i) + m)¥(z) , (41.12)



and the analogous formulae for the d operators,

d];(— ) — alJf (4+00)

5 (41.13)
=—z/dpf1 ) [ d'o e 5, (p) (=i + m)¥(a)
dy(+00) —
_ —i/d3p fi(p /d4a: U(x —|—z'@ + m)vs, (p)e 7% . (41.14)
Let us now return to the scattering amplitude we were considering,
(£12) = (0lbar (+00)b1s (+00)b] (—00)b}(—00)|0) - (41.15)

Note that the operators are in time order.

Thus, if we feel like it, we can put in a time-ordering symbol without changing anything:

(f13) = (0] T bys (+00)bys (+00)b] (—00)bh (—00)[0) - (41.16)

The symbol T means the product of operators to its right is to be ordered, not as written, but with
operators at later times to the left of those at earlier times.

However, there 1s an extra minus sign if this rearrangement involves an odd number of exchanges of
these anticommuting operators.



Now let us use egs. (41.10) and (41.12) in eq. (41.16).
The time-ordering symbol automatically moves all by (—)’s to the right, where they annihilate 10).

Similarly, all bTi(+%)’s move to the left, where they annihilate<Ol.

The wave packets no longer play a key role, and we can take the 60— 0 limit in eq. (41.7), so that

fi(p) = 03(p—- p1).

The initial and final states now have a delta-function normalization, the multiparticle generalization of
eq. (41.5).

We are left with the Lehmann-Symanzik-Zimmermann reduction formula for spin-one-half particles,

f| =1 /dxldaszd:vlfdng
x e~ [, (pr) (—ifdy, + ™)]ay,
% e~ P2T) [us (P2 )(—t@y + m)]az,
x (0] T Vo, (532’)\1’&1/ (wl’)ﬁoq (xl)ﬁaz (z2)[0) (41.17)

X [(+i@1 +m)us, (P1)] e'P1™1

X [(+i @2 + m)us, (P2)]a, €727 .



The generalization of the LSZ formula to other processes should be clear; insert a time-ordering symbol,
and make the following replacements:

bl (p)in — +i / i T(z)(+i9 + m)us(p) etiP® | (41.18)
bo(Plows — +i [ d'z e, (p) (=i + m)¥(z) . @1.19)
dl(p)im — —z/d e™'P? Us(p) (—id + m)¥(x) (41.20)
dy(Plows — i [ d'o T(z)(+i§ +m)u,(p) e 7", (4121)

where we have used the subscripts “in” and “out” to denote t — — and t — +0, respectively.

All of this holds for a Majorana field as well.

In that case, ds(p) = bs(p), and we can use either eq. (41.18) or eq. (41.20) for the incoming particles,
and either eq. (41.19) or eq. (41.21) for the outgoing particles, whichever is
more convenient.

The Majorana condition W = WTC guarantees that the results will be equivalent.

As 1n the case of a scalar field, we cheated a little in our derivation of the LSZ formula, because we
assumed that the creation operators of free field theory would work comparably in the interacting theory.



After performing an analysis that is entirely analogous to what we did for the scalar in section 5, we
come to the same conclusion: the LSZ formula holds provided the field 1s properly normalized.

For a Dirac field, we must require

(0[¥(z)[0) =0, (41.22)
(p,s,+|¥(x)|0) =0, (41.23)
(p,s,—|¥(x)|0) = vs(p)e”P*, (41.24)
(p, s, +|¥(2)|0) = w(p)e %, (41.25)
(p, s, —|¥(z)|0) =0, (41.26)

where <0l0)> = 1, and the one-particle states are normalized according to eq. (41.5).

The zeros on the right-hand sides of eqs. (41.23) and (41.26) are required by charge conservation.

To see this, start with [W(x),Q] = +W(x), take the matrix elements indicated, and use QI0) = 0 and
Qlp,s,t)==xlp,s,+).

The zero on the right-hand side of eq. (41.22) is required by Lorentz invariance.

To see this, start with [W(0) M#v] = SkvW(0), and take the expectation value in the vacuum state 10).

If 10) 1s Lorentz invariant (as we will assume), then it 1s annihilated by the Lorentz generators M»v, which
means that we must have S#v{0IW(0)I0) = O; this is possible for all 4 and v only if <OIW(0)I0) = 0, which
(by translation invariance) is possible only if {OIW(x)I0) = 0.



The right-hand sides of eqgs. (41.24) and (41.25) are similarly fixed by Lorentz invariance: only the
overall scale might be different in an interacting theory.

However, the LSZ formula is correctly normalized if and only if egs. (41.24) and (41.25) hold as written.
We will enforce this by rescaling (or, one might say, renormalizing) W(x) by an overall constant.
This 1s just a change of the name of the operator of interest, and does not affect the physics.

However, the rescaled W(x) will obey egs. (41.24) and (41.25). (These two equations are related by
charge conjugation, and so actually constitute only one condition on W.)

For a Majorana field, there is no conserved charge, and we have

(0|¥(x)[0) =0, (41.27)
(p, s|¥(z)|0) = vs(p)e P, (41.28)
(p, s|¥(x)|0) = us(p)e”P*, (41.29)

instead of eqs. (41.22-41.26).
The renormalization of W necessitates including appropriate Z factors in the lagrangian.

Consider, for example,

L=iZ9PV — Z,mU¥ — 17 g(TV)? (41.30)



where W is a Dirac field, and g 1s a coupling constant.

We choose the three constants 7., Zm, and Z, so that the following three conditions are satisfied: m 1s the
mass of a single particle; g is fixed by some appropriate scattering cross section; and eq. (41.24) and 1s
obeyed.

[Eq. (41.25) then follows by charge conjugation.]

Next, we must develop the tools needed to compute the correlation functions
O|T¥,.,(z1/) ... ¥, (x1)...|0) inaninteracting quantum field theory.
y . e

42 The Free Fermion Propagator

Consider a free Dirac field

- [ b [bs@)us(P)E + di(p)vs (P)e ] (42.1)
T(y) — Z /%’ [bl/(p,)ﬂs’(p,)e_ip,y+ds’(p,)®s’(p,)eip,y] 3 (422)
s'=+4
where
and .y
{bs(P), bs(P)} = (2m)°6°(p — P') 2whss’ (42.4)
{ds(p ),dl,( N} =2 ) (P P') 2wl (42.5)

and all the other possible anticommutators between b and d operators (and their hermitian conjugates)
vanish.



We wish to compute the Feynman propagator
S(z = y)ap = i(0|T¥a(2)¥s(y)|0) , (42.6)
where T denotes the time-ordered product,

TU,(z)¥s(y) = 0(z” — 4°)Va(z)¥s(y) — 0(y° — 2°)¥s(y) Vu(z) , (42.7)

and O(t) is the unit step function.

Note the minus sign in the second term; this is needed because Wq(x)Wp(y) = —Wp(y)Wu(Xx) when
X0 # Yo.

We can now compute <Ol Wq(x)Wp(y) 10> and OIWp(y)Wo(x)I0) by inserting eqs. (42.1) and (42.2), and
then using eqs. (42.3—42.5). We get

(0] (z)¥5(y)I0)

— Z / ;{Z/)EZ/)I eipx e—ip'y Usg (P)aﬂs'(P’)g <0|bs (p)bl', (p/)|0>
— Z / dp dp/ eipx e—z’p'y Usg (p)aﬂs’ (p,)ﬂ (27.‘.)353 (p L pl) 2w588/

= Z / Cfi\lg ePY) y, (P)ats(P)g

_ / dp €P@Y) (—gf + m)ag . (42.8)



To get the last line, we used a result from section 38.

Similarly,
(0¥ 5(y)¥o(x)|0)
- Z / dp dp e T P Vs(P)aVs! (p/)ﬁ (0]ds (P,)dl (p)[0)
= / dp dp' e~ €7V vy(p)aTv (') (27)°6° (p — P') 2w0ss
=) / dp e~ P@Y) y (p)oTs(P)s
= /d\i) e_ip(x_y) (_ﬁ — m)aﬂ . (42.9)

We can combine egs. (42.8) and (42.9) into a compact formula for the time- ordered product by means of

the 1dentity
dp  e?*Y) f(p) 0(0_,0\ [ 7= ip(z—y)
/(27r)4p2—|—m2—7l6_20(x _y)/dpe f(p)

+i0(°~a") [ dpe"@D f(—p). (42.10)

where f(p) 1s a polynomial in p; the derivation of eq. (42.10) was sketched in section 8.

We get



O o) Ts)0) = 7 [ oty evten CEEab

and so

S(x —Y)as :/(;l:;g; oiP(—Y) gf;mzai

Note that S(x— y) 1s a Green’s function for the Dirac wave operator:

d4p zp(:z: Y) (Zj + m)aﬁ( Zj + m)ﬂ’)’

(—’i@x + m)aﬁs(l' - y)ﬁ’y — / (27T) pz + m2 — je

:/ d zp(x Y) (p +m )504'7
P2 4+ m?2 — e

= (2 — Y)day -

Similarly,
S(@ — y)ap(+idy +m)g, = |

— / P (z—Yy) (p? + m?)dar
(27)4 p? + m? — ie

P ipe—y) P+ M)ap(#+m)sy
(27r) p? +m? — ie

= 54(5”—?!) ay -

42.11)

(42.12)

(42.13)

(42.14)



We can also consider OITPa(x)WP(y)I0) and (0|TT,(z)¥4 (¥)|0), but it is easy to see that now there
1S no way to pair up a b with a bf or a d with a d¥, and so

(OT¥o(z)¥s(y)[0) =0, (42.15)
(0|TT,(z)¥5(y)|0) = 0. (42.16)
Next, consider a Majorana field
¥(z) = ) / dp [bs(P)us(P)e™” + bl (P)vs(P)e 7| | (42.17)
s==
Ty) = 3 [ dp’ [bh @) ()e Y + by (07 (B . w2is)
s'=+

It is easy to see that (0|T¥,(z)¥s(y)|0) is the same as it is in the Dirac case; the only difference in the
calculation is that we would have b and bT in place of d and d' in the second line of eq. (42.9), and this
does not change the final result.

Thus, _
i<0|T\I’a(5E)\IJg(y)|O> = S(x — Y)as s (42.19)

where S(x—y) 1s given by eq. (42.12).
However, egs. (42.15) and (42.16) no longer hold for a Majorana field.

Instead, the Majorana condition ¥ = WTC, which can be rewritten as T = —1 implies



(0] T4 (2)¥g(y)[0) = i(0|T¥qs(z)¥,(y)|0)(C1)yp

(42.20)
— [S(iB - y)c_l]aﬁ °
Similarly, using CT = C-1, we can write the Majorana condition as ' = C-'W, and so
. - S— . _1 —
(0] TWo(2)¥p(y)|0) = i(CT")ary (0T, (2)¥s(y)|0)
_ (42.21)
= [C7S(z —y)]as -
Of course, C-1 = — C, but 1t will prove more convenient to leave egs. (42.20) and (42.21) as they are.

We can also consider the vacuum expectation value of a time-ordered product of more than two fields.

In the Dirg: case, we must have an equal number of W’s and U’s to get a nonzero result; and then, the
W’s and W’s must pair up to form propagators.

There 1s an extra minus sign if the ordering of the fields in their pairs 1s an odd permutation of the
original ordering.

For example,

i2(0]TWq () Up(y) ¥~ (2)¥s5(w)[0) = + S(z — Y)ap S(z — w)ys (42.22)
— S(z —w)as S(z —Y)ys -



In the Majorana case, we may as well let all the fields be W’s (since we can always replace a \Jy with
WTC).

Then we must pair them up in all possible ways.

There 1s an extra minus sign if the ordering of the fields in their pairs is an odd permutation of the
original ordering.

For example,

i%(0|TWo (2)¥p(y) Uy (2)Us(w)]0) = + [S(z —y)C ™ ]ap [S(z — w)C ™55
—[S@ = 2)C Vo [S(y—w)Cgs  4223)

+[S(z — w)C as [S(y — 2)C ]y -

Note that the ordering within a pair does not matter, since

[S(x — y)C ap = —[S(y — 2)C™ga - (42.24)

This follows from anticommutation of the fields and eq. (42.20).



43 The Path Integral for Fermion Fields

We would like to write down a path integral formula for the vacuum-expectation value of a time-ordered
product of free Dirac or Majorana fields.

Recall that for a real scalar field with

Ly = —%8"'@8“90 — %mchQ
(43.1)
= —1p(—0* + m*)p — 10, (") ,
we have L s
O]Tp(z1) ... |0) = i 57 () ---ZO(J)’JZO : (43.2)
where
Zo(J) = / Do exp [z / d*z (Lo + Jcp)] | (43.3)

In this formula, we use the epsilon trick (see section 6) of replacing m2 with m2 — i€ to construct the
vacuum as the initial and final state.

Then we get

Zo() = exp| 5 [ diad'y J@A@ - )T(w)] 3

where the Feynman propagator

d%k ez’k(:c—y)
Alx —y) = 43.5
(=) / (2m)* k2 +m? — de (43.9)

is the inverse of the Klein-Gordon wave operator:



(=02 + mH)A(x —y) = 6*(z —v) . (43.6)
For a complex scalar field with
Lo = —0"p'0up —m’ple

) ) (43.7)
(=8 + m?)p — B (¢10p) |

we have instead

1 ) 1 9
= - s o Zo(JT
i 0JT(x1) i 6J(y1) o(J ’J))J:JT:O  (43.8)

(0|Tp(z1) ... ¢"(y1)...|0)

where
Zo(JT, J) = /DgoTDgo exp[i/d% (Lo +JT§0+(PTJ)]

= exp [z [ dzdty T @)AG - y)J(y)] | (43.9)

We treat J and J{as independent variables when evaluating eq. (43.8).

In the case of a fermion field, we should have something similar, except that we need to account for the
extra minus signs from anticommutation.

For this to work out, a functional derivative with respect to an anticommuting variable must itself be
treated as anticommuting.

Thus if we define an anticommuting source 1(x) for a Dirac field, we can write



57;233) / d* :ﬁ(y)‘lf(y) +§(y)n(y): = —¥(z), (43.10)

5ﬁ(za:) / d* :ﬁ(y)‘lf(y) +§(y)n(y): = +¥(z) . (43.11)

The minus sign in eq. (43.10) arises because the 0/01 must pass through 1 before reaching 1.

Thus, consider a free Dirac field with

Lo = 1YPV — mPP

(43.12)
= —U(—id +m)V .

A natural guess for the appropriate path-integral formula, based on analogy with eq. (43.9), 1s

<O|T\Ifa1 (331) . Eﬁl (yl) 2o s |O>
1 ) ) (43.13)
= — — ) ... Zp(m, :
i 0, (1) 0ng, (Y1) ol n)}n=ﬁ=0
where
Zo(m,m) = /’D\I’ DV exp [z / d*z (Lo + ¥ + ﬁn)]
(43.14)

= oxpli [ ate dy ()S(z - w)n(w)|.



and the Feynman propagator

_ [ dp (—F+m)ePY)
S(z —y) —/(27r)4 o R (43.15)

1s the inverse of the Dirac wave operator:

(—ip, + m)S(z —y) = 8*(z — ) . (43.16)

Note that each 0/01 in eq. (43.13) comes with a factor of i rather than the usual 1/i; this reflects the extra
minus sign of eq. (43.10).

We treat j and 77 as independent variables when evaluating eq. (43.13).

It 1s straightforward to check (by working out a few examples) that eqs. (43.13—43.16) do indeed

reproduce the result of section 42 for the vacuum expectation value of a time-ordered product of Dirac
fields.

This 1s really all we need to know.

Recall that, for a complex scalar field with interactions specified by £1(¢7,p), we have

1 6 1 6§
i dte (L ! i
Z(J",J) x exp{z/da:ﬁl(i&](x)’idJT(a:))] Zo(JT, J) (43.17)

where the overall normalization 1s fixed by Z(0,0) = 1.




Thus, for a Dirac field with interactions specified by £1(¥, W), we have

Z(m,m) exp[z’ / d'z El(i 577(2@,% 5ﬁiw))] Zo(m,m) » (43.18)

where again the overall normalization 1s fixed by Z(0,0) = 1.

Vacuum expectation values of time-ordered products of Dirac fields in an interacting theory will now be
given by eq. (43.13), but with Z replaced by Z

(7, m) (m,m)
Then, just as for a scalar field, this will lead to a Feynman-diagram expansion for Z

(m,m)
There are two extra complications: we must keep track of the spinor indices, and we must keep track of

the extra minus signs from anticommutation.

Both tasks are straightforward; we will take them up in section 45.

Next, let us consider a Majorana field with

Lo = tUCHV — imI"CY
(43.19)
= —2U"C(—i@ + m)¥ .

A natural guess for the appropriate path-integral formula, based on analogy with eq. (43.2), 1s

1 0

(0]TWq, (21) ... 10) = ~ S @) Zo(n)| : (43.20)




where

/D‘IJ exp[ /d4 +77T\I’]
= exp [——/d y)C_ln(y)] .

The Feynman propagator S(x— y)C-! is the inverse of the Majorana wave operator C(—i@ + m):

N
~~
=
~—
|

(43.21)

C(—i@, +m)S(z —y)C ™' =6*(z —v) . (43.22)

The extra minus sign in eq. (43.21), as compared with eq. (43.14), arises because all functional
derivatives in eq. (43.20) are accompanied by 1/1, rather than half by 1/1 and half by 1, as in eq. (43.13).

It 1s now straightforward to check (by working out a few examples) that eqs. (43.20-43.22) do indeed
reproduce the result of section 42 for the vacuum expectation value of a time-ordered product of
Majorana fields.

44 Formal Development of Fermionic Path Integrals

In Section 43, we formally defined the fermionic path integral for a free Dirac field W via
Zo(m,m) = /D‘IJ DY exp[i/d%@(i@ —m)¥ +n¥ + Tn]

=exp[ /d S(z —y)n(y )]

(44.1)



where the Feynman propagator S(x— y) is the inverse of the Dirac wave operator:
(=i, +m)S(z —y) = 6" (z —y) . (44.2)

We would like to find a mathematical framework that allows us to derive this formula, rather than
postulating it by analogy.

Consider a set of anticommuting numbers or Grassmann variables ; that obey

{vi,¥;} =0, (44.3)

where1=1,...n.

Let us begin with the very simplest case of n = 1, and thus a single anticommuting number 1 that obeys

P2 = 0.

We can define a function f(1p) of such an object via a Taylor expansion; because 2 = 0, this expansion
ends with the second term:

f() =a+yb. (44 4)

The reason for writing the coeftficient b to the right of the variable 1y will become clear in a moment.
Next we would like to define the derivative of f(1) with respect to .

Before we can do so, we must decide if f() itself is to be commuting or anticommuting; generally we
will be interested in functions that are themselves commuting.



In this case, a 1n eq. (44.4) should be treated as an ordinary commuting number, but b should be
treated as an anticommuting number: {b, b} = {b, ¢y} =0.

In this case, f(Y) = a+YPb=a - b.
Now we can define two kinds of derivatives.

The left derivative of f(1) with respect to 1 1s given by the coefficient of ¢ when f() is written with the
) always on the far left:

Oy f(1h) = +b. (44.5)

Similarly, the right derivative of f() with respect to 1 1s given by the coefficient of 1 when f() is
written with the 1 always on the far right:

f(¥)0y = —b. (44.6)
Generally, when we write a derivative with respect to a Grassmann variable, we mean the left derivative.

However, in section 37, when we wrotethe canonical momentum for a fermionic field 1 as
= 0L£/9(do), we actually meant the right derivative. (This is a standard, though rarely stated,

convention.)

Correspondingly, we wrote the hamiltonian density as # = oo\ — £, with ddo\p to the right of .

Finally, we would like to define a definite integral, analogous to integrating a real variable x from minus
to plus infinity.



The key features of such an integral over x (when it converges) are linearity,

+00 +00
/ drcf(x) = c/ dz f(x) , (44.7)

— 00 —00

and invariance under shifts of the dependent variable x by a constant:

+00 F00
/ dr f(r +a) = / dz f(x) . (44.8)

— 00 — 00

Up to an overall numerical factor that is the same for every f(), the only possible nontrivial definition
of [dy f(y) that is both linear and shift invariant is

/ diy f() =0. (44.9)

Now let us generalize this ton >1.

We have .
F() = a+ Yibi + 3%iisCirig + - - + 21%iy « - Vindiy i (44.10)

where the indices are implicitly summed.

Here we have written the coefficients to the right of the variables to facilitate left-differentiation.

These coefficients are completely antisymmetric on exchange of any two indices.



The left derivative of f(1)) with respect to ; is

%f(w) = bj + Yicji + ... (n_ll)!wz'g Wi djig. iy (44.11)

Next we would like to find a linear, shift-invariant definition of the integral of f(1).

Note that the antisymmetry of the coeftficients implies that

diy..i. =dEjy. 4 - (44.12)

where d 1s a just a number (ordinary if f1s commuting and n 1s even, Grassmann if f1s commuting and n
is odd, etc.),and €4,...4,, is the completely antisymmetric Levi-Civita symbol with €;_, = +1.

This number d is a candidate (in fact, up to an overall numerical factor, the only candidate!) for the
integral of f()

/ d f() =d . (44.13)

Although eq. (44.13) really tells us everything we need to know about d™p, we can, if we like, write
dmp= dn...d 1 (note the backwards ordering), and treat the individual differentials as anticommuting:

{dyi,dyj} =0, {d i} = 0.

Then we take / dyi =0 and / dip; = 05 as our basic formulae, and use them to derive eq. (44.13).



Let us work out some consequences of eq. (44.13).
Consider what happens if we make a linear change of variable,

Vi = JijY; (44.14)

where Jji 1s a matrix of commuting numbers (and therefore can be written on either the left or right of

P'y).
We now have

fW)=a+ ...+ 5(Jij¥s) - (Jinju ¥}, )€ir..ind - (44.15)

Next we use

Eiv..inditr -« - Jinjn = (det J)ejy. 4. (44.16)

which holds for any n X n matrix J, to get
fW)=a+...4+ ¥ ... €i..i,(det J)d (44.17)
If we now 1ntegrate f({) over dmp’, eq. (44.13) tells us that the result 1s (det J)d.

Thus
[ awsw) = @es )™ [ £(). (44.18)



Recall that, for integrals over commuting real numbers x; with x; = J;; X'j, we have instead

/dnwf (det J +1/d”:£ f(z) . (44.19)

Note the opposite sign on the power of the determinant.

Now consider a quadratic form YT M= PiM;jp;, where M 1s an anti-symmetric matrix of commuting
numbers (possibly complex).

Let’s evaluate the gaussian integral / dmy exp(1/2 YT Map).

For example, for n = 2, we have

0 +m
M = ( ) : (44 20)

and YT My = 2m1)».

Thus exp( 1/2 YT My) = 1 + mp1y2, and so

/ d"p exp(3¢™Mvp) =m . (44.21)



For larger n, we use the fact that a complex antisymmetric matrix can be brought to a block-diagonal
form via

(0 Hm )
UrMU=| —m1 O (44.22)

\ Y,

where U is a unitary matrix, and each my is real and positive. (If n is odd there is a final row and column
of all zeroes; from here on, we assume n 1s even.)

We can now let ¢; = Ujji’;; then, we have

n/2

/ ") exp(:y™My) = (det U) ! 1‘[ / %) exp(L ™M) (44.23)

where Mj represents one of the 2 x 2 blocks in eq. (44.22).

Each of these two-dimensional integrals can be evaluated using eq. (44.21), and so
n/2

/dn’(ﬁ exp ’(ﬁTM?,b) (detU -1 H mry . (4424)
=1
Taking the determinant of eq. (44.22), we get
n/2
(det U)?(det M) H m? . (44.25)



We can therefore rewrite the right-hand side of eq. (44.24) as
/ d™p exp(29™M1p) = (det M)*/? . (44.26)

In this form, there 1s a sign ambiguity associated with the square root; it is resolved by eq. (44.24).

However, the overall sign (more generally, any overall numerical factor) will never be of concern to us,
SO we can use eq. (44.26) without worrying about the correct branch of the square root.

It 1s instructive to compare eq. (44.26) with the corresponding gaussian integral for commuting real
numbers,

/d z exp(—zz"Mz) = (2m)™/2(det M)~1/2 . (44.27)
Here M 1s a complex symmetric matrix.

Again, note the opposite sign on the power of the determinant.

Now let us introduce the notion of complex Grassmann variables via

(¢1 + 11)2) ,
(¢1 — i1)g) .

<
i
N

(44.28)

X
1l
Sl

We can invert this to get



()52 0)

The determinant of this transformation matrix is —1, and so

d%) = dippdipy = (—i) 'dx dx .

Also, P12 = —ayyx.

Thus we have

/dX dx xx = (—1)(—1) ™" /d%d% Y1e =1.

Thus, if we have a function
fxX) =a+xb+ xc+xxd,
its integral 1s

/dxdif(x,fc)=d-

In particular,

[ dxdx exp(mxx) =m.

(44.29)

(44 30)

(44.31)

(44.32)

(44.33)

(44.34)



Let us now consider n complex Grassmann variables ;i and their complex conjugates, X;- .

We defi
- ORI A d% = dx,dXy, . .. dx1d%y - (44.35)

Then under a change of variable, xi = Jijxj and X; = Ki;Xj, we have

dx d™ = (det J)~'(det K) ™" d™' d"’ . (44.36)

Note that we need not require Kjj= J+j;, because, as far as the integral i1s concerned, it 1s does not matter
whether or not X; is the complex conjugate of ;.

We now have enough information to evaluate dvydr x exp(x"My), where M is a general complex matrix.

We make the change of variable ¥ = Uy’ and " = %'7V, where U and V are unitary matrices with the
property that VMU 1s diagonal with positive real entries m;.

Then we get

/ ' d' exp(x' M) = (det U) " (det V) T / dxidxi exp(mixix:)
1=1

= (detU) *(det V)™* H m;
i=1

— det M (44.37)



This can be compared to the analogous integral for commuting complex variables zi = (Xi + iyi)/\/z
and Z = (z; — 1y;)/V2, with d"z d"z = drxdry, namely

/dnzd Z exp(—2'Mz) = (2n)"(det M)~ 1 . (44.38)

We can now generalize eqs. (44.26) and (44.377) by shifting the integration variables, and using shift
invariance of the integrals.

Thus, by making the replacement Y— 1 — M-I1 1n eq. (44.26), we get
/dnw exp(%wTMw + nTY) = (det M)Y/2 exp(%nTM_ln) . (44.39)

(In verifying this, remember that M and its inverse are both antisymmetric.)

Similarly, by making the replacements ¥ — ¥ — M-In and y'— %"= nN"™M-11n eq. (44.37), we get

/d x d"x exp(x'Mx +n'x + x'n) = (det M) exp(—n' M~ 1n) . (44 40)
We can now see that eq. (44.1) is simply a particular case of eq. (44.40), with the index on the complex
Grassmann variable generalized to include both the ordinary spin index o and the continuous spacetime

argument x of the field Wq(x).

Similarly, eq. (43.21) for the path integral for a free Majorana field is simply a particular case of eq.
(44.39).



In both cases, the determinant factors are constants (that 1s, independent of the fields and sources) that
we simply absorb into the overall normalization of the path integral.

We will meet determinants that cannot be so neatly absorbed in sections 53 and 71.

45 The Feynman Rules for Dirac Fields

In this section we will derive the Feynman rules for Yukawa theory, a theory with a Dirac field W (with
mass m) and a real scalar field ¢ (with mass M), interacting via

L1=gpPV¥ (45.1)

where g is a coupling constant.

In this section, we will be concerned with tree-level processes only, and so we omit renormalizing Z
factors.

In four spacetime dimensions, ¢ has mass dimension [¢] = 1 and W has mass dimension [W] = 3/2 ; thus

the coupling constant g 1s dimensionless: [g] = 0.
As discussed 1n section 12, this is generally the most interesting situation.

Note that £ is invariant under the U(1) transformation W — e-i¢W  as is the free Dirac lagrangian.

Thus, the corresponding Noether current Wy#W is still conserved, and the associated charge Q (which
counts the number of b-type particles minus the number of d-type particles) 1s constant in time.



We can think of Q as electric charge, and identify the b-type particle as the electron e-, and the d-type
particle as the positron e+.

The scalar particle is electrically neutral (and could, for example, be thought of as the Higgs boson; see
section 88).

We now use the general result of sections 9 and 43 to write

Z(m,n,J) x exp [z’g/d% (%&;233))(2 5nj($))(%5ﬁ:(w)>] Zo(ﬁ,n,‘,]) : (45.2)

where

Zo(,n, ) = expli [ ded'y n@)S( - v

. 45.3
X exp [% /d4a: d4y J(x)A(x — y)J(y)] ; ( )
and

- [ 4 (FEm)etY

S(z—y) = / 2n)t  p2+m2—ie (45.4)
d4k ez’k(:p—y)

— ) = 45.5
Az — y) / (2m)% k2 + M2 — je (35)

are the appropriate Feynman propagators for the corresponding free fields.

We 1impose the normalization Z(0,0,0) = 1, and write



Z(m,n,J) = expiW (7,7, J)] . (45.6)

Then iW (7,7, J) can be expressed as a series of connected Feynman diagrams with sources.

We use a dashed line to stand for the scalar propagator 1/iA(x—y), and a solid line to stand for the
fermion propagator 1/i1S(x—y).

The only allowed vertex joins two solid lines and one dashed line; the associated vertex factor 1s 1g.

The blob at the end of a dashed line stands for the ¢ source f 1d4xJ(x), and the blob at the end of a solid
line for either the W source [id*x7(x) , or the W source [ id*xn(x).

To tell which is which, we adopt the “arrow rule” of problem 9.3: the blob stands for [id4xn(x) if the
arrow on the attached line points away from the blob, and the blob stands for [ id*x 7(z) if the arrow on
the attached line points towards the blob.

Because L1 involves one W and one W, we also have the rule that, at each vertex, one arrow must point
towards the vertex, and one away.

The first few tree diagrams that contribute to iW (7,7, J) are shown in fig. (45.1).



Figure 45.1: Tree contributions to iW (7,m,J) (a) (b)

with four or fewer sources.
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We omit tadpole diagrams; as in @3 theory, these can be cancelled by shifting the ¢ field, or, equivalently,

adding a term linear in ¢ to £.

The LSZ formula is valid only after all tadpole diagrams have been cancelled in this way.

The spin indices on the fermionic sources and propagators are all contracted in the obvious way.
For example, the complete expression corresponding to fig. (45.1)(b) is

Fig. (45.1)(b) = 4° (%)3 (i9) / d*z d*y d*z d*w

x |7(2)S(x - y)S(y — 2)n(2)] (45.7)
X Ay —w)J (w) .



Our main purpose in this section is to compute the tree-level amplitudes for various two-body elastic
scattering processes, such as e~ — e-@ and ete- — @@; for these, we will need to evaluate the tree-level

contributions to connected correlation functions of the form (0|T¥ W pp|0) -

Other processes of interest include e-e- — e—e~ and ete- — ete—; for these, we will need to evaluate the
tree-level contributions to connected correlation functions of the form (0|T¥ ¥ ¥ W¥|0)c.

For <O|T\Ilﬁcpcp|0>c , the relevant tree-level contribution to iW (7,7, J) is given by fig. (45.1)(c).

We have (0|TT, (m)ﬁﬂ(y)gp(zl)p(@)m)c
1 6 &5 1 6 1 6 _
= T 0a(@) Ons() 167() 8 60(za) ) T

= (1 (ig)? / 4w, dtws
X [S(z—w1)S(w1—w2)S(wa—y)]as (45.8)
X A(Zl —’wl)A(Zz—’wz)

+ (zl > zz) +0(g") .

Figure 45.2: Diagrams corresponding to eq. (45.8).



For (O|T\P$\I’§|O)C , the relevant tree-level contribution to iW (7, n, J ) is given by fig. (45.1)(d),
which has a symmetry factor S = 2.

We have

(0T @ a, (21) ¥, (1) Yo (22) ¥, (y2)0)c

1 ) ) 1 ) )
-0 -0 iW (7, J S 459)
7 @) B ) F @) B Do

The two nderivatives can act on the two 1)’s in the diagram in two different ways; ditto for the two
derivatives. N

This results in four different terms, but two of them are algebraic duplicates of the other two; this
duplication cancels the symmetry factor (which 1s a general result for tree diagrams).

TR (0T e, (21) T, (41) W (22) T, (32) 0

= (l. (i9) /d4w1 d*wo
[S({El (10)]

X A(w1 w29

X [S(z2— wz)S(’w2 y2)]a2ﬁ2
— ((yl,ﬁl (yz,ﬂz))

)S(wl yl)]alﬂl
) (45.10)



The corresponding diagrams, with sources removed, are shown in fig. (45.3).

Figure 45.3: Diagrams corresponding to eq. (45.10).

Note that we now have a relative minus sign between the two diagrams, due to the anticommutation of
the derivatives with respect to 7] .

In general, the overall sign for a diagram can be determined by the following procedure.

First, draw each diagram with all the fermion lines horizontal, with their arrows pointing from left to
right, and with the left endpoints labeled in the same fixed order (from top to bottom).

Next, in each diagram, note the ordering (from top to bottom) of the labels on theright endpoints of the
fermion lines.

If this ordering is an even permutation of an arbitrarily chosen fixed ordering, then the sign of that
diagram 1is positive, and 1if i1t is an odd permutation, the sign is negative.

(This rule arises because endpoints with arrows pointing away from the vertex come from derivatives
with respect to 7} that anticommute.

Of course, we could equally well put the right endpoints in a fixed order, and get the sign from the
permutation of the left endpoints, which come from derivatives with
respect to 1 that anticommute.)



Also, in loop diagrams, a closed fermion loop yields an extra minus sign; we will discuss this rule in
section S1.

Let us now consider a particular scattering process: e~ — €.

The scattering amplitude 1s

(f15) = (0] T a(K')outbs' (P")out bl (P)ina’ (K)in |0) - (45.11)
Next we make the replacements
61 (P)in — i [ d'y T(y)(+i +m)u,(p) e+, 45.12)
bs' (P )out — i/d4a: e P Ty (p')(—id +m)¥(z) , (45.13)
a' (k) — ’i/d421 eTF (=87 + m?)p(z1) , (45.14)
a(kout — z/d ek’ “2( —H? +m2)g0(zz) (45.15)

in eq. (45.11), and then use eq. (45.8).

The wave operators (either Klein-Gordon or Dirac) act on the external propagators, and convert them to
delta functions.

After using eqgs. (45.4) and (45.5) for the internal propagators, all dependence on the various spacetime
coordinates 1s in the form of plane-wave factors, as in section 10.



Integrating over the internal coordinates then generates delta functions that conserve four-momentum at
each vertex.

The only new feature arises from the spinor factors us(p) anc u ¢ (p’).

We find that us(p) is associated with the external fermion line whose arrow points towards the vertex,
and that U (p’) is associated with the external fermion line whose arrow points away from the vertex.

We can therefore draw the momentum-space diagrams of fig. (45.4).

/ / /
Figure 45 .4: Diagrams for e-¢p — e-¢, g p ;k P> g P ;k g
corresponding to eq. (45.16). : : : :
kN YE T kY Ak
. |

Since there 1s only one fermion line in each diagram, the relative sign is positive.

The tree-level e-¢ — e-@ scattering amplitude 1s then given by

== k+m+—zzf+k’+2m
—8 + m? —UuU-+m

ilTe‘cp—»e—cp — %(7’9) ( uS(p) ) (45.16)

where s =—(p+k)? and u=—(p—k’)2.

(We can safely 1gnore the 1€’s 1n the propagators, because their denominators cannot vanish for any
physically allowed values of s and u.)



Next consider the process etp— e*gp.

We now have

(f13) = (O] T a(k)outds' (P")outd (P)ina' (K)in |0) - (45.17)
The relevant replacements are
APl — —i [ d'o "7 5,(p) (—if) + m)¥(z) (45.18)
do (B )ous = =i [ dy T(y)(+iP +m)vg (B) e, (45.19)
ot (k)i — / dY; et (52 4 m?)o(21) | (45.20)
a(k)out — 1 / d'zy €7*%2(—=0% + m?)p(z2) . 4521)

We substitute these into eq. (45.17), and then use eq. (45.8).

This ultimately leads to the momentum-space Feynman diagrams of fig. (45.5).

Figure 45.5: Diagrams for etp — eto, <
corresponding to eq. (45.22). k



Note that we must now label the external fermion lines with minus their four-momenta; this is
characteristic of d-type particles.

(The same phenomenon occurs for a complex scalar field).

Regarding the spinor factors, we find that —Us(p) is associated with the external fermion line whose
arrow points away from the vertex, and —v¢(p’) with the external fermion line whose arrow points
towards the vertex.

The minus signs attached to each v and 77 can be consistently dropped, however, as they only affect the
overall sign of the amplitude (and not the relative signs among contributing diagrams).

The tree-level expression for the etp— et amplitude 1s then

K +m zf+k+m
—u + m? —s—i—m2

iTe+ ety = 7(19)° Ts(P) ve(P'),  4522)

where again s = —(p+ k)2 and u = —(p— k)2
In a normal class, student would work out a few more of these before continuing.......

We can abstract the following set of Feynman rules.



. For each incoming electron, draw a solid line with an arrow pointed
towards the vertex, and label it with the electron’s four-momentum,

Di-

. For each outgoing electron, draw a solid line with an arrow pointed
away from the vertex, and label it with the electron’s four-momentum,

p;.

. For each incoming positron, draw a solid line with an arrow pointed
away from the vertex, and label it with minus the positron’s four-
momentum, —p;.

. For each outgoing positron, draw a solid line with an arrow pointed
towards the vertex, and label it with minus the positron’s four-momentum,

—pj;-

. For each incoming scalar, draw a dashed line with an arrow pointed
towards the vertex, and label it with the scalar’s four-momentum, k;.

. For each outgoing scalar, draw a dashed line with an arrow pointed

away from the vertex, and label it with the scalar’s four-momentum,



7. The only allowed vertex joins two solid lines, one with an arrow point-
ing towards it and one with an arrow pointing away from it, and one
dashed line (whose arrow can point in either direction). Using this
vertex, join up all the external lines, including extra internal lines as
needed. In this way, draw all possible diagrams that are topologically
inequivalent.

8. Assign each internal line its own four-momentum. Think of the four-
momenta as flowing along the arrows, and conserve four-momentum
at each vertex. For a tree diagram, this fixes the momenta on all the
internal lines.

9. The value of a diagram consists of the following factors:
for each incoming or outgoing scalar, 1;
for each incoming electron, us, (p;);
for each outgoing electron, uy (p;);
for each incoming positron, v, (p;);
for each outgoing positron, vy (p));
for each vertex, 1g;

for each internal scalar, —i/(k? + M? — ie);

for each internal fermion, —i(—g + m)/(p? + m? — ie).



10. Spinor indices are contracted by starting at one end of a fermion line:
specifically, the end that has the arrow pointing away from the vertex.
The factor associated with the external line is either w or v. Go along
the complete fermion line, following the arrows backwards, and write
down (in order from left to right) the factors associated with the
vertices and propagators that you encounter. The last factor is either
a u or v. Repeat this procedure for the other fermion lines, if any.

11. The overall sign of a tree diagram is determined by drawing all con-
tributing diagrams in a standard form: all fermion lines horizontal,
with their arrows pointing from left to right, and with the left end-
points labeled in the same fixed order (from top to bottom); if the
ordering of the labels on the right endpoints of the fermion lines in a
given diagram is an even (odd) permutation of an arbitrarily chosen
fixed ordering, then the sign of that diagram is positive (negative).

12. The value of i7 (at tree level) is given by a sum over the values of
the contributing diagrams.

There are additional rules for counterterms and loops; in particular, each closed fermion loop contributes
an extra minus sign.

We will postpone discussion of loop corrections to section 1.



Let us apply these rules to ete- — @o.

Let the 1nitial electron and positron have four-momenta p; and p2, respectively, and the two final scalars
have four-momenta k'; and k'».

The relevant diagrams are shown 1n fig. (45.6); there 1s only one fermion line, and so the relative sign is
positive.

1k P11 Sk
Figure 45 6 Diagrams for ete~ — ¢g, )/, 1~ k 1 _|_ \/ P - k2
corresponding to eq. (45.23).
P k; P kq

The result is

_ﬁ1+k/1+m+ —# +Fy +m
—t 4+ m? —u + m?

1 Tote-—pp = 1(19)% Vs, (D2) us, (P1) 5 (45.23)

where t = —(p1— k'1)? and u = —(p1— k'2)2.
Next, consider e—e—— e—e—.

Let the initial electrons have four-momenta p; and p2, and the final electrons have four-momenta p’y
and p’.



The relevant diagrams are shown in fig. (45.7), and according to rule #11 the relative sign is negative.

/ /
P P P P
>—> >—>

Figure 45.7: Diagrams for e-e- — e-e-, | y | y

corresponding to eq. (45.24). YP,-P1 — YP-P;
> > / > > /
) ) ) ) ) ) P

Thus the result is
T _ l(z ) (ﬂ{ul)(ﬁé'l@) - (ﬂéul)(ﬂ{’l@) (45.24)
e—e——e—e~ — ;\UG —t + M2 —u+ M2 9

where u; 1s short for us1(p1), etc., and t = —(p1— p'1)?, u = —(p1— p'2)2.

One more: ete- — ete-.

Let the 1nitial electron and positron have four-momenta p; and p», respectively, and the final electron and
positron have four-momenta p'y and p'2, respectively.

The relevant diagrams are shown in fig. (45.8).



>—T>
. . | pP,*p;
Figure 45.8: Diagrams for ete- — ete-, v P - p/ — R
corresponding to eq. (45.25). | 1 1
/
<——=< / P> P>
P> P>

If we redraw them 1n the the standard form of rule #11, as shown in fig. (45.9), we see that the relative
sign 1s negative.

P P P y Q)
>—T> >—T>
Figure 45.9: Same as fig. (45.8), but with : / :
the diagrams redrawn in the standard \/P 1~ P o vp )
form given in rule #11. , :
S — E—
P> P> P> P

Thus the result is

uju1)(D2vy)  (Vaur)(ujvy)
—t+ M2 —u + M2 ? (45.25)

ilZ;+e——>e+e— — %(ig)z (

where s = —(p1 + p2)? and t = —(p1— p'1)2.



46 Spin Sums
In the last section, we calculated various tree-level scattering amplitudes in Yukawa theory.

For example, for e-¢p — e-¢ we found

#—k+tm  —p+E+m
2 + 2
—S+m —UuU+m

T = 92 Uy (p,) us(p) , (46.1)

where s = —(p+ k) and u = —(p— k')2.
In order to compute the corresponding cross section, we must evaluate | 7 2= 7 T -,

We begin by simplifying eq. (46.1) a little; we use (P + m)us(p) = 0 to replace the — in each numerator
with m.

We then abbreviate eq. (46.1) as

T = 'Au, (46.2)
where ]
m?2 — s m?2 —u
Then we have
T =T =u'Au = ©Av’ (46.4)



where in general A = AT, and, for the particular A of eq. (46.3), A =A.

Thus we have

T)? = (u'Au)(©WAu)

= Z ﬂ;AQBU3ﬂ7A75u3

afvyo
= Z ugﬂ;Aaguﬁﬂ7A75
ety (46.5)
= Tr|(W@) A(um)A|
Next, we use a result from section 3R:
us(P)ts(p) = 3(1—-s752) (¢ + m) , (46.6)
where s = + tells us whether the spin 1s up or down along the spin quantization axis z.
We then have
T2 = §Tx|(1-5'y52) (—§' + m)A(1—s75)(—p + m)A] (46.7)

We now simply need to take traces of products of gamma matrices; we will work out the technology for
this in the next section.

However, in practice, we are often not interested in (or are unable to easily measure or prepare) the spin
states of the scattering particles.



Thus, if we know that an electron with momentum p’ landed in our detector, but know nothing about its
spin, we should sum | 7 12 over the two possible spin states of this outgoing electron.

Similarly, if the spin state of the initial electron 1s not specially prepared for each scattering event, then
we should average |7 |2 over the two possible spin states of this initial electron.

Then we can use

; us(p)us(p) = —p +m (46 8)

in place of eq. (46.6).

Let us, then, take | 7 |2, sum over all final spins, and average over all initial spins, and call the result
AT 2.

In the present case, we have

(IT1%)

2
2217
s,s’

(46.9)
= §Tr|(—# + m)A(-p + m)4]

which 1s much less cumbersome than eq. (46.7).

Next let’s try something a little harder, namely ete- — e*e~ found in section 45 that



T = ¢ [(ﬂ{ul)(ﬁgvé) (ﬁgul)(ﬂl’vé)] |

U1 ME s (46.10)
We then have
~ ol (Wuy)(vqv2)  (urv2)(vjul) (46.11)
T=yg [ M2 _ ¢ M?2—s |

When we multiply T by 7 , we will get tour terms.

We want to arrange the factors in each of them so that every u and every v stands just to the left of the
corresponding ¥ and v . In this way, we get

|T|2 = 4 (Mgit)2 Tr[ulﬂlullﬂ{] Tr[’l),zﬂé’vgﬂz]

94 [ ] [ /1,1 /]
Tr |ujuivevy | Tt VoVoUq Uq
(M?2—s)? (46.12)

g
(M?—t)(M?—s)

_|_

Tr [’U,lﬂl ’02@2’0,262/’&/1@1/]

g
(M?2—s)(M?—t)

4
4
( Tr[ulﬂlu'lﬂl'véﬁévzﬁz] .

Then we average over initial spins and sum over final spins, and use eq. (46.8) and

S;:vs(P)@s(P) =—p-—m. (46.13)

We then must evaluate traces of products of up to four gamma matrices.



47 Gamma Matrix Technology

In this section, we will learn some tricks for handling gamma matrices.

We need the following information as a starting point:

{v*,7"} = —2¢", (47.1)
V¢ =1, (47.2)
{+*,7} =0, (47.3)
Irl=4. (47.4)

Now consider the trace of the product of n gamma matrices.

We have
Te[y" ... y#"] = Te[ysy"' 75 - - 37"

= Tr[(vs7"75) - - - (757" 75)]

= Tr[(—7") - (=957"")]
= (=" Te[y** ... oH"] .

(47.5)

We used eq. (47.2) to get the first equality, the cyclic property of the trace for the second, eq. (47.3) for
the third, and eq. (47.2) again for the fourth.



If n1s odd, eq. (47.5) tells us that this trace 1s equal to minus itself, and must therefore be zero:

Tr[odd # of ¥*’s] = 0. (47.6)
Similarly,

Tr[v5 (odd # of ¥#’s)] = 0. (47.7)

Next, consider Tr[y#yY].

We have
Tr[y*v"] = Tr[y"+"]
= 3 Tr[y"y” +"7"]
= —gtTr1
—4gM

(47.8)

The first equality follows from the cyclic property of the trace, the second averages the left- and right-
hand sides of the first, the third uses eq. (47.1), and the fourth uses eq. (47 .4).

A slightly nicer way of expressing eq. (47.8) 1s to introduce two arbitrary four-vectors a# and b#, and
write

Tr|@p] = —4(abd) , (47.9)

where ¢ = a,v*, ¥ = b,y*, and (ab) = atb,,.



Next consider Tr|d#¢d].

We evaluate this by moving ¢ to the right, using eq. (47.1), which is now more usefully written as

4 = P — 2(ab) 7.10)
Using this repeatedly, we have
Tr(pped] = —Tr(padd] — 2(ad) Tr|¢d
= +Tr[Jédd] + 2(ac) Tr[bd] — 2(ab) Tr[¢d i
= —Trlpgdd| — 2(ad)Tr[p¢] + 2(ac) Tr[pd] — 2(ab) Tr(¢d]

Now we note that the first term on the right-hand side of the last line is, by the cyclic property of the
trace, equal to minus the left-hand side.

We can then move this term to the left-hand side to get

2 Tr[db¢d] = — 2(ad)Tr[Bé] + 2(ac)Tr[Bd] — 2(ab)Tr[¢d] . (47.12)

Finally, we evaluate each Tr[g4}] with eq. (47.9), and divide by two:

Tr[dhgd] = 4|(ad) (be) — (ac)(bd) + (ab)(cd)| - (47.13)

This 1s our final result for this trace.



Clearly, we can use the same technique to evaluate the trace of the product of any even number of
gamma matrices.

Next, let’s consider traces that involve ys’s and y#’s. Since {ys,y*} =0, we can always bring all the vs’s
together by moving them through the y#’s (generating minus signs as we go).

Then, since y52 = 1, we end up with either one ys or none.
So we need only consider Tr[ysyr! ...yun ].
And, according to eq. (47.7), we need only be concerned with even n.

Recall that an explicit formula for vs 1s
¥5 =77y (47.14)
Eq. (47.13) then implies
Try; =0. (47.15)

Similarly, we can show that

Trlysv*y"] = 0. (47.16)

Finally, consider Tr[ysyryvyeyo].



The only way to get a nonzero result is to have the four vector indices take on four different values.

If we consider the special case Tr[ysy3y2y!vO0], plug in eq. (47.14), and then use (y)2 = -1 and (y9)2 =1,
we get 1(—1)3 Tr 1 = —41, or equivalently

Tr[ysy*y"vP%] = -4, (47.17)
where €0123 = 3210 = 41,

Another category of gamma matrix combinations that we will eventually encounter is 7#¢ e Yo

The simplest of these is

g,uu7u7u
%g/w {')’Ma ’YV}
= _guugw/

= —d .

Y4

(47.18)

To get the second equality, we used the fact that g,v 1s symmetric, and so only the symmetric part of y#yv
contributes.

In the last line, d 1s the number of spacetime dimensions.

Of course, our entire spinor formalism has been built around d = 4, but we will need formal results for
d = 4—¢ when we dimensionally regulate loop diagrams involving fermions.



We move on to evaluate

Yo = V(= ut — 2a,)
= _'Y“'Yyﬁ — 24
_ (d—2)¢i . (47.19)
We continue with
Y aby, = 4(ab) — (d—4)dp (47 20)

and

YEabEy, = 2¢pd + (d—4) ¢ ; (47221)

48 Spin-Averaged Cross Sections

In section 46, we computed | 7 |2 for (among other processes) ete- — ete-

We take the incoming and outgoing electrons to have momenta p; and p'1, respectively, and the incoming
and outgoing positrons to have momenta p2 and p’2, respectively.

We have p?; = p'% = —m2, where m is the electron (and positron) mass.

The Mandelstam variables are



/

s = —(p1 +p2)* = (P} +p3)",
t = —(p1 — p})? = —(p2 — Ph)?,
u=—(p1 —ph)* = —(p2 — p1)?,

and they obey s + t + u = 4m2.

Our result was

() d, + Dy D4y
Tzz 4 S8 . st S
TE=9ar s~ or-sar—y " ar-12 )’

where M i1s the scalar mass, and

(I)ss = Tr ulﬂl’vgﬁg] Tr[v'zﬁéu'lﬂ{ )

Dy = Tr Ty | Tr|vhT50s7)

Dy ey
Dy = Tr|u1U1u U VU5 VU2 |

oy 1]
Dy = TT|u1U1V2V2V5V5U Uy | -

Next, we average over the two initial spins and sum over the two final spins to get

(48.1)

(48.2)

(48.3)



2
(1T =32y | T (48.4)

Then we use

;us(p)ﬂs(p) = —p+m,
;vs(p)ﬂs(p) = —p-—m,

(48.5)

to get
(®ss) = §Tr|(—+m)(—#y—m) | Tr|(—g—m)(—#{+m)| , (48.6)
(®ue) = §Tr|(—ph+m)(—pi+m)| Tr|(—gs—m)(—Fp—m)|,  (48.7)
(®ar) = JTr| (=g +m) (—H{+m) (—#5—m) (—F,—m) |, (48.8)
(B1s) = FTr|(—ph+m)(—Hy—m) (—p—m) (¢ +m)|. (48.9)

It 1s now merely tedious to evaluate these traces with the technology of section 47.

For example,

Tr|(~#+m) (—py—m)| = Trlpypy] —m* Tr1 (48.10
= —4(p1p2) — 4m”



It 1s convenient to write four-vector products in terms of the Mandelstam variables.

We have p1p2 = Piph = —3(s — 2m?),
p1p| = papy = +3(t — 2m?) (48.11)
pipy = P12 = +3(u—2m?)
and so
Tr| (¢, +m)(—pp—m)| = 25 — 8m? . (48.12)
Thus, we can easily work out egs. (48.6) and (48.7):
(Bss) = (s — 4m?)?, (48.13)
(By) = (t —4m?)* . (48.14)

Obviously, if we start with (®Dg) and make the swap s <« t, we get (Dy).

We could have anticipated this from eqs. (48.6) and (48.7): if we start with the right-hand side of eq.
(48.6) and make the swap p> <> —p’1, we get the right-hand side of eq. (48.7).

But from eq. (48.11), we see that this momentum swap 1s equivalent to s <> t.
Let’s move on to (P and (D).

These two are also related by p2 <> —p'1, and so we only need to compute one of them.



We have

(®st) = Tr[W 1ot
+ %mz Tr[p 1 — ¥ilbs — PiWo — Pil — Vi + Polbo) + imél Irl
= (p1P1)(p2ps) — (P1p3) (P2p1) + (P1P2)(P1P3)

— m2[p1p} — p1ph — p1p2 — PiPh — Pipa + paph] + m*

= —%st + 2m3u .

(48.15)

To get the last line, we used eq. (48.11), and then simplified it as much as possible via s + t + u = 4m?.

Since our result is symmetric on s <> t, we have (D)= (D).

Putting all of this together, we get

(s — 4m?)? st — 4m’u (t —4m?)?
(MZ—s)2 " (M2—s)(MZ—1t) ~ (MZ—1t)? |

(T =g" (48.16)

This can then be converted to a differential cross section (in any frame) via the formulae of section 11.
Let’s do one more: e-¢p — e~ ¢.

We take the incoming and outgoing electrons to have momenta p and p’, respectively, and the incoming
and outgoing scalars to have momenta k and k', respectively.



We then have p?2 = p2 = —m? and k2 = k"2 = -M2,

The Mandelstam variables are
s=—(p+k)?*=-0+kK)*,
t=—(p—-p) =—-(k-k),
u=—@p-k)°=-(k-p),

and they obey s + t + u =2m? + 2M2.

Our result 1in section 46 was
(ITP) = §Tr|[A(—§ + m)A(—¢ +m)] ,

where

—k+2m ¥ +2m
2 T

m< — 8 m — U

A292

Thus we have

o 4  (Pss) (Psu) + (Pus) (Do)
71N =g [(m2—s)2 + (m2 — s)(m?2 — u) + (m2—u)2]’

where now

(48.17)

(48.18)

(48.19)

(48.20)



(Bss) = 3T |(—p'+m)(—f+2m) (—p+m) (—f+2m) | , (48.21)
(®uu) = STr|(—p'+m) (+§ +2m) (—g+m) (+§ +2m)| , (48.22)
(u) = 5Tr|(—¢'+m) (—k+2m) (—p+m) (+§ +2m)| (48.23)
(Bus) = 3Tr|(—p'+m) (+F +2m) (—p+m)(—f+2m)| (48.24)

We can evaluate these in terms of the Mandelstam variables by using our trace technology, along with

pk=p'k' = —1(s —m* - M?),
pp' = +5(t —2m?),
o : (48 25)
kk' = +§(t—2M ),
pk' =p'k = +5(u—m* — M?)

Examining eqs. (48.21) and (48.22), we see that (D) and (P, are transformed into each other by
k <« -k’

Examining eqgs. (48.23) and (48.24), we see that (®Dg,) and (P are also transformed into each other by
k « -k’

From eq. (48.25), we see that this is equivalent to s <> u.



Thus we need only compute (D) and (Psy), and then take s <> u to get (Pyu) and (Dys).

This 1s, again, merely tedious, and the results are

(Bgs) = —su+m?(9s + u) + Tm* — 8m?M? + M* (48 26)
(Buu) = —su +m?*(9u + s) + Tm* — 8m*M? + M* | (48.27)
(Boy) = +su+ 3m?(s + u) + Im* — 8m2M? — M*, (48.28)
(Bys) = +su+ 3m2(s +u) + 9Im* — 8m?M? — M* . (48.29)

49 The Feynman Rules for Majorana Fields

In this section we will deduce the Feynman rules for Yukawa theory, but with a Majorana field instead of
a Dirac field.

We can think of the particles associated with the Majorana field as massive neutrinos.

We have
L1
(49.1)

|
D=
Q
S
K
S

where W be a Majorana field (with mass m), ¢ is a real scalar field (with mass M), and g is a coupling
constant.

In this section, we will be concerned with tree-level processes only, and so we omit renormalizing Z
factors.



From section 41, we have the LSZ rules appropriate for a Majorana field,

bL(P)in — —z/d e vy (p)(—if + m)¥(x) (49.2)
=+ / d*z UT(2)C(+i P + m)us(p)e™P® | (49.3)

by (B )ouws — +i [ d'o 7% Ty (p') (=i + m)U () (49 4)
= i [ d' 7T W @)C(+iD + m)uy (B)e 7 (49.5)

Eq. (49.3) follows from eq. (49.2) by taking the transpose of the right-hand side, and
using Ty ()T = —Cuy(p') and (—i@ +m)™ = C(+id + m)C~; similarly, eq. (49.5) follows from (49 4).

Which form we use depends on convenience, and 1s best chosen on a diagram-by-diagram basis, as we
will see shortly.

Egs. (49.2-49.5) lead us to compute correlation functions containing W’s, but not W'’s.

In position space, this leads to Feynman rules where the fermion propagator 1s 1/iS(x— y)C-1, and the
eWW vertex is 1gC; the factor of 1/2 in £ is canceled by a symmetry factor of 2! that arises from

having two identical W fields in £;.

In a particular diagram, as we move along a fermion line, the C-! in the propagator will cancel against
the C in the vertex, leaving over a final C-! at one end.



This C-! can be canceled by a C from eq. (49.3) (for an incoming particle) or eq. (49.5) (for an outgoing
particle).

On the other hand, for the other end of the same line, we should use either eq. (49.2) (for an incoming
particle) or eq. (49.4) (for an outgoing particle) to avoid introducing an extra C at that end.

In this way, we can avoid ever having explicit factors of C in our Feynman rules.,

Using this approach, the Feynman rules for this theory are as follows.

1. The total number of incoming and outgoing neutrinos is always even;
call this number 2n. Draw n solid lines. Connect them with internal
dashed lines, using a vertex that joins one dashed and two solid lines.
Also, attach an external dashed line for each incoming or outgoing
scalar. In this way, draw all possible diagrams that are topologically
inequivalent.

2. Draw arrows on each segment of each solid line; keep the arrow di-
rection continuous along each line.

3. Label each external dashed line with the momentum of an incoming
or outgoing scalar. If the particle is incoming, draw an arrow on the
dashed line that points towards the vertex; If the particle is outgoing,
draw an arrow on the dashed line that points away from the vertex.



4. Label each external solid line with the momentum of an incoming or
outgoing neutrino, but include a minus sign with the momentum if (a)
the particle is incoming and the arrow points away from the vertex, or
(b) the particle is outgoing and the arrow points towards the vertex.
Do this labeling of external lines in all possible inequivalent ways.
Two diagrams are considered equivalent if they can be transformed
into each other by reversing all the arrows on one or more fermion
lines, and correspondingly changing the signs of the external momenta
on each arrow-reversed line.

5. Assign each internal line its own four-momentum. Think of the four-
momenta as flowing along the arrows, and conserve four-momentum
at each vertex. For a tree diagram, this fixes the momenta on all the
internal lines.

6. The value of a diagram consists of the following factors:
for each incoming or outgoing scalar, 1;
for each incoming neutrino labeled with +p;, us, (p;);

for each incoming neutrino labeled with —p;, 7. (p;);
for each outgoing neutrino labeled with +p;, %y (p;);

);
)

for each outgoing neutrino labeled with —p!, Vg (p

/
WA



for each vertex, ig;
for each internal scalar, —i/(k* + M? — ie);

for each internal fermion, —i(—g + m)/(p? + m? — ie).

7. Spinor indices are contracted by starting at one end of a fermion
line: specifically, the end that has the arrow pointing away from the
vertex. The factor associated with the external line is either u or v.
Go along the complete fermion line, following the arrows backwards,
and writing down (in order from left to right) the factors associated
with the vertices and propagators that you encounter. The last factor
is either a u or v. Repeat this procedure for the other fermion lines,
if any.

8. The overall sign of a tree diagram is determined by drawing all con-
tributing diagrams in a standard form: all fermion lines horizontal,
with their arrows pointing from left to right, and with the left end-
points labeled in the same fixed order (from top to bottom); if the
ordering of the labels on the right endpoints of the fermion lines in a
given diagram is an even (odd) permutation of an arbitrarily chosen
fixed ordering, then the sign of that diagram is positive (negative). To
compare two diagrams, it may be necessary to use the arrow-reversing
equivalence relation of rule #4; there is then an extra minus sign for
each arrow-reversed line.

9. The value of 77 is given by a sum over the values of all these diagrams.



There are additional rules for counterterms and loops, but we will postpone those to section 51.

Let’s look at the simplest process, ¢ — Vvv.

There are two possible diagrams for this, shown in fig. (49.1).

k
Figure 49.1: Two equivalent diagrams for ¢— vv. =D -

However, according to rule #4, these two diagrams are equivalent, and we should keep only one of them.
The first diagram yields 1 7 1 = 44 52’1/1 and the second i1 7 = g 6{ u’2
Rule #8 then implies that we should have 71 =—- 7.

To check this, we note that (after dropping primes to simplify the notation)
— - T
v1Uu2 = [U1ug)
T T
Uz Uy

= 7oC 1 C Ty

(49.6)

— —62/“1 9



as required.

In general, for processes with a total of just two incoming and outgoing neutrinos, such as vo — v or
Vv — @@, these rules give (up to an irrelevant overall sign) the same result for 1 7 as we would get for
the corresponding process in the Dirac case, e~ — e-@ or ete—— @Q.

(Note, however, that in the Dirac case, we have £1 = goWU W, as compared with £; = % gp¥V¥ in the
Majorana case.)

The differences between Dirac and Majorana fermions become more pronounced for vv — vv.
Now there are three inequivalent contributing diagrams, shown in fig. (49.2).

The corresponding amplitude can be written as

—/ — —/ — _— ~—,./
T — 10 \2 (ulul)(ung) - (UQUI)(ul'UZ) (?)211,1)(?1,1’02) 49 7
T=100) | T u+ M2 s+ M2 | oD

where s = —(p1+p2)?, t = =(p1—p'1)? and u = —(p1—p"2)>.

pl N N p{ pl N N pé pl N \_p2
7 ! 7 7 I 7 7 I 7
| I 1
Figure 49.2: Diagrams for vv — vv, \'/Pl—Pf . \'/Pl—l’é + VP,+P,
corresponding to eq. (49.7). | | .
>— > > > > >

P> ) 53 J ) p{ —Pé Pl/



After arbitrarily assigning the first diagram a plus sign, the minus sign of the second diagram follows
from rule #8.

To get the sign of the third diagram, we compare it with the first.

To do so, we reverse the arrow direction on the lower line of the first diagram (which yields an extra
minus sign), and then redraw it in standard form.

Comparing this modified first diagram with the third diagram (and invoking rule #8) reveals a relative
minus sign.

Since the modified first diagram has a minus sign from the arrow reversal, we conclude that the third
diagram has an overall plus sign.

After taking the absolute square of eq. (49.7), we can use relations like eq. (49.6) on a term-by-term
basis to put everything into a form that allows the spin sums to be performed in the standard way.

In fact, we have already done all the necessary work in the Dirac case.

The s-s, s-t, and t-t terms in <{| 7 12) for vv — vv are the same as those for ete- — e*+e—, while the t-t, t-u,
and u-u terms are the same as those for the crossing-related process e-e-— e-e-.

Finally, the s-u terms can be obtained from the s-t terms via t <> u, or equivalently from the t-u terms via

t < S.

Thus the result 1s



o 4l (s 4777,2)2 st — 4m?u
(I7T]") =g (M2 — 5)2 ( 2 — g)(M?2 —t)

(t — 4m?)? tu — 4m?s
o= T oo —u

(49.8)

(u 4m?)? N us — 4m?t
(M2—u) (M? —u)(M? —s) |’

which 1s neatly symmetric on permutations of s, t, and u.
50 Massless Particles and Spinor Helicity

Scattering amplitudes often simplify greatly if the particles are massless (or can be approximated as
massless because the Mandelstam variables all have magnitudes much larger than the particle masses

squared).
In this section we will explore this phenomenon for spin-one-half (and spin-zero) particles.

We will begin developing the technology of spinor helicity, which will prove to be of indispensable
utility in Part III.

Recall from section 38 that the u spinors for a massless spin-one-half particle obey

us(P)us(P) = 5(1 + s75)(—7) (50.1)

where s = + specifies the helicity, the component of the particle’s spin measured along the axis specified
by its three-momentum; in this notation the helicity 1s 1/2 s.



The v spinors obey a similar relation,

vs(P)Ts(P) = 5(1 — 575)(—) - (50.2)

In fact, in the massless case, with the phase conventions of section 38, we have vs(p) = u-s(p).

Thus we can confine our discussion to u-type spinors only, since we need merely change the sign of s to
accommodate v-type spinors.

Consider a u spinor for a particle of negative helicity.

We have
u_(p)u—(p) = 5(1 —5)(—¥) - (50.3)
Let us define
— p
pad — pﬂo-aa, ‘
The we also have (50.4)
p** = €%€%pe; = p, o+ . (50.5)
Then, using
M_(O a“) 1(1 )_(1 0) (50.6)
Y 5 0 ) 2 Y5 0 0 .
in eq. (50.3), we find 0 —pgg
u_(p)a_(p) = ( " ) . (50.7)



On the other hand, we know that the lower two components of u-(p) vanish, and so we can write

Pa
u_(p) = ( 0 ) : (50.8)

Here ¢. 1s a two-component numerical spinor; it 1s not an anticommuting object.
Such a commuting spinor is sometimes called a twistor.

An explicit numerical formula for it is
—sin(10)e=
bo = V2w ( ; ) , (50.9)
+ cos(50)

where 0 and ¢ are the polar and azimuthal angles that specify the direction of the three-momentum p,
and o = Ipl.

Barring eq. (50.8) yields
u-(p) = (0, ¢3), (50.10)

where ¢* = (¢g)*.

Now, combining egs. (50.8) and (50.10), we get

0 Gadt
u—(p)u-(p) = (0 (/)Od) ) (50.11)



Comparing with eq. (50.7), we see that
Pag = —Pa Py, - (50.12)

This expresses the four-momentum of the particle neatly in terms of the twistor that describes its spin
state.

The essence of the spinor helicity method is to treat ¢. as the fundamental object, and to express the
particle’s four-momentum in terms of it, via eq. (50.12).

Given eq. (50.8), and the phase conventions of section 38, the positive-helicity spinor is

0
u(p) = ( | ) , 50.13
+ p¥i ( )

where ¢*% = gp¥.

Barring eq. (50.13) yields
u+(p) = (0% 0). (50.14)

Computation of u4(p)u+(p) viaegs. (50.13) and (50.14), followed by comparison with eq. (50.1)
with s = +, then reproduces eq. (50.12), but with the indices raised.

In fact, the decomposition of Paa into the direct product of a twistor and its complex conjugate is
unique (up to an overall phase for the twistor).

To see this, use o* = (I,7) to write



(—po +p*  pl —ip? ) 5015
paa = . . .

The determinant of this matrix is —(po)? + p2, and this vanishes because the particle is (by assumption)
massless.

Thus Paa has a zero eigenvalue.

Therefore, it can be written as a projection onto the eigenvector corresponding to the nonzero
eigenvalue.

That 1s what eq. (50.12) represents, with the nonzero eigenvalue absorbed into the normalization of the
eigenvector Qx.

Let us now introduce some useful notation.

Let p and k be two four-momenta, and ¢, and x. the corresponding twistors.

We define the twistor product
[P k] = ¢, . (50.16)

a — ac .
Because 9“Ka = €%“@cKa, and the twistors commute, we have

kp] = —[pk] . (50.17)



From egs. (50.8) and (50.14), we can see that

a4 (p)u—(k) = [pk] .

Similarly, let us define

(pk) = PiK* .
Comparing with eq. (50.16) we see that
(pk) = lkp]"
which implies that this product is also antisymmetric,
(kp) = —(pk) .

Also, from egs. (50.10) and (50.13), we have
7 (p)us (k) = (pk) .
Note that the other two possible spinor products vanish:
uy(p)ut (k) =u—(p)u-(k) =0.
The twistor products {pk) and [pk] satisfy another important relation,
(pk)[kp] = ($56™)(k"ba)
= (¢ ba) (K™
= Paak™
= —2pFky

Voo o
O'aa— 29 .

where the last line follows from &+4%

(50.18)

(50.19)

(50.20)

(50.21)

(50.22)

(50.23)

(50.24)



Let us apply this notation to the tree-level scattering amplitude for e- ¢ — e~ @ in Yukawa theory, which

we first computed in Section 44, and which reads

Tos = ¢ Ty () [S(p+) + S0k us(p) - (50.25)
For a massless fermion, S(p) = —p/p>.
If the scalar 1s also massless, then (p + k)2=2p -k and (p — k')?2=-2p - k'.

Also, we can remove the p’s in the propagator numerators in eq. (50.25), because pus(p) = 0. .

Thus we have ,
¥
2p-k  2p-k’

Tys = 9% Uy (p') us(P) - (50.26)

Now consider the case s’ =s = +.

From eqs. (50.13), (50.14), and

0 Kok},
_f = ( _ ) | (50.27)
K

*aK,a O
we get
T (P) (—K)u+ (P) = ¢""Karg™

= [p' k] (kp) .

(50.28)



Similarly, for " =s = —, we find
u-(p')(—F)u-(p) = ¢ K" *K"¢a
= (p'k) [kp],

while for s’ # s, the amplitude vanishes:

u—(p")(=KF)u+(p) =4 (p')(—K)u-(p) = 0.

Then, using eq. (50.24) on the denominators in eq. (50.26), we find

_ o'k | [P'K]
Tor = =0 (il * 587
o (PR @K
T-=-9 ((pk} i (pk’>)’
while
T+_:T_+=O.

(50.29)

(50.30)

(50.31)

(50.32)

Thus we have rather simple expressions for the fixed-helicity scattering amplitudes in terms of twistor

products.



51 Loop Corrections in Yukawa Theory

In this section we will compute the one-loop corrections in Yukawa theory with a Dirac field.

The basic concepts are all the same as for a scalar field, and so we will mainly be concerned with the
extra technicalities arising from spin indices and anticommutation.

First let us note that the general discussion of sections 18 and 29 leads us to expect that we will need to
add to the lagrangian all possible terms whose coefficients have positive or zero mass dimension, and

that respect the symmetries of the original lagrangian.

These include Lorentz symmetry, the U(1) phase symmetry of the Dirac field, and the discrete
symmetries of parity, time reversal, and charge conjugation.

The mass dimensions of the fields (in four spacetime dimensions) are [¢] =1 and [W] =32 .
Thus any power of ¢ up to ¢* 1s allowed.

But there are no additional required terms involving W: the only candidates contain either vs
(e.g., i¥~; W ) and are forbidden by parity, or C (e.g, WTCW) and are forbidden by the U(1) symmetry.

Nevertheless, having to deal with the addition of three new terms (¢, @3, @*) 1s annoying enough to

prompt us to look for a simpler example.

Consider, then, a modified form of the Yukawa interaction,



Lyuk = igpPysV .
This interaction will conserve parity if and only if ¢ 1s a pseudoscalar:
P_1¢(x7 t)P — _90(_){7 t) .

Then, ¢ and @3 are odd under parity, and so we will not need to add them to £.
The one term we will need to add 1s 4.

Therefore, the theory we will consider 1s

L= EO + El 9
Lo = 0PV — mUV — L0k, — L M?p?
L1 = iZegpUys¥ — 55 Z0Ap" + Lot |

Lot = i(Zyg—1)¥PY — (Z,—1)mI¥
— 5(Z,—1)0*pdup — 5(Zu—1)M*¢°

where A is a new coupling constant.

We will use an on-shell renormalization scheme.

The lagrangian parameter m is then the actual mass of the electron.

(31.1)

(512)

(51.3)
(51.4)
(51.5)

(51.6)



We will define the couplings g and A as the values of appropriate vertex functions when the external
four-momenta vanish.

Finally, the fields are normalized according to the requirements of the LSZ formula.

In practice, this means that the scalar and fermion propagators must have appropriate poles with unit
residue.

We will assume that M < 2m, so that the scalar 1s stable against decay into an electron-positron pair.

The exact scalar propagator (in momentum space) can be then written in Lehmann-Kallen form as

< 1 > p(s)
A(k?) =
() k2—|—M2—z’e+ MghdSkQ—ks—z’e’

(51.7)

where the spectral density p(s) 1s real and nonnegative.

The threshold mass M 1s either 2m (corresponding to the contribution of an electron-positron pair) or
3M (corresponding to the contribution of three scalars; by parity, there is no contribution from two
scalars), whichever is less.

We can also write

A(K*)™ = k2 4+ M? —ie — TI(K?) , (51.8)

where 111(k?) 1s given by the sum of one-particle irreducible (1PI for short; see section 14) diagrams with
two external scalar lines, and the external propagators removed.



The fact that A (k?) has a pole at k2 = —M?2 with residue one implies that II1(-M?2) = 0 and I1'(-M?2) = 0;
this fixes the coefficients Z¢ and Zm.

All of this 1s mimicked for the Dirac field.

When parity 1s conserved, the exact propagator (in momentum space) can be written in Lehmann-Kallen
form as

(51.9)

S() = EEm_ [ gy HOLE o0l

p% +m?2 — ie 2 + 5 — e ’

where the spectral densities p1(s) and p2(s) are both real, and pi(s) 1s non-negative and greater than pa(s).

The threshold mass muy 1s m+ M (corresponding to the contribution of a fermion and a scalar), which, by
assumption, 1s less than 3m (corresponding to the contribution of three fermions; by Lorentz invariance,
there 1s no contribution from two fermions).

Since p2 = —py, we can rewrite eq. (51.9) as

. 1 * s —pp1(s) +Vspa(s)
30) = Jim—ie T o B T Ao

(51.10)

with the understanding that 1/(...) refers to the matrix inverse.

However, since § is the only matrix involved, we can think of S(j) as an analytic function of the
single variable § .



With this idea in mind, we see that S() has an isolated pole at p =-m with residue one.

This residue corresponds to the field normalization that is needed for the validity of the LSZ formula.

We can also write the exact fermion propagator in the form

S =g+ m—ie— 2P (51.11)

where 12( Zf) 1s given by the sum of 1PI diagrams with two external fermion lines, and the external
propagators removed.

The fact that S(%) has a pole at 15 = —m with residue one implies that 2(—m) = 0 and 2'(—m) = 0O; this
fixes the coefficients Zy and Zn,.

We proceed to the diagrams.

The Yukawa vertex carries a factor of 1(1Z¢2)Ys = —Zsg2Ys. Since Z; = 1 + O(g?), we can set Zy, = 1 in the
one-loop diagrams.

Consider first 11(k?), which receives the one-loop (and counterterm) corrections shown in fig. (51.1).



k+l Coby
Figure 51.1: The one-loop and LY
counterterm corrections to the scalar -=>-- ->-- 4 -- >_\ 2oSoo 4 - X->--
propagator in Yukawa theory k k k k k k
l

The first diagram has a closed fermion loop.

As we will see in section 53, anticommutation of the fermion fields results in an extra factor of minus
one for each closed fermion loop.

The spin indices on the propagators and vertices are contracted in the usual way, following the arrows
backwards.

Since the loop closes on itself, we end up with a trace over the spin indices.

Thus we have
, 2 [ d¥
Ty 1o0p (%) = (-1)(9)*(3) [

(2m)*

T [S(+E)1s S5 | (51.12)

where

S = ——PE™ (51.13)

p? +m? — ie

1s the free fermion propagator in momentum space.



We now proceed to evaluate eq. (51.12).

We have
Tr[(—f =k +m)vs(=f +m)ys] = Tr[(—f — § +m)(+f +m)]
= 4[(¢ + k)¢ +m? (G114
= 4N .
The first equality follows from ys2=1andys p ys=— P .

Next we combine the denominators with Feynman’s formula. Suppressing the i€’s, we have

1 1 1
= d :
(£+k)2 + m2 02 + m? ./0 y (g% + D)? (51.15)
where q = {+ xk and D = x(1-x)k? + m2.

We then change the integration variable in eq. (51.12) from £ to q; the result is

11 k?) = 4 d N
? \I'loop( ) g/ ZE/ 271')4 _|_D)2’ (51.19)

where now N = (q + (1-x)k)(q—xk) + m2.

The integral diverges, and so we analytically continue it to d = 4 — € spacetime dimensions.



(Here we ignore a subtlety with the definition of s in d dimensions, and assume that ys2 = 1

and ys P ys=—J continue to hold.)

We also make the replacement g — g [t 2 where [+ has dimensions of mass, so that g remains

dimensionless.

Expanding out the numerator, we have

N =¢* —z(1—2)k* + m? + (1-2x)kq . (51.17)

The term linear in q integrates to zero.

For the rest, we use the general result of section 14 to get

e / d% 1 _
# ) @) (2 + D)2

e [ d% q
"] (@m) (¢ + D2

7
1672

1

1672 |

[ 2
€

M| N

- ln(D//L2)] , (51.18)
+4 - (D/u)| (-2D), (5119

where u? = 4me~v [ 2, and we have dropped terms of order €.

Plugging eqgs. (51.18) and (51.19) into eq. (51.16) yields



g2

H\Il loop(kz) — 47‘(‘2

L(k‘2 + 2m?) + %kz + m?
1 (51.20)

—/ dx (3w(1—az)k2 —I—mz)ln(D/uz) :
0

We see that the divergent term has (as expected) a form that permits cancellation by the counterterms.

We evaluated the second diagram of fig. (51.1) in section 31, with the result

A 1
Hcploop(kz) (471_) [— + % o %ln(Mz/Hz)] M2 .
(531.21)
The third diagram gives the contribution of the counterterms,
[ (k%) = —(Z,—1)k* — (Zy—1)M* . (51.22)
Adding up eqgs. (51.20-51.22), we see that finiteness of 11(k?) requires
g (1
Zy=1—-—— —I— finite (51.23)
472
A g> m?\/1
Zy =1 fi 51.24
M= (167r 212 M? )( T mte) G124

plus higher-order (in g and/or A) corrections.

Note that, although there is an O(A) correction to Zwm, there is not an O(\) correction to Zg.



We can impose I11(-M?2) = 0 by writing

2

1
I1(k%) = 49? [ /0 dx (3:1:(1—:E)k2 + mz)ln(D/Do) + K, (K* + M?)|, (51.25)

where Do =—x(1-x)M?2 + mZ2, and %, 1s a constant to be determined.

We fix x, by imposing I1'(—M?2) = 0, which yields

1
Ky = /0 dx x(1—z)[3z(1—z) M?* — m?]/Dy . (51.26)

Note that, in this on-shell renormalization scheme, there is no O(A) correction to 11(k?).

Next we turn to the W propagator, which receives the one-loop (and counterterm) corrections shown in
fig. (51.2).

7 l S \
Figure 51.2: The one-loop and counterterm N \
corrections to the fermion prop-agator in > ' > ‘ >— - %—X+
Yukawa theory. P p+l P P P

The spin indices are contracted in the usual way, following the arrows backwards.

We have



S ®) = (<07 (1) [ oy [1s35+ | 3@, 5127

where S(y) is given by eq. (51.13), and

~ 1
2
A7) = 21 —ic (51.28)
1s the free scalar propagator in momentum space.
We evaluate eq. (51.27) with the usual bag of tricks.
The result 1s . W ) /1 ; / d%q N
() = — x :
1 loop 9 0 (271_)4 (C]2 + D)2 (51.29)
where q = £ + xp and
N =g+ (1-2)p+m, (51.30)
D = z(1—z)p* + zm? + (1—z) M . (51.31)

The 1ntegral diverges, and so we analytically continue it to d = 4 — € spacetime dimensions, make the
replacement g — g (1¢/2, and take the limit as € — 0.

The term linear in q in eq. (51.30) integrates to zero.

Using eq. (51.18), we get



2

Z1100p#) = 753 E(zﬂ om) — [ dz (1-z)p+ m)ln(D/u2)] . (5132)

We see that the divergent term has (as expected) a form that permits cancellation by the counterterms,
which give

St () = —(Zg—1)p — (Zm—1)m . (51.33)

Adding up egs. (51.32) and (51.33), we see that finiteness of 2( ) requires

g° (1
Zy =1— 602 (E + ﬁmte) : (51.34)
2
Im = 1 — g—z(1 +ﬁn1te) :
8T \ € (51.35)
plus higher-order corrections.
We can impose 2(—m) = 0 by writing
g2 1
SW) = 1o | [ do (-2 +m)n(D/Dy) + e +m)|, (5136

where Do 1s D evaluated at p2 = —m?2, and xw is a constant to be determined.

We fix xy by imposing 2'(—m) = 0. In differentiating with respect to P, we take the p?in D, eq. (531.31),
to be -ﬁZ we find



1
Ky = —2/0 dx :B2(1—:13)m2/D0 : (51.37)

Next we turn to the correction to the Yukawa vertex.
We define the vertex function 1Vy(p', p) as the sum of one-particle irreducible diagrams with one
incoming fermion with momentum p, one outgoing fermion with momentum p’, and one incoming scalar

with momentum k = p’' — p.

The original vertex —Z,gvs 1s the first term 1n this sum, and the diagram of fig. (51.3) is the second.

-~ ‘<_ =~
Figure 51.3: The one-loop correction to the scalar- ,° ! R
fermion-fermion vertex in Yukawa theory. p )/ p+l p/ +1 Y p /
>
|
Nk
Thus we have '
iVy (0, p) = —Zgg75 + iVy, 1100p (¥, p) + O(3°) , (51.38)
where
. : 3(1\3 [ 4 [ 50 G A (02 5139
iVy 1100 @8) = (<9)° (1) [ gz 5@ +0wS G+ AE) . (5139

The numerator can be written as
N=@+{+m)(—§—L+m)rs5, (51.40)



and the denominators combined in the usual way.

We then get
d%q N
(2m)* (¢> + D)*°

iVy 1100p (P, p) = —ig® / dF3 /

where the integral over Feynman parameters was defined in section 16, and now
g =L+ z1p+ 2D,
N = [f — z1pf + (1—z2)p’ + m|[—d — (1-z1) + z2§" + m]75 ,

D = z1(1—z1)p* + z2(1—z2)p* — 2z122p"p’
+ (:z:1+a:2)m2 + z3M? .

Using ¢¢ = —q2, we can write N as
N =¢*vs + N + (linear in q) ,

where
N = [~z + (1—z2)p’ + m][—(1—z1)p + 29’ + m]7ys .

The terms linear in q in eq. (51.45) integrate to zero, and only the first term 1s divergent.

Performing the usual manipulations, we find

(5141)

(51.42)

(51.43)

(51.44)

(51.45)

(51.46)



. S /1 N
iVy, 1100p(P', D) = 8% [(— — 3 — %/ng ln(D/u2))75 + }I/ng 5] . (51.47)

From eq. (51.38), we see that finiteness of Vy(p',p) requires

g° (1
plus higher-order corrections.
To fix the finite part of Z¢, we need a condition to impose on Vy(p',p).

We will mimic what we did in ¢3 theory in section 16, and require Vy(0,0) to have the tree-level value
1gYs.

We leave the details.

Next we turn to the corrections to the ¢# vertex 1Va(ki.kz2,k3 ka); the tree-level contribution is —iZ)A.

There are diagrams with a closed fermion loop, as shown in fig. (51.4), plus one-loop diagrams with ¢
particles only that we evaluated in section 31.

Figure 51.4: One of six diagrams with a closed fermion loop and
four external scalar lines; the other five are obtained by permuting
the external momenta in all possible inequivalent ways.




We have

~

Vi = (D0 (1) [ aor T[EO3¢-s

< S(t+Ho )15 ()]
+ 5 permutations of (ks, k3, k4) .

(51.49)

Again we can employ the standard methods; there are no unfamiliar aspects.

This being the case, let us concentrate on obtaining the divergent part; this will give us enough
information to calculate the one-loop contributions to the beta functions for g and A.

To obtain the divergent part of eq. (51.49), it 1s sufficient to set k; = 0.

The term 1n the numerator that contributes to the divergent part 18 Tr ( [75)4 = 4(£2)2, and the
denominator is (£2 + m?2)4. -

Then we find, after including identical contributions from the other five permutations of the external
momenta,

471
V4 W loop = —Si (— -+ ﬁnite) : (51.50)
From section 31, we have

A
Vi o loop = A (— 4 ﬁnite) . (51.51)



Then, using

V4 — _ZAA _'_ V4, \Ijloop + V4,(p100p + s e e (51.52)
we see that finiteness of V4 requires
3\ 3¢ \/1
Zy =1 ——— — —— || — + finit 51.53
A T (167r2 7r2)\><€ - e) ’ ( )

plus higher-order corrections.

52 Beta Functions in Yukawa Theory

In this section we will compute the beta functions for the Yukawa coupling g and the ¢* coupling A in

Yukawa theory, using the methods of section 28.

The relations between the bare and renormalized couplings are

go = Z,' 22y 2y ?g (52.1)
Xo = Z,°Z\i\ . (52.2)
Let us define

_ _ = Gn(g,\

ln(Z(p 1/22\1,129) =) E;Z ) (52.3)
n=1
_ — Ln(g, )
Il( L. A) nzz:l gn



From our results in section 51, we have

5g°
G1(9,)) = T 5+ 5 (52.5)

3 g° 3g*
—1671'2-'_%—71'2—)\_'_.” : (52.6)

Ll(ga)‘) —

where the ellipses stand for higher-order (in g2 and/or A) corrections.

Taking the logarithm of egs. (52.1) and (52.2), and using egs. (52.3) and (32.4), we get

— Gn(g, A _

In gy = z g ) +Ing + %6lnu, (52.7)
n=1
oo Ln

In g = Z (8%’ a) +InA+eclnp. (52.8)
n=1

We now use the fact that go and Ao must be independent of .

We differentiate eqgs. (52.7) and (52.8) with respect to In y; the left-hand sides vanish, and we multiply
the right-hand sides by g and A, respectively.

The result is

+ 3¢9, (52.9)

( 0G, dg 0G, dA ) 1 dg
g T 9 +
0g dlnp O\ dlnp)en

n=1

dln



OL, dg

— . 52.10
0 ;(A 90 dlnu+/\8)\ Y + e (52.10)

OL, d\ )1 N dA\
e dlnp

In a renormalizable theory, dg/dln u and dA/dIn u must be finite in the e— O limit.

Thus we can write

difu = —3€9+ By(9, ) , (52.11)

dcli:\u = —eX+ Bir(g, ) - (52.12)
ubstituting these into egs. (52.9) and (52.10), and matching powers of €, we find

Be(g; A) = g(%g% + A(%)GH , (52.13)

Br(g, ) = A(%ga% + A;—/\)Ll - (52.14)

The coefficients of all higher powers of 1/¢ must also vanish, but this gives us no more information about
the beta functions.

Using eqgs. (52.5) and (52.6) in eqs. (52.13) and (52.14), we get



\) = 9

By(g,A) = 62 T (52.15)
1

Br(9:2) = 76 (3>\2 +8\g® — 4894) o (52.16)

The higher-order corrections have extra factors of g2 and/or A.

53 Functional Determinants

In the section we will explore the meaning of the functional determinants that arise when doing gaussian
path integrals, either bosonic or fermionic.

We will be interested 1n situations where the path integral over one particular field 1s gaussian, but
generates a functional determinant that depends on some other field.

We will see how to relate this functional determinant to a certain infinite set of Feynman diagrams.

We will need the technology we develop here to compute the path integral for nonabelian gauge theory
in section 70.

We begin by considering a theory of a complex scalar field x with
2
L =-0"x"0,x — m*x"x + gex'x , (53.1)

where @ 1s a real scalar background field.



That 1s, ¢(X) is treated as a fixed function of spacetime.

Next we define the path integral
Z(p) = / D' Dy &'/ 474 (532)
where we use the € trick of section 6 to impose vacuum boundary conditions, and the normalization

Z(0) =1 1s fixed by hand.

Recall from section 44 that if we have n complex variables z;, then we can evaluate gaussian integrals by
the general formula

/dnz d"z exp (—iz;M;;z;) < (det M)~ . (53.3)

In the case of the functional integral in eq. (53.2), the index 1 on the integration variable 1s replaced by
the continuous spacetime label x, and the “matrix” M becomes

M(z,y) = [-02 + m* — gp(z)]6*(z — y) . (53.4)

In order to apply eq. (53.3), we have to understand what it means to compute the determinant of this
expression.

To this end, let us first note that we can write M = My M , which 1s shorthand for



M(z,z) = /d4yMo($,y)J\7(y,z) , (53.5)

where

Mo(z,y) = (=0, +m?)§* (z —y) , (53.6)
M(y,z) = 6*(y — 2) — gA(y — 2)(2) - (53.7)
Here A(y- z) is the Feynman propagator, which obeys

(=807 + m*)A(y — 2) = 6*(y — 2) . (53.8)

After various integrations by parts, it is easy to see that eqgs. (53.5-53.7) reproduce eq. (353 .4).

Now we can use the general matrix relation det AB = det A det B to conclude that

det M = det My det M . (53.9)

The advantage of this decomposition 1s that My 1s independent of the background field ¢, and so the

resulting factor of (det Mo)—! in Z(¢) can simply be absorbed into the overall normalization.

Furthermore, we have M = I- G, where

I(z,y) = 6*(z —v) (53.10)



1s the identity matrix, and

G(z,y) = gA(z — y)p(y) - (53.11)

Thus, for ¢(x) =0, we have jy=1and so det p7=1.

Then, using eq. (53.3) and the normalization condition Z(0) = 1, we see that for nonzero ¢(x) we must

have simply

Z(p) = (det M)~ . (53.12)

Next, we need the general matrix relation det A = exp Tr In A, which is most easily proved by working in
a basis where A is in Jordan form (that is, all entries below the main diagonal are zero).

Thus we can write

det M = exp’I‘rlnM
= exp TrIin(I — G)

] (53.13)
o0 1 ]
— Tr | — —-G"].
Combining eqgs. (53.12) and (53.13) we get
. 1
Z(p) = exp Z —TrG", (53.14)



where

TrG" = 9”/6141‘1 o dy A(z1—22)0(22) - . . A(Tn—1)p(21) - (53.15)
This 1s our final result for Z(p).

To better understand what it means, we will rederive it in a different way.

Consider treating the ggy ™y term in £ as an interaction.
This leads to a vertex that connects two y propagators; the associated vertex factor 1s 1g2¢p(x).

According to the general analysis of section 9, we have Z(¢) = exp 1l (¢), where 1I'(¢) 1s given by a sum

of connected diagrams.

(We have called the exponent I rather than W because it is naturally interpreted as a quantum action for
@ after y has been integrated out.)

The only connected diagrams we can draw with these Feynman rules are those of fig. (53.1). with n
insertions of the vertex, where n > 1.

Figure 53.1: All connected diagrams with ¢(X) treated as an external field. Each of o

the n dots represents a factor of iggp(x), and each solid line is a iy or W propagator.



The diagram with n vertices has an n-fold cyclic symmetry, leading to a symmetry factor of S =n.

The factor of 1 associated with each vertex is canceled by the factor of 1/1 associated with each
propagator.

Thus the value of the n-vertex diagram 1s
Lo [ 4 53.16
9 dry...dx, Alx1—x2)p(x2) ... A(xp—21)0(21) . (53.10)
Summing up these diagrams, and using eq. (53.15), we find

>, 1
iT(p) =) - TrG™ . (53.17)
n=1

This neatly reproduces eq. (53.14).
Thus we see that a functional determinant can be represented as an infinite sum of Feynman diagrams.
Next we consider a theory of a Dirac fermion W with

L=19J¥ — mIV + gp¥ ¥ , (53.18)

where @ 1s again a real scalar background field.

We define the path integral



Z(p) = / DU DY i) 4oL (53.19)

where we again use the otrick to impose vacuum boundary conditions, and the normalization Z(0) = 1 1s
fixed by hand.

Recall from section 44 that if we have n complex Grassmann variables 1, then we can evaluate gaussian
integrals by the general formula

/ d™p d™p exp (—ih; Mij1b;) oc det M . (53.20)

In the case of the functional integral in eq. (53.19), the index 1 on the integration variable 1s replaced by
the continuous spacetime label x plus the spinor index o, and the “matrix” M becomes

Mogs(z,y) = [—i@, + m — go(x)]apd*(z — y) . (53.21)

In order to apply eq. (53.20), we have to understand what it means to compute the determinant of this
expression.

To this end, let us first note that we can write M = Mo M , which is shorthand for

Ma’)’(xaz) — /d4y MOaﬁ(xay)Mﬁv(ya Z) y (53.22)

where



Moap(,y) = (=i, +m)apd* (z —y) , (53.23)

Mg (y, 2) = 6py8*(y — 2) — 98, (y — 2)p(2) . (53.24)

Here Spgy(y— z) 1s the Feynman propagator, which obeys

. 4
(=@, +m)apSpy(y — 2) = 6ard"(y — 2) . (53.25)
After various integrations by parts, it 1s easy to see that eqgs. (53.22-53.24) reproduce eq. (53.21).

Now we can use eq. (53.9).

The advantage of this decomposition is that Mo 1s independent of the background field ¢, and so the

resulting factor of det Mo in Z(¢) can simply be absorbed into the overall normalization.

Furthermore, we have M =1 - G, where
4
Log(Z,y) = 6ap0” (T — ) (53.26)
1s the 1dentity matrix, and

Gop(T,y) = 9Sap(z — y)p(y) - (53.27)



Thus, for ¢(x) =0, we have M =1and sodet M = 1.

Then, using eq. (33.20) and the normalization condition Z(0) = 1, we see that for nonzero ¢(x) we must

have simply

Z(p) = det M . (53.28)

Next, we use egs. (53.13) and (33.28) to get
=1
Z(p)=exp — )y —TrG", 53.29
() = exp n; - (53.29)

where now
TrG" = g”/d4a:1 d'Tatr S(zi—x2)p(x) ... S(zp—2z1)0(x1),  (53.30)

and “tr”’ denotes a trace over spinor indices.

This is our final result for Z(p).

To better understand what it means, we will rederive it in a different way.

Consider treating the g U Y term in £ as an interaction.

This leads to a vertex that connects two W propagators; the associated vertex factor is iggp(x).



According to the general analysis of section 9, we have Z(¢) = exp 1l '(¢), where 1I'(¢) 1s given by a sum

of connected diagrams.

(We have called the exponent I rather than W because it is naturally interpreted as a quantum action for
¢ after W has been integrated out.)

The only connected diagrams we can draw with these Feynman rules are those of fig. (53.1), with n
insertions of the vertex, wheren > 1.

The diagram with n vertices has an n-fold cyclic symmetry, leading to a symmetry factor of S = n.

The factor of 1 associated with each vertex is canceled by the factor of 1/1 associated with each
propagator.

The closed fermion loop implies a trace over the spinor indices.

Thus the value of the n-vertex diagram 1s
~g" [ 't S(@—z)p(w2) ... S(ea—z)p(mn)

Summing up these diagrams, we find that we are missing the overall minus sign in eq. (53.29).

The appropriate conclusion is that we must associate an extra minus sign with each closed fermion loop.



