
Are you ready?



A field theory with many pedagogical virtues is ϕ3 theory in six dimensions, where its coupling constant 
is dimensionless.  

The reason ϕ3 theory in six dimensions is a nice example is that its Feynman diagrams have a simple 
structure, but still exhibit the generic phenomena of renormalizable quantum field theory at the one-loop 
level. 

Thus, in Part I of these lectures, ϕ3 theory in six dimensions is the primary example. 

I use it to give introductory treatments of most aspects of relativistic quantum field theory for spin-zero 
particles, with a minimum of the technical complications that arise in more realistic theories (like QED) 
with higher-spin particles.

These lectures are based on the notion that quantum field theory is most readily learned by starting with 
the simplest examples and working through their details in a logical fashion.

To this end, I have tried to set things up at the very beginning to anticipate the eventual need for 
renormalization, and not be cavalier about how the fields are normalized and the parameters defined. 

I believe that these precautions take a lot of the “hocus pocus” (to quote Feynman) out of the
“dippy process” of renormalization.

Although I eventually discuss the Wilson(one of my advisors at Cornell, my instructor in  QFT III and he 
was a very good friend) approach to renormalization and effective field theory, and use effective field 
theory extensively for the physics of hadrons in Part III, 

I do not feel it is pedagogically useful to bring it in at the very beginning, as is sometimes advocated. 



The problem is that the key notion of the decoupling of physical processes at different length scales is 
an unfamiliar one for most students; there is nothing in typical courses on quantum mechanics or 
electromagnetism or classical mechanics to prepare students for this idea (which was deemed worthy of 
a Nobel Prize for Ken Wilson in 1982).

It also does not provide for a simple calculational framework, since one must deal with the infinite 
number of terms in the effective lagrangian, and then explain why most of them don’t matter after all. 

It’s noteworthy that Wilson himself did not spend a lot of time computing properly normalized 
perturbative S-matrix elements, a skill that graduate students musto have because a great deal of current 
research still depends on it. 

Indeed, the vaunted success of quantum field theory as a description of the real world is based almost 
entirely on our ability to carry out these perturbative calculations. 

Studying renormalization early on has other pedagogical advantages as we will see. 

In general I have tried to present topics so that the more interesting aspects (from a present-day point of 
view) come first.

In the traditional approach they usually start with the π0 → γγ decay rate, whereas, I begin by 
demonstrating that anomalies destroy the self-consistency of the great majority of chiral gauge theories, 
a fact that strikes me as much more interesting and dramatic than an incorrect calculation of the π0 decay 
rate. 

Then, when we do eventually get to this decay process, it appears as a straightforward consequence of 
what we already learned about anomalies

While I have sometimes included more mathematical detail than is ideal for a lecture, I have also tended 
to omit explanations based on “physical intuition.”

An example is anomalies.



Thus, the following set of lectures is designed to introduce you to the ideas of Quantum 
Field Theory.

There is no way to avoid difficult mathematics - it is the language of filed theory, so I will  
do the detailed derivations with all the mathematical operations even though some of the 
material might be beyond almost all you.

I will, however, always finish with a physical picture of what has been proved. 

All important aspects of the subject material will be covered and I hope my explanations 
will be enough to allow you to understand how the derivation proceeded and what is the 
fundamental meaning of all the equations and results.

You should come out of this class with a good understanding of what quantum field 
theory entails, what the fundamental equations are and their physical meanings.

If you want to go deeper than this coverage, then you have to pick up a full-blown 
textbook, do all the mathematical derivations in detail, and also do all the problems to 
make sure you understanding is deep.

            So let us proceed…………………………………It will be an adventure.



1 Attempts at relativistic quantum mechanics

Quantum Field Theory

Part I - Spin Zero

And so on. 

We do not need to review these closely here. 

The axiom we need to focus on is the one that says that the time evolution of the state of the system is 
governed by the Schrodinger equation,

In order to combine quantum mechanics and relativity, we must first understand what we mean by 
“quantum mechanics” and “relativity”. 

Let us begin with quantum mechanics.

Somewhere in most textbooks on the subject, one can find a list of the “axioms of quantum mechanics”. 

These include statements along the lines of

The state of the system is represented by a vector in Hilbert space.

Observables are represented by hermitian operators.

The measurement of an observable yields one of its eigenvalues as the result



where ψ(x,t) = ⟨x|ψ,t⟩ is the position-space wave function. 

We would like to generalize this to relativistic motion.

The obvious way to proceed is to take

where H is the hamiltonian operator, representing the total energy.

Let us consider a very simple system: a spinless, nonrelativistic particle with no forces acting on it. 

In this case, the hamiltonian is

(1.1)

where m is the particle’s mass, and P is the momentum operator. 

In the position basis, eq. (1.1) becomes

(1.2)

(1.3)



which yields the correct relativistic energy-momentum relation. 

If we formally expand this hamiltonian in inverse powers of the speed of light c, we get

This is simply a constant (the rest energy), plus the usual nonrelativistic hamiltonian, eq. (1.2), plus 
higher-order corrections. 

With the hamiltonian given by eq. (1.4), the Schrodinger equation becomes

(1.4)

(1.6)

Unfortunately, this equation presents us with a number of difficulties. 

One is that it apparently treats space and time on a different footing: the time derivative appears only on 
the left, outside the square root, and the space derivatives appear only on the right, under the square root. 

This asymmetry between space and time is not what we would expect of a relativistic theory.

(1.5)



We can alleviate these problems by squaring the differential operators on each side of eq. (1.6) before 
applying them to the wave function. 

Then we get

This is the Klein-Gordon equation, and it looks a lot nicer than eq. (1.6). It is second-order in both space 
and time derivatives, and they appear in a symmetric fashion.

To better understand the Klein-Gordon equation, let us consider in more detail what we mean by 
“relativity”. 

Special relativity tells us that physics looks the same in all inertial frames. 

To explain what this means, we first suppose that a certain spacetime coordinate system (ct,x) represents 
(by fiat) an inertial frame. 

Let us define x0 = ct, and write xµ, where µ = 0,1,2,3, in place of (ct,x). 

It is also convenient (for reasons not at all obvious at this point) to define x0  = − x0 and xi  = xi, where i = 
1, 2, 3.

(1.7)

Furthermore, if we expand the square root in powers of ∇2, we get an infinite number of spatial 
derivatives acting on ψ(x,t); this implies that eq. (1.6) is not local in space.



where blank entries are zero. 

We then have xµ = gµνxν, where a repeated index is summed.

To invert this formula, we introduce the inverse of g, which is confusingly also called g, except with both 
indices up:

(1.8)

We then have gµνgνρ = δµρ, where δµρ is the Kronecker delta (equal to one if its two indices take on the 
same value, zero otherwise). 

Now we can also write xµ = gµνxν.

It is a general rule that any pair of repeated (and therefore summed) indices must consist of one 
superscript and one subscript; these indices are said to be contracted. 

This can be expressed more elegantly if we first introduce the Minkowski metric,

(1.9)



Also, any unrepeated (and therefore unsummed) indices must match (in both name and height) on the 
left- and right-hand sides of any valid equation.

Now we are ready to specify what we mean by an inertial frame. 

If the coordinates xµ
 represent an inertial frame (which they do, by assumption), then so do any other 

coordinates        that are related by

where Λµν is a Lorentz transformation matrix and aµ is a translation vector. 

Both Λµν  and aµ are constant (that is, independent of xµ). 

Furthermore, Λµν must obey

(1.10)

Eq. (1.11) ensures that the interval between two different spacetime points that are labeled by xµ and x′µ 
in one inertial frame, and by      and        in another, is the same. 

This interval is defined to be

(1.12)
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x̄µ

(1.11)
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x̄→µ



In the other frame, we have

as desired. 

When we say that physics looks the same, we mean that two observers (Alice and Bob, say) using two 
different sets of coordinates (representing two different inertial frames) should agree on the predicted 
results of all possible experiments. 

In the case of quantum mechanics, this requires Alice and Bob to agree on the value of the wave function 
at a particular spacetime point, a point that is called x by Alice and     by Bob. 

Thus if Alice’s¯predicted wave function is ψ(x), and Bob’s is          , then we should have ψ(x) =             . 

Furthermore, in order to maintain ψ(x) =            throughout spacetime, ψ(x) and            should obey 
identical equations of motion. 

Thus a candidate wave equation should take the same form in any inertial frame.

(1.13)
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ω̄(x̄)



Let us see if this is true of the Klein-Gordon equation. 

We first introduce some useful notation for spacetime derivatives:

so that our matching-index-height rule is satisfied.

If         and  x are related by eq. (1.10), then        and  ∂ are related by

(1.14)

To check this, we note that

as expected. 

The last equality in eq. (1.18) is another form of eq. (1.11); see section 2.

Note that

(1.15)

(1.16)
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x̄

(1.17)

(1.18)



Thus, eq. (1.21) is indeed equivalent to eq. (1.20).

Is Bob’s equation equivalent to Alice’s equation? 

To see that it is, we set           = ψ(x), and note that

(1.19)

We can now write eq. (1.7) as

After rearranging and identifying ∂2 ≡ ∂µ∂µ =−∂20 + ∇2, we have

This is Alice’s form of the equation. 

Bob would write

(1.20)

(1.21)
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ω̄(x̄)

(1.22)



is not in general time independent. 

Thus probability is not conserved. 

The Klein-Gordon equation obeys relativity, but not quantum mechanics.

(1.23)

The Klein-Gordon equation is therefore manifestly consistent with relativity: it takes the same form in 
every inertial frame.

This is the good news. 

The bad news is that the Klein-Gordon equation violates one of the axioms of quantum mechanics: eq. 
(1.1), the Schrodinger equation in its abstract form. 

The abstract Schrodinger equation has the fundamental property of being first order in the time 
derivative, whereas the Klein-Gordon equation is second order. 

This may not seem too important, but in fact it has drastic consequences. 

One of these is that the norm of a state,



where Pj  is a component of the momentum operator.

Since the Dirac equation is linear in both time and space derivatives, it has a chance to be consistent with 
relativity. 

Note that squaring the hamiltonian yields

(1.26)

Dirac attempted to solve this problem (for spin-one-half particles) by introducing an extra discrete label 
on the wave function, to account for spin: ψa(x), a = 1, 2. 

He then tried a Schrodinger equation of the form

where all repeated indices are summed, and αj
   and β are matrices in spin-space. 

This equation, the Dirac equation, is consistent with the abstract Schrodinger equation. 

The state |ψ,a,t⟩ carries a spin label a, and the hamiltonian is

(1.24)

(1.25)



Thus, the eigenstates of H2 are momentum eigenstates, with H2 eigenvalue p2c2 + m2c4. 

This is, of course, the correct relativistic energy-momentum relation. 

While it is outside the scope of this section(comes later) to demonstrate it, it turns out that the Dirac 
equation is fully consistent with relativity provided the Dirac matrices obey eq. (1.27). 

So we have apparently succeeded in constructing a quantum mechanical, relativistic theory!

There are, however, some problems. 

We would like the Dirac matrices to be 2 × 2, in order to account for electron spin. 

However, they must in fact be larger.

Since Pj Pk is symmetric on exchange of j and k, we can replace αjαk by its symmetric part,     {αj,αk}, 
where {A,B} = AB+ BA is the anticommutator. 

Then, if we choose matrices such that

(1.27)

we will get
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To see this, note that the 2 × 2 Pauli matrices obey {σi,σj} = 2δij, and are thus candidates for the Dirac αi 
matrices. 

However, there is no fourth matrix that anticommutes with these three (easily proven by writing down 
the most general 2 × 2 matrix and working out the three anticommutators explicitly). 

Also, we can show that the Dirac matrices must be even dimensional. 

Thus their minimum size is 4× 4, and it remains for us to interpret the two extra possible “spin” states.

However, these extra states cause a more severe problem than a mere overcounting. 

Acting on a momentum eigenstate, H becomes the matrix cα·p + mc2β. 

One can show that the trace of this matrix is zero.

Thus the four eigenvalues must be +E(p), +E(p),−E(p),−E(p), where E(p) = +(p2c2 + m2c4)1/2. 

The negative eigenvalues are the problem: they indicate that there is no ground state. 

In a more elaborate theory that included interactions with photons, there seems to be no reason why
a positive energy electron could not emit a photon and drop down into a negative energy state. 

This downward cascade could continue forever.

(The same problem also arises in attempts to interpret the Klein-Gordon equation as a modified form of 
quantum mechanics.)



Dirac made a wildly brilliant attempt to fix this problem of negative energy states. 

His solution is based on an empirical fact about electrons: they obey the Pauli exclusion principle. 

It is impossible to put more than one of them in the same quantum state. 

What if, Dirac speculated, all the negative energy states were already occupied? 

In this case, a positive energy electron could not drop into one of these states, by Pauli exclusion.

Many questions immediately arise. 

Why don’t we see the negative electric charge of this Dirac sea of electrons? 

Dirac’s answer: because we’re used to it. (More precisely, the physical effects of a uniform charge 
density depend on the boundary conditions at infinity that we impose on Maxwell’s equations, and there 
is a choice that renders such a uniform charge density
invisible.) 

However, Dirac noted, if one of these negative energy electrons were excited into a positive energy state 
(by, say, a sufficiently energetic photon), it would leave behind a hole in the sea of negative energy 
electrons. 

This hole would appear to have positive charge, and positive energy.



However, we have now jumped from an attempt at a quantum description of a single relativistic particle 
to a theory that apparently requires an infinite number of particles. 

Even if we accept this, we still have not solved the problem of how to describe particles like photons or 
pions or alpha nuclei that do not obey Pauli exclusion.

At this point, it is worthwhile to stop and reflect on why it has proven to be so hard to find an acceptable 
relativistic wave equation for a single quantum particle. 

Perhaps there is something wrong with our basic approach.

And there is.

Recall the axiom of quantum mechanics that says that “Observables are represented by hermitian 
operators.” 

This is not entirely true. There is one observable in quantum mechanics that is not represented by a 
hermitian operator: time. 

Time enters into quantum mechanics only when we announce that the “state of the system” depends on 
an extra parameter t.

Dirac therefore predicted (in 1927) the existence of the positron, a particle with the same mass as the 
electron, but opposite charge. 
 
The positron was found experimentally five years later.



So, what are we to do?

In principle, the problem could be an intractable one: it might be impossible to combine quantum 
mechanics and relativity. 

In this case, there would have to be some meta-theory, one that reduces in the nonrelativistic limit to 
quantum mechanics, and in the classical limit to relativistic particle dynamics, but is actually neither.

This, however, turns out not to be the case. 

We can solve our problem, but we must put space and time on an equal footing at the outset. 

There are two ways to do this. 

One is to demote position from its status as an operator, and render it as an extra label, like time. 

The other is to promote time to an operator.

This parameter is not the eigenvalue of any operator. 

This is in sharp contrast to the particle’s position x, which is the eigenvalue of an operator. 

Thus, space and time are treated very differently, a fact that is obscured by writing the Schrodinger 
equation in terms of the position-space wave function ψ(x,t). 

Since space and time are treated asymmetrically, it is not surprising that we are having trouble 
incorporating a symmetry that mixes them up.



Let us discuss the second option first. 

If time becomes an operator, what do we use as the time parameter in the Schrodinger equation? 

Happily, in relativistic theories, there is more than one notion of time. 

We can use the proper time τ of the particle (the time measured by a clock that moves with it) as the time 
parameter. 

The coordinate time T (the time measured by a stationary clock in an inertial frame) is then promoted to 
an operator. 

In the Heisenberg picture (where the state of the system is fixed, but the operators are functions of time 
that obey the classical equations of motion), we would have operators Xµ(τ), where X0 = T. 

Relativistic quantum mechanics can indeed be developed along these lines, but it is surprisingly 
complicated to do so. (The many times are the problem; any monotonic function of τ is just as good a 
candidate as τ itself for the proper time, and this infinite redundancy of descriptions must be understood 
and accounted for.)

One of the advantages of considering different formalisms is that they may suggest different directions 
for generalizations. 

For example, once we have Xµ(τ), why not consider adding some more parameters? 

Then we would have, for example, Xµ(σ,τ). 



Classically, this would give us a continuous family of worldlines, what we might call a worldsheet, and 
so Xµ(σ,τ) would describe a propagating string. 

This is indeed the starting point for string theory.

Thus, promoting time to an operator is a viable option, but is complicated in practice. 

Since we now know that “string theory” does not work.

We now know not to go down that path!

Let us then turn to the other option, demoting position to a label. 

The first question is, label on what? 

The answer is, on operators. 

Thus, consider assigning an operator to each point x in space; call these operators 𝜑(x). 

A set of operators like this is called a quantum field. 

In the Heisenberg picture, the operators are also time dependent:

(1.29)



Thus, both position and (in the Heisenberg picture) time are now labels on operators; neither is itself the 
eigenvalue of an operator.

So, now we have two different approaches to relativistic quantum theory, approaches that might, in 
principle, yield different results. 

This, however, is not the case: it turns out that any relativistic quantum physics that can be treated in one 
formalism can also be treated in the other. 

Which we use is a matter of convenience and taste. 

And, quantum field theory, the formalism in which position and time are both labels on operators, is 
much more convenient and efficient for most problems.

There is another useful equivalence: ordinary nonrelativistic quantum mechanics, for a fixed number of 
particles, can be rewritten as a quantum field theory. 

This is an informative exercise, since the corresponding physics is already familiar. 

Let us carry it out.

Begin with the position-basis Schrodinger equation for n particles, all with the same mass m, moving in 
an external potential U(x), and interacting with each other via an interparticle potential V(x1− x2):



where ψ = ψ(x1,...,xn; t) is the position-space wave function. 

The quantum mechanics of this system can be rewritten in the abstract form of eq. (1.1) by first 
introducing (in, for now, the Schrodinger picture) a quantum field a(x) and its hermitian conjugate a†(x). 

We take these operators to have the commutation relations

where δ3(x) is the three-dimensional Dirac delta function. 

Thus, a†(x) and a(x) behave like harmonic-oscillator creation and annihilation operators that are labeled 
by a continuous index. 

In terms of them, we introduce the hamiltonian operator of our quantum field theory,

(1.30)

(1.31)



Now consider a time-dependent state of the form

where ψ(x1,...,xn; t) is some function of the n particle positions and time, and |0⟩ is the vacuum state, the 
state that is annihilated by all the a’s,

It is now straightforward (though tedious) to verify that eq. (1.1), the abstract Schrodinger equation, is 
obeyed if and only if the function ψ satisfies eq. (1.30).

Thus we can interpret the state |0⟩ as a state of “no particles”, the state a†(x1)|0⟩ as a state with one 
particle at position x1, the state a†(x1)a†(x2)|0⟩ as a state with one particle at position x1 and another at 
position x2, and so on. 

The operator

(1.32)

(1.33)

(1.34)



counts the total number of particles. 

It commutes with the hamiltonian, as is easily checked; thus, if we start with a state of n particles, we 
remain with a state of n particles at all times.

However, we can imagine generalizations of this version of the theory (generalizations that would not be 
possible without the field formalism) in which the number of particles is not conserved. 

For example, we could try adding to H a term like

(1.35)

This term does not commute with N, and so the number of particles would not be conserved with this 
addition to H.

(1.36)

Theories in which the number of particles can change as time evolves are a good thing: they are needed 
for correct phenomenology. 

We are already familiar with the notion that atoms can emit and absorb photons, and so we had better 
have a formalism that can incorporate this phenomenon. 



There is another important aspect of the quantum theory specified by eqs. (1.32) and (1.33). 

Because the creation operators commute with each other, only the completely symmetric part of ψ 
survives the integration in eq. (1.33). 

Therefore, without loss of generality, we can restrict our attention to ψ’s of this type:

(1.37)

This means that we have a theory of bosons, particles that (like photons or pions or alpha nuclei) obey 
Bose-Einstein statistics. 

If we want Fermi-Dirac statistics instead, we must replace eq. (1.31) with

We are less familiar with emission and absorption (that is to say, creation and annihilation) of electrons, 
but this process also occurs in nature; it is less common because it must be accompanied by the emission 
or absorption of a positron, antiparticle to the electron. 

There are not a lot of positrons around to facilitate electron annihilation, while e+e− pair creation requires 
us to have on hand at least 2mc2 of energy available for the rest-mass energy of these two particles. 

The photon, on the other hand, is its own antiparticle, and has zero rest mass; thus photons are easily and 
copiously produced and destroyed.



where again {A,B}= AB+ BA is the anticommutator. 

Now only the fully antisymmetric part of ψ survives the integration in eq. (1.33), and so we can restrict 
our attention to

Thus we have a theory of fermions. 

It is straightforward to check that the abstract Schrodinger equation, eq. (1.1), still implies that ψ obeys 
the differential equation (1.30).

Now, however, the ordering of the a and a† operators in the last term of eq. (1.32) becomes significant, 
and must be as written.
Interestingly, there is no simple way to write down a quantum field theory with particles that obey 
Boltzmann statistics, corresponding to a wave function with no particular symmetry.

(1.38)

(1.39)



This is a hint of the spin-statistics theorem, which applies to relativistic quantum field theory. 

It says that interacting particles with integer spin must be bosons, and interacting particles with                
half-integer spin must be fermions.

In our nonrelativistic example, the interacting particles clearly have spin zero (because their creation 
operators carry no labels that could be interpreted as corresponding to different spin states), but can be 
either bosons or fermions, as we have seen.

Now that we have seen how to rewrite the nonrelativistic quantum mechanics of multiple bosons or 
fermions as a quantum field theory, it is time to try to construct a relativistic version.

2 Lorentz Invariance

Prerequisite: 1

A Lorentz transformation is a linear, homogeneous change of coordinates from xµ to    µ,

(2.1)

that preserves the interval x2 between xµ and the origin, where

(2.2)
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x̄

This means that the matrix Λµν    must obey

(2.3)



where

is the Minkowski metric.

Note that this set of transformations includes ordinary spatial rotations: take Λ00 = 1, Λ0i = Λi0 = 0, and 
Λij = Rij  where R is an orthogonal rotation matrix

The set of all Lorentz transformations forms a group: the product of any two Lorentz transformations is 
another Lorentz transformation; the product is associative; there is an identity transformation,                     
Λµν = δµν; and every Lorentz transformation has an inverse. 

It is easy to demonstrate these statements explicitly. 

For example, to find the inverse transformation (Λ−1)µν, note that the left-hand side of eq. (2.3) can be 
written as ΛνρΛνσ, and that we can raise the ρ index on both sides to get ΛνρΛνσ = δρσ. 

On the other hand, by definition, (Λ−1)ρνΛνσ = δρσ. 

Therefore

(2.4)

(2.5)



Another useful version of eq. (2.3) is

To get eq. (2.6), start with eq. (2.3), but with the inverse transformations (Λ−1)µρ and (Λ−1)νσ. 

Then use eq. (2.5), raise all down indices, and lower all up indices. 

The result is eq. (2.6).

For an infinitesimal Lorentz transformation, we can write

(2.7)

(2.6)

Eq. (2.3) can be used to show that δω with both indices down (or up) is antisymmetric:

(2.8)

Thus there are six independent infinitesimal Lorentz transformations (in four spacetime dimensions). 

These can be divided into three rotations  (δωij= −εijk       δθ for a rotation by angle δθ about the unit 
vector      ) and three boosts (δωi0 =      δη for a boost in the direction       by rapidity δη).
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Not all Lorentz transformations can be reached by compounding infinitesimal ones. 

If we take the determinant of eq. (2.5), we get (det Λ)−1 = det Λ, which implies det Λ = ±1. 

Transformations with det Λ = +1 are proper, and transformations with det Λ =−1 are improper. 

Note that the product of any two proper Lorentz transformations is proper, and that infinitesimal 
transformations of the form Λ = 1 + δω are proper. 

Therefore, any transformation that can be reached by compounding infinitesimal ones is proper. 

The proper transformations form a subgroup of the Lorentz group.

Another subgroup is that of the orthochronous Lorentz transformations: those for which Λ00 ≥ +1. 

Note that eq. (2.3) implies (Λ00)2 − Λi0 Λi0 = 1; thus, either Λ Λ00 ≥ +1 or Λ Λ00 ≤ −1. 

An infinitesimal transformation is clearly orthochronous, and it is straightforward to show that the 
product of two orthochronous transformations is also orthochronous.

Thus, the Lorentz transformations that can be reached by compounding infinitesimal ones are both 
proper and orthochronous, and they form a subgroup. 



We can introduce two discrete transformations that take us out of this subgroup: parity and time reversal. 

The parity transformation is

It is orthochronous, but improper. 

The time-reversal transformation is

It is nonorthochronous and improper.

Generally, when a theory is said to be Lorentz invariant, this means under the proper orthochronous 
subgroup only. 

Parity and time reversal are treated separately. 

It is possible for a quantum field theory to be invariant under the proper orthochronous subgroup, but not 
under parity and/or time-reversal.

(2.9)

(2.10)



From here on, in this section, we will treat the proper orthochronous subgroup only. 

Parity and time reversal will be treated in section 23.

In quantum theory, symmetries are represented by unitary (or antiunitary) operators. 

This means that we associate a unitary operator U(Λ) to each proper, orthochronous Lorentz 
transformation Λ. 

These operators must obey the composition rule

For an infinitesimal transformation, we can write

(2.11)

where Mµν  = −Mνµ is a set of hermitian operators called the generators of the Lorentz group. 

If we start with U(Λ)−1U(Λ′)U(Λ) = U(Λ−1Λ′Λ), let Λ′= 1 + δω′, and expand both sides to linear order 
in δω, we get

We see that each vector index on Mµν undergoes its own Lorentz transformation. 

This is a general result: any operator carrying one or more vector indices should behave similarly.

(2.12)

(2.13)



For example, consider the energy-momentum four-vector Pµ, where P0 is the hamiltonian H and Pi are 
the components of the total three-momentum operator. 

We expect
(2.15)

If we now let Λ = 1 + δω in eq. (2.14), expand to linear order in δω, and equate the antisymmetric part 
of the coefficients of δωµν, we get the commutation relations

These commutation relations specify the Lie algebra of the Lorentz group.

We can identify the components of the angular momentum operator J as Ji ≡   εijkMjk, and the 
components of the boost operator K as Ki ≡ Mi0.

We then find from eq. (2.16) that

The first of these is the usual set of commutators for angular momentum, and the second says that K 
transforms as a three-vector under rotations.

(2.16)

<latexit sha1_base64="M07S9GUGY9fYceabLXshCttAsp4=">AAACB3icbZBLSgNBEIZr4ivGV9Slm8YguAozQWKWATcuI5gHZIbQ0+lJmvQ86K4RwjAH8AJu9QbuxK3H8AKew85jYRJ/KPj5q4oqPj+RQqNtf1uFre2d3b3ifung8Oj4pHx61tFxqhhvs1jGqudTzaWIeBsFSt5LFKehL3nXn9zN+t0nrrSIo0ecJtwL6SgSgWAUTeS6GCjKMifPavmgXLGr9lxk0zhLU4GlWoPyjzuMWRryCJmkWvcdO0EvowoFkzwvuanmCWUTOuJ9YyMacu1l859zcmWSIQliZSpCMk//bmQ01Hoa+mYypDjW671Z+F+vn2LQ8DIRJSnyiC0OBakkGJMZADIUijOUU2MoU8L8StiYGgpoMK1c8RWdcMxLBoyzjmHTdGpVp16tP9xUmo0loiJcwCVcgwO30IR7aEEbGCTwAq/wZj1b79aH9bkYLVjLnXNYkfX1C4DAmho=</latexit>

1
2
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The third implies that a series of boosts can be equivalent to a rotation.

Similarly, we can let Λ = 1 + δω in eq. (2.15) to get

which becomes

Also, the components of Pµ should commute with each other:

Together, eqs. (2.17), (2.19), and (2.20) form the Lie algebra of the Poincare group.

Let us now consider what should happen to a quantum scalar field 𝜑(x) under a Lorentz transformation. 

We begin by recalling how time evolution works in the Heisenberg picture:

(2.18)

(2.19)

(2.20)



Obviously, this should have a relativistic generalization,

where Px= Pµxµ =  P · x− Hct. 

We can make this a little fancier by defining the unitary spacetime translation operator

Then we have

(2.21)

For an infinitesimal translation,

Comparing eqs. (2.12) and (2.25), we see that eq. (2.24) leads us to expect

(2.22)

(2.23)

(2.24)

(2.25)

(2.26)



Derivatives of 𝜑 then carry vector indices that transform in the appropriate way, e.g.,

(2.27)

where the bar on a derivative means that it is with respect to the argument     = Λ−1x. 

Eq. (2.27) also implies

so that the Klein-Gordon equation, (−∂2 + m2/ℏ2c2)𝜑 = 0, is Lorentz invariant, as we saw in section 1.

3 Canonical Quantization of Scalar Fields

Prerequisite: 2

Let us go back and drastically simplify the hamiltonian we constructed in section 1, reducing it to the 
hamiltonian for free particles:
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x̄

(2.28)

(3.2)

where

(3.1)



Here we have simplified our notation by setting

The appropriate factors of  ℏ can always be restored in any of our formulas via dimensional analysis. 

The commutation (or anticommutation) relations of the            and             operators are

where [A,B]∓ is either the commutator (if we want a theory of bosons) or the anticommutator (if we want 
a theory of fermions). 

Thus                can be interpreted as creating a state of definite momentum p, and eq. (3.1) describes a 
theory of free particles. 

The ground state is the vacuum |0⟩; it is annihilated by           

(3.3)

(3.5)
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and so its energy eigenvalue is zero. 

The other eigenstates of H are all of the form                                        , and the corresponding energy 
eigenvalue is E(p1) +...+ E(pn), where E(p) =     mp2.

It is easy to see how to generalize this theory to a relativistic one; all we need to do is use the relativistic 
energy formula E(p) = +(p2c2 + m2c4)1/2:

Now we have a theory of free relativistic spin-zero particles, and they can be either bosons or fermions.

Is this theory really Lorentz invariant? 

We will answer this question (in the affirmative) in a very roundabout way: by constructing it again, 
from a rather different point of view, a point of view that emphasizes Lorentz invariance from the 
beginning.

We will start with the classical physics of a real scalar field 𝜑(x). 

Real means that 𝜑(x) assigns a real number to every point in spacetime. 

Scalar means that Alice [who uses coordinates xµ and calls the field 𝜑(x)] and Bob [who uses 
coordinates        , related to Alice’s coordinates by         = Λµνxν+aν, and calls the field              ], agree on 
the numerical value of the field: 𝜑(x) =            .

(3.6)
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<latexit sha1_base64="M07S9GUGY9fYceabLXshCttAsp4=">AAACB3icbZBLSgNBEIZr4ivGV9Slm8YguAozQWKWATcuI5gHZIbQ0+lJmvQ86K4RwjAH8AJu9QbuxK3H8AKew85jYRJ/KPj5q4oqPj+RQqNtf1uFre2d3b3ifung8Oj4pHx61tFxqhhvs1jGqudTzaWIeBsFSt5LFKehL3nXn9zN+t0nrrSIo0ecJtwL6SgSgWAUTeS6GCjKMifPavmgXLGr9lxk0zhLU4GlWoPyjzuMWRryCJmkWvcdO0EvowoFkzwvuanmCWUTOuJ9YyMacu1l859zcmWSIQliZSpCMk//bmQ01Hoa+mYypDjW671Z+F+vn2LQ8DIRJSnyiC0OBakkGJMZADIUijOUU2MoU8L8StiYGgpoMK1c8RWdcMxLBoyzjmHTdGpVp16tP9xUmo0loiJcwCVcgwO30IR7aEEbGCTwAq/wZj1b79aH9bkYLVjLnXNYkfX1C4DAmho=</latexit>

1
2

<latexit sha1_base64="ZPsT9H/5CWpV6Xn28UN3hFpapcc=">AAACBnicbVDLSsNAFJ34rPVVdelmsAiuSiJSuyy4cVnBPiCJZTKdtEPnEWYmYgnZ+wNu9Q/ciVt/wx/wO5y2WdjWAxcO59zLvfdECaPauO63s7a+sbm1Xdop7+7tHxxWjo47WqYKkzaWTKpehDRhVJC2oYaRXqII4hEj3Wh8M/W7j0RpKsW9mSQk5GgoaEwxMlbygwip7Cl/CHjar1TdmjsDXCVeQaqgQKtf+QkGEqecCIMZ0tr33MSEGVKGYkbycpBqkiA8RkPiWyoQJzrMZifn8NwqAxhLZUsYOFP/TmSIaz3hke3kyIz0sjcV//P81MSNMKMiSQ0ReL4oThk0Ek7/hwOqCDZsYgnCitpbIR4hhbCxKS1siRQaE5OXbTDecgyrpHNZ8+q1+t1VtdkoIiqBU3AGLoAHrkET3IIWaAMMJHgBr+DNeXbenQ/nc9665hQzJ2ABztcvIbyZ7g==</latexit>

x̄µ <latexit sha1_base64="ZPsT9H/5CWpV6Xn28UN3hFpapcc=">AAACBnicbVDLSsNAFJ34rPVVdelmsAiuSiJSuyy4cVnBPiCJZTKdtEPnEWYmYgnZ+wNu9Q/ciVt/wx/wO5y2WdjWAxcO59zLvfdECaPauO63s7a+sbm1Xdop7+7tHxxWjo47WqYKkzaWTKpehDRhVJC2oYaRXqII4hEj3Wh8M/W7j0RpKsW9mSQk5GgoaEwxMlbygwip7Cl/CHjar1TdmjsDXCVeQaqgQKtf+QkGEqecCIMZ0tr33MSEGVKGYkbycpBqkiA8RkPiWyoQJzrMZifn8NwqAxhLZUsYOFP/TmSIaz3hke3kyIz0sjcV//P81MSNMKMiSQ0ReL4oThk0Ek7/hwOqCDZsYgnCitpbIR4hhbCxKS1siRQaE5OXbTDecgyrpHNZ8+q1+t1VtdkoIiqBU3AGLoAHrkET3IIWaAMMJHgBr+DNeXbenQ/nc9665hQzJ2ABztcvIbyZ7g==</latexit>

x̄µ
<latexit sha1_base64="9r7ylbNBrrLo3xxe1a/ukNpQf1I=">AAACE3icbVDLSsNAFJ3UV62vqODGTbAIdVMSkdplwY3LCrYV2lBuppN26GQSZibFEvMZ/oBb/QN34tYP8Af8DqdpFrb1wIVzz7mXezlexKhUtv1tFNbWNza3itulnd29/QPz8Kgtw1hg0sIhC8WDB5IwyklLUcXIQyQIBB4jHW98M/M7EyIkDfm9mkbEDWDIqU8xKC31zZOeByLpTUBEI5pWsu4xveibZbtqZ7BWiZOTMsrR7Js/vUGI44BwhRlI2XXsSLkJCEUxI2mpF0sSAR7DkHQ15RAQ6SbZ/6l1rpWB5YdCF1dWpv7dSCCQchp4ejIANZLL3kz8z+vGyq+7CeVRrAjH80N+zCwVWrMwrAEVBCs21QSwoPpXC49AAFY6soUrnoAxUWlJB+Msx7BK2pdVp1at3V2VG/U8oiI6RWeoghx0jRroFjVRC2H0hF7QK3ozno1348P4nI8WjHznGC3A+PoFFRyesQ==</latexit>

ω̄(x̄)
<latexit sha1_base64="9r7ylbNBrrLo3xxe1a/ukNpQf1I=">AAACE3icbVDLSsNAFJ3UV62vqODGTbAIdVMSkdplwY3LCrYV2lBuppN26GQSZibFEvMZ/oBb/QN34tYP8Af8DqdpFrb1wIVzz7mXezlexKhUtv1tFNbWNza3itulnd29/QPz8Kgtw1hg0sIhC8WDB5IwyklLUcXIQyQIBB4jHW98M/M7EyIkDfm9mkbEDWDIqU8xKC31zZOeByLpTUBEI5pWsu4xveibZbtqZ7BWiZOTMsrR7Js/vUGI44BwhRlI2XXsSLkJCEUxI2mpF0sSAR7DkHQ15RAQ6SbZ/6l1rpWB5YdCF1dWpv7dSCCQchp4ejIANZLL3kz8z+vGyq+7CeVRrAjH80N+zCwVWrMwrAEVBCs21QSwoPpXC49AAFY6soUrnoAxUWlJB+Msx7BK2pdVp1at3V2VG/U8oiI6RWeoghx0jRroFjVRC2H0hF7QK3ozno1348P4nI8WjHznGC3A+PoFFRyesQ==</latexit>

ω̄(x̄)



in addition to ℏ = 1. 

As with  ℏ, factors of c can restored, if desired, by dimensional analysis.

Here we have simplified our notation by setting

We will adopt eq. (3.7) as the equation of motion that we would like 𝜑(x) to obey. 

It should be emphasized at this point that we are doing classical physics of a real scalar field. 

We are not to think of 𝜑(x) as a quantum wave function. 

Thus, there should not be any factors of  ℏ in this version of the Klein-Gordon equation. 

This means that the parameter  m must have dimensions of inverse length; m is not (yet) to be thought of 
as a mass.

(3.7)

This then implies that the equation of motion for 𝜑(x) must be the same as that for               . 

We have already met an equation of this type: the Klein-Gordon equation,
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We will take for ℒ

The equation of motion can be derived from variation of an action   S =  ∫  L dt , where L is the 
lagrangian. 

Since the Klein-Gordon equation is local, we expect that the lagrangian can be written as the space 
integral of a lagrangian density ℒ: L = ∫ d3x ℒ. 

Thus, S = ∫ d4x ℒ. 

The integration measure d4x is Lorentz invariant: if we change to coordinates       = Λµνxν, we have            
d4     = |det Λ| d4x = d4x. 

Thus, for the action to be Lorentz invariant, the lagrangian density must be a Lorentz scalar: ℒ(x) =
ℒ(   ).

Then we have    

Any simple function of 𝜑 is a Lorentz scalar, and so are products of derivatives with all indices 
contracted, such as ∂µ𝜑∂µ𝜑.

(3.9)

where Ω0 is an arbitrary constant.
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We find the equation motion (also known as the Euler-Lagrange equation) by making an infinitesimal 
variation δ𝜑(x) in 𝜑(x), and requiring the corresponding variation of the action to vanish:

In the last line, we have integrated by parts in each of the first two terms, putting both derivatives on 𝜑. 

We assume δ𝜑(x) vanishes at infinity in any direction (spatial or temporal), so that there is no surface 
term. 

Since δ𝜑 has an arbitrary x dependence, eq. (3.10) can be true if and only if (−∂2 + m2)𝜑= 0.

(3.10)

One solution of the Klein-Gordon equation is a plane wave of the form exp(ik·x ± iωt), where k is an 
arbitrary real wave-vector, and

(3.11)

The general solution (assuming boundary conditions that require 𝜑 to remain finite at spatial infinity) is 
then

(3.12)



where a(k) and b(k) are arbitrary functions of the wave vector k, and f(k) is a redundant function of the 
magnitude of k which we have inserted for later convenience. 

Note that, if we were attempting to interpret 𝜑(x) as a quantum wave function (which we most definitely 
are not ), then the second term would constitute the “negative energy” contributions to the wave 
function. 

This is because a plane-wave solution of the nonrelativistic Schrodinger equation for a single particle 
looks like exp(ip · x− iE(p)t), with E(p) =     mp2; there is a minus sign in front of the positive energy. 

We are trying to interpret eq. (3.12) as a real classical field, but this formula does not generically result  
in 𝜑being real. 

We must impose 𝜑*(x) = 𝜑(x), where

In the second term on the second line, we have changed the dummy integration variable from k to −k. 

Comparing eqs. (3.12) and (3.13), we see that 𝜑*(x) = 𝜑(x) requires b*(−k) = a(k).

(3.13)
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A four-momentum kµ that obeys k2 =−m2 is said to be on the mass shell, or on shell for short.

where kx = k·x− ωt is the Lorentz-invariant product of the four-vectors xµ = (t, x) and kµ = (ω, k):                 
kx= kµxµ = gµνkµxν. 

Note that

(3.14)

It is now convenient to choose f(k) so that d3k/f(k) is Lorentz invariant.

An integration measure that is manifestly invariant under orthochronous Lorentz transformations is            
d4kδ(k2+m2) θ(k0), where δ(x) is the Dirac delta function, θ(x) is the unit step function, and k0 is treated 
as an independent integration variable. 

We then have

Imposing this condition, we can rewrite 𝜑 as

(3.15)



Here we have used the rule

where g(x) is any smooth function of x with simple zeros at x= xi ; in our
case, the only zero is at k0 = ω.

Thus we see that if we take f(k) 𝛼 ω, then d3k/f(k) will be Lorentz invariant. 

We will take f(k) = (2π)32ω. 

It is then convenient to give the corresponding Lorentz-invariant differential its own name:

(3.16)

(3.18)

Thus we finally have

(3.19)

(3.17)



We can also invert this formula to get a(k) in terms of 𝜑(x). 

We have

We can combine these to get

(3.20)

where              ≡ f(∂µg) − (∂µf)g, and ∂0𝜑 = ∂𝜑/∂t =    . 

Note that a(k) is time independent.

Now that we have the lagrangian, we can construct the hamiltonian by the usual rules. 

Recall that, given a lagrangian L(qi,    ) as a function of some coordinates qi and their time              
derivatives       , the conjugate momenta are given by pi = ∂L/∂    , and the hamiltonian by H = ipi    − L.

(3.21)
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where ℋ is the hamiltonian density, and the hamiltonian itself is H= ∫ d3x ℋ.

In our case, we have

and

(3.22)

(3.23)

Using eq. (3.19), we can write H in terms of the a(k) and a*(k) coefficients

In our case, the role of qi(t) is played by 𝜑(x,t), with x playing the role of a (continuous) index. 

The appropriate generalizations are then

(3.24)

(3.25)

and



where V is the volume of space. 

To get the second equality, we used

(3.27)

(3.26)



To get the third equality, we integrated over k′, using        = d3k′/(2π)32ω′.

The last equality then follows from ω = (k2+m2)1/2. 

Also, we were careful to keep the ordering of a(k) and a*(k) unchanged throughout, in anticipation of 
passing to the quantum theory where these classical functions will become operators that may not 
commute.

Let us take up the quantum theory now. 

We can go from classical to quantum mechanics via canonical quantization. 

This means that we promote qi and pi to operators, with commutation relations [qi , qj] = 0, [pi , pj] = 0, 
and [qi , pj] = iℏδij. 

In the Heisenberg picture, these operators should be taken at equal times. 

In our case, where the “index” is continuous (and we have set ℏ = 1), we have

(3.28)
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From these canonical commutation relations, and from eqs. (3.21) and (3.24), we can deduce

We are now denoting a*(k) as a†(k), since a†(k) is now the hermitian conjugate (rather than the complex 
conjugate) of the operator a(k). 

We can now rewrite the hamiltonian as

(3.30)

(3.29)

where

(3.31)

is the total zero-point energy of all the oscillators per unit volume, and, using eq. (3.27), we have 
interpreted (2π)3δ3(0) as the volume of space V.

If we integrate in eq. (3.31) over the whole range of k, the value of 𝓔0 is infinite. 

If we integrate only up to a maximum value of Λ, a number known as the ultraviolet cutoff, we find



(3.32)

where we have assumed Λ ≫ m. 

This is physically justified if, in the real world, the formalism of quantum field theory breaks down at 
some large energy scale. 

For now, we simply note that the value of Ω0 is arbitrary, and so we are free to choose Ω0 = 𝓔0. 

With this choice, the ground state has energy eigenvalue zero. 

Now, if we like, we can take the limit Λ → ∞, with no further consequences. 

We will meet more of these ultraviolet divergences after we introduce interactions.

The hamiltonian of eq. (3.30) is now the same as that of eq. (3.6), with a(k) = [(2π)32ω]1/2    (k). 

The commutation relations (3.4) and (3.29) are also equivalent, if we choose commutators (rather than 
anticommutators) in eq. (3.4). 

Thus, we have re-derived the hamiltonian of free relativistic bosons by quantization of a scalar field 
whose equation of motion is the Klein-Gordon equation.
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What if we want fermions? 

Then we should use anticommutators in eqs. (3.28) and (3.29). 

There is a problem, though; eq. (3.26) does not then become eq. (3.30). 

Instead, we get H =−Ω0V, a simple constant. 

Clearly there is something wrong with using anticommutators. 

This is another hint of the spin-statistics theorem, which we will take up in section 4.

Next, we would like to add Lorentz-invariant interactions to our theory.

With the formalism we have developed, this is easy to do. 

Any local function of 𝜑(x) is a Lorentz scalar, and so if we add a term like 𝜑3 or 𝜑4 to
the lagrangian density ℒ, the resulting action will still be Lorentz invariant.

Now, however, we will have interactions among the particles. 

Our next task is to deduce the consequences of these interactions.

The parameter m in the lagrangian is now seen to be the mass of the particle in the quantum theory. 

More precisely, since m has dimensions of inverse length, the particle mass is ℏcm.)



However, we already have enough tools at our disposal to prove the spin-statistics theorem for spin-zero 
particles, and that is what we turn to next.

4 The Spin-Statistics Theorem

Prerequisite: 3

Let us consider a theory of free, spin-zero particles specified by the hamiltonian

(4.1)

where ω = (k2 + m2)1/2, and either the commutation or anticommutation relations

Of course, if we want a theory of bosons, we should use commutators, and if we want fermions, we 
should use anticommutators.

Now let us consider adding terms to the hamiltonian that will result in local, Lorentz invariant 
interactions. 

In order to do this, it is convenient to define a nonhermitian field,

(4.2)



and its hermitian conjugate

(4.3)

These are then time-evolved with H0:

Note that the usual hermitian free field 𝜑(x) is just the sum of these: 𝜑(x) = 𝜑+(x) + 𝜑−(x).

For a proper orthochronous Lorentz transformation Λ, we have

This implies that the particle creation and annihilation operators transform as

(4.4)

(4.5)

(4.6)

(4.7)



This, in turn, implies that 𝜑+(x) and 𝜑−(x) are Lorentz scalars:

We will then have local, Lorentz invariant interactions if we take the interaction lagrangian density ℒ1 to 
be a hermitian function of 𝜑+(x) and 𝜑−(x).

To proceed we need to recall some facts about time-dependent perturbation theory in quantum 
mechanics. 

The transition amplitude 𝒯f←i to start with an initial state |i⟩ at time t = −∞ and end with a final state |f⟩
at time t = +∞ is

(4.8)

where HI(t) is the perturbing hamiltonian in the interaction picture,

(4.9)

(4.10)

H1 is the perturbing hamiltonian in the Schrodinger picture, and T is the time ordering symbol: a product 
of operators to its right is to be ordered, not as written, but with operators at later times to the left of 
those at earlier times. 



Now we come to the key point: for the transition amplitude 𝒯f←i to be Lorentz invariant, the time 
ordering must be frame independent. 

The time ordering of two spacetime points x and x′ is frame independent if their separation is timelike; 
this means that the interval between them is negative, (x−x′)2 < 0. 

Two spacetime points whose separation is spacelike, (x− x′)2 > 0, can have different temporal ordering in 
different frames. 

In order to avoid 𝒯f←i  being different in different frames, we must then require

Obviously, [𝜑+(x), 𝜑+(x′)]∓= [𝜑-(x), 𝜑-(x′)]∓ =  0. 

However,

(4.11)

We write H1 = ∫ d3x ℋ1(x,0), and specify ℋ1(x,0) as a hermitian function of 𝜑+(x,0) and 𝜑−(x,0). 

Then, using eqs. (4.5) and (4.10), we can see that, in the interaction picture, the perturbing hamiltonian 
density ℋI(x,t) is simply given by the same function of 𝜑+(x,t) and 𝜑−(x,t).



In the next-to-last line, we have taken (x− x′)2 = r2  > 0, and K1(z) is a modified Bessel function. 

This Lorentz-invariant integral is most easily evaluated in the frame where t′ = t.) 

The function C(r) is not zero for any r > 0. 

Not even when m = 0; in this case, C(r) = 1/4π2r2. 

On the other hand, ℋI(x) must involve both 𝜑+(x) and 𝜑-(x), by hermiticity. 

Thus, generically, we will not be able to satisfy eq. (4.11).

To resolve this problem, let us try using only particular linear combinations of 𝜑+(x) and 𝜑-(x). 

Define

(4.12)



(4.13)

where λ is an arbitrary complex number. 

We then have

and

Thus, if we want 𝜑λ(x) to either commute or anticommute with both 𝜑λ(x′) and 𝜑†λ(x′) at spacelike 
separations, we must choose |λ| = 1, and we must choose commutators. 

Then (and only then), we can build a suitable ℋI(x) by making it a hermitian function of 𝜑λ(x).

(4.14)

(4.15)



But this has simply returned us to the theory of a real scalar field, because, for λ = eiα, e−iα/2𝜑λ(x) is 
hermitian. 

In fact, if we make the replacements a(k)→ e+iα/2a(k) and a†(k)→ e−iα/2a†(k), then the commutation 
relations of eq. (4.2) are unchanged, and e−iα/2𝜑λ(x) = 𝜑(x) = 𝜑+(x) + 𝜑-(x). 

Thus, our attempt to start with the creation and annihilation operators a†(k) and a(k) as the fundamental 
objects has simply led us back to the real, commuting, scalar field 𝜑(x) as the fundamental object.

Let us return to thinking of 𝜑(x) as fundamental, with a lagrangian density given by some function of the 
Lorentz scalars 𝜑(x) and ∂µ𝜑(x)∂µ𝜑(x).

Then, quantization will result in [𝜑(x),𝜑(x′)]∓= 0 for t = t′. 

If we choose anticommutators, then [𝜑(x)]2 = 0 and [∂µ𝜑(x)]2 = 0, resulting in a trivial ℒ that is at most 
linear in 𝜑, and independent of    . 

This clearly does not lead to the correct physics.
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This situation turns out to generalize to fields of higher spin, in any number of spacetime dimensions. 

One choice of quantization (commutators or anticommutators) always leads to a trivial ℒ, and so this 
choice is disallowed. 



5 The LSZ Reduction Formula
Prerequisite: 3

Let us now consider how to construct appropriate initial and final states for scattering experiments. 

In the free theory, we can create a state of one particle by acting on the vacuum state with a creation 
operator

(5.1)
where

The vacuum state |0⟩ is annihilated by every a(k),

(5.3)

Furthermore, the allowed choice is always commutators for fields of integer spin, and anticommutators 
for fields of half-integer spin.

If we try treating the particle creation and annihilation operators as fundamental, rather than the fields, 
we find a situation similar to that of the spin-zero case, and are led to the reconstruction of a field that 
must obey the appropriate quantization scheme.

(5.2)

and has unit norm,
(5.4)



The one-particle state |k⟩ then has the Lorentz-invariant normalization

where ω = (k2 + m2)1/2.

Next, let us define a time-independent operator that (in the free theory) creates a particle localized in 
momentum space near k1, and localized in position space near the origin:

(5.5)

where
(5.6)

(5.7)

is an appropriate wave packet, and σ is its width in momentum space.

Consider the state a1† |0⟩. 

If we time evolve this state in the Schrodinger picture, the wave packet will propagate (and spread out). 

The particle is thus localized far from the origin as t → ±∞. 

If we consider instead a state of the form a1† a2† |0⟩, where k1 ≠ k2, then the two particles are widely
separated in the far past.



where k′1 ≠  k′2, and ⟨f | f⟩ = 1. 

This describes two widely separated particles in the far future. 

We could also consider acting with more creation operators, if we are interested in the production of 
some extra particles in the collision of two. 

Now the scattering amplitude is simply given by ⟨f | i⟩.

(5.8)

By appropriately normalizing the wave packets, we can make ⟨i | i⟩ = 1, and we will assume that this is 
the case. 

Similarly, we can consider a final state

Let us guess that this still works in the interacting theory. 

One complication is that a†(k) will no longer be time independent, and so a†1, eq. (5.6), becomes time 
dependent as well. 

Our guess for a suitable initial state of a scattering experiment is then

(5.9)



(5.10)

The first equality is just the fundamental theorem of calculus.

To get the second, we substituted the definition of a†1(t), and combined the d3x from
this definition with the dt to get d4x. 

The third comes from straightforward evaluation of the time derivatives.

We need to find a more useful expression for ⟨f | i⟩. 

To this end, let us note that



In free-field theory, the right-hand side of eq. (5.10) is zero, since 𝜑(x) obeys the Klein-Gordon equation. 

In an interacting theory, with (say) ℒ1 =     g𝜑3, we have instead (−∂2 + m2)𝜑 =    g𝜑2. 

Thus the right-hand side of eq. (5.10) is not zero in an interacting theory.

Rearranging eq. (5.10), we have

We will also need the hermitian conjugate of this formula, which (after a little more rearranging) reads

(5.11)

(5.12)

The fourth uses ω2 = k2 + m2. 

The fifth writes k2 as −∇2 acting on eik·x. 

The sixth uses integration by parts to move the ∇2 onto the field ϕ(x); here the wave packet is needed to 
avoid a surface term. 

The seventh simply identifies ∂20 − ∇2 as −∂2.
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Let us return to the scattering amplitude,

Note that the operators are in time order. 

Thus, if we feel like it, we can put in a time-ordering symbol without changing anything:

The symbol T means the product of operators to its right is to be ordered, as written, but with operators 
at later times to the left of those at earlier times.

Now let us use eqs. (5.11) and (5.12) in eq. (5.14). 

The time-ordering symbol automatically moves all ai′(−∞)’s to the right, where they annihilate |0⟩. 

Similarly, all a†i(+∞)’s move to the left, where they annihilate ⟨0|.

The wave packets no longer play a key role, and we can take the σ → 0 limit in eq. (5.7), so that             
f1(k) = δ3(k− k1). 

The initial and final states now have a delta-function normalization, the multiparticle generalization
of eq. (5.5).

(5.13)

(5.14)



This formula has been written to apply to the more general case of n incoming particles and n′ outgoing 
particles; the ellipses stand for similar factors for each of the other incoming and outgoing particles.

Eq. (5.15) is the Lehmann-Symanzik-Zimmermann reduction formula, or LSZ formula for short. 

It is one of the key equations of quantum field theory.

However, our derivation of the LSZ formula relied on the supposition that the creation operators of free 
field theory would work comparably in the interacting theory. 

This is a rather suspect assumption, and so we must review it.

Let us consider what we can deduce about the energy and momentum eigenstates of the interacting 
theory on physical grounds. 

First, we assume that there is a unique ground state |0⟩, with zero energy and momentum.

The first excited state is a state of a single particle with mass m.

(5.15)

We are left with



These two particles could form a bound state with energy less than 2m (like the hydrogen atom in 
quantum electrodynamics), but, to keep things simple, let us assume that there are no such bound states. 

Then the lowest possible energy of a two-particle state is 2m. 

However, a two-particle state with zero total three-momentum can have any energy above 2m, because 
the two particles could have some relative momentum that contributes to their total energy. 

Thus we are led to a picture of the states of theory as shown in fig. (5.1).

Figure 5.1: The exact energy eigenstates in the (P,E) 
plane. The ground state is isolated at (0,0), the 
one-particle states form an isolated hyperbola that passes 
through (0,m), and the multi-particle continuum lies at 
and above the hyperbola that passes through (0,2m).

Now let us consider what happens when we act on the ground state with the field operator 𝜑(x). 

This state can have an arbitrary three-momentum k; its energy is then E = ω = (k2 + m2)1/2. 

The next excited state is that of two particles.



To this end, it is helpful to write

where Pµ is the energy-momentum four-vector. 

This equation, introduced in section 2, is just the relativistic generalization of the Heisenberg equation. 

Now let us sandwich 𝜑(x) between the ground state (on the right), and other possible states (on the left).

For example, let us put the ground state on the left as well. 

Then we have

(5.16)

To get the second line, we used Pµ|0⟩ = 0. 

The final expression is just a Lorentz-invariant number. 

Since |0⟩ is the exact ground state of the interacting theory, we have (in general) no idea what this 
number is.

(5.17)



We would like ⟨0|𝜑(0)|0⟩ to be zero.

This is because we would like a†1(±∞), when acting on |0⟩, to create a single particle state. 

We do not want a†1(±∞) to create a linear combination of a single particle state and the ground state. 

But this is precisely what will happen if ⟨0|𝜑(0)|0⟩ is not zero.

So, if v ≡ ⟨0|𝜑(0)|0⟩ is not zero, we will shift the field 𝜑(x) by the constant v. 

This means that we go back to the lagrangian, and replace 𝜑(x) everywhere by 𝜑(x) + v. 

This is just a change of the name of the operator of interest, and does not affect the physics. 

However, the shifted 𝜑(x) obeys, by construction, ⟨0|𝜑(x)|0⟩ = 0.

Let us now consider ⟨p|𝜑(x)|0⟩, where |p⟩ is a one-particle state with four-momentum p, normalized 
according to eq. (5.5). 

Again using eq. (5.16), we have

(5.18)



where ⟨p|𝜑(0)|0⟩ is a Lorentz-invariant number. 

It is a function of p, but the only Lorentz-invariant functions of p are functions of p2, and p2 is just
the constant −m2. 

So ⟨p|𝜑(0)|0⟩ is just some number that depends on m and (presumably) the other parameters in the 
lagrangian.

We would like ⟨p|𝜑(0)|0⟩ to be one. 

That is what it is in free-field theory, and we know that, in free-field theory, a†1(±∞) creates a correctly 
normalized one-particle state. 

Thus, for a†1(±∞) to create a correctly normalized one-particle state in the interacting theory, we must 
have ⟨p|𝜑(0)|0⟩ = 1.

So, if ⟨p|𝜑(0)|0⟩ is not equal to one, we will rescale (or, one might say, renormalize) 𝜑(x) by a 
multiplicative constant. 

This is just a change of the name of the operator of interest, and does not affect the physics. 

However, the rescaled 𝜑(x) obeys, by construction, ⟨p|𝜑(0)|0⟩ = 1.

Finally, consider ⟨p,n|𝜑(x)|0⟩, where |p,n⟩ is a multiparticle state with total four-momentum p, and n is 
short for all other labels (such as relative momenta) needed to specify this state. 



where An(p) is a function of Lorentz invariant products of the various (relative and total) four-momenta 
needed to specify the state. 

Note that, from fig. (5.1), p0 = (p2 + M2)1/2 with M ≥ 2m. 

The invariant mass M is one of the parameters included in the set n.

We would like ⟨p,n|𝜑(x)|0⟩ to be zero, because we would like a†1(±∞), when acting on |0⟩, to create a 
single particle state. 

We do not want a†1(±∞) to create any multiparticle states. 

But this is precisely what may happen if ⟨p,n|𝜑(x)|0⟩ is not zero.

Actually, we are being a little too strict. 

We really need ⟨p,n| a†1(±∞) |0⟩to be zero, and perhaps it will be zero even if ⟨p,n|𝜑(x)|0⟩ is not.

(5.19)

We have



Also, we really should test a†1(±∞)|0⟩ only against normalizable states. 

Mathematically, non-normalizable states cause all sorts of trouble; mathematicians don’t consider them 
to be states at all. 

In physics, this usually doesn’t bother us, but here we must be especially careful. 

So let us write

where the ψn(p)’s are wave packets for the total three-momentum p. 

Note that eq. (5.20) is highly schematic; the sum over n includes integrals over continuous parameters 
like relative momenta.

Now we want to examine

(5.21)

(5.20)

We will take the limit t → ±∞ in a moment. 

Using eq. (5.19), eq. (5.21) becomes



Next we use                                                               to get

where p0 = (p2 + M2)1/2 and k0 = (p2 + m2)1/2.

Now comes the key point. 

Note that p0  is strictly greater than k0, because M ≥ 2m > m. 

Thus the integrand of eq. (5.23) contains a phase factor that oscillates more and more rapidly as t → ±∞. 

Therefore, by the Riemann-Lebesgue lemma, the right-hand side of eq. (5.23) vanishes as t→ ±∞

Physically, this means that a one-particle wave packet spreads out differently than a multiparticle wave 
packet, and the overlap between them goes to zero as the elapsed time goes to infinity.

(5.22)

(5.23)



Thus, even though our operator a†1(t) creates some multiparticle states that we don’t want, we can 
“follow” the one-particle state that we do want by using an appropriate wave packet. 

By waiting long enough, we can make the multiparticle contribution to the scattering amplitude as small 
as we like.

Let us recap. 

The basic formula for a scattering amplitude in terms of the fields of an interacting quantum field theory 
is the LSZ formula, which is worth writing down again:

The LSZ formula is valid provided that the field obeys

(5.24)

These normalization conditions may conflict with our original choice of field and parameter 
normalization in the lagrangian. 

Consider, for example, a lagrangian originally specified as

(5.25)



After shifting and rescaling (and renaming some parameters), we will have instead

Here the three Z’s and Y are as yet unknown constants. 

They must be chosen to ensure the validity of eq. (5.25); this gives us two conditions in four unknowns. 

We fix the parameter m by requiring it to be equal to the actual mass of the particle (equivalently, the 
energy of the first excited state relative to the ground state), and we fix the parameter g by requiring 
some particular scattering cross section to depend on g in some particular way.

For example, in quantum electrodynamics, the parameter analogous to g is the electron charge e. 

The low-energy Coulomb scattering cross section is proportional to e4, with a definite constant of 
proportionality and no higher-order corrections; this relationship defines e.

Thus we have four conditions in four unknowns, and it is possible to calculate Y and the three Z’s order 
by order in powers of g.

Next, we must develop the tools needed to compute the correlation functions ⟨0|T𝜑(x1)...|0⟩ in an 
interacting quantum field theory.

(5.26)

(5.27)



6 Path Integrals in Quantum Mechanics

Prerequisite: none

Consider the nonrelativistic quantum mechanics of one particle in one dimension; the hamiltonian is

where P and Q are operators obeying [Q,P] = i. 

We set ℏ = 1 for notational convenience. 

We wish to evaluate the probability amplitude for the particle to start at position q′ at time t′, and end at 
position q′′ at time t′′. 

This amplitude is ⟨q′′|e−iH(t′′−t′ )|q′⟩, where |q′⟩ and |q′′⟩ are eigenstates of the position operator Q.

We can also formulate this question in the Heisenberg picture, where operators are time dependent and 
the state of the system is time independent, as opposed to the more familiar Schrodinger picture. 

In the Heisenberg picture, we write Q(t) = eiHtQe−iHt. 

We can then define an instantaneous eigenstate of Q(t) via Q(t)|q,t⟩ = q|q,t⟩. 

These instantaneous eigenstates can be expressed explicitly as |q,t⟩= e+iHt|q⟩, where Q|q⟩= q|q⟩. 

(6.1)



Then, in the limit of small δt, we should be able to ignore the final exponential.

(6.2)

The integrals over the q’s all run from −∞ to +∞.

Now consider ⟨q2|e−iHδt|q1⟩. 

We can use the Campbell-Baker-Hausdorf formula

to write

Then our transition amplitude can be written as ⟨q′′, t′′|q′, t′⟩ in the Heisenberg picture.

To evaluate ⟨q′′,t′′|q′,t′⟩, we begin by dividing the time interval T ≡ t′′− t′into N + 1 equal pieces of 
duration δt= T/(N+ 1). 

Then introduce N complete sets of position eigenstates to get

(6.3)

(6.4)



(6.5)

Inserting a complete set of momentum states then gives

To get the third line, we used ⟨q|p⟩ = (2π)−1/2 exp(ipq).

If we happen to be interested in more general hamiltonians than eq. (6.1), then we must worry about the 
ordering of the P and Q operators in any term that contains both. 

If we adopt Weyl ordering, where the quantum hamiltonian H(P,Q) is given in terms of the classical 
hamiltonian H(p,q) by

(6.6)

then eq. (6.5) is not quite correct; in the last line, H(p1,q1) should be replaced with H(p1,   1), where    1     
=    (q1 + q2).
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where    j =   (qj + qj+1), q0 = q′, and qN+1 = q′′. 

If we now define   j ≡ (qj+1− qj)/δt, and take the formal limit of δt→ 0, we get

The integration is to be understood as over all paths in phase space that start at q(t′) = q′ (with an 
arbitrary value of the initial momentum) and end at q(t′′) = q′′(with an arbitrary value of the final 
momentum).

Adopting Weyl ordering for the general case, we now have

If H(p,q) is no more than quadratic in the momenta [as is the case for eq. (6.1)], then the integral over p 
is gaussian, and can be done in closed form. 

If the term that is quadratic in p is independent of q [as is the case for eq. (6.1)], then the prefactors 
generated by the gaussian integrals are all constants, and can be absorbed into the definition of 𝒟q. 

The result of integrating out p is then

(6.7)

For the hamiltonian of eq. (6.1), which is Weyl ordered, this replacement makes no difference in the limit 
δt→ 0.
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q̇



where L(   , q) is computed by first finding the stationary point of the p integral by solving

for p in terms of     and q, and then plugging this solution back into p    − H to get L. 

We recognize this procedure from classical mechanics: we are passing from the hamiltonian formulation 
to the lagrangian formulation.

Now that we have eqs. (6.8) and (6.9), what are we going to do with them? 

Let us begin by considering some generalizations; let us examine, for example, ⟨q′′,t′′|Q(t1)|q′,t′⟩, where  
t′ < t1 < t′′. 

This is given by

(6.9)

In the path integral formula, the extra operator Q inserted at time t1 will simply result in an extra factor 
of q(t1).
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(6.12)

where                                            . 

Now let us go in the other direction; consider                                              . 

This clearly requires the operators Q(t1) and Q(t2) but their order depends on whether t1 < t2 or t2 < t1. 

Thus we have

where T is the time ordering symbol: a product of operators to its right is to be ordered, not as written, 
but with operators at later times to the left of those at earlier times. 

This is significant, because time-ordered products enter into the LSZ formula for scattering amplitudes.

To further develop these methods, we need another trick: functional derivatives. 

We define the functional derivative δ/δf(t) via

(6.14)

Thus

(6.13)



where δ(t) is the Dirac delta function. 

Also, functional derivatives are defined to satisfy all the usual rules of derivatives (product rule, chain
rule, etc). 

Eq. (6.14) can be thought of as the continuous generalization of (∂/∂xi)xj= δij.

Now, consider modifying the lagrangian of our theory by including external forces acting on the particle:

where f(t) and h(t) are specified functions. 

In this case we will write

where H is the original hamiltonian. 

Then we have

(6.15)

(6.16)



and so on. 

After we are done bringing down as many factors of q(ti) or p(ti) as we like, we can set f(t) = h(t) = 0,  
and return to the original hamiltonian. 

Thus,

Suppose we are also interested in initial and final states other than position eigenstates. 

Then we must multiply by the wave functions for these states, and integrate. 

We will be interested, in particular, in the ground state as both the initial and final state. 

Also, we will take the limits t′→ −∞ and t′′→ +∞. 

The object of our attention is then

(6.18)

(6.17)



(6.19)

where ψ0(q) = ⟨q|0⟩ is the ground-state wave function. 

Eq. (6.19) is a rather cumbersome formula, however. 

We will, therefore, employ a trick to simplify it.

Let |n⟩ denote an eigenstate of H with eigenvalue En. 

We will suppose that E0 = 0; if this is not the case, we will shift H by an appropriate constant. 

Next we write

where ψn(q) = ⟨q|n⟩ is the wave function of the nth eigenstate. 

Now, replace H with (1−i𝜖)H in eq. (6.20), where 𝜖 is a small positive infinitesimal.

(6.20)



What all this means is that if we use (1−i𝜖)H instead of H, we can be cavalier about the boundary 
conditions on the endpoints of the path. 

Any reasonable boundary conditions will result in the ground state as both the initial and final state. 

Thus we have

(6.21)

Then, take the limit t′→ −∞ of eq. (6.20) with 𝜖 held fixed. 

Every state except the ground state is then multiplied by a vanishing exponential factor, and so the limit 
is simply ψ*0(q′)|0⟩. 

Next, multiply by an arbitrary function χ(q′), and integrate over q′. 

The only requirement is that ⟨0|χ⟩ ≠ 0. 

We then have a constant times |0⟩, and this constant can be absorbed into the normalization of the path 
integral. 

A similar analysis of ⟨q′′,t′′|= ⟨q′′|e−iHt′′ shows that the replacement H → (1−i𝜖)H also picks out the 
ground state as the final state in the t′′→ +∞ limit.



Now let us suppose that H = H0 + H1, where we can solve for the eigenstates and eigenvalues of H0, and 
H1 can be treated as a perturbation.

Suppressing the i𝜖, eq. (6.21) can be written as

To understand the second line of this equation, take the exponential prefactor inside the path integral. 

Then the functional derivatives (that appear as the arguments of H1) just pull out appropriate factors of 
p(t) and q(t), generating the right-hand side of the first line. 

We assume that we can compute the functional integral in the second line, since it involves only the 
solvable hamiltonian H0. 

The exponential prefactor can then be expanded in powers of H1 to generate a perturbation series.

(6.22)



If H1 depends only on q (and not on p), and if we are only interested in time-ordered products of Q’s (and 
not P’s), and if H is no more than quadratic in P, and if the term quadratic in P does not involve Q, then
eq. (6.22) can be simplified to

where L1(q) = −H1(q).

7 The Path Integral for the Harmonic Oscillator

Prerequisite: 6

Consider a harmonic oscillator with hamiltonian

We begin with the formula from section 6 for the ground state to ground state transition amplitude in the 
presence of an external force, specialized to the case of a harmonic oscillator:

(6.23)

(7.2)

(7.1)



Looking at eq. (7.1), we see that multiplying H by 1−i𝜖 is equivalent to the replacements                            
m−1 → (1−i𝜖)m−1 [or, equivalently, m → (1+i𝜖)m] and mω2 → (1−i𝜖)mω2. 

Passing to the lagrangian formulation then gives

The expression in square brackets in eq. (7.3) becomes

Note that the only t dependence is now in the prefactor. 

Integrating over t then generates a factor of 2πδ(E+ E′).

(7.3)

From now on, we will simplify the notation by setting m = 1.

Next, let us use Fourier-transformed variables,

(7.4)

(7.5)



Then we get

Furthermore, because eq. (7.7) is just a shift by a constant, 𝒟q= 𝒟x. 

Now we have

(7.8)

(7.7)

(7.6)

The factor in large parentheses is equal to E2− ω2 + i(E2 + ω2)𝜖, and we can absorb the positive 
coefficient into 𝜖 to get E2 − ω2 + i𝜖.

Now it is convenient to change integration variables to

Then we can easily integrate over E′ to get



We can also rewrite ⟨0|0⟩f    in terms of time-domain variables as

where

(7.12)

Now comes the key point. 

The path integral on the second line of eq. (7.9) is what we get for ⟨0|0⟩f in the case f = 0. 

On the other hand, if there is no external force, a system in its ground state will remain in its
ground state, and so ⟨0|0⟩f = 0 = 1. 

Thus ⟨0|0⟩f is given by the first line of eq. (7.9),

(7.9)

(7.10)

(7.11)



Note that G(t−t′) is a Green’s function for the oscillator equation of motion:

Consider now the formula from section 6 for the time-ordered product of operators. 

In the case of initial and final ground states, it becomes

Using our explicit formula, eq. (7.11), we have

(7.13)

This can be seen directly by plugging eq. (7.12) into eq. (7.13) and then taking the 𝜖→ 0 limit. 

We can also evaluate G(t− t′) explicitly by treating the integral over E on the right-hand side of eq. (7.12) 
as a contour integral in the complex E plane, and then evaluating it via the residue theorem.

The result is

the

(7.14)

(7.15)



We can continue in this way to compute the ground-state expectation value of the time-ordered product 
of more Q(t)’s. 

If the number of Q(t)’s is odd, then there is always a left-over f(t) in the prefactor, and so the result is
zero. 

If the number of Q(t)’s is even, then we must pair up the functional derivatives in an appropriate way to 
get a nonzero result. 

Thus, for example,

(7.16)

(7.17)



More generally,

8 The Path Integral for Free Field Theory

Prerequisite: 3, 7

Our results for the harmonic oscillator can be straightforwardly generalized to a free field theory with 
hamiltonian density

The dictionary we need is

The distinction between the classical field 𝜑(x) and the corresponding operator field should be clear from 
context.

To employ the 𝜖 trick, we multiply H0 by 1− i𝜖. 

(7.18)

(8.1)

(8.2)



where

(8.3)

is the lagrangian density, and

is the functional measure. 

Note that when we say path integral , we now mean a path in the space of field configurations.

We can evaluate Z0(J) by mimicking what we did for the harmonic oscillator in section 7. 

We introduce four-dimensional Fourier transforms,

(8.6)

The results are equivalent to replacing m2 in H0 with m2− i𝜖. 

From now on, for notational simplicity, we will write m2 when we really mean m2− i𝜖.

Let us write down the path integral (also called the functional integral)for our free field theory:

(8.4)

(8.5)



where kx = −k0t + k·x, and k0 is an integration variable. 

Then, starting with                                         we get

where k2 = k2− (k0)2. 

We now change path integration variables to

Since this is merely a shift by a constant, we have 𝒟ϕ = 𝒟χ. 

The action becomes

Just as for the harmonic oscillator, the integral over χvsimply yields a factor of Z0(0) = ⟨0|0⟩J=0 = 1. 

Therefore

(8.9)

(8.7)

(8.8)



Here we have defined the Feynman propagator,

(8.10)

The Feynman propagator is a Green’s function for the Klein-Gordon equation,

This can be seen directly by plugging eq. (8.11) into eq. (8.12) and then taking the 𝜖 → 0 limit. 

We can also evaluate ∆(x− x′) explicitly by treating the k0 integral on the right-hand side of eq. (8.11) as 
a contour integral in the complex k0 plane, and then evaluating it via the residue theorem. 

The result is

(8.13)

(8.11)

(8.12)



where θ(t) is the unit step function. The integral over        can also be performed in terms of Bessel 
functions; see section 4.

Now, by analogy with the formula for the ground-state expectation value of a time-ordered product of 
operators for the harmonic oscillator, we have

Using our explicit formula, eq. (8.10), we have

(8.14)

We can continue in this way to compute the ground-state expectation value of the time-ordered product 
of more 𝜑’s. 

If the number of 𝜑’s is odd, then there is always a left-over J in the prefactor, and so the result is zero. 
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d̃k

(8.15)



More generally,

This result is known as Wick’s theorem.

9 The Path Integral for Interacting Field Theory

Prerequisite: 8

Let us consider an interacting quantum field theory specified by a lagrangian of the form

(8.16)

8.18

If the number of 𝜑’s is even, then we must pair up the functional derivatives in an appropriate way to get 
a nonzero result. 

Thus, for example,

(8.17)

As we discussed at the end of section 5, we fix the parameter m by requiring it to be equal to the actual 
mass of the particle (equivalently, the energy of the first excited state relative to the ground state), and we 
fix the parameter g by requiring some particular scattering cross section to depend on g in some 
particular way.



We will have more to say about this after we have learned to calculate cross sections. 

We also assume that the field is normalized by

(9.2)

Here |0⟩ is the ground state, normalized via ⟨0|0⟩ = 1, and |k⟩ is a state of one particle with                     
four-momentum kµ, where k2 = kµkµ = −m2, normalized via

Thus we have four conditions (the specified values of m, g, ⟨0|𝜑|0⟩, and ⟨k|𝜑|0⟩), and we will use these 
four conditions to determine the values of the four remaining parameters (Y and the three Z’s) that 
appear in ℒ.

Before going further, we should note that this theory (known as 𝜑3 theory, pronounced “phi-cubed”) 
actually has a fatal flaw. 

The hamiltonian density is

Classically, we can make this arbitrarily negative by choosing an arbitrarily large value for 𝜑. 

Quantum mechanically, this means that this hamiltonian has no ground state.

(9.3)

(9.4)



If we start off near 𝜑 = 0, we can tunnel through the potential barrier to large 𝜑, and then “roll down the 
hill”. 

However, this process is invisible in perturbation theory in g. 

The situation is exactly analogous to the problem of a harmonic oscillator perturbed by a q3 term.

This system also has no ground state, but perturbation theory (both time dependent and time 
independent) does not “know” this. 

We will be interested in eq. (9.1) only as an example of how to do perturbation expansions in a simple 
context, and so we will overlook this problem.

We would like to evaluate the path integral for this theory,

We can evaluate Z(J) by mimicking what we did for quantum mechanics at the end of section 6. 

Specifically, we can rewrite eq. (9.5) as

(9.5)

(9.6)



where Z0(J) is the result in free-field theory,

We have written Z(J) as proportional to (rather than equal to) the right-hand side of eq. (9.6) because the 
𝜖 trick does not give us the correct overall normalization; instead, we must require Z(0) = 1, and enforce 
this by hand.

Note that, in eq. (9.7), we have implicitly assumed that

since this is the ℒ0 that gives us eq. (9.7). 

Therefore, the rest of ℒ must be included in ℒ1.

We write

(9.8)

(9.7)

where ℒct is called the counterterm lagrangian.

(9.9)



We expect that, as g→ 0, Y → 0 and Zi → 1. 

In fact, as we will see, Y = O(g) and Zi = 1 + O(g2).

In order to make use of eq. (9.7), we will have to compute lots and lots of functional derivatives of Z0(J). 

Let us begin by ignoring the counterterms.

We define

(9.10)

where the constant of proportionality is fixed by Z1(0) = 1. 

We now make a dual Taylor expansion in powers of g and J to get

If we focus on a term in eq. (9.11) with particular values of V and P, then the number of surviving 
sources (after we take all the functional derivatives) is E = 2P− 3V.

(9.11)



Here E stands for external, a terminology that should become clear by the end of the next section; V 
stands for vertex and P for propagator .

The overall phase factor of such a term is then iV(1/i)3ViP = iV+E−P, and the 3V functional derivatives 
can act on the 2P sources in (2P)!/(2P−3V)! different combinations. 

However, many of the resulting expressions are algebraically identical.

To organize them, we introduce Feynman diagrams. 

In these diagrams, a line segment (straight or curved) stands for a propagator     ∆(x−y), a filled circle at 
one end of a line segment for a source i∫ d4xJ(x), and a vertex joining three line segments for iZgg∫ d4x. 

Sets of diagrams with different values of E and V are shown in figs. (9.1–9.11).

Figure 9.1: All connected diagrams with E = 0 and V = 2.
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To count the number of terms on the right-hand side of eq. (9.11) that result in a particular diagram, we 
first note that, in each diagram, the number of lines is P and the number of vertices is V.



However, this procedure generally results in an overcounting of the number of terms that give identical 
results. 

This happens when some rearrangement of derivatives gives the same match-up to sources as some 
rearrangement of sources. 

This possibility is always connected to some symmetry property of the diagram, and so the factor by 
which we have overcounted is called the symmetry factor. 

The figures show the symmetry factor S of each diagram.

Consider, for example, the second diagram of fig. (9.1). 

We can rearrange the three functional derivatives from a particular vertex without changing the
resulting diagram; this yields a counting factor of 3! for each vertex. 

Also, we can rearrange the vertices themselves; this yields a counting factor of V!. 

Similarly, we can rearrange the two sources at the ends of a particular propagator without changing the 
resulting diagram; this yields a counting factor of 2! for each propagator. 

Also, we can rearrange the propagators themselves; this yields a counting factor of P!. 

All together, these counting factors neatly cancel the numbers from the dual Taylor expansions in
eq. (9.11).



Let us consider two more examples. 

In the first diagram of fig. (9.6), the exchange of the two external propagators (along with their attached
sources) can be duplicated by exchanging all the derivatives at one vertex for those at the other, and 
simultaneously swapping the endpoints of each semicircular propagator.

The three propagators can be rearranged in 3! ways, and all these rearrangements can be duplicated by 
exchanging the derivatives at the vertices. 

Furthermore the endpoints of each propagator can be simultaneously swapped, and the effect duplicated 
by swapping the two vertices. 

Thus, S = 2 × 3! = 12.

Figure 9.2: All connected diagrams with E = 0 and V = 4.



Figure 9.4: All connected diagrams with E = 1 and V = 3.

Figure 9.3: All connected diagrams with E = 1 and V = 1.

Figure 9.5: All connected diagrams with E = 2 and V = 0.

Figure 9.6: All connected diagrams with E = 2 and V = 2.



where nI is an integer that counts the number of CI’s in D, and SD is the additional symmetry factor for D 
(that is, the part of the symmetry factor that is not already accounted for by the symmetry factors already 
included in each of the connected diagrams).

(9.12)

Also, the effect of swapping the top and bottom semicircular propagators can be duplicated by swapping 
the corresponding derivatives at each vertex. 

Thus, the symmetry factor is S = 2 × 2 = 4.

In the diagram of fig. (9.10), we can exchange derivatives to match swaps of the top and bottom external 
propagators on the left, or the top and bottom external propagators on the right, or the set of external 
propagators on the left with the set of external propagators on the right. 

Thus, the symmetry factor is S = 2 × 2 × 2 = 8.

The diagrams in figs. (9.1–9.11) are all connected: we can trace a path through the diagram between any 
two points on it. However, these are not the only contributions to Z(J). 

The most general diagram consists of a product of several connected diagrams. 

Let CI stand for a particular connected diagram, including its symmetry factor. 

A general diagram D can then be expressed as



Figure 9.7: All connected diagrams with E = 2 and V = 4.



Figure 9.8: All connected diagrams with E = 3 and V = 1.

Figure 9.9: All connected diagrams with E = 3 and V = 3.

Figure 9.10: All connected diagrams with E = 4 and V = 2.



Figure 9.11: All connected diagrams with E = 4 and V = 4.



Since we have already accounted for propagator and vertex rearrangements within each CI, we need to 
consider only exchanges of propagators and vertices among different connected diagrams. 

These can leave the total diagram D unchanged only if (1) the exchanges are made among different
but identical connected diagrams, and only if (2) the exchanges involve all of the propagators and 
vertices in a given connected diagram. 

If there are nI factors of CI in D, there are nI! ways to make these rearrangements.

Overall, then, we have
(9.13)

Now Z1(J) is given (up to an overall normalization) by summing all diagrams D, and each D is labeled 
by the integers nI. 

Therefore

(9.14)

We now need to determine SD.



Thus we have a remarkable result: Z1(J) is given by the exponential of the sum of connected diagrams. 

This makes it easy to impose the normalization Z1(0) = 1: we simply omit the vacuum diagrams (those 
with no sources), like those of figs. (9.1) and (9.2). 

We then have

where we have defined

and the notation I ≠{0} means that the vacuum diagrams are omitted from the sum, so that W1(0) = 0.

We have included a factor of i on the left-hand side of eq. (9.16) because then W1(J) is real in free-field 
theory, which can be easily checked.

(9.15)

Were it not for the counterterms in ℒ1, we would have Z(J) = Z1(J).

Let us see what we would get if this was, in fact, the case. 

In particular, let us compute the vacuum expectation value of the field 𝜑(x), which is given by

(9.16)



Here we have set Zg = 1 in the first term, since Zg = 1 + O(g2). 

We see the vacuum-expectation value of 𝜑(x) is not zero, as is required for the validity of the LSZ 
formula. 

To fix this, we must introduce the counterterm Y𝜑. 

Including this term in the interaction lagrangian ℒ1 introduces a new kind of vertex, one where a single 
line segment ends; the corresponding vertex factor is iY d4 y. 

The simplest diagrams including this new vertex are shown in fig. (9.12), with a cross symbolizing the 
vertex.

This expression is then the sum of all diagrams [such as those in figs. (9.3) and (9.4)] that have a single 
source, with the source removed:

(9.17)

(9.18)



Assuming Y= O(g), only the first diagram in fig. (9.12) contributes at O(g), and we have

Thus, in order to have ⟨0|𝜑(x)|0⟩ = 0, we should choose

(9.19)

The factor of i is disturbing, because Y must be a real number: it is the coefficient of a hermitian operator 
in the hamiltonian, as seen in eq. (9.4).

Therefore, ∆(0) must be purely imaginary, or we are in trouble. 

We have

Figure 9.12: All connected diagrams with E = 1, X ≥ 1 (where X is the
number of one-point vertices from the linear counterterm), and V + X ≤ 3.

(9.20)



From eq. (9.21), it is not immediately obvious whether or not ∆(0) is purely imaginary, but eq. (9.21) 
does reveal another problem: the integral diverges at large k. 

This is another example of an ultraviolet divergence, similar to the one we encountered in section 3 when 
we computed the zero-point energy of the field.

To make some progress, we introduce an ultraviolet cutoff  Λ, which we assume is much larger than m 
and any other energy of physical interest.

Modifications to the propagator above some cutoff may be well justified physically; for example, 
quantum fluctuations in spacetime itself should become important above the Planck scale, which is given 
by the inverse square root of Newton’s constant, and has the numerical value of 1019 GeV (compared to, 
say, the proton mass, which is 1 GeV).

In order to retain the Lorentz-transformation properties of the propagator, we implement the ultraviolet 
cutoff in a more subtle way than we did in section 3; specifically, we make the replacement

(9.22)

(9.21)



The integral is now convergent, and we can evaluate the modified ∆(0) with the methods of section 14; 
for Λ ≫ m, the result is

Thus Y is real, as required. 

If we like, we can now formally take the limit Λ → ∞. 

The parameter Y becomes infinite, but ⟨0|𝜑(x)|0⟩ remains zero, at least to this order in g.

It may be disturbing to have a parameter in the lagrangian that is formally infinite. 

However, such parameters are not directly measurable, and so need not obey our preconceptions about 
their magnitudes. 

Also, it is important to remember that Y includes a factor of g; this means that we
can expand in powers of Y as part of our general expansion in powers of g. 

When we compute something measurable (like a scattering cross section), all the formally infinite 
numbers will cancel in a well-defined way, leaving behind finite coefficients for the various powers of g. 

We will see how this works in detail in sections 14–20.

As we go to higher orders in g, things become more complicated, but in principle the procedure is the 
same. 

(9.23)



Consider now that same infinite set of diagrams, but replace the single source in each of them with some 
other subdiagram.

Here is the point: no matter what this replacement subdiagram is, the sum
of all these diagrams is still zero. 

Therefore, we need not bother to compute any of them! 

The rule is this: ignore any diagram that, when a single line is cut, falls into two parts, one of which has 
no sources. 

All of these diagrams (known as tadpoles) are canceled by the Y counterterm, no matter what 
subdiagram they are attached to. 

The diagrams that remain (and need to be computed!) are shown in fig. (9.13).

Thus, at O(g3), we sum up the diagrams of figs. (9.4) and (9.12), and then add to Y whatever O(g3) term
is needed to maintain ⟨0|𝜑(x)|0⟩ = 0. 

In this way we can determine the value of Y order by order in powers of g.

Once this is done, there is a remarkable simplification. 

Our adjustment of Y to keep ⟨0|𝜑(x)|0⟩ = 0 means that the sum of all connected diagrams with a single 
source is zero.



Figure 9.13: All connected diagrams without tadpoles with E ≤ 4 and V ≤ 4.



We turn next to the remaining two counterterms. 

For notational simplicity we define

(9.24)

and recall that we expect each of these to be O(g2). 

We now have

We have integrated by parts to put both ∂x’s onto one δ/δJ(x). 

Note that the time derivatives in this interaction should really be treated by including an extra source 
term for the conjugate momentum Π =      . 

However, the space derivatives are correctly treated, and then the time derivatives must work out 
comparably by Lorentz invariance.

Eq. (9.25) results in a new vertex at which two lines meet. 

The corresponding vertex factor is (−i)∫ d4x(−A∂2x+ Bm2); the ∂2x acts on the x in one or the other (but 
not both) propagators.

(9.25)
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10 Scattering Amplitudes and the Feynman Rules

Prerequisite: 5, 9

Now that we have an expression for Z(J) = exp iW(J), we can take functional derivatives to compute 
vacuum expectation values of time-ordered products of fields. 

Consider the case of two fields; we define the exact propagator via

(9.26)

Which one does not matter, and can be changed via integration by parts. 

Diagramatically, all we need do is sprinkle these new vertices onto the propagators in our existing 
diagrams. 

How many of these vertices we need to add depends on the order in g we are working to achieve.

This completes our calculation of Z(J) in 𝜑3 theory. 

We express it as

where W(J) is given by the sum of all connected diagrams with no tadpoles and at least two sources, and 
including the counterterm vertices just discussed. 

Now that we have Z(J), we must find out what we can do with it.



Then we have

For notational simplicity let us define

(10.1)

To get the last line we used δjW(J)|J=0 = ⟨0|𝜑(xj)|0⟩ = 0. 

Diagramatically, δ1 removes a source, and labels the propagator endpoint x1. 

Thus    ∆(x1−x2) is given by the sum of diagrams with two sources, with those sources removed and the 
endpoints labeled x1 and x2. 

The labels must be applied in both ways. 

(10.2)

(10.3)
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For now, let us go on to compute

At lowest order, the only contribution is the “barbell” diagram of fig. (9.5) with the sources removed. 

Thus we recover the obvious fact that    ∆(x1−x2) =     ∆(x1−x2) + O(g2). 

We will take up the subject of the O(g2) corrections in section 14.

We have dropped terms that contain a factor of ⟨0|𝜑(x)|0⟩ = 0. 

According to eq. (10.3), the last three terms in eq. (10.4) simply give products of the exact propagators.

(10.4)

If the diagram was originally symmetric on exchange of the two sources, the associated symmetry factor 
of 2 is then canceled by the double labeling.)
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Let us see what happens when these terms are inserted into the LSZ formula for two incoming and two 
outgoing particles,

If we consider, for example,    ∆(x1−x′1)    ∆(x2−x′2) as one term in the correlation function in eq. (10.5), 
we get from this term

(10.5)

where F(xij) ≡ (−∂2i +m2)(−∂2j+m2)∆(xij),      (k) is its Fourier transform, xij′ ≡ xi−x′j, and kij′ ≡ (ki+k′j)/2. 

The important point is the two delta functions: these tell us that the four-momenta of the two outgoing 
particles (1′ and 2′) are equal to the four-momenta of the two incoming particles (1 and 2).

In other words, no scattering has occurred. 

This is not the event whose probability we wish to compute! 

(10.6)
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The other two similar terms in eq. (10.4) either contribute to “no scattering” events, or vanish due to 
factors like δ4(k1+k2) (which is zero because k01 +k02 ≥ 2m > 0). 

In general, the diagrams that contribute to the scattering process of interest are only those that are fully 
connected: every endpoint can be reached from every other endpoint by tracing through the diagram. 

These are the diagrams that arise from all the δ’s acting on a single factor of W. 

Therefore, from here on, we restrict our attention to those diagrams alone. 

We define the connected correlation functions via

and use these instead of ⟨0|T𝜑(x1) ...𝜑(xE)|0⟩ in the LSZ formula.

Returning to eq. (10.4), we have

The lowest-order (in g) nonzero contribution to this comes from the diagram of fig. (9.10), which has 
four sources and two vertices. 

The four δ’s remove the four sources; there are 4! ways of matching up the δ’s to the sources.

(10.7)

(10.8)



Figure 10.1: The three tree-level Feynman diagrams that contribute to the connected 
correlation function  ⟨0|T𝜑(x1)𝜑(x2)𝜑(x′1)𝜑(x′2)|0⟩C.

This is a general result for tree diagrams (those with no closed loops): once the sources have been 
stripped off and the endpoints labeled, each diagram with a distinct endpoint labeling has an overall 
symmetry factor of one. 

The tree diagrams for a given process represent the lowest-order (in g) nonzero contribution to that 
process.

We now have

These 24 diagrams can then be collected into 3 groups of 8 diagrams each; the 8 diagrams in each group 
are identical. 

The 3 distinct diagrams are shown in fig. (10.1). 

Note that the factor of 8 neatly cancels the symmetry factor S = 8 of the diagram with sources.



Next, we use eq. (10.9) in the LSZ formula, eq. (10.5). 

Each Klein-Gordon wave operator acts on a propagator to give

The integrals over the external spacetime labels x1,2,1′,2′ are then trivial, and we get

(10.11)

(10.9)

(10.10)



This can be simplified by substituting

into eq. (10.9). 

Then the spacetime arguments appear only in phase factors, and we can integrate them to get delta 
functions:

(10.13)

the the

(10.12)



In eq. (10.13), we have left out the i𝜖’s for notational convenience only; m2 is really m2 − i𝜖. 

The overall delta function in eq. (10.13) tells that that four-momentum is conserved in the scattering 
process, which we should, of course, expect. 

For a general scattering process, it is then convenient to define a scattering matrix element 𝒯 via

where kin and kout are the total four-momenta of the incoming and outgoing particles, respectively.

Examining the calculation which led to eq. (10.13), we can take away some universal features that lead 
to a simple set of Feynman rules for computing contributions to i𝒯 for a given scattering process. 

The Feynman rules are:

(10.14)





Figure 10.2: The tree-level s-, t-, and u-channel diagrams contributing to i𝒯 for two particle scattering.

For the two-particle scattering process, the tree diagrams resulting from these rules are shown in fig. 
(10.2).

Now that we have our procedure for computing the scattering amplitude 𝒯 , we must see how to relate it 
to a measurable cross section.



11 Cross Sections and Decay Rates

Prerequisite: 10

Now that we have a method for computing the scattering amplitude 𝒯 , we must convert it into 
something that could be measured in an experiment.

In practice, we are almost always concerned with one of two generic cases: one incoming particle, for 
which we compute a decay rate, or two incoming particles, for which we compute a cross section. 

We begin with the latter.

Let us also specialize, for now, to the case of two outgoing particles as well as two incoming particles. 

In 𝜑3 theory, we found in section 10 that in this case we have

where k1 and k2 are the four-momenta of the two incoming particles, k′1 and k′2 are the four-momenta of 
the two outgoing particles, and k1 +k2 = k′1 +k′2.

Also, these particles are all on shell : k2i = −m2i. 

Here, for later use, we allow for the possibility that the particles all have different masses.

(11.1)



Let us think about the kinematics of this process. 

In the center-of-mass frame, or CM frame for short, we take k1 + k2 = 0, and choose k1 to be in the +z 
direction. 

Now the only variable left to specify about the initial state is the magnitude of k1. 

Equivalently, we could specify the total energy in the CM frame, E1 + E2. 

However, it is even more convenient to define a Lorentz scalar s ≡ −(k1 +k2)2. 

In the CM frame, s reduces to (E1 + E2)2; s is therefore called the center-of-mass energy squared. 

Then, since E1 = (k21 + m21)1/2 and E2 = (k21 + m22)1/2, we can solve for |k1| in terms of s, with the result

Now consider the two outgoing particles. 

Since momentum is conserved, we must have k′1 + k′2 = 0, and since energy is conserved, we must also
have (E′1 + E′2)2 = s. 

Then we find

(11.2)



Now the only variable left to specify about the final state is the angle θ between k1 and k′1. 

However, it is often more convenient to work with theLorentz scalar t ≡ −(k1− k′1)2, which is related to θ 
by

This formula is valid in any frame.

The Lorentz scalars sand tare two of the three Mandelstam variables, defined as

The three Mandelstam variables are not independent; they satisfy the linear relation

In terms of s, t, and u, we can rewrite eq. (11.1) as

(11.3)

(11.4)

(11.5)

(11.6)

(11.7)



which demonstrates the notational utility of the Mandelstam variables.

Now let us consider a different frame, the fixed target or FT frame (also  sometimes called the lab 
frame), in which particle #2 is initially at rest: k2 = 0. 

In this case we have

Note that, from eqs. (11.8) and (11.2),

This will be useful later.

We would now like to derive a formula for the differential scattering cross section. 

In order to do so, we assume that the whole experiment is taking place in a big box of volume V, and 
lasts for a large time T. 

We should really think about wave packets coming together, but we will use some simple shortcuts 
instead. 

Also, to get a more general answer, we will let the number of outgoing particles be arbitrary.

(11.8)

(11.9)



Recall from section 10 that the overlap between the initial and final states is given by

To get a probability, we must square ⟨f | i⟩, and divide by the norms of the initial and final states:

The numerator of this expression is

We write the square of the delta function as

Also, the norm of a single particle state is given by

(11.10)

(11.11)

(11.12)

(11.13)

and note that
(11.14)

(11.15)



Thus we have

where n′ is the number of outgoing particles.

If we now divide eq. (11.11) by the elapsed time T, we get a probability
per unit time

(11.16)

This is the probability per unit time to scatter into a set of outgoing particles with precise momenta. 

To get something measurable, we should sum each outgoing three-momentum k′j over some small range. 

Due to the box, all three-momenta are quantized: k′j = (2π/L)n′j, where V= L3, and n′j is a three-vector 
with integer entries. 

Here we have assumed periodic boundary conditions, but this choice does not affect the final result. 

In the limit of large L, we have

(11.17)

(11.18)



Thus we should multiply     by a factor of Vd3k′j/(2π)3 for each outgoing particle.

The we get

(11.19)

where we have identified the Lorentz-invariant phase-space differential

that we first introduced in section 3.

To convert      to a differential cross section dσ, we must divide by the incident flux. 

Let us see how this works in the FT frame, where particle #2 is at rest. 

The incident flux is the number of particles per unit volume that are striking the target particle (#2), times 
their speed. 

We have one incident particle (#1) in a volume V with speed v = |k1|/E1 , and so the incident flux is |k1|/
E1V.
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where |k1|CM is given as a function of s by eq. (11.2), and we have defined the n′-body Lorentz-invariant 
phase-space measure

Eq. (11.22) is our final result for the differential cross section for the scattering of two incoming particles 
into n ′outgoing particles.

Let us now specialize to the case of two outgoing particles. 

We need to evaluate

where k = k1 + k2. 

Since dLIPS2(k) is Lorentz invariant, we can compute it in any convenient frame.

(11.22)

Dividing eq. (11.20) by this flux cancels the last factor of V, and replaces E1 in the denominator with |k1|. 

We also set E2 = m2 and note that eq. (11.8) gives |k1|m2 as a function of s; dσ will be Lorentz invariant 
if, in other frames, we simply use this function as the value of |k1|m2. 

Adopting this convention, and using eq. (11.9), we have

(11.23)

(11.24)



Let us work in the CM frame, where k = k1 + k2 = 0 and k0 = E1 + E2 = √s; then we have

We can use the spatial part of the delta function to integrate over d3k′2, with the result

where now

where dΩCM = sin θdθdφ is the differential solid angle, and θ is the angle between k1 and k′1 in the CM 
frame. 

We can carry out the integral over the magnitude of k′1 in eq. (11.26) using ∫ dxδ(f(x)) = ∑i|f ′(xi)|−1, 
where xi satisfies f(xi) = 0. 

In our case, the argument of the delta function vanishes at just one value of |k′1|, the value given by eq. 
(11.3). 

Also, the derivative of that argument with respect to |k′1| is

(11.25)

(11.26)

Next, let us write

(11.27)

(11.28)



Putting all of this together, we get

where |k1| and |k′1| are the functions of s given by eqs. (11.2) and (11.3), and dΩCM is the differential 
solid angle in the CM frame.

The differential cross section can also be expressed in a frame-independent manner by noting that, in the 
CM frame, we can take the differential of eq. (11.4) at fixed s to get

Combining this with eq. (11.22), we have

(11.29)

(11.30)

(11.31)



Now we can rewrite eq. (11.31) as

where |k1| is given as a function of s by eq. (11.2).

(11.32)

We can now transform dσ/dt into dσ/dΩ in any frame we might like (such as the FT frame) by taking the 
differential of eq. (11.4) in that frame.

In general, though, |k′1| depends on θ as well as s, so the result is more complicated than it is in eq. 
(11.32) for the CM frame.

Returning to the general case of n′ outgoing particles, we can define a Lorentz invariant total cross 
section by integrating completely over all the outgoing momenta, and dividing by an appropriate 
symmetry factor S. 

If there are n′i identical outgoing particles of type i, then

(11.35)

(11.33)

(11.34)



and

where dσ is given by eq. (11.22). 

We need the symmetry factor because merely integrating over all the outgoing momenta in dLIPSn′ treats 
the final state as being labeled by an ordered list of these momenta. 

But if some outgoing particles are identical, this is not correct; the momenta of the identical particles 
should be specified by an unordered list (because, for example, the state a†1a†2|0⟩ is identical to the state 
a†2a†1|0⟩). 

The symmetry factor provides the appropriate correction.

(11.36)

In the case of two outgoing particles, eq. (11.36) becomes

where S = 2 if the two outgoing particles are identical, and S = 1 if they are distinguishable. 

Equivalently, we can compute σ from eq. (11.34) via

(11.38)

(11.37)



where tmin and tmax are given by eq. (11.4) in the CM frame with cos θ = −1 and +1, respectively. 

To compute σ with eq. (11.38), we should first express t and u in terms of s and θ via eqs. (11.4) and 
(11.6), and then integrate over θ at fixed s. 

To compute σ with eq. (11.39), we should first express u in terms of s and t via eq. (11.6), and then 
integrate over t at fixed s.

Let us see how all this works for the scattering amplitude of 𝜑3 theory, eq. (11.7). 

In this case, all the masses are equal, and so, in the CM frame, E  =   √s for all four particles, and                 
|k′1| = |k1| = eq.(11.4) becomes    (s− 4m2)1/2. 

Then eq. (11.4) becomes

(11.40)

(11.39)

From eq. (11.6), we also have

(11.41)

Thus |𝒯|2  is quite a complicated function of s and θ. 
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In the nonrelativistic limit, |k1| ≪ m or equivalently s − 4m2 ≪ m2, we have

(11.42)

Now the differential cross section is sharply peaked in the forward (θ = 0) and backward (θ = π) 
directions.

Thus the differential cross section is nearly isotropic. 

In the extreme relativistic limit, |k1| ≫ m or equivalently s ≫ m2, we have

(11.43)

We can compute the total cross section σ from eq. (11.39). 

We have in this case tmin = −(s− 4m2) and tmax = 0. 

Since the two outgoing particles are identical, the symmetry factor is S = 2.



In the nonrelativistic limit, this becomes

In the extreme relativistic limit, we get

These results illustrate how even a very simple quantum field theory can yield specific predictions for 
cross sections that could be tested experimentally.

Let us now turn to the other basic problem mentioned at the beginning of this section: the case of a single 
incoming particle that decays to n ′other particles.

Then setting u = 4m2 − s− t, and performing the integral in eq. (11.39) over t at fixed s, we get

(11.44)

(11.45)

(11.46)



We have an immediate conceptual problem. 

According to our development of the LSZ formula in section 5, each incoming and outgoing particle
should correspond to a single-particle state that is an exact eigenstate of the exact hamiltonian. 

This is clearly not the case for a particle that can decay. 

Referring to fig. (5.1), the hyperbola of such a particle must lie above the continuum threshold. 

Strictly speaking, then, the LSZ formula is not applicable.

A proper understanding of this issue requires a study of loop corrections that we will undertake in section 
25. 

For now, we will simply assume that the LSZ formula continues to hold for a single incoming particle. 

Then we can retrace the steps from eq. (11.11) to eq. (11.20); the only change is that the norm of the 
initial state is now

instead of eq. (11.16). 

Identifying the differential decay rate dΓ with       then gives

(11.47)

(11.48)
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where now s = −k21 = m21. 

In the CM frame (which is now the rest frame of the initial particle), we have E1 = m1; in other frames, 
the relative factor of E1/m1 in dΓ accounts for relativistic time dilation of the decay rate.

We can also define a total decay rate by integrating over all the outgoing momenta, and dividing by the 
symmetry factor of eq. (11.35):

This enables us yo compute a decay rate, more later.

(11.49)

12 Dimensional Analysis with  ℏ = c = 1 

Prerequisite: 3

We have set  ℏ = c = 1. 

This allows us to convert a time T to a length L via T= c−1L, and a length L to an inverse mass M−1 via 
L=  ℏ c−1M−1.

Thus any quantity A can be thought of as having units of mass to some power (positive, negative, or 
zero) that we will call [A]. 

For example,



In the last line, we have generalized our considerations to theories in d spacetime dimensions.

Let us now consider a scalar field in d spacetime dimensions with lagrangian density

The action is

(12.1)

and the path integral is

(12.7)

From eq. (12.7), we see that the action S must be dimensionless, because it appears as the argument of 
the exponential function. 

Therefore

(12.2)

(12.3)

(12.4)

(12.5)

(12.6)



Combining eqs. (12.4) and (12.8) yields

Then, from eqs. (12.9) and (12.3), and the fact that ∂µ𝜑∂µ𝜑 is a term in ℒ, we see that we must have

Then, since gn𝜑n is also a term in ℒ, we must have

In particular, for the 𝜑3 theory we have been working with, we have

(12.8)

Thus we see that the coupling constant of 𝜑3 theory is dimensionless in d = 6 spacetime dimensions.

(12.9)

(12.10)

(12.11)

(12.12)

Theories with dimensionless couplings tend to be more interesting than theories with dimensionful 
couplings. 

This is because any nontrivial dependence of a scattering amplitude on a coupling must be expressed as a 
function of a dimensionless parameter. 



If the coupling is itself dimensionful, this parameter must be the ratio of the coupling to the appropriate
power of either the particle mass m (if it isn’t zero) or, in the high-energy
regime s ≫ m2, the Mandelstam variable s. 

Thus the relevant parameter is gs−[g]/2. 

If [g] is negative [and it usually is: see eq. (12.11)], then gs−[g]/2 blows up at high energies, and the 
perturbative expansion breaks down. 

This behavior is connected to the nonrenormalizability of theories with couplings with negative mass 
dimension, a subject we will take up in section 18. 

It turns out that such theories require an infinite number of input parameters to make sense; see section 
29. 

In the opposite case, [g] positive, the theory becomes trivial at high energy, because gs−[g]/2 goes
rapidly to zero.

Thus the case of [g] = 0 is just right: scattering amplitudes can have a nontrivial dependence on g at all 
energies.

Therefore, from here on, we will be primarily interested in 𝜑3 theory in d = 6 spacetime dimensions, 
where [g3] = 0.



13 The Lehmann-Kallen Form of the Exact Propagator

Prerequisite: 9

Before turning to the subject of loop corrections to scattering amplitudes, it will be helpful to consider 
what we can learn about the exact propagator ∆(x− y) from general principles. 

We define the exact propagator via

We take the field 𝜑(x) to be normalized so that

In d spacetime dimensions, the one-particle state |k⟩ has the normalization

(13.1)

(13.2)

(13.3)

with ω = (k2 + m2)1/2. 

The corresponding completeness statement is

(13.4)



where I1 is the identity operator in the one-particle subspace, and

(13.5)

is the Lorentz invariant phase-space differential. 

We also define the exact momentum-space propagator     (k2) via

In free-field theory, the momentum-space propagator is

It has an isolated pole at k2 = −m2 with residue one; m is the actual, physical mass of the particle, the 
mass that enters into the energy-momentum relation.

We begin our analysis with eq. (13.1). 

We take x0 > y0, and insert a complete set of energy eigenstates between the two fields. 

Recall from section 5 that there are three general classes of energy eigenstates:
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(13.6)

(13.7)



Thus we get

The sum over n is schematic, and includes integrals over continuous parameters like relative momenta.

The first two terms in eq. (13.8) can be simplified via eq. (13.2). 

Also, writing the field as ϕ(x) = exp(−iPµxµ)𝜑(0)exp(+iPµxµ), where Pµ is the
energy-momentum operator, gives us

(13.8)



where k0 = (k2 + M2)1/2. 

We now have

Next, we define the spectral density

Obviously, 𝜌(s) ≥ 0 for s ≥ 4m2, and 𝜌(s) = 0 for s < 4m2. 

Now we have

In the first term,  k0 = (k2 + M2)1/2, and in the second term,  k0 = (k2 + s)1/2.

Clearly we can also swap x and y to get

(13.9)

(13.10)

(13.11)

(13.12)



as well. 

We can then combine eqs. (13.12) and (13.13) into a formula for the time-ordered product

where θ(t) is the unit step function, by means of the identity

the derivation of eq. (13.15) was sketched in section 8. 

Combining eqs. (13.12–13.15), we get

(13.13)

(13.14)

(13.15)

(13.16)



Comparing eqs. (13.1), (13.6), and (13.16), we see that

(13.17)

This is the Lehmann-Kallen form of the exact momentum-space propagator      (k2). 

We note in particular that       (k2) has an isolated pole at k2 = −m2 with residue one, just like the 
propagator in free-field theory.

14 Loop Corrections to the Propagator

Prerequisite: 10, 12, 13

In section 10, we wrote the exact propagator as

In 𝜑3 theory, the O(g2) corrections to         (x1−x2) come from the diagrams of fig. (14.1). 

To compute them, it is simplest to work directly in momentum space, following the Feynman rules of 
section 10. 
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(14.1)

where iW(J) is the sum of connected diagrams, and δi acts to remove a source from a diagram and label 
the corresponding propagator endpoint xi.
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An appropriate assignment of momenta to the lines is shown in fig. (14.1).

Figure 14.1: The O(g2) corrections to the propagator.

where

(14.2)

is the free-field propagator, and

is the self-energy. 

Here we have written the integral appropriate for d spacetime dimensions; for now we will leave d 
arbitrary, but later we will want to focus on d= 6, where the coupling g is dimensionless.

We then have

(14.3)

(14.4)



In the first term in eq. (14.4), the factor of one-half is the symmetry factor associated with exchanging 
the top and bottom semicircular propagators. 

Also, we have written the vertex factor as ig rather than iZg g because we expect Zg = 1 + O(g2), and so 
the Zg− 1 contribution can be lumped into the O(g4) term. 

In the second term, A = Z𝜑− 1 and B = Zm− 1 are both expected to be O(g2).

It will prove convenient to define Π(k2) to all orders via the geometric series

This is illustrated in fig. (14.2).

Figure 14.2: The geometric series for the exact propagator.

The sum in eq. (14.5) will include all the diagrams that contribute to     (k2) if we take iΠ(k2) to be given 
by the sum of all diagrams that are one-particle irreducible, or 1PI for short.

(14.5)
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A diagram is 1PI if it is still connected after any one line is cut. 

The 1PI diagrams that make an O(g4) contribution to iΠ(k2) are shown in fig. (14.3).

Figure 14.3: The O(g4) contributions to iΠ(k2).

(14.6)

In section 13, we learned that the exact propagator has a pole at k2 = −m2 with residue one. 

This is consistent with eq. (14.6) if and only if

(14.8)

(14.7)

When writing down the value of one of these diagrams, we omit the two external propagators.

If we sum up the series in eq. (14.5), we get



where the prime denotes a derivative with respect to k2. 

We will use eqs. (14.7) and (14.8) to fix the values of A and B.

where the integration measure over the Feynman parameters xi is

Next we turn to the evaluation of the O(g2) contribution to iΠ(k2) in eq. (14.4). 

We have the immediate problem that the integral on the right-hand side diverges at large ℓ for d ≥ 4. 

We faced a similar situation in section 9 when we evaluated the lowest-order tadpole diagram. 

There we˜introduced an ultraviolet cutoff Λ that modified the behavior of     (ℓ2) at large ℓ2. 

Here, for now, we will simply restrict our attention to d < 4, where the integral in eq. (14.4) is finite. 

Later we will see what we can say about larger values of d.

We will evaluate the integral in eq. (14.4) with a series of tricks. 

We first use Feynman’s formula to combine denominators,

(14.9)
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This measure is normalized so that

In the case at hand, we have

where we have suppressed the i𝜖’s for notational convenience; they can be restored via the replacement 
m2 → m2 − i𝜖. 

In the last line we have defined

(14.10)

(14.12)

(14.11)



and

We then change the integration variable in eq. (14.4) from ℓ to q; the jacobian is trivial, and we have   
ddℓ = ddq.

(14.13)

Next, think of the integral over q0 from −∞ to +∞ as a contour integral in the complex q0 plane. 

If the integrand vanishes fast enough as |q0| → ∞, we can rotate this contour clockwise by 90○, as shown 
in fig. (14.4), so that it runs from −i∞ to +i∞.

Figure 14.4: The q0 integration contour along the real axis can be rotated
to the imaginary axis without passing through the poles at q0 =−ω + i𝜖
and q0 = +ω − i𝜖.

In making this Wick rotation, the contour does not pass over any poles. 

The i𝜖’s are needed to make this statement unambiguous. 

Thus the value of the integral is unchanged.

(14.14)



It is now convenient to define a euclidean d-dimensional vector      via q0 = i   d and qj =    j; then                
q2 =    2, where

(14.15)

Also, ddq= idd   . 

Therefore, in general,

as long as f(  2) → 0 faster than 1/   d as     → ∞.

Now we can write

where

It is now straightforward to evaluate the d-dimensional integral over     in spherical coordinates.

Before we perform this calculation, however, let us introduce another trick, one that can simplify the task 
of fixing A and B through the imposition of eqs. (14.7) and (14.8). 

Here is the trick: differentiate Π(k2) twice with respect to k2 to get
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where, from eqs. (14.18) and (14.14),

Then, after we evaluate these integrals, we can get Π(k2) by integrating with respect to k2, subject to the 
boundary conditions of eqs. (14.7) and (14.8).

In this way we can construct Π(k2) without ever explicitly computing A and B.

Notice that this trick does something else for us as well. 

The integral over     in eq. (14.20) is finite for any d < 8, whereas the original integral in eq. (14.18) is 
finite only for d < 4. 

This expanded range of d now includes the value of greatest interest, d = 6.

How did this happen?

We can gain some insight by making a Taylor expansion of Π(k2) about k2 = −m2:

(14.19)

(14.20)
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From eqs. (14.18) and (14.14), it is straightforward to see that I(−m2) is divergent for d ≥ 4, I′(−m2) is 
divergent for d ≥ 6, and, in general, I(n)(−m2) is divergent for d ≥ 4 + 2n. 

We can use the O(g2) terms in A and B to cancel off the     g2I(−m2) and      g2I′(−m2) terms in Π(k2),
whether or not they are divergent. 

But if we are to end up with a finite Π(k2), all of the remaining terms must be finite, since we have no 
more free parameters left to adjust. 

This is the case for d < 8.

Of course, for 4 ≤ d < 8, the values of A and B (and hence the lagrangian coeffcients Z = 1 + A  and           
Zm = 1 + B) are formally infinite, and this may be disturbing. 

However, these coefficients are not directly measurable, and so need not obey our preconceptions about 
their magnitudes.

(14.21)
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Now let us return to the calculation of Π(k2). 

Rather than using the trick of first computing Π′′(k2), we will instead evaluate Π(k2) directly from eq. 
(14.18) as a function of d for d < 4. 

Then we will analytically continue the result to arbitrary d. 

This procedure is known as dimensional regularization. 

Then we will fix A and B by imposing eqs. (14.7) and (14.8), and finally take the limit d→ 6.

Also, it is important to remember that A and B each includes a factor of g2; this means that we can 
expand in powers of A and B as part of our general expansion in powers of g. 

When we compute Π(k2) (which enters into observable cross sections), all the formally infinite numbers 
cancel in a well-defined way, provided d < 8.

For d ≥ 8, this procedure breaks down, and we do not obtain a finite expression for Π(k2). 

In this case, we say that the theory is nonrenormalizable. 

We will discuss the criteria for renormalizability of a theory in detail in section 18. 

It turns out that 𝜑3 theory is renormalizable for d ≤ 6. (The problem with 6 < d < 8 arises from        
higher-order corrections, as we will see in section 18.)



We could just as well use the method of section 9. 

Making the replacement

where Λ is the ultraviolet cutoff, renders the O(g2) term in Π(k2) finite for d < 8; This procedure is 
known as Pauli–Villars regularization. 

We then evaluate Π(k2) as a function of Λ, fix A and B by imposing eqs. (14.7) and (14.8), and take the 
Λ → ∞ limit. 

Calculations with Pauli-Villars regularization are generally much more cumbersome than they are with
dimensional regularization. 

However, the final result for Π(k2) is the same.

Eq. (14.21) demonstrates that any regularization scheme will give the same result for d < 8, at least as 
long as it preserves the Lorentz invariance of the integrals.

We therefore turn to the evaluation of I(k2), eq. (14.18). 

The angular part of the integral over     yields the area Ωd of the unit sphere in d dimensions, which is

(14.22)
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(14.23)

this is most easily verified by computing the gaussian integral ∫ dd    e−q2 in both cartesian and spherical 
coordinates. 

Here Γ(x) is the Euler gamma function; for a nonnegative integer n and small x,

The radial part of the     integral can also be evaluated in terms of gamma functions. 

The overall result (generalized slightly) is

(14.24)
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(14.26)

<latexit sha1_base64="OPkxUHizDAPEWLzy2L4MbyafFjM=">AAACBHicbVDLSsNAFJ34rPVVdekmWARXJRGpXRbcuKxgH9KGMpnctkMnkzhzI5SQrT/gVv/Anbj1P/wBv8Npm4VtPXDhcM693HuPHwuu0XG+rbX1jc2t7cJOcXdv/+CwdHTc0lGiGDRZJCLV8akGwSU0kaOATqyAhr6Atj++mfrtJ1CaR/IeJzF4IR1KPuCMopEeeshFAOlj1i+VnYozg71K3JyUSY5Gv/TTCyKWhCCRCap113Vi9FKqkDMBWbGXaIgpG9MhdA2VNATtpbODM/vcKIE9iJQpifZM/TuR0lDrSeibzpDiSC97U/E/r5vgoOalXMYJgmTzRYNE2BjZ0+/tgCtgKCaGUKa4udVmI6ooQ5PRwhZf0TFgVjTBuMsxrJLWZcWtVqp3V+V6LY+oQE7JGbkgLrkmdXJLGqRJGAnJC3klb9az9W59WJ/z1jUrnzkhC7C+fgGUI5kU</latexit>

q̃

where γ = 0.5772... is the Euler-Mascheroni constant.
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We will make frequent use of this formula throughout ese notes. 

In the case of interest, eq. (14.18), we have a = 0 and b = 2.

There is one more complication to deal with. 

Recall that we want to focus on d= 6 because in that case g is dimensionless. 

However, for general d, g has mass dimension ε/2, where

To account for this, we introduce a new parameter       with dimensions of mass, and make the 
replacement

In this way g remains dimensionless for all ε. 

Of course,      is not an actual parameter of the d = 6 theory. 

Therefore, nothing measurable (like a cross section) can depend on it.

This seemingly innocuous statement is actually quite powerful, and will eventually serve as the 
foundation of the renormalization group.

(14.28)
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Hence, with the substitution of eq. (14.29), and defining

We now return to eq. (14.18), use eq. (14.26), and set d = 6 − ε; we get

for notational convenience, we have

Now we can take the ε→ 0 limit, using eq. (14.26) and

The result is

(14.30)

(14.31)

(14.32)
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Here we have used      dx D =16 k2 + m2. 

It is now convenient to define

(14.35)

If we take A and B to have the form

where      A and      B are purely numerical constants, then we get

Thus this choice of A and B renders Π(k2) finite and independent of µ, as required.
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and rearrange things to get
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𝜅 𝜅
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To fix    A and     B, we must still impose the conditions Π(−m2) = 0 and Π′(−m2) = 0. 

The easiest way to do this is to first note that, schematically,

We can then impose Π(−m2) = 0 via

where

Now it is straightforward to differentiate eq. (14.41) with respect to k2, and find that Π′(−m2) vanishes 
for

(14.40)

The integral over x can be done in closed form; the result is

𝜅𝜅

(14.41)
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where c1 = 3−π√3, c2 = 3−2π√3, and



(14.45)

There is a branch point at k2 = −4m2, and Π(k2) acquires an imaginary part for k2 < −4m2; we will 
discuss this further in the next section.

We can write the exact propagator as

In fig. (14.5), we plot the real and imaginary parts of Π(k2 )/(k2  + m2 ) in units of α.

Figure 14.5: The real and imaginary parts of Π(k2 )/(k2  + m2 ) in units of α.
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We see that its values are quite modest for the plotted range. For much larger values of |k2|, we have

(14.48)

If we had kept track of the i𝜖’s, k2 would be k2 − i𝜖; when k2 is negative, we have 
ln(k2 − i𝜖) = ln |k2| − iπ. 

The imaginary part of Π(k2)/(k2 + m2) therefore approaches the asymptotic value of
−     πα+ O(α2) when k2 is large and negative. 

The real part of Π(k2)/(k2 + m2), however, continues to increase logarithmically with |k2| when |k2| is 
large. 

We will begin to address the meaning of this in section 26.

15 The One-Loop Correction in Lehmann-Kallen Form

Prerequisite: 14

In section 13, we found that the exact propagator could be written in Lehmann-Kallen form as

(15.1)

<latexit sha1_base64="QZyiWRE0xpWA2xabOc3IdpuGJTk=">AAACCHicbZDNSsNAEMcnftb6VfXoJVgETyUpUnssePFYwX5AG8pmu2mXbjZxdyKUkBfwBbzqG3gTr76FL+BzuG1zsK1/GPjznxlm+Pmx4Bod59va2Nza3tkt7BX3Dw6Pjksnp20dJYqyFo1EpLo+0UxwyVrIUbBurBgJfcE6/uR21u88MaV5JB9wGjMvJCPJA04JmsjrY6AITd0sdavZoFR2Ks5c9rpxc1OGXM1B6ac/jGgSMo lUEK17rhOjlxKFnAqWFfuJZjGhEzJiPWMlCZn20vnTmX1pkqEdRMqURHue/t1ISaj1NPTNZEhwrFd7s/C/Xi/BoO6lXMYJMkkXh4JE2BjZMwL2kCtGUUyNIVRx86tNx8RgQMNp6YqvyIRhVjRg3FUM66Zdrbi1Su3+utyo54gKcA4XcAUu3EAD7qAJLaDwCC/wCm/Ws/VufVifi9ENK985gyVZX7/4WJpV</latexit>

1
12



where the spectral density 𝜌(s) is real and nonnegative. 

In section 14, on the other hand, we found that the exact propagator could be written as

and that, to O(g2) in 𝜑3 theory in six dimensions,

where

In this section, we will attempt to reconcile eqs. (15.2) and (15.3) with eq. (15.1).

Let us begin by considering the imaginary part of the propagator. 

We will always take k2 and m2 to be real, and explicitly include the appropriate factors of i𝜖 whenever 
they are needed.

We can use eq. (15.1) and the identity

(15.2)

(15.3)

(15.5)

(15.6)

(15.4)



where P means the principal part, to write

where 𝜌(s) ≡ 0 for s < 4m2. 

Thus we have

Let us now suppose that Im Π(k2) = 0 for some range of k2. 

In section 14, we saw that the O(α) contribution to Π(k2) is purely real for k2  > −4m2.

Then, from eqs. (15.2) and (15.7), we get

(15.10)

(15.7)

(15.8)

(15.9)



From Π(−m2) = 0, we know that the argument of the delta function vanishes at k2 = −m2, and from Π′
(−m2) = 0, we know that the derivative of this argument with respect to k2 equals one at k2 = −m2. 

Therefore

Comparing this with eq. (15.8), we see that 𝜌(−k2) = 0 if ImΠ(k2) = 0.

Now suppose ImΠ(k2) is not zero for some range of k2. 

In section 14, we saw that the O(α) contribution to Π(k2) has a nonzero imaginary part for k2 < −4m2. 

Then we can ignore the i𝜖 in eq. (15.2), and

Comparing this with eq. (15.8) we see that

(15.11)

(15.12)

Since we know 𝜌(s) = 0 for s < 4m2, this tells us that we must also have Im Π(−s) = 0 for s < 4m2, or 
equivalently Im Π(k2) = 0 for k2 > −4m2.

(15.13)



We can also see this directly from eq. (15.3), without doing the integral over x. 

The integrand in this formula is real as long as the argument of the logarithm is real and positive. 

From eq. (15.5), we see that D is real and positive if and only if x(1−x)k2 > −m2. 

The maximum value of x(1−x) is 1/4, and so the argument of the logarithm is real and positive for the
whole integration range 0 ≤ x ≤ 1 if and only if k2 > −4m2. 

In this regime, ImΠ(k2) = 0. 

On the other hand, for k2 < −4m2, the argument of the logarithm becomes negative for some of the 
integration range, and so ImΠ(k2) ≠ 0 for k2 < −4m2. 

This is exactly what we need to reconcile eqs. (15.2) and (15.3) with eq. (15.1).

16 Loop Corrections to the Vertex

Prerequisite: 14

Consider the O(g3) diagram of fig. (16.1), which corrects the ϕ3 vertex. 

In this section we will evaluate this diagram.

This is just what we found for the O(α) contribution to Π(k2) in section 14.



We can define an exact three-point vertex function iV3(k1, k2, k3) as the sum of one-particle irreducible 
diagrams with three external lines carrying momenta k1, k2 and k3, all incoming, with k1 + k2 + k3 = 0 by 
momentum conservation. 

In adopting this convention, we allow k0i to have either sign; if ki is the momentum of an external 
particle, then the sign of k0i is positive if the particle is incoming, and negative if it is outgoing. 

The original vertex iZgg is the first term in this sum, and the diagram of fig. (16.1) is the second. Thus we 
have

Figure 16.1: The O(g3) correction to the vertex iV3(k1, k2, k3).

(16.1)



where

We manipulate the right-hand side of eq. (16.2) to get

(16.3)

In the last line, we have defined q ≡ ℓ− x1k1 + x2k2, and

(16.5)

where we used k23 = (k1 + k2)2 and x1 + x2 + x3 = 1 to simplify the second line.

(16.4)



After making a Wick rotation of the q0 contour, we have

where      is a euclidean vector. 

This integral diverges for d ≥ 6. 

We therefore evaluate it for d < 6, using the general formula from section 14; the result is

Now we set d = 6− ε. 

To keep g dimensionless, we make the replacement g→ g    ε/2. 

Then we have

where α = g2/(4π)3. 

Now we can take the ε→ 0 limit. 

The result is

(16.6)

(16.7)
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(16.9)

where we have used ∫ dF3 = 1. 

We now let µ2 = 4π e−γ    2, set

and rearrange to get

If we take C to have the form

where 𝜅C is a purely numerical constant, we get
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Thus this choice of C renders V3(k1, k2, k3) finite and independent of µ, as required.

We now need a condition, analogous to Π(−m2) = 0 and Π′(−m2) = 0, to fix the value of 𝜅C. 

These conditions on Π(k2) were mandated by known properties of the exact propagator, but there is 
nothing directly comparable for the vertex. 

Different choices of 𝜅C correspond to different definitions of the coupling g. 

This is because, in order to measure g, we would measure a cross section that depends on g; these cross 
sections also depend on 𝜅C.

Thus we can use any value for 𝜅C that we might fancy, as long as we all agree on that value when we 
compare our calculations with experimental measurements. 

It is then most convenient to simply set 𝜅C = 0. 

This corresponds to the condition

(16.14)

This condition can then also be used to fix the higher-order (in g) terms in Zg.

The integrals over the Feynman parameters in eq. (16.13) cannot be done in closed form, but it is easy to 
see that if (for example) |k21| ≫ m2, then



Thus the magnitude of the one-loop correction to the vertex function increases logarithmically with |k2i| 
when |k2i| ≫ m2. 

This is the same behavior that we found for Π(k2)/(k2 + m2) in section 14.

17 Other 1PI Vertices 

Prerequisite: 16

(16.15)

In section 16, we defined the three-point vertex function iV3(k1, k2, k3) as the sum of all one-particle 
irreducible diagrams with three external lines, with the external propagators removed. 

We can extend this definition to the n-point vertex iVn(k1, ….. kn).

There are two key differences between Vn >3 and V3 in 𝜑3 theory. 

The first is that there is no tree-level contribution to Vn >3. 

The second is that the one-loop contribution to Vn >3 is finite for d < 2n. 

In particular, the one-loop contribution to Vn >3 is finite for d = 6.



Let us see how this works for the case n = 4. 

We treat all the external momenta as incoming, so that k1 + k2 + k3 + k4 = 0. 

One of the three contributing one-loop diagrams is shown in fig. (17.1); in this diagram, the
k3 vertex is opposite to the k1 vertex. 

Two other inequivalent diagrams are then obtained by swapping k3 ↔ k2 and k3 ↔ k4. 

(17.1)

We then have

Figure 17.1: One of the three one-loop Feynman diagrams contributing to the four-point vertex 
iV4(k1, k2, k3, k4); the other two are obtained by swapping k3 ↔ k2 and k3 ↔ k4.



(17.3)

We see that the integral over q is finite for d < 8, and in particular for d = 6. 

After a Wick rotation of the q0 contour and applying the general formula of section 14, we find

(17.4)

Feynman’s formula gives

where q = ℓ− x1k1 + x2k2 + x3(k2+k3) and, after making repeated use of x1+x2+x3+x4 = 1 and     
k1+k2+k3+k4 = 0,

(17.2)



Thus we get

This expression is finite and well-defined; the same is true for the one-loop contribution to Vn for               
all n > 3.

(17.5)

18 Higher-Order Corrections and Renormalizability 

Prerequisite: 17

In sections 14–17, we computed the one-loop diagrams with two, three, and four external lines for 𝜑3 
theory in six dimensions. 

We found that the first two involved divergent momentum integrals, but that these divergences could be 
absorbed into the coefficients of terms in the lagrangian. 

If this is true for all higher-order (in g) contributions to the propagator and to the one-particle irreducible 
vertex functions (with n ≥ 3 external lines), then we say that the theory is renormalizable. 

If this is not the case, and further divergences arise, it may be possible to absorb them by adding some 
new terms to the lagrangian. 

If a finite number of such new terms is required, the theory is still said to be renormalizable.



(18.1)

Consider a Feynman diagram with E external lines, I internal lines, L closed loops, and Vn vertices that 
connect n lines. 

Here Vn is just a number, not to be confused with the vertex function Vn.

Do the momentum integrals associated with this diagram diverge?

We begin by noting that each closed loop gives a factor of ddℓi, and each internal propagator gives a 
factor of 1/(p2 + m2), where p is some linear combination of external momenta ki and loop momenta ℓi.

The diagram would then appear to have an ultraviolet divergence at large ℓi if there are more ℓ’s in the 
numerator than there are in the denominator. 

However, if an infinite number of new terms is required, then the theory is said to be nonrenormalizable.

Despite the infinite number of parameters needed to specify it, a nonrenormalizable theory is generally 
able to make useful predictions at energies below some ultraviolet cutoff Λ; we will discuss this in 
section 29.

In this section, we will deduce the necessary conditions for renormalizability. 

As an example, we will analyze a scalar field theory in d spacetime dimensions of the form



The number of ℓ’s in the numerator minus the number of ℓ’s in the denominator is the diagram’s 
superficial degree of divergence.

and the diagram appears to be divergent if

Next we derive a more useful formula for D. 

The diagram has E external lines, so another contributing diagram is the tree diagram where all the lines
are joined by a single vertex, with vertex factor −iZEgE; this is, in fact, the value of this entire diagram, 
which then has mass dimension [gE]. 

The Z’s are all dimensionless, by definition. 

Therefore, the original diagram also has mass dimension [gE], since both are contributions to the same
scattering amplitude:

(18.2)

On the other hand, the mass dimension of any diagram is given by the sum of the mass dimensions of its 
components, namely

(18.3)

(18.4)

(18.5)



From eqs. (18.2), (18.4), and (18.5), we get

(18.6)

This is the formula we need.

From eq. (18.6), it is immediately clear that if any [gn] < 0, we expect uncontrollable divergences, since 
D increases with every added vertex of this type. 

Therefore, a theory with any [gn] < 0 is nonrenormalizable.

According to our results in section 12, the coupling constants have mass dimension

and so we have

Thus we are limited to powers no higher than 𝜑4 in four dimensions, and no higher than 𝜑3 in six 
dimensions.

The same criterion applies to more complicated theories as well: a theory is nonrenormalizable if any 
coefficient of any term in the lagrangian has negative mass dimension.

(18.7)

(18.8)



What about theories with couplings with only positive or zero mass dimension? 

We see from eq. (18.6) that the only dangerous diagrams (those with D ≥ 0) are those for which [gE] ≥ 0. 

But in this case, we can absorb the divergence simply by adjusting the value of ZE. 

This discussion also applies to the propagator; we can think of Π(k2) as representing the loop-corrected 
counterterm vertex Ak2 + Bm2, with A and Bm2 playing the roles of two couplings. 

We have [A] = 0 and [Bm2] = 2, so the contributing diagrams are expected to be divergent (as we have 
already seen in detail), and the divergences must be absorbed into A and Bm2.

D is called the superficial degree of divergence because a diagram might diverge even if D < 0, or might 
be finite even if D ≥ 0. 

The latter can happen if there are cancellations among ℓ’s in the numerator. 

Quantum electrodynamics provides an example of this phenomenon that we will encounter in Part III. 

For now we turn our attention to the case of diagrams with D < 0 that nevertheless diverge.

Consider, for example, the diagrams of figs. (18.1) and (18.2). 

The one-loop diagram of fig. (18.1) with E = 4 is finite, but the two-loop correction from the first 
diagram of fig. (18.2) is not: the bubble on the upper propagator diverges. 



This is an example of a divergent subdiagram. 

However, this is not a problem in this case, because this divergence is canceled by the second diagram of 
fig. (18.2), which has a counterterm vertex in place of the bubble.

This is the generic situation: divergent subdiagrams are diagrams that, considered in isolation, have         
D ≥ 0. 

These are precisely the diagrams whose divergences can be canceled by adjusting the Z factor of the 
corresponding tree diagram (in theories where [gn] ≥ 0 for all nonzero gn).

Thus, we expect that theories with couplings whose mass dimensions are all positive or zero will be 
renormalizable. 

A detailed study of the properties of the momentum integrals in Feynman diagrams is necessary to give a 
complete proof of this.

Figure 18.2: A two-loop contribution to V4, and the corresponding counterterm insertion.



Theories with spin-one fields are renormalizable for d = 4 if and only if these spin-one fields are 
associated with a gauge symmetry. 

We will study this in Part III.

Theories of fields with spin greater than one are never renormalizable for d ≥ 4.

19 Perturbation Theory to All Orders 

Prerequisite: 18

In section 18, we found that, generally, a theory is renormalizable if all of its lagrangian coefficients have 
positive or zero mass dimension. 

In this section, using 𝜑3 theory in six dimensions as our example, we will see how to construct a finite 
expression for a scattering amplitude to arbitrarily high order in the 𝜑3 coupling g.

We begin by summing all one-particle irreducible diagrams with two external lines; this gives us the  
self-energy Π(k2). 

We next sum all 1PI diagrams with three external lines; this gives us the three-point vertex function 
V3(k1,k2,k3). 

Order by order in g, we must adjust the value of the lagrangian coefficients Z𝜑, Zm, and Zg to maintain 
the conditions Π(−m2) = 0, Π′(−m2) = 0, and V3(0,0,0) = g.



Next we will construct the n-point vertex functions Vn (k1,...,kn) with 4 ≤ n ≤ E, where E is the number  
of external lines in the process of interest. 

We compute these using a skeleton expansion. 

This means that we draw all the contributing 1PI diagrams, but omit diagrams that include either 
propagator or three-point vertex corrections. 

That is, we include only diagrams that are not only 1PI, but also 2PI and 3PI: they remain connected 
when any one, two, or three lines are cut. 

Cutting three lines may isolate a single tree-level vertex, but nothing more complicated. 

Then we take the propagators and vertices in these diagrams to be given by the exact                      
propagator     (k2) = (k2 + m2 − Π(k2))−1 and vertex V3(k1,k2,k3), rather than by the tree-level          
propagator     (k2) = (k2 + m2)−1 and vertex g. 

We then sum these skeleton diagrams to get Vn for 4 ≤ n ≤ E. 

Order by order in g, this procedure is equivalent to computing Vn by summing the usual set of 
contributing 1PI diagrams.

Next we draw all tree-level diagrams that contribute to the process of interest (which has E external 
lines), including not only three-point vertices, but also n-point vertices for n = 3, 4,…, E. 

Then we evaluate these diagrams using the exact propagator     (k2) for internal lines, and the exact 1PI 
vertices Vn; external lines are assigned a factor of one.
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This is because, in the LSZ formula, each Klein-Gordon wave operator becomes (in momentum space) a 
factor of k2i + m2 that multiplies each external propagator, leaving behind only the residue of the pole in 
that propagator at k2i = −m2; by construction, this residue is one.

We sum these tree diagrams to get the scattering amplitude; loop corrections have all been accounted for 
already in     (k2) and Vn. 

Order by order in g, this procedure is equivalent to computing the scattering amplitude by summing the 
usual set of contributing diagrams.

Thus we now know how to compute an arbitrary scattering amplitude to arbitrarily high order. 

The procedure is the same in any quantum field theory; only the form of the propagators and vertices 
change, depending on the spins of the fields.

The tree-level diagrams of the final step can be thought of as the Feynman diagrams of a quantum action 
(or effective action, or quantum effective action) Γ(𝜑). 

There is a simple and interesting relationship between the effective action Γ(𝜑) and the sum of connected 
diagrams with sources iW(J).

We derive it in section 21.
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20 Two-Particle Elastic Scattering at One Loop 

Prerequisite: 19

We now illustrate the general rules of section 19 by computing the two-particle elastic scattering 
amplitude, including all one-loop corrections, in 𝜑3 theory in six dimensions. 

Elastic means that the number of outgoing particles (of each species, in more general contexts) is the 
same as the number of incoming particles (of each species).

We computed the amplitude for this process at tree level in section 10, with the result

(20.1)

where      (−s) = 1/(−s + m2 − i𝜖) is the free-field propagator, and s, t, and u are the Mandelstam variables. 

Later we will need to remember that s is positive, that t and u are negative, and that s + t + u= 4m2.

The exact scattering amplitude is given by the diagrams of fig. (20.1), with all propagators and vertices 
interpreted as exact propagators and vertices. 

Recall, however, that each external propagator contributes only the residue of the pole at k2 = −m2, and 
that this residue is one; thus the factor associated with each external line is simply one. 

We get the one-loop approximation to the exact amplitude by using the one-loop expressions for the 
internal propagators and vertices. 
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Figure 20.1: The Feynman diagrams contributing to the two-particle elastic scattering amplitude; a double line stands for the 
exact propagator        (k), a circle for the exact three-point vertex V3(k1,k2,k3), and a square for the exact four-point vertex 
V4(k1,k2,k3,k4). An external line stands for the unit residue of the pole at k2 =−m2.

We thus have

(20.2)

where, suppressing the i𝜖’s,
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(20.3)

Here α = g2/(4π)3, the Feynman integration measure is

and we have defined

(20.4)

(20.5)

(20.6)

(20.7



(20.8)

We obtain     (s) from the general three-point function V3(k1,k2,k3) by setting two of the three k2i to −m2, 
and the third to −s. 

We obtain V4(s,t,u) from the general four-point function V4(k1,k2,k3,k4) by setting all four k2i to −m2,    
(k1 + k2)2 to −s, (k1 + k3)2  to −t, and (k1 + k4)2 to −u.

Recall that the vertex functions are defined with all momenta treated as incoming; here we have 
identified −k3 and −k4 as the outgoing momenta. 

Eqs. (20.2–20.11) are formidable expressions.

To gain some intuition about them, let us consider the limit of high-energy, fixed angle scattering, where 
we take s, |t|, and |u| all much larger than m2. 

Equivalently, we are considering the amplitude in the limit of zero particle mass.

We can then set m2 = 0 in D2(s), D3(s), and D4(s,t).

(20.9)

(20.10)

(20.11)

V3



For the self-energy, we get

(20.12)

Thus,

The appropriate branch of the logarithm is found by replacing s by s + i𝜖.

For s real and positive, −s lies just below the negative real axis, and so

For t (or u), which is negative, we have instead

(20.13)

(20.14)

(20.15)

For the three-point vertex, we get



where the same comments about the appropriate branch apply.

For the four-point vertex, the integral over the Feynman parameters can be done in closed form, with the 
result

(20.16)

where the second line follows from s + t + u = 0.

Putting all of this together, we have

where

(20.17)

(20.18)

(20.19)

and c = (6π2 + π√3− 39)/11 = 2.33. 

This is a typical result of a loop calculation: the original tree-level amplitude is corrected by powers of 
logarithms of kinematic variables.



21 The Quantum Action 

Prerequisite: 19

In section 19, we saw how to compute (in 𝜑3 theory in d = 6 dimensions) the 1PI vertex functions 
Vn(k1,….,k4) for n ≥ 4 via the skeleton expansion: draw all Feynman diagrams with n external lines that 
are one-, two-, and three-particle irreducible, and compute them using the exact propagator    (k2) and 
three-point vertex function V3(k1,k2,k3).

We now define the quantum action (or effective action, or quantum effective action)

In this section, we will determine the relationship between Γ(𝜑) and the sum of connected diagrams with 
sources, iW(J), introduced in section 9.

Recall that W(J) is related to the path integral

where    (k) = ∫ ddxe−ikx𝜑(x). 

The quantum action has the property that the tree-level Feynman diagrams it generates give the complete 
scattering amplitude of the original theory.

(21.1)
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(21.2)

where S = ∫ ddx ℒ is the action, via

Consider now the path integral

WΓ(J) is given by the sum of connected diagrams (with sources) in which each line represents the exact 
propagator, and each n-point vertex represents the exact 1PI vertex Vn. 

WΓ(J) would be equal to W(J) if we included only tree diagrams in WΓ(J).

We can isolate the tree-level contribution to a path integral by means of the following trick. 

Introduce a dimensionless parameter that we will call ℏ, and the path integral

(21.3)

(21.4)

(21.5)

(21.6)

(21.7)



In a given connected diagram with sources, every propagator (including those that connect to sources) is 
multiplied by ℏ, every source by 1/ℏ, and every vertex by 1/ℏ. 

The overall factor of  ℏ is then  ℏP−E−V, where V is the number of vertices, E is the number of sources 

(equivalently, the number of external lines after we remove the sources), and P is the number of            
propagators (external and internal). 

We next note that P−E−V is equal to L−1, where L is the number of closed loops. 

This can be seen by counting the number of internal momenta and the constraints among them. 

Specifically, assign an unfixed momentum to each internal line; there are P−E of these momenta. 

Then the V vertices provide V constraints. 

One linear combination of these constraints gives overall momentum conservation, and so does not 
constrain the internal momenta. 

Therefore, the number of internal momenta left unfixed by the vertex constraints is (P−E)−(V−1), and 
the number of unfixed momenta is the same as the number of loops L.

So, WΓ, ℏ(J) can be expressed as a power series in ℏ of the form

(21.8)



If we take the formal limit of ℏ → 0, the dominant term is the one with L = 0, which is given by the sum 

of tree diagrams only. 

This is just what we want. 

We conclude that

(21.9)

Next we perform the path integral in eq. (21.6) by the method of stationary phase. 

We find the point (actually, the field configuration) at which the exponent is stationary; this is given by 
the solution of the quantum equation of motion

Let 𝜑J(x) denote the solution of eq. (21.10) with a specified source function J(x). 

Then the stationary-phase approximation to ZΓ, ℏ(J) is

(21.10)

(21.11)



Combining the results of eqs. (21.7), (21.8), (21.9), and (21.11), we find

This is the main result of this section.

Let us explore it further. 

Recall from section 9 that the vacuum expectation value of the field operator 𝜑(x) is given by

(21.12)

Now consider what we get if we do not set J = 0 after taking the derivative:

This is the vacuum expectation value of 𝜑(x) in the presence of a nonzero source function J(x). 

We can get some more information about it by using eq. (21.12) for W(J). 

Making use of the product rule for derivatives, we have

(21.13)

(21.14)

(21.15)



We can evaluate the first term on the right-hand side by using the chain rule,

(21.16)

Then we can combine the first and third terms on the right-hand side of eq. (21.15) to get

Now we note from eq. (21.10) that the factor in large brackets on the right-hand side of eq. (21.17) 
vanishes, and so

where the ellipses stand for an infinite number of terms with more and more derivatives, and 𝒰(𝜑) and 
𝒵(𝜑) are ordinary functions (not functionals) of 𝜑(x).

That is, the vacuum expectation value of the field operator 𝜑(x) in the presence of a nonzero source 
function is also the solution to the quantum equation of motion, eq. (21.10).

We can also write the quantum action in terms of a derivative expansion,

(21.17)

(21.18)

(21.19)



U(ϕ) is called the quantum potential (or effective potential, or quantum effective potential ), and it plays 
an important conceptual role in theories with spontaneous symmetry breaking; see section 31. 

However, it is rarely necessary to compute it explicitly, except in those cases where we are unable to do 
so.

22 Continuous Symmetries and Conserved Currents 

Prerequisite: 8

Suppose we have a set of scalar fields ϕa(x), and a lagrangian density ℒ(x) = ℒ(𝜑a(x),∂µ𝜑a(x)). 

Consider what happens to ℒ(x) if we make an infinitesimal change 𝜑a(x)→ 𝜑a(x) + δ𝜑a(x) in each field. 

We have ℒ(x) → ℒ(x) + δℒ(x), where δℒ(x) is given by the chain rule,

Next consider the classical equations of motion (also known as the Euler-Lagrange equations, or the field 
equations), given by the action principle

(22.1)

where S = ∫ d4yℒ(y) is the action, and δ/δ𝜑a(x) is a functional derivative.

(22.2)



For definiteness, we work in four spacetime dimensions, though our results will apply in any number. 

We have (with repeated indices implicitly summed)

(22.3)

We can use this result to make the replacement

in eq. (22.1). 

Then, combining two of the terms, we get

(22.4)



Next we identify the object in large parentheses in eq. (22.5) as the Noether current

Eq. (22.5) then implies

If the classical field equations are satisfied, then the second term on the right-hand side of eq. (22.7) 
vanishes.

The Noether current plays a special role if we can find a set of infinitesimal field transformations that 
leaves the lagrangian unchanged, or invariant. 

In this case, we have δℒ = 0, and we say that the lagrangian has a continuous symmetry. 

From eq. (22.7), we then have ∂µjµ = 0 whenever the field equations are satisfied, and we say that the 
Noether current is conserved. 

In terms of its space and time components, this means that

(22.5)

(22.6)

(22.7)



If we interpret j0(x) as a charge density, and j(x) as the corresponding current density, then eq. (22.8) 
expresses the local conservation of this charge.

Let us see an example of this. 

Consider a theory of a complex scalar field with lagrangian

We can also rewrite ℒ in terms of two real scalar fields by setting 𝜑 = (𝜑1 + i 𝜑2)/√2 to get

In the form of eq. (22.9), it is obvious that ℒ is left invariant by the transformation

(22.8)

where α is a real number. 

This is called a U(1) transformation, a transformation by a unitary 1×1 matrix. 

In terms of 𝜑1 and 𝜑2, this transformation read

(22.9)

(22.10)

(22.11)



(21.12)

If we think of (𝜑1 , 𝜑2) as a two-component vector, then eq. (22.12) is just a rotation of this vector in the 
plane by angle α. 

Eq. (22.12) is called an SO(2) transformation, a transformation by an orthogonal 2 × 2 matrix with a 
special value of the determinant (namely +1, as opposed to−1, the only other possibility for an 
orthogonal matrix). 

We have learned that a U(1) transformation can be mapped into an SO(2) transformation.

The infinitesimal form of eq. (22.11) is

where α is now infinitesimal. 

In eq. (22.6), we should treat 𝜑1 and 𝜑2 as independent fields. 

It is also conventional to scale the infinitesimal parameter out of the current, so that we have

(21.13)



(22.14)

where A     µB ≡ A∂µB− (∂µA)B. 

Canceling out α, we find that the Noether current is

We can also repeat this exercise using the SO(2) form of the transformation. 

For infinitesimal α, eq. (22.12) becomes δ𝜑1 = +α𝜑2 and δ𝜑2 = −α𝜑1. 

Then the Noether current is given by
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(22.15)

(22.16)

which is (hearteningly) equivalent to eq. (22.14).



Let us define the Noether charge

and investigate its properties. 

If we integrate eq. (22.8) over d3x, use Gauss’s law to write the volume integral of ∇·j as a surface 
integral, and assume that the boundary conditions at infinity fix j(x) = 0 on that surface, then we find that 
Q is constant in time. 

To get a better idea of the physical implications of this, let us rewrite Q using the free-field expansions

We have written a∗(k) and b∗(k) rather than a†(k) and b†(k) because so far our discussion has been about 
the classical field theory. 

In a theory with interactions, these formulae (and their first time derivatives) are valid at any one 
particular time (say, t = −∞). 

Then, we can plug them into eq. (22.17), and find (after some manipulation similar to what we did for
the hamiltonian in section 3)

(22.17)

(22.18)

(22.19)



We can now take n functional derivatives with respect to      (xj), and then set J = 0, to get

The value of Z(J) is unchanged if we make the change of variable 𝜑a(x)→ 𝜑a(x) + δ𝜑a(x), with δ𝜑a(x) an 
arbitrary infinitesimal shift that (we assume) leaves the measure 𝒟𝜑 invariant. 

Thus we have

In the quantum theory, this becomes an operator that counts the number of a particles minus the number 
of b particles. 

This number is then time-independent, and so the scattering amplitude vanishes identically for any 
process that changes the value of Q. 

This can be seen directly from the Feynman rules, which conserve Q at every vertex.

To better understand the implications of the Noether current in the quantum theory, we begin by 
considering the path integral,

(22.20)

(22.21)
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(22.22)

These are the Schwinger-Dyson equations for the theory.

To get a feel for them, let us look at free-field theory for a single real scalar field, for which                        
δS/δ𝜑(x) = (               )𝜑(x). 

For n = 1 we get

Since δ𝜑a(x) is arbitrary, we can drop it (and the integral over d4x). 

Then, since the path integral computes the vacuum expectation value of the time-ordered product, we 
have

(22.23)

(22.24)
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That the Klein-Gordon wave operator should sit outside the time-ordered product (and hence act on the 
time-ordering step functions) is clear from the path integral form of eq. (22.22). 

We see from eq. (22.24) that the free-field propagator, ∆(x−x1) = i⟨0|T𝜑(x)𝜑(x1)|0⟩, is a Green’s function 
for the Klein-Gordon wave operator, a fact we first learned in section 8.

More generally, we can write

We see that the classical equation of motion is satisfied by a quantum field inside a correlation function, 
as long as its spacetime argument differs from those of all the other fields. 

When this is not the case, we get extra contact terms.

Let us now consider a theory that has a continuous symmetry and a corresponding Noether current. 

Take eq. (22.22), and set δ𝜑a(x) to be the infinitesimal change in 𝜑a(x) that results in δ𝓛(x) = 0. 

Now sum over the index a, and use eq. (22.7). 

The result is the Ward (or Ward-Takahashi) identity

(22.25)

(22.26)



Thus, conservation of the Noether current holds in the quantum theory, with the current inside a 
correlation function, up to contact terms with a specific form that depends on the details of the 
infinitesimal transformation that leaves 𝓛 invariant.

An example of this is provided by the symmetry of spacetime translations.

We transform the fields via 𝜑a(x)→ 𝜑a(x− a), where aµ is a constant four-vector. 

The infinitesimal version of this is 𝜑a(x)→ 𝜑a(x)− aν∂ν𝜑a(x), and so we have δ𝜑a(x) = −aν∂ν𝜑a(x). 

Under this transformation, we obviously have 𝓛(x) → 𝓛(x− a), and so δ𝓛(x) =−aν∂ν𝓛(x) =−∂ν(aν𝓛(x)). 

Thus in this case Kν(x) = −aν𝓛(x), and the conserved current is

The Noether current is also useful in a slightly more general context.

Suppose we have a transformation of the fields such that δ𝓛(x) is not zero, but instead is a total 
divergence: δ𝓛(x) = ∂µKµ(x) for some Kµ(x). 

Then there is still a conserved current, now given by

(22.27)



In particular,

where Πa = ∂0𝜑a is the canonical momentum conjugate to the field 𝜑a.

We recognize T00 as the hamiltonian density ℋ that corresponds to the lagrangian density of eq. (22.30). 

where V(𝜑) is a polynomial in the 𝜑a’s.

 In this case

For a renormalizable theory of a set of real scalar fields 𝜑a(x), the lagrangian takes the form

(22.28)

where we have defined the stress-energy or energy-momentum tensor

(22.29)

(22.30)

(22.31)

(22.32)



Then, by Lorentz symmetry, T0j  must be the corresponding momentum density. 

We have

and announced that it had the property that

To check that this is a sensible result, we use the free-field expansion for a set of real scalar fields [the 
same as eq. (22.18) but with b(k) = a(k) for each field]; then we find that the momentum operator is 
given by

which is just what we would expect. 

We therefore identify the energy-momentum four-vector as

(22.33)

(22.34)

(22.35)

Recall that in section 2 we defined the spacetime translation operator as

(22.36)

(22.37)



Now that we have an explicit formula for Pµ, we can check this. 

This is easiest to do for infinitesimal aµ; then eq. (22.37) becomes

This can indeed be verified by using the canonical commutation relations for ϕa(x) and Πa(x).

One more symmetry we can investigate is Lorentz symmetry. 

If we make an infinitesimal Lorentz transformation, we have 𝜑a(x)→ 𝜑a(x+ δω · x), where δω · x is 
shorthand for δωνρxρ. 

This case is very similar to that of spacetime translations; the only difference is that the translation 
parameter aν is now x dependent, aν → −δωνρxρ. 

The resulting conserved current is

(22.38)

and it obeys ∂µMµνρ = 0, with the derivative contracted with the first index. 

Mµνρ is antisymmetric on its second two indices; this comes about because δωνρ is antisymmetric. 

The conserved charges associated with this current are

(22.39)



(23.1)

and time reversal,

In section 2, we studied the proper orthochronous Lorentz transformations, which are continuously 
connected to the identity. 

In this section, we will consider the effects of parity,

23 Discrete Symmetries: P , T , C, and Z

(22.40)

and these are the generators of the Lorentz group that were introduced in section 2. 

Again, we can use the canonical commutation relations for the fields to check that the Lorentz generators 
have the right commutation relations, both with the fields and with each other.

(23.2)

We will also consider certain other discrete transformations such as charge conjugation.



Recall from section 2 that for every proper orthochronous Lorentz transformation Λµν  there is an 
associated unitary operator U(Λ) with the property that

Thus for parity and time-reversal, we expect that there are corresponding unitary operators

such that

There is, however, an extra possible complication. 

Since the 𝒫 and 𝒯 matrices are their own inverses, a second parity or time-reversal transformation 
should transform all observables back into themselves. 

Using eqs. (23.6) and (23.7), along with 𝒫2 = 1 and 𝒯2 = 1, we see that

(23.3)

(23.4)

(23.5)

(23.6)

(23.7)

(23.8)

(23.9)



This possible extra minus sign cannot arise for proper orthochronous Lorentz transformations, because 
they are continuously connected to the identity, and for the identity transformation (that is, no 
transformation at all), we must obviously have the plus sign.

If the minus sign appears on the right-hand side, we say that the field is odd under parity (or time 
reversal). 

If a scalar field is odd under parity, we sometimes say that it is a pseudoscalar.

So, how do we know which is right, eqs. (23.6) and (23.7), or eqs. (23.10) and (23.11)? 

The general answer is that we get to choose, but there is a key principle to guide our choice: if at all 
possible, we want to define P and T so that the lagrangian density is even,

Since 𝜑(x) is a hermitian operator, it is in principle an observable, and so eqs. (23.8) and (23.9) are just 
what we expect. 

However, another possibility for the parity transformation of the field, different from eqs. (23.6) and
(23.7) but nevertheless consistent with eqs. (23.8) and (23.9), is

(23.10)

(23.11)

(23.12)

(23.13)



Then, after we integrate over d4x to get the action S, the action will be invariant. 

This means that parity and time-reversal are conserved.

For theories with spin-zero fields only, it is clear that the choice of eqs. (23.6) and (23.7) always leads to 
eqs. (23.12) and (23.13), and so there is no reason to flirt with eqs. (23.10) and (23.11). 

For theories that also include spin-one-half fields, certain scalar bilinears in these fields are necessarily 
odd under parity and time reversal, as we will see in section 40. 

If a scalar field couples to such a bilinear, then eqs. (23.12) and (23.13) will hold if and only if we choose 
eqs. (23.10) and (23.11) for that scalar, and so that is what we must do.

There is one more interesting fact about the time-reversal operator T: it is antiunitary, rather than unitary.

Antiunitary means that T−1iT = −i.

To see why this must be the case, consider a Lorentz transformation of the energy-momentum                
four-vector,

(23.14)

For parity and time-reversal, we therefore expect

In particular, for µ = 0, we expect P−1HP = +H and T−1HT= −H.

(23.15)

(23.16)



The spacetime translation operator is a scalar with a spacetime coordinate as a label; by analogy with eq. 
(23.3), we should have

The first of these is fine; it says the hamiltonian is invariant under parity, which is what we want. 

However, eq. (23.16) is a disaster: it says that the hamiltonian is invariant under time-reversal if and only 
if H = −H, which is possible only if H = 0. 

Can we just put an extra minus sign on the right-hand side of eq. (23.16), as we did for eq. (23.11)? 

The answer is no. 

We constructed Pµ explicitly in terms of the fields in section 22, and it is easy to check that choosing
eq. (23.11) for the fields does not yield an extra minus sign in eq. (23.16) for the energy-momentum  
four-vector.

Let us reconsider the origin of eq. (23.14). 

We first recall that the spacetime translation operator

(which should not be confused with the time-reversal operator T) transforms a scalar field according to

(23.17)

(23.18)

(23.19)



Now, treat aµ
 as infinitesimal in eq. (23.19) to get

If we now identify the coefficients of −iaµ  on each side, we get eq. (23.16), which is bad. 

In order to get the extra minus sign that we need, we must impose the antiunitary condition

For time-reversal, this becomes

(23.20)

instead of eq. (23.16). 

This yields T−1HT = +H, which is the correct expression of time-reversal invariance.

We turn now to other unitary operators that change the signs of scalar fields, but do nothing to their 
spacetime arguments. 

Suppose we have a theory with real scalar fields 𝜑a(x), and a unitary operator Z that obeys

We then find

(23.21)

(23.22)

(23.23)



where ηa is either +1 or−1 for each field. 

We will call Z a Z2 operator, because Z2 is the additive group of the integers modulo 2, which is 
equivalent to the multiplicative group of +1 and−1. 

This also implies that Z2 = 1, and so Z−1 = Z. 

For theories with spin-zero fields only, the same is also true of P and T, but things are more subtle for 
higher spin, as we will see in Part II.)

Consider the theory of a complex scalar field 𝜑 = (𝜑1 + i 𝜑2)/√2 that was introduced in section 22, with 
lagrangian

In the form of eq. (23.25), 𝓛 is obviously invariant under the U(1) transformation

In the form of eq. (23.26), 𝓛 is obviously invariant under the equivalent SO(2) transformation,

(23.24)

(23.25)

(23.26)

(23.27)



(23.28)

However, it is also obvious that 𝓛 has an additional discrete symmetry,

in the form of eq. (23.25), or equivalently

in the form of eq. (23.26). 

This discrete symmetry is called charge conjugation. 

It always occurs as a companion to a continuous U(1) symmetry.

In terms of the two real fields, it enlarges the group from SO(2) (the group of 2 × 2 orthogonal matrices 
with determinant +1) to O(2) (the group of 2 × 2 orthogonal matrices).

We can implement charge conjugation by means of a particular Z2 operator C that obeys

or equivalently

(23.29)

(23.30)

(23.31)



We then have

and so charge conjugation is a symmetry of the theory. 

Physically, it implies that the scattering amplitudes are unchanged if we exchange all the a-type
particles (which have charge +1) with all the b-type particles (which have charge−1). 

This means, in particular, that the a and b particles must have exactly the same mass. 

We say that b is a’s antiparticle.

More generally, we can also have Z2 symmetries that are not related to antiparticles. 

Consider, for example, 𝜑4 theory, where 𝜑 is a real scalar field with lagrangian

If we define the Z2 operator Z via

then 𝓛 is obviously invariant.

(23.32)

(23.33)

(23.34)

(23.35)

(23.36)



(23.37)

We therefore have Z−1HZ = H, or equivalently [Z,H] = 0, where H is the hamiltonian. 

If we assume that (as usual) the ground state is unique, then, since Z commutes with H, the ground
state must also be an eigenstate of Z. 

We can fix the phase of Z [which is undetermined by eq. (23.36)] via

then, using eqs. (23.36) and (23.37), we have

Since ⟨0|ϕ(x)|0⟩ is equal to minus itself, it must be zero. 

Thus, as long as the ground state is unique, the Z2 symmetry of 𝜑4 theory guarantees that the field has 
zero vacuum expectation value. 

We therefore do not need to enforce this condition with a counterterm Y𝜑, as we did in 𝜑3 theory. 

The assumption of a unique ground state does not necessarily hold, however, as we will see in section 
30.

(23.38)



24 Nonabelian Symmetries

Consider the theory (introduced in section 22) of a two real scalar fields 𝜑1 and 𝜑2 with

where a repeated index is summed. 

This lagrangian is clearly invariant under the SO(N) transformation

We can generalize this to the case of N real scalar fields 𝜑i with

where R is an orthogonal matrix with a positive determinant: RT = R−1, det R = +1. 

This largrangian is also clearly invariant under the Z2 transformation 𝜑i(x)→ −𝜑i(x), which enlarges 
SO(N) to O(N); see section 23. 

However, in this section we will be concerned only with the continuous SO(N) part of the symmetry.

Next we will need some results from group theory. 

Consider an infinitesimal SO(N) transformation,

(24.1)

(24.2)

(24.3)



where θa is a set of 1/2 N(N−1) real, infinitesimal parameters.

The Ta’s are the generator matrices of SO(N). 

The product of any two SO(N) transformations is another SO(N) transformation; this implies that the 
commutator of any two generator matrices must be a linear combination of generator matrices,

Orthogonality of Rij implies that θij is real and antisymmetric. 

It is convenient to express θij in terms of a basis set of hermitian matrices (Ta)ij.

The index a  runs from 1 to 1/2 N(N−1), the number of linearly independent, hermitian, antisymmetric, 
N × N matrices. 

We can, for example, choose each Ta to have a single nonzero entry −i  above the main diagonal, and
a corresponding  +i  below the main diagonal. 

These matrices obey the normalization condition

In terms of them, we can write

(24.4)

(24.5)

(24.6)

(24.7)



The numerical factors f abc are the structure coefficients of the group, and eq. (24.7) specifies its Lie 
algebra. 

If f abc = 0, the group is abelian. 

Otherwise, it is nonabelian. 

Thus, U(1) and SO(2) are abelian groups (since they each have only one generator that obviously must 
commute with itself), and SO(N) for N ≥ 3 is nonabelian.

If we multiply eq. (24.7) on the right by Td, take the trace, and use eq. (24.5), we find

Using the cyclic property of the trace, we find that f abc must be completely antisymmetric. 

Taking the complex conjugate of eq. (24.8) (and remembering that the Ta’s are hermitian matrices), we 
find that f abc must be real.

The simplest nonabelian group is SO(3). 

In this case, we can choose (Ta)ij = −iεaij, where εijk is the completely antisymmetric Levi-Civita
symbol, with ε123 = +1. 

The commutation relations become

(24.8)



where a repeated index is summed. 

This lagrangian is clearly invariant under the U(N) transformation

(24.9)

That is, the structure coefficients of SO(3) are given by fabc = εabc.

Consider now a theory with N complex scalar fields 𝜑i, and a lagrangian

where U is a unitary matrix: U† = U−1. 

We can write Uij = e−iθUij, where θ is a real parameter and det Uij = +1; Uij is called a special unitary
matrix. 

Clearly the product of two special unitary matrices is another special unitary matrix; the N× N special 
unitary matrices form the group SU(N). 

The group U(N) is the direct product of the group U(1) and the group SU(N); we write                              
U(N) = U(1) × SU(N).

Consider an infinitesimal SU(N) transformation,

(24.10)

(24.11)



where θa is a set of real, infinitesimal parameters. 

Unitarity of U implies that the generator matrices Ta are hermitian, and det U = +1 implies that each Ta is 
traceless. 

This follows from the general matrix formula  ln det A= Tr ln A. 

The index a runs from 1 to N2−1, the number of linearly independent, hermitian, traceless, N × N 
matrices. 

We can choose these matrices to obey the normalization condition of eq. (24.5). 

For SU(2), the generators can be chosen to be the Pauli matrices; the structure coefficients of SU(2) then 
turn out to be fabc = 2εabc, the same as those of SO(3), up to an irrelevant overall factor, which could be 
removed by changing the numerical factor on right-hand side of eq. (24.5) from 2 to 1/2.

For SU(N), we can choose the Ta’s in the following way. 

First, there are the SO(N) generators, with one −i above the main diagonal a corresponding +i below; 
there are 1/2 N(N−1) of these. 

Next, we get another set by putting one +1 above the main diagonal and a corresponding +1 below;
there are 1/2 N(N−1) of these.

(24.12)



However, if we examine the lagrangian of eq. (24.10) more closely, we find that it is actually invariant 
under a larger symmetry group, namely SO(2N). 

To see this, write each complex scalar field in terms of two real scalar fields, 𝜑j = (𝜑j1 + i𝜑j2)/√2. 

Then

Thus, we have 2N real scalar fields that enter 𝓛 symmetrically, and so the actual symmetry group of eq. 
(24.10) is SO(2N), rather than just the obvious subgroup U(N).

We will, however, meet the SU(N) groups again in Parts II and III, where they will play a more 
important role.

(24.13)

Finally, there are diagonal matrices with n 1’s along the main diagonal, followed a single entry −n, 
followed by zeros [times an overall normalization constant to enforce eq. (24.5)]; there are N−1
of these. The total is N2 −1, as required.

25 Unstable Particles and Resonances

Consider a theory of two real scalar fields, 𝜑 and 𝜒, with lagrangian

(25.1)

This theory is renormalizable in six dimensions, where g and h are dimensionless coupling constants.



exactly.

We can also choose to define g as the value of the exact 𝜑 χ2 vertex function V3(k,k′1,k′2) when all three 
particles are on shell: k2 =−m2𝜑, k′12 = k′22 =−m2χ. 

This implies that

According to the formulae of section 11, the differential decay rate (in the rest frame of the initial 𝜑 
particle) is

(25.2)

(25.3)

Let us assume that m𝜑 > 2mχ. 

Then it is kinematically possible for the 𝜑  particle to decay into two χ  particles. 

The amplitude for this process is given at tree level by the Feynman diagram of fig. (25.1), and is simply

Figure 25.1: The tree-level Feynman diagram for the decay of 
a 𝜑 particle (dashed line) into two χ particles (solid lines).



(25.4)

where dLIPS2 is the Lorentz invariant phase space differential for two outgoing particles, introduced in 
section 11. 

We must make a slight adaptation for six dimensions:

Here k= (m𝜑,0) is the energy-momentum of the decaying particle, and

is the Lorentz-invariant phase-space differential for one particle. 

Recall that we can also write it as

Repeating for six dimensions what we did in section 11 for four dimensions, we find

where θ(x) is the unit step function. 

Performing the integral over k0
 turns eq. (25.6) into eq. (25.5).

(25.5)

(25.6)



(25.7)

where |k′1|=1/2 (m2𝜑− 4m2χ)1/2 is the magnitude of the spatial momentum of one of the outgoing 
particles. 

We can now plug this into eq. (25.3), and use dΩ = Ω5 = 2π5/2 /Γ(5/2) = 8/3 π2. 

We also need to divide by a symmetry factor of two, due to the presence of two identical particles in the 
final state.

The result is

where α = g2/(4π)3.

However, as we discussed in section 11, we have a conceptual problem.

According to our development of the LSZ formula in section 5, each incoming and outgoing particle 
should correspond to a single-particle state that is an exact eigenstate of the exact hamiltonian. 

This is clearly not the case for a particle that can decay.

(25.8)

(25.9)



Let us, then, compute something else instead: the correction to the 𝜑 propagator from a loop of χ 
particles, as shown in fig. (25.2).

Figure 25.2: A loop of χ particles 
correcting the 𝜑 propagator.

where

and A′and B′are the finite counterterm coefficients that remain after the infinities have been absorbed. 

We now try to fix A′ and B′ by imposing the usual on-shell conditions Π(−m2𝜑) = 0 and Π′(−m2𝜑) = 0.

(25.10)

But, we have a problem - for k2 = − m2𝜑  and m𝜑 > 2mχ, D is negative for part of the range of x. 

The diagram is the same as the one we already analyzed in section 14, except that the internal 
propagators contain mχ instead of m𝜑. 

There is also a contribution from a loop of 𝜑 particles, but we can ignore it if we assume that h≪ g.) 

We have

(25.11)

Therefore 𝑙n D has an imaginary part. 



where

This imaginary part cannot be canceled by A′ and B′, since A′ and B′ must be real: they are coefficients 
of hermitian operators in the lagrangian. 

The best we can do is Re Π(− m2𝜑) = 0 and Re Π′(− m2𝜑) = 0. 

Imposing these gives

Now let us compute the imaginary part of Π(k2). 

This arises from the integration range x− < x < x+, where x± =1/2 ± 1/2 (1 + m2χ/k2)1/2 are the roots of          
D = 0 when k2 < −4m2χ. 

In this range, Im ln D = −iπ; the minus sign arises because, according to eq. (25.11), D has a small 
negative imaginary part. 

Now we have

(25.12)

(25.13)

(25.14)



(25.15)

when k2 < −4m2χ. 

Evaluating eq. (25.14) at k2 =−m2𝜑, we get

From this and eq. (25.9), we see that

This is not an accident. 

Instead, it is a general rule. 

We will argue this in two ways: first, from the mathematics of Feynman diagrams, and second, from the 
physics of resonant scattering in quantum mechanics.

We begin with the mathematics of Feynman diagrams. 

Return to the diagrammatic expression for Π(k2), before we evaluated any of the integrals:

(25.16)

(25.17)



Here, for later convenience, we have assigned the internal lines momenta ℓ1 and ℓ2, and explicitly 
included the momentum-conserving delta function that fixes one of them. 

We can take the imaginary part of Π(k2) by using the identity

Next, we notice that the integral in eq. (25.17) is the Fourier transform of [∆(x−y)]2, where

is the Feynman propagator. 

Recall that we can get the retarded or advanced propagator (rather than the Feynman propagator) by 
replacing the 𝜖 in eq. (25.20) with, respectively,−s𝜖 or +s𝜖, where  s ≡ sign(k0). 

Therefore, in eq. (25.19), replacing δ1 with −s1δ1 and δ2 with +s2δ2 yields an integral that is the real part 
of the Fourier transform of ∆ret(x−y)∆adv(x−y).

(25.18)

where P means the principal part. 

We then get, in a shorthand notation,

(25.20)

(25.19)



The factor of 1+ s1s2 vanishes if ℓ01 and ℓ02 have opposite signs, and equals 2 if they have the same sign. 

Because the delta function in eq. (25.17) enforces ℓ01 + ℓ02 = k0, and k0 = m𝜑 is positive, both ℓ01 and ℓ02 
must be positive.

So we can replace the factor of 1+ s1s2 in eq. (25.21) with 2θ(ℓ01)θ(ℓ02).

Rearranging the numerical factors, we have

(25.21)

If we now set k2 =−m2𝜑, use eqs. (25.4) and (25.6), and recall that            is the decay amplitude, we can 
rewrite eq. (25.22) as

But this product is zero, because the first factor vanishes when x0 ≥ y0, and the second when x0 ≤ y0. 

So we can subtract the modified integrand from the original without changing the value of the integral. 

Thus we have

(25.22)

(25.23)



Comparing eqs. (25.8) and (25.23), we see that we indeed have

(25.24)

This relation persists at higher orders in perturbation theory. 

Our analysis can be generalized to give the Cutkosky rules for computing the imaginary part of any 
Feynman diagram, but this is beyond the scope of our current interest.

To get a more physical understanding of this result, recall that in non-relativistic quantum mechanics, a 
metastable state with energy E0 and angular momentum quantum number ℓ shows up as a resonance in 
the partial-wave scattering amplitude,

If we imagine convolving this amplitude with a wave packet                         , we will find a time 
dependence

(25.25)

Therefore |ψ(t)|2 ∼ e−Γt, and we identify Γ as the inverse lifetime of the metastable state.

(25.26)

In the relativistic case, consider the scattering process χχ → χχ.



Figure 25.3: For s near m2𝜑, the dominant 
contribution to χχ scattering is s-channel 𝜑 exchange.

The contributing diagrams from the effective action are those of fig. (20.1), where the exact internal 
propagator can be either 𝜑 or χ. 

Suppose that the center-of-mass energy squared  s  is close to m2𝜑. 

Since the 𝜑 propagator has a pole near s = m2𝜑, s-channel 𝜑 exchange, shown in fig. (25.3), makes
the dominant contribution to the χχ scattering amplitude.

Here we have used the fact that the exact 𝜑χχ vertex has the value g when all three particles are on-shell. 

Now let us write

where ε ≪ m𝜑 is the amount of energy by which our incoming particles are off resonance. 

(25.27)
We then have

(25.28)



We find

26 Infrared Divergences

In section 20, we computed the 𝜑𝜑 →𝜑𝜑 scattering amplitude in 𝜑4 theory in six dimensions in the 
high-energy limit (s, |t|, and |u| all much larger than m2). 

We found that

Recalling that Re Π(−m2𝜑) = 0, and comparing with eq. (25.25), we see that we should make the 
identification of eq. (25.24).

(25.29)

It means we have made a mistake - actually, two mistakes - in this section, we will remedy one of them.

(26.1)

where                                                     is the tree-level result, and the O(m0) term includes everything 
without a large logarithm that blows up in the limit m→ 0.

Suppose we are interested in the limit of massless particles. 

The large log is then problematic, since it blows up in this limit. 

What does this mean?



Throughout the physical sciences, it is necessary to make various idealizations in order to make progress. 

Recall the “massless springs” and “frictionless planes” of freshman mechanics.

Sometimes these idealizations can lead us into trouble, and that is one of the things that has gone
wrong here.

We have assumed that we can isolate individual particles. 

The reasoning behind this was explained in section 5, and it depends on the existence of an energy gap 
between the one-particle states and the multiparticle continuum.

However, this gap vanishes if the theory includes massless particles. 

In this case, it is possible that the scattering process involved the creation of some extra very low energy 
(or soft ) particles that escaped detection. 

Or, there may have been some extra soft particles hiding in the initial state that discreetly participated in 
the scattering process. 

Or, what was seen as a single high-energy particle may actually have been two or more particles
that were moving colinearly and sharing the energy.

Let us, then, correct our idealization of a perfect detector and account for these possibilities. 

We will work with 𝜑3
 theory, initially in d spacetime dimensions.



Let      be the amplitude for some scattering process in 𝜑3 
 theory. 

Now consider the possibility that one of the outgoing particles in this process splits into two, as shown in 
fig. (26.1).

Figure 26.1: An outgoing particle splits into two. The gray circle stands 
for the sum of all diagrams contributing to the original amplitude i    .

where k= k1 + k2, and k1 and k2 are the on-shell four-momenta of the two particles produced by the split. 

For notational convenience, we drop our usual primes on the outgoing momenta. 

The key point is this: in the massless limit, it is possible for 1/(k2 + m2) to diverge.

To understand the physical consequences of this possibility, we should compute an appropriate                
cross-section.

The amplitude for this new process is given in terms of       by



To get the cross section for the original process (without the split), we multiply |     |2 by  as well as by
similar differentials for other outgoing particles, and by an overall energy-momentum delta function. 

For the process with the split, we multiply  |    split|2 by 1/2 1 2 instead of . 

The factor of one-half is for counting of identical particles.) 

If we assume that (due to some imperfection) our detector cannot tell whether or not the one particle 
actually split into two, then we should (according to the usual rules of quantum mechanics) add the 
probabilities for the two events, which are distinguishable in principle.

We can therefore define an effectively observable squared-amplitude via
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(26.3)

Here the ellipses stand for all other similar processes involving emission of one or more extra particles in 
the final state, or absorption of one or more extra particles in the initial state.

We can simplify eq. (26.3) by including a factor of

in the second term. 

Now all terms in eq. (26.3) include a factor of , so we can drop it.
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Then, using eq. (26.2), we get

(26.5)

Now we come to the point: in the massless limit, the phase space integral in the second term in eq. (26.5) 
can diverge. 

This is because, for m= 0,

Thus the integral over each ω diverges at the low end for d ≤ 4, and the integral over θ diverges at the 
low end for d ≤ 6. 

These divergent integrals would be cut off (and rendered finite) if we kept the mass m nonzero, as we 
will see below.

where θ is the angle between the spatial momenta k1 and k2, and ω1,2 = |k1,2|.

Also, for m = 0,

Therefore, for small θ

(26.6)

(26.7)

(26.8)



Our discussion leads us to expect that the m → 0 divergence in the second term of eq. (26.5) should 
cancel the m → 0 divergence in the loop correction to |      |2. 

We will now see how this works (or fails to work) in detail for the familiar case of two-particle scattering 
in six spacetime dimensions, where      is given by eq. (26.1). 

For d = 6, there is no problem with soft particles (corresponding to the small-ω divergence), but there is 
a problem with collinear particles (corresponding to the small-θ divergence).

Let us assume that our imperfect detector cannot tell one particle from two nearly collinear particles if 
the angle θ between their spatial momenta is less than some small angle δ. 

Since we ultimately want to take the m→ 0 limit, we will evaluate eq. (26.5) with m2/k2 ≪ δ2 ≪ 1.

We can immediately integrate over d5k2 using the delta function, which results in setting k2 = k− k1 
everywhere. 

Let β then be the angle between k1 (which is still to be integrated over) and k (which is fixed). 

For two-particle scattering, | k|=1/2 √s in the limit m→ 0. 

We then have

(26.9)



where Ω4 = 2π2 is the area of the unit four-sphere. 

Now let γ be the angle between k2 and k. 

The geometry of this trio of vectors implies θ = β + γ, |k1| = (sin γ/sin θ)|k|, and |k2| = (sin β/sin θ)|k|. 

All three of the angles are small and positive, and it then is useful to write β = xθ and γ = (1−x)θ, with        
0 ≤ x ≤ 1 and θ ≤ δ ≪ 1.

In the low mass limit, we can safely set m= 0 everywhere in eq. (26.5) except in the propagator,                 
1/(k2 + m2). 

Then, expanding to leading order in both θ and m, we find (after some algebra)

(26.10)

where f(x) = (1−x+x2)/(x−x2)2. 

Everywhere else in eq. (26.5), we can safely set ω1 = |k1| | = (1−x) |k| and ω2 = |k2|= x|k|. 

Then, changing the integration variables in eq. (26.9) from |k1| and β to x and θ, we get

(26.11)



where c = (4− 3√3π)/3 = −4.11.

Performing the integral over θ yields

(26.12)

Then, performing the integral over x and using Ω4 = 2π2 and α = g2/(4π)3 ,we get

The displayed correction term accounts for the possible splitting of one of the two outgoing particles. 

Obviously, there is an identical correction for the other outgoing particle. 

Less obviously (but still true), there is an identical correction for each of the two incoming particles. 

A glib explanation is that we are computing an effective amplitude-squared, and this is the same for the 
reverse process, with in and outgoing particles switched. 

So in and out particles should be treated symmetrically.

Then, since we have a total of four in and out particles (before accounting for any splitting,

(26.13)

(26.14)



We have now accounted for the O(α) corrections due to the failure of our detector to separate two 
particles whose spatial momenta are nearly parallel. 

Combining this with eq. (26.1), and recalling that k2 =1/4 s, we get

(26.15)

We now have two kinds of large logs. 

One is ln(1/δ2); this factor depends on the properties of our detector. 

If we build a very good detector, one for which αln(1/δ2) is not small, then we will have to do more 
work, and calculate higher-order corrections to eq. (26.15).

The other large log is our original nemesis ln(s/m2). 

This factor blows up in the massless limit. 

This means that there is still a mistake hidden somewhere in our analysis.



To find the remaining mistake in eq. (26.15), we must review our renormalization procedure. 

Recall our result from section 14 for the one-loop correction to the propagator,

27 Other Renormalization Schemes

where α = g2/(4π)3 and D= x(1−x)k2+m2. 

The derivative of Π(k2) with respect to k2 is

We previously determined A and B via the requirements Π(−m2) = 0 and Π′(−m2) = 0. 

The first condition ensures that the exact propagator    (k2) has a pole at k2 = −m2, and the second ensures 
that the residue of this pole is one. 

Recall that the field must be normalized in this way for the validity of the LSZ formula.

(27.1)

(27.2)
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We now consider the massless limit. 

We have D= x(1−x)k2, and we should apparently try to impose Π(0) = Π′(0) = 0. 

However, Π(0) is now automatically zero for any values of A and B, while Π′(0) is ill defined.

Physically, the problem is that the one-particle states are no longer separated from the multiparticle 
continuum by a finite gap in energy. 

Mathematically, the pole in      (k2) at k2 = −m2 merges with the branch point at k2 = −4m2, and is no 
longer a simple pole. 

The only way out of this difficulty is to change the renormalization scheme. 

Let us first see what this means in the case m ≠ 0, where we know what we are doing.

Let us try making a different choice of A and B. 

Specifically, let

(27.3)

Here we have chosen A and B to cancel the infinities, and nothing more; we say that A and B have no 
finite parts. 

This choice represents a different renormalization scheme.
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Our original choice (which, up until now, we have pretended was inescapable!) is called the on-shell or 
OS scheme. 

The choice of eq. (27.3) is called the modified minimal-subtraction or MS (pronounced “emm-ess-bar”) 
scheme. [“Modified” because we introduced µ via g → g          , with µ2 = 4πe−γ       ; had we set µ=    
instead, the scheme would be just plain minimal subtraction or MS.] 

Now we have

where again D= x(1−x)k2 + m2, and D0 = [−x(1−x)+1]m2. 

Notice that Π      (k2) has a well-defined m→ 0 limit, whereas ΠOS(k2) does not. 

On the other hand, Π     (k2) depends explicitly on the fake parameter µ, whereas ΠOS(k2) does not.

What does this all mean?

First, in the         scheme, the propagator ∆      (k2) will no longer have a pole at k2 = −m2. 

The pole will be somewhere else.

(27.4)

as compared to our old result in the on-shell scheme,

<latexit sha1_base64="q3oE7jaM+wPiu4lniPcywHPw53c=">AAACBnicbVDLSsNAFJ3UV62vqks3wSK4KolI7bLgxmUF2wpJKJPJTTt08mDmRighe3/Arf6BO3Hrb/gDfofTNgvbeuDC4Zx7ufcePxVcoWV9G5WNza3tnepubW//4PCofnzSV0kmGfRYIhL56FMFgsfQQ44CHlMJNPIFDPzJ7cwfPIFUPIkfcJqCF9FRzEPOKGrJcZGLAHI3yophvWE1rTnMdWKXpEFKdIf1HzdIWBZBjExQpRzbStHLqUTOBBQ1N1OQUjahI3A0jWkEysvnJxfmhVYCM0ykrhjNufp3IqeRUtPI150RxbFa9Wbif56TYdj2ch6nGULMFovCTJiYmLP/zYBLYCimmlAmub7VZGMqKUOd0tIWX9IJYFHTwdirMayT/lXTbjVb99eNTruMqErOyDm5JDa5IR1yR7qkRxhJyAt5JW/Gs/FufBifi9aKUc6ckiUYX78sz5n1</latexit>

µ̃
<latexit sha1_base64="vpn1UYrib2zIsIweLiLNlPvMomM=">AAACCHicbVDLSsNAFJ3UV62vqks3wSK4KkmR2mXBjcsK9gFNLJPJTTt08nDmRiihP+APuNU/cCdu/Qt/wO9w2mZhWw9cOJxzL+dyvERwhZb1bRQ2Nre2d4q7pb39g8Oj8vFJR8WpZNBmsYhlz6MKBI+gjRwF9BIJNPQEdL3xzczvPoFUPI7ucZKAG9JhxAPOKGrJdZALHzInTKcPtUG5YlWtOcx1YuekQnK0BuUfx49ZGkKETFCl+raVoJtRiZwJmJacVEFC2ZgOoa9pRENQbjZ/empeaMU3g1jqidCcq38vMhoqNQk9vRlSHKlVbyb+5/VTDBpuxqMkRYjYIihIhYmxOWvA9LkEhmKiCWWS619NNqKSMtQ9LaV4ko4BpyVdjL1awzrp1Kp2vVq/u6o0G3lFRXJGzsklsck1aZJb0iJtwsgjeSGv5M14Nt6ND+NzsVow8ptTsgTj6xdmHpqZ</latexit>

µ̃2
<latexit sha1_base64="kH6Z2FE3FJP8HPXo1KdtLMATb84=">AAACFnicbVDLSgNBEJyNrxhfUU/iZTEIXoy7QWKOAS8eI5gHZGOYnXSSIbOzy0yvEJbF3/AHvOofeBOvXv0Bv8PJ42CiBQ1FVTfdXX4kuEbH+bIyK6tr6xvZzdzW9s7uXn7/oKHDWDGos1CEquVTDYJLqCNHAa1IAQ18AU1/dD3xmw+gNA/lHY4j6AR0IHmfM4pG6uaPPOSiB4kXxOl9cu5BpLkI5UUp7eYLTtGZwv5L3DkpkDlq3fy31wtZHIBEJqjWbdeJsJNQhZwJSHNerCGibEQH0DZU0gB0J5m+kNqnRunZ/VCZkmhP1d8TCQ20Hge+6QwoDvWyNxH/89ox9iudhMsoRpBstqgfCxtDe5KH3eMKGIqxIZQpbm612ZAqytCktrDFV3QEmOZMMO5yDH9Jo1R0y8Xy7WWhWplHlCXH5IScEZdckSq5ITVSJ4w8kmfyQl6tJ+vNerc+Zq0Zaz5zSBZgff4AZ/yf7A==</latexit>

µ̃→ω/2

(27.5)
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Furthermore, the residue of this pole is no longer one. 

Let us call the residue R. 

The LSZ formula must now be corrected by multiplying its right-hand side by a factor of R−1/2 for each 
external particle (incoming or outgoing). 

This is because it is the field R−1/2    (x) that now has unit amplitude to create a one-particle state.

Note also that, in the LSZ formula, each Klein-Gordon wave operator should be −∂2 + m2ph, and not         
−∂2 + m2; also, each external four-momentum should square to −m2ph, and not −m2. 

A review of the derivation of the LSZ formula clearly shows that each of these mass parameters must be 
the actual particle mass, and not the parameter in the lagrangian.

𝜑

However, by definition, the actual physical mass mph of the particle is determined by the location of this 
pole: k2 =−m2ph. 

Thus, the lagrangian parameter m is no longer the same as mph.

Finally, in the LSZ formula, each external line will contribute a factor of R when the associated        
Klein-Gordon wave operator hits the external propagator and cancels its momentum-space pole, leaving 
behind the residue R.

Combined with the correction factor of R−1/2 for each field, we get a net factor of R1/2 for each external 
line when using the        scheme. 
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Since Π      (k2) is O(α), we see that the difference between m2ph and m2 is O(α). 

Therefore, on the right-hand side, we can replace m2ph with m2, and only make an error of O(α2). 

Thus

Let us now compute the relation between m and mph, and then compute R. 

We have

Working this out, we get

(27.6)

and, by definition,

Internal lines each contribute a factor of (−i)/(k2 + m2), where m is the lagrangian-parameter mass, and 
each vertex contributes a factor of iZgg, where g is the lagrangian-parameter coupling.

(27.7)

Setting k2 =−m2ph in eq. (27.6), using eq. (27.7), and rearranging, we find

(27.8)
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(27.9)

(27.10)



where D0 = [1−x(1−x)]m2. 

Doing the integrals yields

(27.11)

where c′ = (34− 3π√3)/15 = 1.18.

Now, physics should be independent of the fake parameter µ. 

However, the right-hand side of eq. (27.11) depends explicitly on µ. 

It must, be, then, that m and α take on different numerical values as µ is varied, in just the right way to 
leave physical quantities (like mph) unchanged.

We can use this information to find differential equations that tell us how m and α change with µ. 

For example, take the logarithm of eq. (27.11) and divide by two to get

Now differentiate with respect to ln µ and require mph  to remain fixed:

(27.12)

(27.13)



where c′′ = (17− 3π√3)/3 = 0.23.

To get the second line, we had to assume that dα/dlnµ = O(α2), which we will verify shortly. 

Then, rearranging eq. (27.13) gives

(27.14)

We can also use  to define the vertex function. We take
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The factor in large parentheses on the right is called the anomalous dimension of the mass parameter, and 
it is often given the name γm(α).

Turning now to the residue R, we have

Using eq. (27.6), we get

(27.15)

(27.16)

(27.17)



and so

where D = xyk21 + yzk22 + zxk23 + m2.

Let us now compute the ϕϕ → ϕϕ scattering amplitude in our fancy new renormalization scheme. 

In the low-mass limit, repeating the steps that led to eq. (26.1), and including the LSZ correction factor 
(R1/2)4, we get

where δ is the angular resolution of the detector.

(27.18)

where                                                is the tree-level result. 

Now using R from eq. (27.16), we find

(27.19)

(27.20)

To get an observable amplitude-squared with an imperfect detector, we must square eq. (27.20) and 
multiply it by the correction factor we derived in section 26,

(27.21)



(27.22)

Combining this with eq. (27.20), we get

All factors of ln m2
    have disappeared! 

Finally, we have obtained an expression that has a well-defined m→ 0 limit.

Of course, µ is still a fake parameter, and so |     |2obs cannot depend on it. 

It must be, then, that the explicit dependence on µ in eq. (27.22) is canceled by the implicit µ dependence 
of α. 

We can use this information to figure out how αmust vary with µ. 

Noting that |     0|2 = O(g4) = O(α2), we have

where C1 and C2 are independent of µ and α (but depend on the Mandelstam variables). 

Differentiating with respect to ln µ then gives

(27.23)

(27.24)



Returning to eq. (27.22), we are free to choose any convenient value of µ that we might like. 

To avoid introducing unnecessary large logs, we should choose µ2 ∼ s.

To compare the results at different values of s, we need to solve eq.  (27.25). 

Keeping only the leading term in the beta function, the solution is

Thus, as µ increases, α(µ) decreases. 

A theory with this property is said to be asymptotically free. 

In this case, the tree-level approximation (in the          scheme with µ2
 ∼ s) becomes better and better at 

higher and higher energies.

Of course, the opposite is true as well: as µ decreases, α(µ) increases.

The right-hand side of this equation is called the beta function.

or, after rearranging,

(27.25)

(27.26)
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We should therefore not use values of µbelow m. 

Perturbation theory is still good at these low energies if α(m) ≪ 1.

If the particle mass is zero, α(µ) continues to increase at lower and lower energies, and eventually 
perturbation theory breaks down. 

This is a signal that the low-energy physics may be quite different from what we expect on the basis of a 
perturbative analysis.

In the case of ϕ3 theory, we know what the correct low-energy physics is: the perturbative ground state is 
unstable against tunneling through the potential barrier, and there is no true ground state. 

Asymptotic freedom is, in this case, a signal of this impending disaster.

As we go to lower and lower energies, the theory becomes more and more strongly coupled.

If the particle mass is nonzero, this process stops at µ∼ m. 

This is because the minimum value of s is 4m2, and so the factor of ln(s/µ2) becomes an unwanted large 
log for µ ≪ m. 

Much more interesting is asymptotic freedom in a theory that does have a true ground state, such as 
quantum chromodynamics. 

In this example, the particle excitations are colorless hadrons, rather than the quarks and gluons we 
would expect from examining the lagrangian.



In section 27 we introduced the          renormalization scheme, and used the fact that physical 
observables must be independent of the fake parameter µ to figure out how the lagrangian parameters m 
and g must change with µ. 

In this section we re-derive these results from a much more formal (but calculationally simpler) point of 
view, and see how they extend to all orders of perturbation theory. 

Equations that tells us how the lagrangian parameters (and other objects that are not directly measurable, 
like correlation functions) vary with µ are collectively called the equations of the renormalization group.

28 The Renormalization Group

If the sign of the beta function is positive, then the theory is infrared free. 

The coupling increases as µ increases, and, at sufficiently high energy, perturbation theory breaks down. 

On the other hand, the coupling decreases as we go to lower energies. 

Once again, though, we should stop this process at µ∼ m if the particles have nonzero mass. 

Quantum electrodynamics with massive electrons (but, of course, massless photons) is in this category.

Still more complicated behaviors are possible if the beta function has a zero at a nonzero value of α. 

We briefly consider this case in the next section.
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Let us recall the lagrangian of our theory, and write it in two different ways. 

In d = 6− ε dimensions, we have

and
(28.1)

The fields and parameters in eq. (28.1) are the renormalized fields and parameters. 

And in particular, they are renormalized using the         scheme, with µ2 = 4πe−γ    2.

The fields and parameters in eq. (28.2) are the bare fields and parameters. 

Comparing eqs. (28.1) and (28.2) gives us the relationships between them:

Recall that, after using dimensional regularization, the infinities coming from loop integrals take the 
form of inverse powers of ε = 6 − d.

(28.2)
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µ̃

(28.3)

(28.4)

(28.5)

(28.6)
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In the           renormalization scheme, we choose the Z’s to cancel off these powers of 1/ε, and nothing 
more. 

Therefore the Z’s can be written as

(28.7)

where α = g2/(4π)3. 

Computing Π(k2) and V3(k1,k2,k3) in perturbation theory in the         scheme gives us Taylor series in α 
for an(α), bn(α), and cn(α). 

So far we have found

and that an(α), bn(α), and cn(α) are all at least O(α2) for n ≥ 2.
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(28.8)

(28.9)
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Next we turn to the trick that we will employ to compute the beta function for α, the anomalous 
dimension of m, and other useful things.

This is the trick: bare fields and parameters must be independent of µ.

Why is this so? 

Recall that we introduced µwhen we found that we had to regularize the theory to avoid infinities in 
the loop integrals of Feynman diagrams. 

We argued at the time (and ever since) that physical quantities had to be independent of µ. 

Thus µis not really a parameter of the theory, but just a crutch that we had to introduce at an 
intermediate stage of the calculation. 

In principle, the theory is completely specified by the values of the bare parameters, and, if we were 
smart enough, we would be able to compute the exact scattering amplitudes in terms of them, without 
ever introducing µ. 

The point is this: since the exact scattering amplitudes are independent of µ, the bare parameters must 
be as well.

Let us start with g0. 

It is convenient to define
(28.13)



and also

From the general structure of eqs. (28.7) and (28.9), we have

where, in particular, 

The logarithm of eq. (28.13) can now be written as

Next, differentiate eq. (28.17) with respect to ln µ, and require α0 to be independent of it:

(28.14)

(28.17)

(28.16)

(28.15)

(28.18)



Now regroup the terms, multiply by α, and use eq. (28.15) to get

(28.19)

Next we use some physical reasoning: dα/dln µ is the rate at which α must change to compensate for a 
small change in ln µ. 

If compensation is possible at all, this rate should be finite in the ε→ 0 limit. 

Therefore, in a renormalizable theory, we should have

The first term, −εα, is fixed by matching the O(ε) terms in eq. (28.19). 

The second term, the beta function β(α), is similarly determined by matching the O(ε0) terms; the result 
is

Terms that are higher-order in 1/ε must also cancel, and this determines all the other G′n(α)’s in terms of 
G′1(α). 

Thus, for example, cancellation of the O(ε−1) terms fixes G′2(α) = αG′1(α)2. 

These relations among the G′n(α)’s can of course be checked order by order in perturbation theory.

(28.20)

(28.21)



From eq. (28.21) and eq. (28.16), we find that the beta function is

(28.22)

Hearteningly, this is the same result we found in section 27 by requiring the observed scattering cross 
section |     |2obs to be independent of µ. 

However, simply as a matter of practical calculation, it is much easier to compute G1(α) than it is to 
compute |     |2obs.

Next consider the invariance of m0. 

We begin by defining

From eqs. (28.10) and (28.12) we have

Then, from eq. (28.4), we have

(28.23)

(28.24)

(28.25)



Take the derivative with respect to ln µ and require m0 to be unchanged:

(28.26)

Rearranging, we find

where the ellipses stand for terms with powers of 1/ε. 

In a renormalizable theory, dm/dln µ should be finite in the ε → 0 limit, and so these terms must actually 
all be zero. 

Therefore, the anomalous dimension of the mass, defined via

is given by

(28.27)

(28.28)

(28.29)



Comfortingly, this is just what we found in section 27.

Let us now consider the propagator in the            renormalization scheme,

(28.30)

The bare propagator,

should be (by the now-familiar argument) independent of µ. 

The bare and renormalized propagators are related by

Taking the logarithm and differentiating with respect to ln µ, we get
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We can write

Then we have

where the ellipses in the last line stand for terms with powers of 1/ε. 

Since     (k2) should vary smoothly with µ in the ε → 0 limit, these must all be zero. 

We then define the anomalous dimension of the field

(28.34)

From eq. (28.35) we find
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Eq. (28.33) can now be written as

(28.38)

in the ε→ 0 limit. 

This is the Callan-Symanzik equation for the propagator.

The Callan-Symanzik equation is most interesting in the massless limit, and for a theory with a zero of 
the beta function at a nonzero value of α.

So, let us suppose that β(α∗) = 0 for some α∗ ≠ 0. 

Then, for α= α∗ and m= 0, the Callan-Symanzik equation becomes

The solution is
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where C(α∗) is an integration constant. 

We used the fact that     (k2) has mass dimension −2 to get the k2 dependence in addition to                            
the       dependence. 

Thus the naive scaling law     (k2)∼ k−2 is changed to       (k2)∼ k−2[1−γ𝜑(α∗)]. 

This has applications in the theory of critical phenomena, which is beyond the scope of this book.
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µ̃

(28.39)

(28.40)



29 Effective Field Theory

So far we have been discussing only renormalizable theories. 

In this section, we investigate what meaning can be assigned to nonrenormalizable theories, following an 
approach pioneered by Ken Wilson(who taught me QFT).

We will begin by analyzing a renormalizable theory from a new point of view. 

Consider, as an example, 𝜑4
 theory in four spacetime dimensions:

This example is actually problematic, because this theory is trivial, a technical term that we will explain 
later. 

For now we proceed with a perturbative analysis. 

We take the renormalizing Z factors to be defined in an on-shell scheme, and have emphasized this by 
writing the particle mass as mph and the coupling constant as λph. 

We define λph as the value of the exact 1PI four-point vertex with zero external four-momenta:

(29.1)

(29.2)



The path integral is given by

where                       and            is short for                 .

Our first step in analyzing this theory will be to perform the Wick rotation (applied to loop integrals in 
section 14) directly on the action. 

We define a euclidean time τ ≡ it. 

Then we have

and

where

(29.3)

Note that each term in SE is always positive (or zero) for any field configuration 𝜑(x). 

This is the advantage of working in euclidean space: eq. (29.4), the euclidean path integral, is strongly 
damped (rather than rapidly oscillating) at large values of the field and/or its derivatives, and this makes 
its convergence properties more obvious.

(29.4)

(29.5)

(29.6)



Next, we Fourier transform to (euclidean) momentum space via

The euclidean action becomes

Note that k2 = k2 + k2τ ≥ 0.

We now introduce an ultraviolet cutoff Λ. 

It should be much larger than the particle mass mph, or any other energy scale of practical interest. 

Then we perform the path integral over all ϕ(k) with |k| > Λ. 

We also take      = 0  for |k| > Λ.                                                  

Then we find

(29.7)

(29.8)
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J̃

(29.9)



where

Seff(𝜑; Λ) is called the Wilsonian effective action. 

We can write the corresponding lagrangian density as

where the Fourier components of 𝜑(x) are now cut off at |k| > Λ:

The coefficients Z(Λ), m2(Λ), λ(Λ), and cd,i(Λ) in eq. (29.11) are all finite functions of Λ.

(29.10)

The operators Od,i in eq. (29.11) consist of all terms that have mass dimension d ≥ 6 and that are even 
under 𝜑 ↔ −𝜑; i is an index that distinguishes operators of the same dimension that are inequivalent after 
integrations by parts of any derivatives that act on the fields. 

The operators must be even under 𝜑 ↔ −𝜑 in order to respect the 𝜑 ↔ −𝜑 symmetry of the original
lagrangian.

(29.11)

(29.12)



This is established by the following argument. 

We can differentiate eq. (29.9) with respect to J(x) to compute correlation functions of the renormalized 
field 𝜑(x), and correlation functions of renormalized fields are finite. 

Using eq. (29.9), we can compute these correlation functions as a series of Feynman diagrams, with 
Feynman rules based on Leff . 

These rules include an ultraviolet cutoff Λ on the loop momenta, since the fields with higher momenta 
have already been integrated out. 

Thus all of the loop integrals in these diagrams are finite. 

Therefore the other parameters that enter the diagrams— Z(Λ), m2(Λ), λ(Λ), and cd,i(Λ)—must be finite
as well, in order to end up with finite correlation functions.

To compute these parameters, we can think of eq. (29.8) as the action for two kinds of fields, those with   
|k| < Λ and those with |k| > Λ. 

Then we draw all 1PI diagrams with external lines for |k| < Λ fields only. 

For λph ≪ 1, the dominant contribution to cd,i(Λ) for an operator Od,i with 2n fields and d− 2n derivatives 
is then given by a one-loop diagram with 2n external lines (representing |k| < Λ fields), n vertices, and a   
|k| > Λ field circulating in the loop; see fig. (29.1).



The simplest case to consider is O2n,1 ≡ 𝜑2n. 

With 2n external lines, there are (2n)! ways of assigning the external momenta to the lines, but 2n × n × 2 
of these give the same diagram: 2n for exchanging the two external lines that meet at any one vertex; n 
for rotations of the diagram; and 2 for reflection of the diagram. 

Since there are no derivatives on the external fields, we can set all of the external momenta to zero; then 
all (2n)!/(2n2n) diagrams have the same value. 

With a euclidean action, each internal line contributes a factor of 1/(k2 + m2ph), and each vertex 
contributes a factor of −Zλλph =  −λph + O(λ2ph). 

The vertex factor associated with the term

Figure 29.1: A one-loop 1PI diagram with 2n external 
lines. Each external line represents a field with |k| <Λ. 
The internal (dashed) line represents a field with |k| >Λ.

(29.13)



For 2n ≥ 6, the integral converges, and we find

(29.14)

We have taken Λ ≫ mph, and dropped terms down by powers of mph/Λ.

For 2n = 4, we have to include the tree-level vertex; in this case, we have

This integral diverges. 

To evaluate it, we note that the one-loop contribution to the exact four-point vertex is given by the same 
diagram, but with fields of all momenta circulating in the loop. 

Thus we have

Then, using V4(0,0,0,0) = λph  and subtracting eq. (29.15) from eq. (29.16), we get

(29.15)

(29.16)



Evaluating the (now finite!) integral and rearranging, we have

Note that this result has the problem of a large log; the second term is smaller than the first only if            
λph ln(Λ/mph) ≪ 1. 

To cure this problem, we must change the renormalization scheme. 

We will take up this issue shortly, but first let us examine the case of two external lines while continuing 
to use the on-shell scheme.

For the case of two external lines, the one-loop diagram has just one vertex, and by momentum 
conservation, the loop integral is completely indepedent of the external momentum. 

This implies that the one-loop contribution to Z(Λ) vanishes, and so we have

(29.17)

The one-loop diagram does, however, give a nonzero contribution to m2(Λ); after including the tree-level 
term, we find

(29.18)

(29.19)



This integral diverges. 

To evaluate it, recall that the one-loop contribution to the exact particle mass-squared is given by the 
same diagram, but with fields of all momenta circulating in the loop. 

Thus we have

Then, subtracting eq. (29.20) from eq. (29.21), we get

Evaluating the (now finite!) integral and rearranging, we have

As already noted, to fix these problems we must change the renormalization scheme.

(24.20)

We see that we now have an even worse situation than we did with the large log in λ(Λ): the correction 
term is quadratically divergent.

(24.21)

(24.22)

(24.23)



In the context of an effective action with a specific value of the cutoff Λ0, there is a simple way to do so: 
we simply treat this effective action as the fundamental starting point, with Z(Λ0), m2(Λ0), λ(Λ0), and
cd,i(Λ0) as input parameters. 

We then see what physics emerges at energy scales well below Λ0. 

We can set Z(Λ0) = 1, with the understanding that the field no longer has the LSZ normalization and that 
we will have to correct the LSZ formula to account for this. 

We will also assume that the parameters λ(Λ0), m2(Λ0), and cd,i(Λ0) are all small when measured in
units of the cutoff:

The proposal to treat the effective action as the fundamental starting point may not seem very appealing. 

For one thing, we now have an infinite number of parameters to specify, rather than two! 

Also, we now have an explicit cutoff in place, rather than trying to have a theory that works at all energy 
scales.

(29.24)

On the other hand, it may well be that quantum field theory does not work at arbitrarily high energies.

(29.25)

(29.26)



For example, quantum fluctuations in spacetime itself should become important above the Planck scale, 
which is given by the inverse square root of Newton’s constant, and has a numerical value of ∼1019 GeV 
(compared to, say, the proton mass, which is ∼ 1 GeV).

So, let us leave the cutoff Λ0 in place for now. 

We will then make a two-pronged analysis. 

First, we will see what happens at much lower energies.

Then, we will see what happens if we try to take the limit Λ0 → ∞.

We begin by examining lower energies. 

To make things more tractable, we will set

later we will examine the effects of a more general choice.

A nice way to see what happens at lower energies is to integrate out some more high-energy degrees of 
freedom. 

Let us, then, perform the functional integral over Fourier modes 𝜑(k) with Λ < |k| < Λ0; we have

(29.27)

(29.28)



We can do this calculation in perturbation theory, mimicking the procedure that we used earlier. 

We find

where the ellipses stand for higher-order corrections. 

For Λ not too much less than Λ0 (and, in particular, for |m2(Λ0)| ≪ Λ2), we find

(29.29)

We see from this that the corrections to m2(Λ), which is the only coefficient with positive mass 
dimension, are dominated by contributions from the high end of the integral. 

On the other hand, the corrections to cd,i(Λ), coefficients with negative mass dimension, are dominated 
by contributions from the low end of the integral.

(29.30)

(29.31)

(29.32)

(29.33)

(29.34)



And the corrections to λ(Λ), which is dimensionless, come equally from all portions of the range of 
integration.

For the cd,i(Λ), this means that their starting values at Λ0 were not very important, as long as eq. (29.26) 
is obeyed. 

Nonzero starting values would contribute another term of order 1/Λ0 2n−4  to c2n,1(Λ), but all such
terms are less important than the one of order 1/Λ0 2n−4 that comes from doing the integral down to |k| = 
Λ.

Similarly, nonzero values of cd,i(Λ0) would make subdominant contributions to λ(Λ). 

As an example, consider the contribution of the diagram in fig. (29.2).

Figure 29.2: A one-loop contribution to the ϕ4 
vertex for fields with |k| <Λ. The internal 
(dashed) line represents a field with |k| >Λ.

Ignoring numerical factors, the vertex factor is c6,1(Λ0), and the loop integral is the same as the one that 
enters into m2(Λ); it yields a factor of Λ20 − Λ2 ∼ Λ20. 

Thus the contribution of this diagram to λ(Λ) is of order c6,1(Λ0)Λ20. 

This is a pure number that, according to eq. (29.26), is small. 



These must add up to give m2(Λ) a value that is much smaller. 

Indeed, we want to continue the process down to lower and lower values of Λ, with m2(Λ) dropping 
until it becomes of order m2ph at Λ ∼ mph. 

For this to happen, there must be very precise cancellations among all the terms of order Λ20 that 
contribute to m2(Λ). 

In some sense, it is more “natural” to have m2ph∼ λ(Λ0) Λ20, rather than to arrange for these very precise 
cancellations. 

This philosophical issue is called the fine-tuning problem, and it generically arises in theories with     
spin-zero fields.

In theories with higher-spin fields only, the action typically has more symmetry when these fields are 
massless, and this typically prevents divergences that are worse than logarithmic. 

These theories are said to be technically natural, while theories with spin-zero fields (with physical 
masses well below the cutoff) generally are not.

(The only exceptions are theories where supersymmetry relates spin-zero and spin-one-half fields; the 
spin-zero fields then inherent the technical naturalness of their spin-one-half partners.)

This contribution is missing the logarithmic enhancement factor ln(Λ0/Λ) that we see in eq. (29.33).

On the other hand, for m2(Λ), there are infinitely many contributions of order Λ20 when cd,i(Λ0) ≠ 0. 



For now, in ϕ4 theory, we will simply accept the necessity of fine-tuning in order to have mph ≪ Λ.

Returning to eqs. (29.32–29.34), we can recast them as differential equations that tell us how these 
parameters change with the value of the cutoff Λ. I

In particular, let us do this for λ(Λ). 

We take the derivative of eq. (29.33) with respect to Λ, multiply by Λ, and then set Λ0 = Λ to get

Notice that the right-hand side of eq. (29.33) is apparently the same as the beta function β(λ) ≡ dλ/dln µ 
that can be calculated, where it represents the rate of change in the           parameter λ that was needed to
compensate for a change in the           renormalization scale µ. 

Eq. (29.33) gives us a new physical interpretation of the beta function: it is the rate of change in the 
coefficient of the 𝜑4 term in the effective action as we vary the ultraviolet cutoff in that action.

Actually, though, there is a technical detail: it is really Z(Λ)−2λ(Λ) that is most closely analogous to         
the            parameter λ. 

This is because, if we rescale 𝜑 so that it has a canonical kinetic term of 1/2 ∂µ𝜑∂µ𝜑, then the coefficient 
of the 𝜑4 term is Z(Λ)−2λ(Λ). 

Since Z(Λ) = 1 + O(λ2(Λ)), this has no effect at the one-loop level, but it does matter at two loops.

(29.35)
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where nd,i is the number of fields in the operator Od,i. 

Now the beta function for λ is universal up through two loops. 

At three and higher loops, differences with the            beta function can arise, due to the different 
underlying definitions of the coupling λ in the cutoff scheme and the           scheme.

We now have the overall picture of Wilson’s approach to quantum field theory. 

First, define a quantum field theory via an action with an explicit momentum cutoff in place.1 

Then, lower the cutoff by integrating out higher-momentum degrees of freedom. 

As a result, the coefficients in the effective action will change. 

If the field theory is weakly coupled—which in practice means eqs. (29.24–29.26) are obeyed—then the 
coefficients of the operators with negative mass dimension will start to take on the values we would have 
computed for them in perturbation theory, regardless of their precise initial values.

(29.36)

<latexit sha1_base64="gCcKJe1Df9REXPlr1eDw/gTlIcA=">AAACCHicbVDLSsNAFJ3UV62vqks3wSK4KolI7bLgxo1Q0T6gDWUyvWmHTmbizEQoIT/gD7jVP3Anbv0Lf8DvcNJmYVsPXDiccw/3cvyIUaUd59sqrK1vbG4Vt0s7u3v7B+XDo7YSsSTQIoIJ2fWxAkY5tDTVDLqRBBz6DDr+5DrzO08gFRX8QU8j8EI84jSgBGsjeX1hzCyb3N6ng3LFqToz2KvEzUkF5WgOyj/9oSBxCFwThpXquU6kvQRLTQmDtNSPFUSYTPAIeoZyHILyktnTqX1mlKEdCGmGa3um/k0kOFRqGvpmM8R6rJa9TPzP68U6qHsJ5VGsgZP5oSBmthZ21oA9pBKIZlNDMJHU/GqTMZaYaNPTwhVf4gnotGSKcZdrWCXti6pbq9buLiuNel5REZ2gU3SOXHSFGugGNVELEfSIXtArerOerXfrw/qcrxasPHOMFmB9/QKfoJq9</latexit>

MS

We can account for the effect of this wave function renormalization (in all the couplings) by writing, 
instead of eq. (29.11),
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If we continuously rescale the fields to have canonical kinetic terms, then the dimensionless coupling 
constant(s) will change according to their beta functions. 

The final results, at an energy scale E well below the initial cutoff Λ0, are the same as we would predict
via renormalized perturbation theory, up to small corrections by powers of E/Λ0.

The advantage of the Wilson scheme is that it gives a nonperturbative definition of the theory which is 
applicable even if the theory is not weakly coupled. 

With a spacetime lattice providing the cutoff, other techniques (typically requiring large-scale computer 
calculations) can be brought to bear on strongly-coupled theories.

The Wilson scheme also allows us to give physical meaning to nonrenormalizable theories. 

Given an action for a nonrenormalizable theory, we can regard it as an effective action. 

We should then impose a momentum cutoff Λ0, where Λ0 can be defined by saying that the coefficient of 
every operator Oi with mass dimension Di > 4 is given by ci/Λ0Di−4  with ci ≤ 1. 

Then we can use this theory for physics at energies below Λ0. 

At energies E far below Λ0, the effective theory will look like a renormalizable one, up to corrections by 
powers of E/Λ0. 

This renormalizable theory might simply be a free-field theory with no interactions, or no theory at all if 
there are no particles with physical masses well below Λ0.



We now turn to the final issue: can we remove the cutoff completely?

Returning to the example of 𝜑4 theory, let us suppose that we are somehow able to compute the exact 
beta function. 

Then we can integrate the renormalization-group equation dλ/dln Λ = β(λ) from Λ = mph to Λ = Λ0 to  
get

We would like to take the limit Λ0 → ∞. 

Obviously, the right-hand side of eq. (29.37) becomes infinite in this limit, and so the left-hand side must 
as well.

However, it may not. Recall that, for small λ, β(λ) is positive, and it increases faster than λ. 

If this is true for all λ, then the left-hand side of eq. (29.37) will approach a fixed, finite value as we take 
the upper limit of integration to infinity. 

This yields a maximum possible value for the initial cutoff, given by

(29.37)

(29.38)



If we approximate the exact beta function with its leading term, 3λ2/16π2 ,and use the leading term in eq. 
(29.18) to get λ(mph) = λph, then we find

The existence of a maximum possible value for the cutoff means that we cannot take the limit as the 
cutoff goes to infinity; we must use an effective action with a cutoff as our starting point. 

If we insist on taking the cutoff to infinity, then the only possible value of λph is λph = 0. 

Thus, 𝜑4 theory is trivial in the limit of infinite cutoff: there are no interactions. 

There is much evidence for this, but as yet no rigorous proof. 

The same is true of quantum electrodynamics, as was first conjectured by Landau; in this case, Λmax is 
known as the location of the Landau pole.

(29.39)

However, the cutoff can be removed if the beta function grows no faster than λ at large λ; then the      
left-hand side of eq. (29.37) would diverge as we take the upper limit of integration to infinity. 

Or, β(λ) could drop to zero (and then become negative) at some finite value λ∗. 

Then, if λph < λ∗, the left-hand side of eq. (29.37) would diverge as the upper limit of integration
approaches λ∗. 

In this case, the effective coupling at higher and higher energies would remain fixed at λ∗, and λ = λ∗ is 
called an ultravioldet fixed point of the renormalization group.



If the beta function is negative for λ = λ(mph), the theory is said to be asymptotically free, and λ(Λ) 
decreases as the cutoff is increased. In this case, there is no barrier to taking the limit Λ → ∞. 

In four space-time dimensions, the only asymptotically free theories are nonabelian gauge theories; see 
section 69.

30 Spontaneous Symmetry Breaking

Consider 𝜑4 theory, where 𝜑 is a real scalar field with lagrangian

where the potential is

(30.1)

As we discussed in section 23, this theory has a Z2 symmetry: 𝓛 is invariant under 𝜑(x)→ − 𝜑(x), and we 
can define a unitary operator Z that implements this:

(30.2)

We also have Z2 = 1, and so Z−1 = Z. Since unitarity implies Z−1 = Z†, this makes Z hermitian as well as 
unitary. 

Now suppose that the parameter m2 is, in spite of its name, negative rather than positive. 

We can write 𝓛 in the form

(30.3)



In the second line, we have defined

We can (and will) drop the last, constant, term in eq. (30.4).

From eq. (30.4) it is clear that there are two classical field configurations that minimize the energy:            
𝜑(x) = +v and 𝜑(x) =−v. 

This is in contrast to the usual case of positive m2, for which the minimum-energy classical field 
configuration is 𝜑(x) = 0.

We can expect that the quantum theory will follow suit. 

For m2 < 0, there will be two ground states, |0+⟩ and |0−⟩, with the property that

up to quantum corrections from loop diagrams that we will treat in detail in section 30. 

These two ground states are exchanged by the operator Z,

(30.4)

(30.5)

(30.6)



and they are orthogonal: ⟨0+|0−⟩ = 0.

This last claim requires some comment. 

Consider a similar problem in quantum mechanics,

There are two approximate ground states in this case, specified by the approximate wave functions

We can regard a field theory as an infinite set of oscillators, one for each point in space, each with a 
hamiltonian like eq. (30.8), and coupled together by the (∇𝜑)2 term in the field-theory hamiltonian.

where ω= (λv2/3)1/2  is the frequency of small oscillations about the minimum. 

However, the true ground state is a symmetric linear combination of these. 

The antisymmetric linear combination has a slightly higher energy, due to the effects of quantum 
tunneling.

(30.7)

(30.8)

(30.9)



There is a tunneling amplitude for each oscillator, but to turn the field-theoretic state |0+⟩ into |0−⟩, all 
the oscillators have to tunnel, and so the tunneling amplitude gets raised to the power of the number of 
oscillators, that is, to the power of infinity (more precisely, to a power that scales like the volume of 
space).

Therefore, in the limit of infinite volume, ⟨0+|0−⟩ vanishes. 

Thus we can pick either |0+⟩ or |0−⟩ to use as the ground state. 

Let us choose |0+⟩. 

Then we can define a shifted field,

(30.10)

which obeys ⟨0+|𝜌(x)|0+⟩ = 0. 

We must still worry about loop corrections, which we will do at the end of this section. 

The potential becomes

and so the lagrangian is now

(30.11)

(30.12)



We see that the coefficient of the 𝜌2 term is 1/6 λv2 = |m2|. 

This coefficient should be identified as 1/2 m2𝜌, where m𝜌 is the mass of the corresponding 𝜌 particle. 

Also, we see that the shifted field now has a cubic as well as a quartic interaction.

Eq. (30.12) specifies a perfectly sensible, renormalizable quantum field theory, but it no longer has an 
obvious Z2 symmetry. 

We say that the Z2 symmetry is spontaneously broken.

This leads to a question about renormalization. 

If we include renormalizing Z factors in the original lagrangian, we get

For positive m2, these three Z factors are sufficient to absorb infinities for d ≤ 4, where the mass 
dimension of λ is positive or zero. 

On the other hand, looking at the lagrangian for negative m2 after the shift, eq. (30.12), we would seem 
to need an extra Z factor for the 𝜌3 term. 

(30.13)

Also, once we have a 𝜌3 
 term, we would expect to need to add a 𝜌 term to cancel tadpoles.



So, the question is, are the original three Z factors sufficient to absorb all the divergences in the Feynman 
diagrams derived from eq. (30.13)?

The answer is yes. 

To see why, consider the quantum action (introduced in section 21)

computed with m2 > 0. 

The ingredients of Γ(𝜑)—the self-energy Π(k2) and the exact 1PI vertices Vn—are all made finite and 
well-defined (in, say, the          renormalization scheme) by adjusting the three Z factors in eq. (30.13). 

Furthermore, for m2 > 0, the quantum action inherits the Z2 symmetry of the classical action. 

To see this directly, we note that Vn must zero for odd n, simply because there is no way to draw a 1PI 
diagram with an odd number of external lines using only a four-point vertex. 

Thus Γ(𝜑) also has the Z2 symmetry.

(30.14)

<latexit sha1_base64="gCcKJe1Df9REXPlr1eDw/gTlIcA=">AAACCHicbVDLSsNAFJ3UV62vqks3wSK4KolI7bLgxo1Q0T6gDWUyvWmHTmbizEQoIT/gD7jVP3Anbv0Lf8DvcNJmYVsPXDiccw/3cvyIUaUd59sqrK1vbG4Vt0s7u3v7B+XDo7YSsSTQIoIJ2fWxAkY5tDTVDLqRBBz6DDr+5DrzO08gFRX8QU8j8EI84jSgBGsjeX1hzCyb3N6ng3LFqToz2KvEzUkF5WgOyj/9oSBxCFwThpXquU6kvQRLTQmDtNSPFUSYTPAIeoZyHILyktnTqX1mlKEdCGmGa3um/k0kOFRqGvpmM8R6rJa9TPzP68U6qHsJ5VGsgZP5oSBmthZ21oA9pBKIZlNDMJHU/GqTMZaYaNPTwhVf4gnotGSKcZdrWCXti6pbq9buLiuNel5REZ2gU3SOXHSFGugGNVELEfSIXtArerOerXfrw/qcrxasPHOMFmB9/QKfoJq9</latexit>

MS



Once we have computed the quantum action for m2 > 0, we can go ahead and consider the case of                 
m2 < 0. 

Recall from section 21 that the quantum equation of motion in the presence of a source is                                     
δΓ/δ𝜑(x) = −J(x), and that the solution of this equation is also the vacuum expectation value of 𝜑(x). 

Now set J(x) = 0, and look for a translationally invariant (that is, constant) solution 𝜑(x) = v. 

If there is more than one such solution, we want the one(s) with the lowest energy. 

This is equivalent to minimizing the quantum potential U(𝜑), where

This is a simple example of a more general result that we proved in problem 21.2: the quantum action 
inherits any linear symmetry of the classical action, provided that it is also a symmetry of the integration 
measure 𝒟𝜑. 

Linear means that the transformed fields are linear functions of the original ones. 

The integration measure is almost always invariant; when it is not, the symmetry is said to be anomalous. 

We will meet an anomalous symmetry in section 75.

(30.15)



and the ellipses stand for terms with more derivatives. 

In a weakly coupled theory, we can expect the loop-corrected potential U(𝜑) to be qualitatively similar to 
the classical potential V(𝜑). 

Therefore, for m2 < 0, we expect that there are two minima of U(𝜑) with equal energy, located at              
𝜑(x) = ±v, where v = ⟨0|𝜑(x)|0⟩ is the exact vacuum expectation value of the field.

Thus we have a description of spontaneous symmetry breaking in the quantum theory based on the 
quantum action, and the quantum action is made finite by adjusting only the three Z factors that appear in 
the original, symmetric form of the lagrangian.

In the next section, we will see how this works in explicit calculations.

31 Broken Symmetry and Loop Corrections

Consider 𝜑4 theory, where 𝜑 is a real scalar field with lagrangian

We begin by considering the case m2 > 0, where the Z2 symmetry of 𝓛 under 𝜑 → − 𝜑 is manifest.

(31.1)

In d= 4 spacetime dimensions, the coupling λ is dimensionless.

We wish to compute the three renormalizing Z factors. 



We work in d = 4 − ε dimensions, and take λ→ λ    ε (where      has dimensions of mass) so that λ 
remains dimensionless.

The propagator correction Π(k2) is given by the diagrams of fig. (31.1),  which yield

where A = Z𝜑 − 1 and B = Zm − 1, and

(31.2)
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µ̃
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(31.3)

Figure 31.1: O(λ) corrections to Π(k2).

Using the usual bag of tricks from section 14, we find

(31.4)

where µ2 = 4πe−γ     2. 

Thus
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Figure 31.2: The O(λ2) correction to V4(k1, k2, k3, k4). 
Two other diagrams, obtained from this one via k2 ↔ 
k3 and k2 ↔ k4, also contribute.

the the thethe V4(k1,k2,k3,k4)𝜑 ′
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𝜌

From eq. (31.5) we see that we must have 

(31.5)

(31.6)

(31.7)

where 𝜅B is a finite constant (that may depend on µ). 

In the         renormalization scheme, we take 𝜅B = 0, but we will leave 𝜅B arbitrary for now.

Next we turn to the vertex correction, given by the diagram of fig. (31.2), plus two others with k2 ↔ k3 
and k2 ↔ k4; all momenta are treated as incoming. 
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(31.8)

where 𝜅C is a finite constant.

We may as well pause to compute the beta function, β(λ) = dλ/dln µ, where the derivative is taken with 
the bare coupling λ0 held fixed, and the finite parts of the counterterms set to zero, in accord with the 
prescription.

Here we have defined s = −(k1 + k2)2 , t = −(k1 + k3)2 , u = −(k1 + k4)2 , and

where D= x(1−x)k2 + m2. 

Setting Zλ = 1 + C in eq. (31.8), we see that we need

We have

(31.9)

(31.10)
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Let L1(λ) be the coefficient of 1/ε in eq. (31.12). 

Our analysis in section 28 shows that the beta function is then given by β(λ) = λ2L′1(λ). 

Thus we find

The beta function is positive, which means that the theory becomes more and more strongly coupled at 
higher and higher energies.

Now we consider the more interesting case of m2 <0, which results in the spontaneous breakdown of the 
Z2 symmetry.

Following the procedure of section 30, we set 𝜑(x) = 𝜌(x) + v, where v = (6|m2|/λ)1/2 minimizes the 
potential (without Z factors). 

Then the lagrangian becomes (with Z factors)

(31.11)
with

We have

(31.12)

(31.13)



where m2𝜌 = 2|m2|. 

Now we can compute various one-loop corrections.

We begin with the vacuum expectation value of 𝜌. 

The O(λ) correction is given by the diagrams of fig. (31.3). 

(31.14)

Figure 31.3: The O(λ) correction to the vacuum 
expectation value of the 𝜌 field.

The one-point vertex factor is iY, where Y can also be read off of eq. (31.14):

(31.15)

(31.16)

The three-point vertex factor is −iZλg3, where g3 can be read off of eq. (31.14):



Following the discussion of section 9, we then find that

(31.17)

Using Zm = 1 + B and Zλ = 1 + C, with B and C from eqs. (31.7) and (31.10), the factor in large 
parentheses in eq. (31.18) becomes

plus higher-order corrections. 

Using eqs. (31.15) and (31.16), and eq. (31.4) with m2 → m2𝜌, the factor in large parentheses in eq. 
(31.17) becomes

(31.18)

All the 1/ε’s have canceled. 

The remaining finite vacuum expectation value for 𝜌(x) can now be removed by choosing

(31.19)

This will also cancel all diagrams with one-loop tadpoles.

(31.20)



Next we consider the 𝜌 propagator. 

The diagrams contributing to the O(λ) correction are shown in fig. (31.4). 

Putting together the results of eq. (31.2) for the first diagram (with m2 → m2𝜌), eq. (31.9) for the second 
(ditto), and eq. (31.21) for the third, we get

Figure 31.4: O(λ) corrections to the 𝜌 propagator.

(31.21)

The counterterm insertion is −iX, where, again reading off of eq. (31.14),

(31.22)



Again using eqs. (31.7) and (31.10) for B and C, we see that all the 1/ε’s cancel, and we’re left with

(31.23)

We can now choose to work in an OS scheme, where we require Π(−m2𝜌) = 0 and Π′(−m2𝜌) = 0. 

We see that, to this order in λ, Π(k2) is independent of k2. 

Thus, we automatically have Π′(−m2𝜌) = 0, and we can choose 9𝜅C−𝜅B to fix Π(−m2𝜌) = 0. 

Together with eq. (31.20), this completely determines 𝜅B and 𝜅C to this order in λ.

Next we consider the one-loop correction to the three-point vertex, given by the diagrams of fig. (31.5). 

We wish to show that the infinities are canceled by the value of Zλ = 1 + C that we have already 
determined. 

The first diagram in fig. (31.5) is finite, and so for our purposes we can  ignore it. 



The remaining three, plus the original vertex, sum up to give

where the subscript  div  means that we are keeping only the divergent part.

Using eq. (31.9), we have

From eq. (31.10), we see that the divergent terms do indeed cancel to this order in λ.

Finally, we have the correction to the four-point vertex. 

In this case, the divergent diagrams are just those of fig. (31.1), and so the calculation of the divergent 
part of V4 is exactly the same as it is when m2  > 0 (but with m𝜌 in place of m).

Figure 31.5: O(λ) corrections to the 
vertex for three ρ fields.

(31.24)

(31.25)



Since we have already done that calculation (it was how we determined C in the first place), we need not 
repeat it.

We have thus seen how we can compute the divergent parts of the counterterms in the simpler case of   
m2 > 0, where the Z2 symmetry is unbroken, and that these counterterms will also serve to cancel the 
divergences in the more complicated case of m2 < 0, where the Z2 symmetry is spontaneously broken. 

This a general rule for renormalizable theories with spontaneous symmetry breaking, regardless of the 
nature of the symmetry group.

32 Spontaneous Breaking of Continuous Symmetries

Consider the theory (introduced in section 22) of a complex scalar field 𝜑 with

where α is a real number.

Now suppose that m2
 is negative. 

The minimum of the potential of eq. (32.1) is achieved for

(32.1)

This lagrangian is obviously invariant under the U(1) transformation

(32.2)



and the phase θ is arbitrary; the factor of root-two in eq. (32.3) is conventional. 

Thus we have a continuous family of minima of the potential, parameterized by θ. 

Under the U(1) transformation of eq. (32.2), θ changes to θ + α; thus the different minimum-energy field 
configurations are all related to each other by the symmetry.

In the quantum theory, we therefore expect to find a continuous family of ground states, labeled by θ, 
with the property that

Also, according to the discussion in section 30, we expect ⟨θ′|θ⟩ = 0 for θ′ ≠ θ.

Returning to classical language, there is a flat direction in field space that we can move along without 
changing the energy. 

The physical consequence of this is the existence of a massless particle called a Goldstone boson.

Let us see how this works in more detail.

where
(32.3)

(32.4)

(32.5)



where a and b are real scalar fields. 

Substituting eq. (32.6) into eq. (32.1), we find

We see from this that the a field has a mass given by 1/2 m2a= |m2|. 

The b field, on the other hand, is massless, and we identify it as the Goldstone boson.

A different parameterization brings out the role of the massless field more clearly. 

We write

(32.6)

where 𝜌 and χ are real scalar fields. 

Substituting eq. (32.8) into eq. (32.1), we get

We first choose the phase θ= 0, and then write

(32.7)

(32.8)



(32.9)

We see from this that the ρfield has a mass given by 1/2 m2𝜌= |m2|, and that the χ field is massless. 

These are the same particle masses we found using the parameterization of eq. (32.6). 

This is not an accident: the particle masses and scattering amplitudes are independent of field 
redefinitions.

Note that the χ field does not appear in the potential at all. 

Thus it parameterizes the flat direction. 

In terms of the 𝜌 and χ fields, the U(1) transformation takes the simple form χ(x)→ χ(x) + α.

Does the masslessness of the χ field survive loop corrections? 

It does.

To see this, we note that if the χ field remains massless, its exact propagator      χ(k2) should have a pole 
at k2 = 0; equivalently, the self-energy Πχ(k2), related to the propagator by       χ(k2) = 1/[k2− Πχ(k2)], 
should satisfy Π(0) = 0.
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We can evaluate Πχ(0) by summing all 1PI diagrams with two external χ lines, each with fourmomentum 
k = 0. 

We note from eq. (32.9) that the derivatives acting on the χ fields imply that the vertex factors for the 
𝜌χχ and 𝜌𝜌χχ vertices are each proportional to k1·k2, where k1 and k2 are the momenta of the two χ lines 
that meet at that vertex. 

Since the external lines have zero momentum, the attached vertices vanish; hence, Πχ(0) = 0, and the χ 
particle remains massless.

The same conclusion can be reached by considering the quantum action Γ(𝜑), which includes all loop 
corrections. 

According to our discussion in section 29, the quantum action has the same symmetries as the classical
action. 

Therefore, in the case at hand,

Spontaneous symmetry breaking occurs if the minimum of Γ(𝜑) is at a constant, nonzero value of 𝜑. 

Because of eq. (32.10), the phase of this constant is arbitrary. 

(32.10)



Therefore, there must be a flat direction in field space, corresponding to the phase of 𝜑(x). 

The physical consequence of this flat direction is a massless particle, the Goldstone boson.

All of this has a straightforward extension to the nonabelian case. 

Consider

where a repeated index is summed. 

This lagrangian is invariant under the infinitesimal SO(N) transformation

(32.11)

where i runs from 1 to 1/2 N(N−1), θa is a set of 1/2 N(N−1) real, infinitesimal parameters, and each 
antisymmetric generator matrix Ta has a single nonzero entry −i above the main diagonal, and a 
corresponding +i below the main diagonal.

Now let us take m2 < 0 in eq. (32.11). 

The minimum of the potential is achieved for 𝜑i(x) = vi, where v2 = vivi = 4|m2|/λ, and the direction
in which the N-component vector      points is arbitrary. 

In the quantum theory, we interpret vi as the vacuum expectation value (VEV for short) of the quantum 
field 𝜑i(x).

(32.12)



Now consider making an infinitesimal SO(N) transformation. 

This changes the VEV; we have

(32.13)

For some choices of θa, the second term on the right-hand side of eq. (32.13) vanishes. 

This happens if the corresponding Ta has no nonzero entry in the last column. 

There are N−1 Ta’s with a nonzero entry in the last column: those with the −i in the first row and last 
column, in the second row and last column, etc, down to the N−1th row and last column. 

These Ta’s are said to be broken generators. 

A generator is broken if (Ta)ijvj ≠  0, and unbroken if (Ta)ijvj = 0.

An infinitesimal SO(N) transformation that involves a broken generator changes the VEV of the field, 
but not the energy. 

Thus, each broken generator corresponds to a flat direction in field space.

We can choose our coordinate system so that vi = vδiN; that is, the VEV lies entirely in the last 
component.



The unbroken generators, on the other hand, do not change the VEV of the field. 

Therefore, after rewriting the lagrangian in terms of shifted fields (each with zero VEV), there should 
still be a manifest symmetry corresponding to the set of unbroken generators. 

In the present case, the number of unbroken generators is 1/2 N(N−1) − (N−1) = 1/2 (N−1)(N−2). 

This is the number of generators of SO(N−1). 

Therefore, we expect SO(N−1) to be an obvious symmetry of the lagrangian after it is written in terms of
shifted fields.

Let us see how this works in the present case. 

We can rewrite eq. (32.11) as

with
(32.14)

Each flat direction implies the existence of a corresponding massless particle. 

This is Goldstone’s theorem: there is one massless Goldstone boson for each broken generator.

(32.15)

where v = (4|m2|/λ)1/2, and the repeated index i is implicitly summed from 1 to N.



Now let 𝜑N(x) = v+ 𝜌(x), and plug this into eq. (32.14). 

With the repeated index i now implicitly summed from 1 to N−1, we have

where

There is indeed a manifest SO(N−1) symmetry in eqs. (32.16) and (32.17).

Also, the N−1 𝜑i fields are massless: they are the expected N−1 Goldstone bosons.

(32.16)

(32.17)



Part II

Spin One Half



33 Representations of the Lorentz Group

In section 2, we saw that we could define a unitary operator U(Λ) that implemented a Lorentz 
transformation on a scalar field 𝜑(x) via

As shown in section 2, this implies that the derivative of the field transforms as

Eq. (33.2) suggests that we could define a vector field Aµ(x) that would transform as

(33.1)

where the bar on the derivative means that it is with respect to the argument                   .

(33.2)
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x̄ = !→1x

Note that if Bµν 
 is either symmetric, Bµν(x) = Bνµ(x), or antisymmetric,  Bµν(x) = -Bνµ(x), then the 

symmetry is preserved by the Lorentz transformation. 

Also, if we take the trace to get T(x) ≡ gµνBµν(x), then, using gµν 𝛬µ𝜌𝛬ν𝜎 = g𝜌𝜎 , we find that T(x) 
transforms like a scalar field,

or a tensor field Bµν(x) that would transform as

(33.3)

(33.4)



Thus, given a tensor field Bµν(x) with no particular symmetry, we can write

(33.5)

where Aµν is antisymmetric (Aµν = − Aνµ) and Sµν is symmetric (Sµν = Sνµ) and traceless (gµνSµν = 0). 

The key point is that the fields Aµν, Sµν, and T do not mix with each other under Lorentz transformations.

Is it possible to further break apart these fields into still smaller sets that do not mix under Lorentz 
transformations? 

How do we make this decomposition into irreducible representations of the Lorentz group for a field 
carrying n vector indices? 

Are there any other kinds of indices we could consistently assign to a field? 

If so, how do these behave under a Lorentz transformation?

The answers to these questions are to be found in the theory of group representations. 

Let us see how this works for the Lorentz group (in four spacetime dimensions).

(33.6)



Consider a field (not necessarily hermitian) that carries a generic Lorentz index, 𝜑A(x). 

Under a Lorentz transformation, we have

where LAB(Λ) is a matrix that depends on Λ. 

These finite-dimensional matrices must obey the group composition rule

We say that the matrices LAB(Λ) form a representation of the Lorentz group.

 which specify the Lie algebra of the Lorentz group.

(33.7)

For an infinitesimal transformation 𝛬µν = δµν + δωµν, we can write

(33.8)

(33.9)

where the operators Mµν are the generators of the Lorentz group. 

As shown in section 2, the generators obey the commutation relations

(33.10)



We can identify the components of the angular momentum operator      as  Ji ≡ 1/2 εijkMjk and the 
components of the boost operator       as Ki ≡ Mi0.

We then find from eq. (33.10) that

(33.11)

For an infinitesimal transformation, we also have

Eq. (33.7) then becomes

where ℒµν ≡ 1/i(xµ∂ν− xν∂µ). 

Both the differential operators ℒµν and the representation matrices (Sµν)AB must separately obey the same 
commutation relations as the generators themselves.

Our problem now is to find all possible sets of finite-dimensional matrices that obey eq. (33.10), or 
equivalently eqs. (33.11–33.13).
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(33.12)
(33.13)

(33.14)

(33.15)

Although the operators Mµν must be hermitian, the matrices (Sµν)AB need not be.



We would like to extend these conclusions to encompass the full set of eqs. (33.11–33.13). 

In order to do so, it is helpful to define some nonhermitian operators whose physical significance is 
obscure, but which simplify the commutation relations. 

If we restrict our attention to eq. (33.11) alone, we know (from standard results in the quantum 
mechanics of angular momentum) that we can find three (2j+1) × (2j+1) hermitian matrices 𝒯1, 𝒯2, and 
𝒯3  that obey eq. (33.11), and that the eigenvalues of (say) 𝒯3 are −j, −j+1,…, +j, where j has the possible 
values 0, 1/2 , 1,.... 

We further know that these matrices constitute all of the inequivalent, irreducible representations of the
Lie algebra of SO(3), the rotation group in three dimensions. 

Inequivalent means not related by a unitary transformation; irreducible means cannot be made 
block-diagonal by a unitary transformation. 

(The standard derivation assumes that the matrices are hermitian, but allowing nonhermitian matrices 
does not enlarge the set of solutions.) 

Also, when j is a half integer, a rotation by 2π results in an overall minus sign; these representations of 
the Lie algebra of SO(3) are therefore actually not representations of the group SO(3), since a 2π rotation 
should be equivalent to no rotation. 

As we saw in section 24, the Lie algebra of SO(3) is the same as the Lie algebra of SU(2); the                 
half-integer representations of this Lie algebra do qualify as representations of the group SU(2).



These are

In terms of Ni and N†i, eqs. (33.11–33.13) become

(33.16)

We see that we have two different SU(2) Lie algebras that are exchanged by hermitian conjugation. 

As we just discussed, a representation of the SU(2) Lie algebra is specified by an integer or half integer; 
we therefore conclude that a representation of the Lie algebra of the Lorentz group in four spacetime 
dimensions is specified by two integers or half-integers n and n′.
.

We will label these representations as (2n+1, 2n′+1); the number of components of a representation is 
then (2n+1)(2n′+1). 

Different components within a representation can also be labeled by their angular momentum 
representations.

To do this, we first note that, from eqs. (33.16) and (33.17), we have Ji = Ni + N†i.

(33.17)

(33.18)
(33.19)
(33.20)



The general result is that the allowed values of j are |n−n′|, |n−n′|+1,…, n+n′, and each of these values 
appears exactly once.

The four simplest and most often encountered representations are (1,1), (2,1), (1,2), and (2,2). 

These are given special names:

It may seem a little surprising that (2,2) is to be identified as the vector representation. 

To see that this must be the case, we first note that the vector representation is irreducible: all the 
components of a four-vector mix with each other under a general Lorentz transformation. 

Secondly, the vector representation has four components. 

The only candidate irreducible representations are (4,1), (1,4), and (2,2). 

The first two of these contain angular momenta j = 3/2 only, whereas (2,2) contains j = 0 and j = 1.

(33.21)

Thus, deducing the allowed values of j given n and n′ becomes a standard problem in the addition of     
angular momenta.



In order to gain a better understanding of what it means for (2,2) to be the vector representation, we must 
first investigate the spinor representations (1,2) and (2,1), which contain angular momenta j =1/2 only.

34 Left- and Right-Handed Spinor Fields

For an infinitesimal transformation Λµν = δµν + δωµν, we can write

This is just right for a four-vector, whose time component is a scalar under spatial rotations, and whose 
space components are a three-vector.

(34.1)

Consider a left-handed spinor field ψa(x), also known as a left-handed Weyl field, which is in the (2,1) 
representation of the Lie algebra of the Lorentz group. 

Here the index  a  is a left-handed spinor index that takes on two possible values. 

Under a Lorentz transformation, we have

where Lab(Λ) is a matrix in the (2,1) representation. 

These matrices satisfy the group composition rule

(34.2)

(34.3)



where (SLµν)ab = − (SLνµ)ab is a set of 2 × 2 matrices that obey the same commutation relations as the 
generators Mµν, namely

Using
(34.4)

Recall that the (2,1) representation of the Lorentz group includes angular momentum j = 1/2 only. 

For a spin-one-half operator, the standard convention is that the matrix on the right-hand side of eq. 
(34.7) is 1/2 εijkσk, where we have suppressed the row index  a  and the column index  b , and where σk is 
a Pauli matrix:

eq. (34.1) becomes

where 𝓛µν =1/i(xµ∂ν− xν∂µ). 

The 𝓛µν term in eq. (34.6) would also be present for a scalar field, and is not the focus of our current 
interest; we will suppress it by evaluating the fields at the spacetime origin, xµ = 0. 

Recalling that Mij = εijkJk, where Jk is the angular momentum operator, we have

(34.5)

(34.6)

(34.7)



Thus, for example, setting i =1 and j =2 yields (SL12)ab =12 ε12kσk =1/2 σ3, and so (SL12)11 = + 1/2,  
(SL12)22 = −1/2 , and (SL12)12 = (SL12)21 = 0.

Once we have the (2,1) representation matrices for the angular momentum operator Ji, we can easily get 
them for the boost operator Kk = Mk0.

This is because Jk = Nk + N†k and Kk = i(Nk− N†k), and, acting on a field in the (2,1) representation, N†k 
is zero. 

Therefore, the representation matrices for Kk are simply i times those for Jk, and so

We therefore conclude that

(34.10)

(34.8)

Now consider taking the hermitian conjugate of the left-handed spinor field ψa(x). 

Recall that hermitian conjugation swaps the two SU(2) Lie algebras that comprise the Lie algebra of the 
Lorentz group. 

Therefore, the hermitian conjugate of a field in the (2,1) representation should be a field in the (1,2) 
representation; such a field is called a right-handed spinor field or a right-handed Weyl field.



where       (Λ) is a matrix in the (1,2) representation. 

These matrices satisfy the group composition rule

Under a Lorentz transformation, we have

where                                   is a set of 2 × 2 matrices that obey the same commutation relations as the 
generators Mµν. 

We then have

For an infinitesimal transformation Λµν = δµν + δωµν, we can write

(34.11)

We will distinguish the indices of the (1,2) representation from those of the (2,1) representation by 
putting dots over them. 

Thus, we write

(34.12)

<latexit sha1_base64="lvqeryamk+qtmEnCrIk26AkMRGY=">AAACGnicbVDJSgNBFOyJW4zbqEcRGoPgKcyIxBwDXjxGMQskMfR0XpImPQvdb8QwzMnf8Ae86h94E69e/AG/w85yMIkFDUXVK97r8iIpNDrOt5VZWV1b38hu5ra2d3b37P2Dmg5jxaHKQxmqhsc0SBFAFQVKaEQKmO9JqHvDq7FffwClRRjc4SiCts/6gegJztBIHfv4tpO0uiEmLE3vkxbCIyY0nShemnbsvFNwJqDLxJ2RPJmh0rF/TJTHPgTIJdO66ToRthOmUHAJaa4Va4gYH7I+NA0NmA+6nUy+kdJTo3RpL1TmBUgn6t9EwnytR75nJn2GA73ojcX/vGaMvVI7EUEUIwR8uqgXS4ohHXdCu0IBRzkyhHElzK2UD5hiHE1zc1s8xYaAac4U4y7WsExq5wW3WCjeXOTLpVlFWXJETsgZccklKZNrUiFVwskTeSGv5M16tt6tD+tzOpqxZplDMgfr6xfgB6Jn</latexit>

R ḃ
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Taking the hermitian conjugate of this equation, we get

Comparing this with eq. (34.6), we see that

To answer this question, recall from quantum mechanics that two spin-one-half particles can be in a state 
of total spin zero, or total spin one.

In the previous section, we examined the Lorentz-transformation properties of a field carrying two vector 
indices. 

To help us get better acquainted with the properties of spinor indices, let us now do the same for a field 
that carries two (2,1) indices. 

Call this field Cab(x). Under a Lorentz transformation, we have

The question we wish to address is whether or not the four components of Cab  can be grouped into 
smaller sets that do not mix with each other under Lorentz transformations.

(34.15)

(34.16)

(34.17)

(34.18)



Furthermore, the single spin-zero state is the unique antisymmetric combination of the two spin-one-half 
states, and the three spin-one states are the three symmetric combinations of the two spin-one-half states. 

We can write this schematically as 2 ⊗ 2 = 1A ⊕ 3S, where we label the representation of SU(2) by the 
number of its components, and the subscripts S and A indicate whether that representation appears in the 
symmetric or anti-symmetric combination of the two 2’s. 

For the Lorentz group, the relevant relation is (2,1) ⊗ (2,1) = (1,1)A ⊕ (3,1)S . 

This implies that we should be able to write

where D(x) is a scalar field, εab = −εba is an antisymmetric set of constants, and Gab(x) = Gba(x). 

The symbol εab is uniquely determined by its symmetry properties up to an overall constant; we will 
choose ε21 = −ε12 = +1.

Since D(x) is a Lorentz scalar, eq. (34.19) is consistent with eq. (34.18) only if

This means that εab is an invariant symbol of the Lorentz group: it does not change under a Lorentz 
transformation that acts on all of its indices.

In this way, εab is analogous to the metric gµν, which is also an invariant symbol, since

(34.19)

(34.20)



We use gµν and its inverse gµν to raise and lower vector indices, and we can use εab and and its inverse εab 
to raise and lower left-handed spinor indices. 

Here we define εab via

With this definition, we have

(34.21)

We can then define

We also have (suppressing the spacetime argument of the field)

(34.22)

as we would expect. 

However, the antisymmetry of εab means that we must be careful with minus signs; for example, eq. 
(34.24) can be written in various ways, such as

(34.23)

(34.24)

(34.25)

(34.26)



We must also be careful about signs when we contract indices, since

(34.27)

In section 35, we will (mercifully) develop an index-free notation that automatically keeps track of these 
essential (but annoying) minus signs.

An exactly analogous discussion applies to the second SU(2) factor; from the group-theoretic relation 
(1,2) ⊗ (1,2) = (1,1)A ⊕ (1,3)S, we can deduce the existence of an invariant symbol                             . 

We will normalize          according to eq. (34.22). 

Then eqs. (34.23–34.27) hold if all the undotted indices are replaced by dotted indices.

Now consider a field carrying one undotted and one dotted index,         (x).

Such a field is in the (2,2) representation, and in section 33 we concluded that the (2,2) representation 
was the vector representation. 

We would more naturally write a field in the vector representation as Aµ(x). 

There must, then, be a dictionary that gives us the components of         (x) in terms of the components of 
Aµ(x); we can write this as

(34.28)
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where         is another invariant symbol. 

That such a symbol must exist can be deduced from the group-theoretic relation

(34.29)

Another invariant symbol, the Levi-Civita symbol, follows from

As we will see in section 35, it turns out to be consistent with our already
established conventions for SLµν and SRµν to choose

Thus, for example,                                                              .

In general, whenever the product of a set of representations includes the singlet, there is a corresponding 
invariant symbol. 

For example, we can deduce the existence of gµν = gνµ from

where the subscript A denotes the completely antisymmetric part.
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aȧ

(34.30)

<latexit sha1_base64="s2VxS7TsOrzUkHBn20yUmZZwMGk="></latexit>

ω3
11̇ = +1,ω3

22̇ = →1,ω3
12̇ = ω3

21̇ = 0

(34.31)

(34.32)



The Levi-Civita symbol is εµν𝜌σ, which is antisymmetric on exchange of any pair of its indices, and is 
normalized via ε0123 = +1. 

To see that εµν𝜌σ is invariant, we note that ΛµαΛνβΛ𝜌γΛσδεαβγδ is antisymmetric on exchange
of any two of its uncontracted indices, and therefore must be proportional to εµν𝜌σ. 

The constant of proportionality works out to be det Λ, which is +1 for a proper Lorentz transformation.

We are finally ready to answer a question we posed at the beginning of section 33. 

There we considered a field Bµν(x) carrying two vector indices, and we decomposed it as

(34.33)

where Aµν is antisymmetric (Aµν = −Aνµ) and Sµν is symmetric (Sµν = Sνµ) and traceless (gµνSµν = 0). 

We asked whether further decomposition into still smaller irreducible representations was possible. 

The answer to this question can be found in eq. (34.31). 

Obviously, T(x) corresponds to (1,1), and Sµν(x) to (3,3). 

But, according to eq. (34.31), the antisymmetric field Aµν(x) should correspond to (3,1) ⊕ (1,3). 



This mapping is provided by the generator matrices SLµν and SRµν. 

We first note that the Pauli matrices are traceless, and so eqs. (34.9) and (34.10) imply that (SLµν)aa = 0. 

Using eq. (34.24), we can rewrite this as εab(SLµν)ab = 0. 

Since εab is antisymmetric, (SLµν)ab must be symmetric on exchange of its two spinor indices. 

An identical argument shows that (SRµν)ab  must be symmetric on exchange of its two spinor indices. 

Furthermore, according to eqs. (34.9) and (34.10), we have

This can be written covariantly with the Levi-Civita symbol as

(34.34)

A field in the (3,1) representation carries a symmetric pair of left-handed (undotted) spinor indices; its 
hermitian conjugate is a field in the (1,3) representation that carries a symmetric pair of right-handed 
(dotted) spinor indices. 

We should, then, be able to find a mapping, analogous to eq. (34.28), that gives Aµν(x) in terms of a           
field               and its hermitian conjugate               .
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Similarly,

Eq. (34.36) follows from taking the complex conjugate of eq. (34.35) and using eq. (34.17).

Now, given a field Gab(x) in the (3,1) representation, we can map it into a self-dual antisymmetric tensor 
Gµν(x) via

By self-dual, we mean that Gµν(x) obeys

which is anti-self-dual,

(34.36)

Taking the hermitian conjugate of eq. (34.37), and using eq. (34.17), we get

(34.41)

(34.37)

(34.38)

(34.39)

(34.40)

Given a hermitian antisymmetric tensor field Aµν(x), we can extract its self-dual and anti-self-dual parts 
via

(34.42)



Then we have

The field Gµν(x) is in the (3,1) representation, and the field          (x) is in the (1,3) representation; these 
do not mix under Lorentz transformations.

(34.43)

35 Manipulating Spinor Indices

are the Pauli matrices.
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G†µω

We use the ε symbols to raise and lower spinor indices, contracting the second index on the ε. 

If we contract the first index instead, then there is an extra minus sign.

Another invariant symbol is

where I is the 2 × 2 identity matrix, and
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Now let us consider some combinations of invariant symbols with some indices contracted, such                
as                      . 

This object must also be invariant.

Then, since it carries two undotted and two dotted spinor indices, it must be proportional to εab      . 

Using eqs. (35.1) and (35.2), we can laboriously check this; it turns out to be correct. 

The proportionality constant works out to be minus two:

Similarly, εab                    must be proportional to gµν, and the proportionality constant is again minus 
two:

(35.4)

Next, let’s see what we can learn about the generator matrices                   and                     from the fact 
that εab,      , and             are all invariant symbols.

Begin with

which expresses the Lorentz invariance of εab. 

For an infinitesimal transformation Λµν = δµν + δωµν, we have
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gµωω
µ
aȧω

ω
bḃ

<latexit sha1_base64="pIr/9WOd+QdjmAlFscUUrdAAyVg=">AAACGnicbVDLSgNBEJz1GeMr6lGEwSB4CrsimmPAi8cIJgrJEnonHR0y+2CmVwjLnvwNf8Cr/oE38erFH/A7nCR70MSCYWqqu+ieChIlDbnul7OwuLS8slpaK69vbG5tV3Z22yZOtcCWiFWsbwMwqGSELZKk8DbRCGGg8CYYXozrNw+ojYyjaxol6IdwF8mBFEBW6lUOug+gMTFS2VfW7ceUQc4nd5DnvUrVrbkT8HniFaTKCjR7lW9rFWmIEQkFxnQ8NyE/A01SKMzL3dRgAmIId9ixNIIQjZ9NvpHzI6v0+SDW9kTEJ+pvRwahMaMwsJ0h0L2ZrY3F/2qdlAZ1P5NRkhJGYjpokCpOMR9nwvtSoyA1sgSElnZXLu5BgyCb3J8pgYYhUl62wXizMcyT9knNO6udXZ1WG/UiohLbZ4fsmHnsnDXYJWuyFhPskT2zF/bqPDlvzrvzMW1dcArPHvsD5/MHqWqiRQ==</latexit>ωȧḃ

<latexit sha1_base64="1+YLZ1/JVlIQ6fk42lJOPQSwBnE="></latexit>

ωȧḃεµ
aȧε

ω
bḃ

(35.5)

<latexit sha1_base64="r+WMIOTMhW6tyEq2wImD11FUVdI=">AAACGnicbVDLSgMxFM34rPVVdSlCsAiuyoxI7bLgxqWC1UJby530VkMzmSG5UyjDrPwNf8Ct/oE7cevGH/A7TGsXWj0QcjjnHm5ywkRJS77/4c3NLywuLRdWiqtr6xubpa3tKxunRmBDxCo2zRAsKqmxQZIUNhODEIUKr8PB6di/HqKxMtaXNEqwE8Gtln0pgJzULe21h2AwsVLF+iZr92LKIOeTO8zzbqnsV/wJ+F8STEmZTXHeLX26qEgj1CQUWNsK/IQ6GRiSQmFebKcWExADuMWWoxoitJ1s8o2cHzilx/uxcUcTn6g/ExlE1o6i0E1GQHd21huL/3mtlPq1TiZ1khJq8b2onypOMR93wnvSoCA1cgSEke6tXNyBAUGuuV9bQgMDpLzoiglma/hLro4qQbVSvTgu12vTigpsl+2zQxawE1ZnZ+ycNZhg9+yRPbFn78F78V69t+/ROW+a2WG/4L1/AafBokQ=</latexit>

ωȧḃ
<latexit sha1_base64="z/K8In3r0IZysbK9fivnV5IyLRY=">AAACFHicbVC7SgNBFJ31GeNr1cLCZjAIVmFXJKYM2FhGMA9IYrg7mSRDZnaXmbtCWPY3/AFb/QM7sbX3B/wOJ4/CJB4YOJxzD/fOCWIpDHret7O2vrG5tZ3bye/u7R8cukfHdRMlmvEai2SkmwEYLkXIayhQ8masOahA8kYwup34jSeujYjCBxzHvKNgEIq+YIBW6rqnbSMGCh7bKummQNu9CFPIMtp1C17Rm4KuEn9OCmSOatf9sVmWKB4ik2BMy/di7KSgUTDJs3w7MTwGNoIBb1kaguKmk04/kNELq/RoP9L2hUin6t9ECsqYsQrspAIcmmVvIv7ntRLslzupCOMEechmi/qJpBjRSRu0JzRnKMeWANPC3krZEDQwtJ0tbAk0jDhmeVuMv1zDKqlfFf1SsXR/XaiU5xXlyBk5J5fEJzekQu5IldQIIxl5Ia/kzXl23p0P53M2uubMMydkAc7XL6Dwnvc=</latexit>

ωµ
aȧ

<latexit sha1_base64="VaeFqjhXDl4FpayuBnF89N9H4sc=">AAACD3icbVDLSsNAFJ34rPUV69JNsAh1UxKR2mXBjQsXFe0DmjRMppN26GQS5iGWkI/wB9zqH7gTt36CP+B3OG2zsK0HLhzOuZdzOUFCiZC2/W2srW9sbm0Xdoq7e/sHh+ZRqS1ixRFuoZjGvBtAgSlhuCWJpLibcAyjgOJOML6e+p1HzAWJ2YOcJNiL4JCRkCAoteSbpcq9f9tP3Ui5TGXnPuwHvlm2q/YM1ipxclIGOZq++eMOYqQizCSiUIieYyfSSyGXBFGcFV0lcALRGA5xT1MGIyy8dPZ7Zp1pZWCFMdfDpDVT/16kMBJiEgV6M4JyJJa9qfif11MyrHspYYmSmKF5UKioJWNrWoQ1IBwjSSeaQMSJ/tVCI8ghkrquhZSAwzGWWVEX4yzXsEraF1WnVq3dXZYb9byiAjgBp6ACHHAFGuAGNEELIPAEXsAreDOejXfjw/icr64Z+c0xWIDx9Qv3r5xq</latexit>

(Sµω
L )ba

<latexit sha1_base64="QD8m8x8zdaTqGBPTZ/WS+mZ+MhE=">AAACH3icbVDLTsJAFJ3iC/FVdemmgZjghrTGIEsSNy7xAZLQ0kyHASZMp83MrQlpuvc3/AG3+gfujFt+wO9weCwEPMkkJ+fck3vnBDFnCmx7YuQ2Nre2d/K7hb39g8Mj8/ikpaJEEtokEY9kO8CKciZoExhw2o4lxWHA6VMwupn6T89UKhaJRxjH1AvxQLA+Ixi05JvF8oN/303dMHFFkl34qduLIMVZ1p2zIMt8s2RX7BmsdeIsSAkt0PDNHx0lSUgFEI6V6jh2DF6KJTDCaVZwE0VjTEZ4QDuaChxS5aWzv2TWuVZ6Vj+S+gmwZurfRIpDpcZhoCdDDEO16k3F/7xOAv2alzIRJ0AFmS/qJ9yCyJoWY/WYpAT4WBNMJNO3WmSIJSag61vaEkg8opAVdDHOag3rpHVZcaqV6t1VqV5bVJRHZ6iIyshB16iOblEDNRFBL+gNvaMP49X4NL6M7/lozlhkTtESjMkvXGqkNg==</latexit>

(Sµω
R )ḃȧ

(35.6)



(35.7)

and eq. (35.6) becomes

Since eq. (35.8) holds for any choice of δωµν, it must be that the factor in square brackets vanishes. 

Thus we conclude that  (SLµν)ab  = (SLµν)ba, which we had already deduced in section 34 by a different 
method. 

Similarly, starting from the Lorentz invariance of , we can show that                                   .

Next, start from

<latexit sha1_base64="r+WMIOTMhW6tyEq2wImD11FUVdI=">AAACGnicbVDLSgMxFM34rPVVdSlCsAiuyoxI7bLgxqWC1UJby530VkMzmSG5UyjDrPwNf8Ct/oE7cevGH/A7TGsXWj0QcjjnHm5ywkRJS77/4c3NLywuLRdWiqtr6xubpa3tKxunRmBDxCo2zRAsKqmxQZIUNhODEIUKr8PB6di/HqKxMtaXNEqwE8Gtln0pgJzULe21h2AwsVLF+iZr92LKIOeTO8zzbqnsV/wJ+F8STEmZTXHeLX26qEgj1CQUWNsK/IQ6GRiSQmFebKcWExADuMWWoxoitJ1s8o2cHzilx/uxcUcTn6g/ExlE1o6i0E1GQHd21huL/3mtlPq1TiZ1khJq8b2onypOMR93wnvSoCA1cgSEke6tXNyBAUGuuV9bQgMDpLzoiglma/hLro4qQbVSvTgu12vTigpsl+2zQxawE1ZnZ+ycNZhg9+yRPbFn78F78V69t+/ROW+a2WG/4L1/AafBokQ=</latexit>

ωȧḃ

which expresses the Lorentz invariance of               . 

For an infinitesimal transformation, we have

(35.8)

<latexit sha1_base64="gwI1jGichSjKSwl3NM0BoLNYXww=">AAACPnicbVDLTgIxFO3gC/GFunTTSEx0Q2aMQTYmGDcu8QGYAE46pUhDpzNp75iQSb/H3/AH3Gr8AXbGrUsLzELUmzQ9OY/c9gSx4Bpc993JLSwuLa/kVwtr6xubW8XtnaaOEkVZg0YiUncB0UxwyRrAQbC7WDESBoK1guHFRG89MqV5JG9hFLNuSB4k73NKwFJ+8fzw5j7thAnuyMT410d+2ulFkBIzvQJjzv43BCbzGb9YcsvudPBf4GWghLKp+8WxjdIkZBKoIFq3PTeGbkoUcCqYKXQSzWJCh+SBtS2UJGS6m06/avCBZXq4Hyl7JOAp+zORklDrURhYZ0hgoH9rE/I/rZ1Av9pNuYwTYJLOFvUTgSHCk95wjytGQYwsIFRx+1ZMB0QRCrbduS2BIkMGpmCL8X7X8Bc0j8tepVy5OinVqllFebSH9tEh8tApqqFLVEcNRNETekGv6M15dsbOh/M5s+acLLOL5sb5+garhbEL</latexit>

(Sµω
R )ȧḃ = (Sµω

R )ḃȧ

<latexit sha1_base64="YdE8BqtJ89/WQvAMrOrP/DdEc7M=">AAACFHicbVC7SgNBFJ31GeNr1cLCZjAIVmFXJKYM2FhGMA/IxnB3MkmGzD6YuSuEZX/DH7DVP7ATW3t/wO9wkmxhEg8MHM65h3vn+LEUGh3n21pb39jc2i7sFHf39g8O7aPjpo4SxXiDRTJSbR80lyLkDRQoeTtWHAJf8pY/vp36rSeutIjCB5zEvBvAMBQDwQCN1LNPPS2GATx6ahT1UqBeP8IUsqxnl5yyMwNdJW5OSiRHvWf/mChLAh4ik6B1x3Vi7KagUDDJs6KXaB4DG8OQdwwNIeC6m84+kNELo/TpIFLmhUhn6t9ECoHWk8A3kwHgSC97U/E/r5PgoNpNRRgnyEM2XzRIJMWITtugfaE4QzkxBJgS5lbKRqCAoelsYYuvYMwxK5pi3OUaVknzquxWypX761KtmldUIGfknFwSl9yQGrkjddIgjGTkhbySN+vZerc+rM/56JqVZ07IAqyvXxIknz4=</latexit>

ωω
aȧ



where

(35.10)

Substituting eqs. (35.10–35.13) into eq. (35.9) and isolating the coefficient of δωµν  yields

If we multiply eq. (35.16) by            , and remember that                               and that                          , we 
get  a formula for (SLµν)ac, namely

Now multiply by          to get

Next use eq. (35.4) in each of the last two terms to get

(35.11)

(35.12)

(35.13)

<latexit sha1_base64="xEEFU/LrjIoROg2E/e1D3hla5NE=">AAACFHicbVC7SgNBFJ2NrxhfqxYWNoNBsAq7IjFlwMYygnlANoS7k0kyZPbBzF0hLPsb/oCt/oGd2Nr7A36Hk2QLk3hg4HDOPdw7x4+l0Og431ZhY3Nre6e4W9rbPzg8so9PWjpKFONNFslIdXzQXIqQN1Gg5J1YcQh8ydv+5G7mt5+40iIKH3Ea814Ao1AMBQM0Ut8+87QYBdBPPTWOKFBvEGEKWda3y07FmYOuEzcnZZKj0bd/TJQlAQ+RSdC66zox9lJQKJjkWclLNI+BTWDEu4aGEHDdS+cfyOilUQZ0GCnzQqRz9W8ihUDraeCbyQBwrFe9mfif101wWOulIowT5CFbLBomkmJEZ23QgVCcoZwaAkwJcytlY1DA0HS2tMVXMOGYlUwx7moN66R1XXGrlerDTbleyysqknNyQa6IS25JndyTBmkSRjLyQl7Jm/VsvVsf1uditGDlmVOyBOvrF61CnwA=</latexit>ωωaȧ

(35.14)

(35.15)

(35.16)

<latexit sha1_base64="ceRU+S7RqwDPp2WiQa5taNORDJw=">AAACGXicbVDLSsNAFJ34rPVVdamLYBFclUSkuiy4calgVWhjuZnetkMnkzBzI5SQjb/hD7jVP3Anbl35A36H05qFtR4Y5nDOPdyZEyZSGPK8T2dufmFxabm0Ul5dW9/YrGxtX5s41RybPJaxvg3BoBQKmyRI4m2iEaJQ4k04PBv7N/eojYjVFY0SDCLoK9ETHMhKncpe+x40JkbIWN1l7W5MGeSTi+d5p1L1at4E7izxC1JlBS46lS8b5WmEirgEY1q+l1CQgSbBJebldmowAT6EPrYsVRChCbLJL3L3wCpdtxdrexS5E/V3IoPImFEU2skIaGD+emPxP6+VUu80yIRKUkLFfxb1UulS7I4rcbtCIyc5sgS4FvatLh+ABk62uKktoYYhUl62xfh/a5gl10c1v16rXx5XG6dFRSW2y/bZIfPZCWuwc3bBmoyzB/bEntmL8+i8Om/O+8/onFNkdtgUnI9vR5qiGw==</latexit>

ωȧċ
<latexit sha1_base64="K65ETOgA+vsi6CDFlfj8Qdd0kRA="></latexit>

ωȧċ(Sµω
R )ȧċ = 0

<latexit sha1_base64="ZvEG1hU71op1dewZmU6HMRg4hUI=">AAACOXicbVDLSgMxFM34tr6qLt0Ei+DGMiOiLhQKblwqWCu0tdxJbzU0kxmSO4UyzM/4G/6AW925dCPi1h8wrV3Y6oGQwzn3cJMTJkpa8v1Xb2p6ZnZufmGxsLS8srpWXN+4tnFqBFZFrGJzE4JFJTVWSZLCm8QgRKHCWtg9G/i1HhorY31F/QSbEdxp2ZECyEmt4kmjBwYTK1Wsb7NGO6YM8uEl8vyX15r0TvnefqtY8sv+EPwvCUakxEa4aBXfXVykEWoSCqytB35CzQwMSaEwLzRSiwmILtxh3VENEdpmNvxlznec0uad2LijiQ/V34kMImv7UegmI6B7O+kNxP+8ekqd42YmdZISavGzqJMqTjEfVMbb0qAg1XcEhJHurVzcgwFBrtixLaGBLlJecMUEkzX8Jdf75eCwfHh5UKocjypaYFtsm+2ygB2xCjtnF6zKBHtgT+yZvXiP3pv34X3+jE55o8wmG4P39Q11/bAH</latexit>

ωȧċωȧċ = →2



These formulae can be made to look a little nicer if we define

Similarly, if we multiply eq. (35.16) by εac, we get

Numerically, it turns out that

(35.17)

Using        , we can write eqs. (35.17) and (35.18) as

In eq. (35.22), we have suppressed a contracted pair of undotted indices arranged as cc, and in eq. 
(35.21), we have suppressed a contracted pair of˙dotted indices arranged as     .

We will adopt this as a general convention: a missing pair of contracted, undotted indices is understood 
to be written as  cc , and a missing pair of˙contracted, dotted indices is understood to be written as  . 

Thus, if χ and ψ are two left-handed Weyl fields, we have

<latexit sha1_base64="XFFhclq9IB4dpWcajc04wSAHG4Q=">AAACGXicbVDJSgNBFOyJW4zbqEc9NAbBU5gRiTkGvHiMYBZIYujpvCRNeha634hhmIu/4Q941T/wJl49+QN+h51FMIkFDUXVK97r8iIpNDrOl5VZWV1b38hu5ra2d3b37P2Dmg5jxaHKQxmqhsc0SBFAFQVKaEQKmO9JqHvDq7FfvwelRRjc4iiCts/6gegJztBIHfu4k7S6ISY8Te+SFsIDJjT9VTp23ik4E9Bl4s5InsxQ6djfJspjHwLkkmnddJ0I2wlTKLiENNeKNUSMD1kfmoYGzAfdTia/SOmpUbq0FyrzAqQT9W8iYb7WI98zkz7DgV70xuJ/XjPGXqmdiCCKEQI+XdSLJcWQjiuhXaGAoxwZwrgS5lbKB0wxjqa4uS2eYkPANGeKcRdrWCa184JbLBRvLvLl0qyiLDkiJ+SMuOSSlMk1qZAq4eSRPJMX8mo9WW/Wu/UxHc1Ys8whmYP1+QM0BKIO</latexit>

ċ
ċ

(35.18)

(35.19)

(35.20)

<latexit sha1_base64="LWsJ4hJpgfuxe4kMqftaVrRAaVA=">AAACD3icbVDLSsNAFJ3UV62vWpdugkVwVRKR2mXBjcsK9gFNLZPJbTt0JgkzN2IJ+Qh/wK3+gTtx6yf4A36H08fCth64cDjnXs7l+LHgGh3n28ptbG5t7+R3C3v7B4dHxeNSS0eJYtBkkYhUx6caBA+hiRwFdGIFVPoC2v74Zuq3H0FpHoX3OImhJ+kw5APOKBqpXyx5yEUAqaf5UNLswZNJv1h2Ks4M9jpxF6RMFmj0iz9eELFEQohMUK27rhNjL6UKOROQFbxEQ0zZmA6ha2hIJeheOvs9s8+NEtiDSJkJ0Z6pfy9SKrWeSN9sSoojvepNxf+8boKDWi/lYZwghGweNEiEjZE9LcIOuAKGYmIIZYqbX202oooyNHUtpfiKjgGzginGXa1hnbQuK261Ur27Ktdri4ry5JSckQvikmtSJ7ekQZqEkSfyQl7Jm/VsvVsf1ud8NWctbk7IEqyvX0cLnTc=</latexit>

ω̃µ

(35.21)

(35.22)

<latexit sha1_base64="XFFhclq9IB4dpWcajc04wSAHG4Q=">AAACGXicbVDJSgNBFOyJW4zbqEc9NAbBU5gRiTkGvHiMYBZIYujpvCRNeha634hhmIu/4Q941T/wJl49+QN+h51FMIkFDUXVK97r8iIpNDrOl5VZWV1b38hu5ra2d3b37P2Dmg5jxaHKQxmqhsc0SBFAFQVKaEQKmO9JqHvDq7FfvwelRRjc4iiCts/6gegJztBIHfu4k7S6ISY8Te+SFsIDJjT9VTp23ik4E9Bl4s5InsxQ6djfJspjHwLkkmnddJ0I2wlTKLiENNeKNUSMD1kfmoYGzAfdTia/SOmpUbq0FyrzAqQT9W8iYb7WI98zkz7DgV70xuJ/XjPGXqmdiCCKEQI+XdSLJcWQjiuhXaGAoxwZwrgS5lbKB0wxjqa4uS2eYkPANGeKcRdrWCa184JbLBRvLvLl0qyiLDkiJ+SMuOSSlMk1qZAq4eSRPJMX8mo9WW/Wu/UxHc1Ys8whmYP1+QM0BKIO</latexit>

ċ
ċ



We expect Weyl fields to describe spin-one-half particles, and (by the spin-statistics theorem) these 
particles must be fermions. 

Therefore the corresponding fields must anticommute, rather than commute. 

That is, we should have

Thus we can rewrite eq. (35.23) as

(25.23)

The second equality follows from anticommutation of the fields, and the third from switching      to       
(which introduces an extra minus sign). 

Eq. (35.25) tells us that χψ = ψχ, which is a nice feature of this notation. 

Furthermore, if we take the hermitian conjugate of χψ, we get

That (χψ)†= ψ†χ† is just what we would expect if we ignored the indices completely. 

Of course, by analogy with eq. (35.25), we also have ψ†χ† = χ†ψ†.

(25.24)

(25.25)
<latexit sha1_base64="Y0kI6vANpA62CWtHoqOBhfDQpn4=">AAACDXicbVDLSgNBEJz1GeNr1aOXwSB4CrsiMceAF48RjBGSGHonHR0y+2CmNxiW/QZ/wKv+gTfx6jf4A36Hk2QPvgoaiqpuqqkgUdKQ5304C4tLyyurpbXy+sbm1ra7s3tl4lQLbIlYxfo6AINKRtgiSQqvE40QBgrbwehs6rfHqI2Mo0uaJNgL4TaSQymArNR33X4G+U3WJbynjOeQ992KV/Vm4H+JX5AKK9Dsu5/dQSzSECMSCozp+F5CvQw0SaEwL3dTgwmIEdxix9IIQjS9bPZ5zg+tMuDDWNuJiM/U7xcZhMZMwsBuhkB35rc3Ff/zOikN671MRklKGIl50DBVnGI+rYEPpEZBamIJCC3tr1zcgQZBtqwfKYGGEVJetsX4v2v4S66Oq36tWrs4qTTqRUUlts8O2BHz2SlrsHPWZC0m2Jg9sif27Dw4L86r8zZfXXCKmz32A877F7K5nFw=</latexit> a
a

<latexit sha1_base64="B8y9xh+iLctfOLFqaXLK45aHnIs=">AAACDnicbVBLTgJBEO3xi/gbdOmmIzFxRWaMQZYkblxiIp8EkPQ0BXTo+aS7RiWTuYMXcKs3cGfcegUv4DlsYBYCvqSSV+9VpSrPi6TQ6Djf1tr6xubWdm4nv7u3f3BoF44aOowVhzoPZahaHtMgRQB1FCihFSlgvieh6Y2vp37zAZQWYXCHkwi6PhsGYiA4QyP17MJ9wtJe0kF4woSm1DR20Sk5M9BV4makSDLUevZPpx/y2IcAuWRat10nwm7CFAouIc13Yg0R42M2hLahAfNBd5PZ6yk9M0qfDkJlKkA6U/9uJMzXeuJ7ZtJnONLL3lT8z2vHOKh0ExFEMULA54cGsaQY0mkOtC8UcJQTQxhXwvxK+YgpxtGktXDFU2wMmOZNMO5yDKukcVFyy6Xy7WWxWskiypETckrOiUuuSJXckBqpE04eyQt5JW/Ws/VufVif89E1K9s5Jguwvn4BEQOchg==</latexit>a
a

(25.26)



In order to tell whether a spinor field is left-handed or right-handed when its spinor index is suppressed, 
we will adopt the convention that a right-handed field is always written as the hermitian conjugate of a 
left-handed field. 

Thus, a right-handed field is always written with a dagger, and a left-handed field is always written 
without a dagger. 

Let’s try computing the hermitian conjugate of something a little more complicated:

(35.27)

This behaves like a vector field under Lorentz transformations,

To avoid clutter, we suppressed the spacetime argument of the fields; as usual, it is x on the left-hand 
side and Λ−1x on the right. 

The hermitian conjugate of eq. (35.27) is

In the third line, we used the hermiticity of the matrices                            .

We will get considerably more practice with this notation in the following sections.

(35.28)

(35.29)

<latexit sha1_base64="b77GDa4bbFaeAbeqD5pQvPnzreo=">AAACIXicbVDJSgNBEO2JW4zbqEcvjVGIoGFGJOYiBLzoLYJZIBNDTacTm3TPDN09QhjyA/6GP+BV/8CbeBPvfoed5ZDFBwWP96qoqudHnCntON9Waml5ZXUtvZ7Z2Nza3rF396oqjCWhFRLyUNZ9UJSzgFY005zWI0lB+JzW/N710K89UalYGNzrfkSbAroB6zAC2kgt+8jzQSaeYl0BgwdPxPgK525Pz6blk5addfLOCHiRuBOSRROUW/av1w5JLGigCQelGq4T6WYCUjPC6SDjxYpGQHrQpQ1DAxBUNZPRNwN8bJQ27oTSVKDxSJ2eSEAo1Re+6RSgH9W8NxT/8xqx7hSbCQuiWNOAjBd1Yo51iIfR4DaTlGjeNwSIZOZWTB5BAtEmwJktvoQe1YOMCcadj2GRVM/zbiFfuLvIloqTiNLoAB2iHHLRJSqhG1RGFUTQM3pFb+jderE+rE/ra9yasiYz+2gG1s8fYk6jdA==</latexit>

ω̄µ = (I,→ω̄)



36 Lagrangians for Spinor Fields

Suppose we have a left-handed spinor field ψa. 

We would like to find a suitable lagrangian for it. 

This lagrangian must be Lorentz invariant, and it must be hermitian. 

We would also like it to be quadratic in ψa and its hermitian conjugate ψa†, because this will lead to a 
linear equation of motion, with plane-wave solutions. 

We want plane-wave solutions because these describe free particles, the starting point for a theory of 
interacting particles.

Let us begin with terms with no derivatives. 

The only possibility is ψψ= ψaψa = εabψbψa, plus its hermitian conjugate. 

Because of anticommutation of the fields (ψbψa = −ψaψb), this expression does not vanish (as it would if 
the fields commuted), and so we can use it as a term in 𝓛.

Next we need a term with derivatives. 

The obvious choice is ∂µψ∂µψ, plus its hermitian conjugate. 

This, however, yields a hamiltonian that is unbounded below, which is unacceptable.



 In the third line, we used the hermiticity of the matrices    µ = (I, -   ).

Our complete lagrangian for ψ is then

(36.1)

To get a bounded hamiltonian, the kinetic term must involve both ψ and ψ†. 

A candidate is  iψ†   µ∂µψ.

This not hermitian, but
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ωε

In the fourth line, we used  −(∂A)B= A∂B− ∂(AB). 

In the last line, the second term is a total divergence, and vanishes (with suitable boundary conditions on 
the fields at infinity) when we integrate it over d4

 x to get the action S. 

Thus                     has the hermiticity properties necessary for a term in 𝓛.



The equation of motion for ψ is then

where m is a complex parameter with dimensions of mass. 

The phase of m is actually irrelevant: if m =           , we can set ψ =                    in eq. (36.2); then we get 
a lagrangian for      that is identical to eq. (36.2), but with m replaced by |m|. 

So we can, without loss of generality, take m to be real and positive in the first place, and that is what we 
will do, setting m∗  = m in eq. (36.2)

Restoring the spinor indices, this reads

(36.2)

Taking the hermitian conjugate (or, equivalently, computing −δS/δψ), we get
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(36.3)

(36.4)

(36.5)



In the second line, we used the hermiticity of the matrices                         .

In the third, we lowered the undotted index, and switched                    which gives an extra minus sign.

Eqs. (36.5) and (36.4) can be combined to read

We can write this more compactly by introducing the 4×4 gamma matrices

(36.6)

Using the sigma-matrix relations,

(36.7)

which are most easily derived from the numerical formulae                        and                            we see 
that the gamma matrices obey

(36.8)

(36.9)

where {A,B} ≡ AB+ BA denotes the anticommutator, and there is an understood 4 × 4 identity matrix on 
the right-hand side.



This is the Dirac equation. 

We first encountered it in section 1, where the gamma matrices were given different names (β = γ0 and   
αk = γ0γk). 

Also, in section 1 we were trying (and failing) to interpret Ψ as a wave function, rather than as a 
quantum field.

We also introduce a four-component Majorana field

(36.10)

where the spinor indices are suppressed and i = 1, 2 is implicitly summed.

As in the analogous case of two scalar fields discussed in sections 22 and 23, this lagrangian is invariant 
under the SO(2) transformation

Then eq. (36.6) becomes

Now consider a theory of two left-handed spinor fields with an SO(2) symmetry,

We can write the lagrangian so that the SO(2) symmetry appears as a U(1) symmetry instead; let

(36.11)

(36.12)



In terms of these fields, we have

Eq. (36.16) is invariant under the U(1) version of eq. (36.13),

Next, let us derive the equations of motion that we get from eq. (36.16), following the same procedure 
that ultimately led to eq. (36.6). 

The result is

We can now define a four-component Dirac field

(36.14)

(36.15)

(36.16)

(36.17)

(36.18)

(36.19)



which obeys the Dirac equation, eq. (36.11). 

We have annoyingly used the same symbol Ψ to denote both a Majorana field and a Dirac field; these are
different objects, and so we must always announce which is meant when we write Ψ.

We can also write the lagrangian, eq. (36.16), in terms of the Dirac field Ψ, eq. (36.19). 

First we take the hermitian conjugate of Ψ to get

Introduce the matrix
(36.20)

Numerically, β = γ0. 

However, the spinor index structure of β and γ0 is different, and so we will distinguish them. 

Given β, we define

Then we have

(36.21)

(36.22)

(36.23)



Also,
(36.24)

Using A∂B = −(∂A)B + ∂(AB), the first term on the right-hand side of eq. (36.24) can be rewritten as

Therefore, up to an irrelevant total divergence, we have

Then the first term on the right-hand side of eq. (36.25) can be rewritten as

Here we used anticommutation of the fields to get the first equality, and switched                                       
(thus generating two minus signs) to get the second. 

 Combining eqs. (36.24–36.26), we get

This form of the lagrangian is invariant under the U(1) transformation

(36.25)

(36.26)

(36.27)

(36.28)

(36.29)



which, given eq. (36.19), is the same as eq. (36.17). 

The Noether current associated with this symmetry is

(36.30)

In quantum electrodynamics, the electromagnetic current is                  where e is the charge of the 
electron.

As in the case of a complex scalar field with a U(1) symmetry, there is an additional discrete symmetry, 
called charge conjugation, that enlarges SO(2) to O(2). 

Charge conjugation simply exchanges χ and ξ. 

We can define a unitary charge conjugation operator C that implements this,

where, for the sake of precision, we have restored the spinor index and spacetime argument. 

We then have C−1𝓛(x)C = 𝓛(x).

To express eq. (36.31) in terms of the Dirac field, eq. (36.19), we first introduce the charge conjugation 
matrix

(36.31)



We see that ΨC 
 is the same as the original field Ψ, eq. (36.19), except that the roles of χ and ξ have been 

switched. 

We therefore have

(36.32)

for a Dirac field.

The charge conjugation matrix has a number of useful properties. 

As a numerical matrix, it obeys

Next we notice that, if we take the transpose of      , eq. (36.22), we get

Then, if we multiply by C, we get a field that we will call ΨC, the charge conjugate of Ψ,

(36.33)

(36.34)

(36.35)

(36.36)



and we can also write it as

A result that we will need later is

The minus signs in the last line come from raising or lowering an index by contracting with the first 
(rather than the second) index of an ε symbol.

Comparing with

we see that

(36.37)

(36.38)

(36.39)

(36.40)



Now let us return to the Majorana field, eq. (36.10). 

It is obvious that a Majorana field is its own charge conjugate, that is, ΨC = Ψ. 

This condition is analogous to the condition ϕ†= ϕ that is satisfied by a real scalar field.

A Dirac field, with its U(1) symmetry, is analogous to a complex scalar field, while a Majorana field, 
which has no U(1) symmetry, is analogous to a real scalar field.

We can write our original lagrangian for a single left-handed spinor field, eq. (36.2), in terms of a 
Majorana field, eq. (36.10), by retracing eqs. (36.20–36.28) with χ → ψ and ξ → ψ. 

The result is

However, we cannot yet derive the equation of motion from eq. (36.41) because it does not yet 
incorporate the Majorana condition ΨC = Ψ. 

To remedy this, we use eq. (36.36) to write the Majorana condition                     as                            

Then we can replace Ψ in eq. (36.41) by ΨTC to get

The equation of motion that follows from this lagrangian is once again the Dirac equation.

(36.41)

(36.42)



We can also recover the Weyl components of a Dirac or Majorana field by means of a suitable projection 
matrix. 

Define

where the subscript 5 is simply part of the traditional name of this matrix, rather than the value of some 
index. 

Then we can define left and right projection matrices

Thus we have, for a Dirac field,

(36.43)

(36.44)

(36.45)



The matrix γ5 can also be expressed as

(36.46)

where ε0123 =−1.

Finally, let us consider the behavior of a Dirac or Majorana field under a Lorentz transformation. 

Recall that left- and right-handed spinor fields transform according to

where, for an infinitesimal transformation                                               

and where

(36.47)

(36.48)

(36.49)

(36.50)

(36.51)

(36.52)



From these formulae, and the definition of γµ, eq. (36.7), we can see that

Then, for either a Dirac or Majorana field Ψ, we can write

where, for an infinitesimal transformation, the 4 × 4 matrix D(Λ) is

37 Canonical Quantization of Spinor Fields I

with Sµν given by eq. (36.53). 

The minus sign in front of SRµν in eq. (36.53)is compensated by the switch from a         contraction in eq. 
(36.50) to a          contraction in eq. (36.54).

(36.53)

Consider a left-handed Weyl field ψ with lagrangian

(36.54)

(36.55)

(37.1)



The canonically conjugate momentum to the field ψa(x) is the

(37.2)

The hamiltonian is

Then, using        = σ0
 = I, we have

The appropriate canonical anticommutation relations are

Substituting in eq. (37.2) for πc, we get

(37.3)

(37.4)

(37.5)

(37.6)
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or, equivalently,

We can also translate this into four-component notation for either a Dirac or a Majorana field. 

A Dirac field is defined in terms of two left-handed Weyl fields χ and ξ via

We also define

The fields χ and ξ each obey the canonical anticommutation relations of eq. (37.5). 

This translates into

where

The lagrangian is

(37.8)

(37.9)

(37.10)

(37.11)

(37.12)

(37.13)

(37.14)



where α and β are four-component spinor indices, and

(37.15)

Eqs. (37.13) and (37.14) can also be derived directly from the four-component form of the lagrangian, 
eq. (37.12), by noting that the canonically conjugate momentum to the field Ψ is ∂𝓛/∂(∂0Ψ) = iΨγ0, and 
that (γ0)2 = 1.

A Majorana field is defined in terms of a single left-handed Weyl field ψ via

where

We also define

A Majorana field obeys the Majorana condition

is the charge conjugation matrix.

(37.16)

(37.17)

(37.18)

(37.19)



the

The lagrangian is

The field ψ obeys the canonical anticommutation relations of eq. (37.5).

This translates into

the

where α and β are four-component spinor indices. 

To derive eqs. (37.21) and (37.22) directly from the four-component form of the lagrangian, eq. (37.20), 
requires new formalism for the quantization of constrained systems. 

This is because the canonically conjugate momentum to the field Ψ is ∂𝓛/∂(∂0Ψ) = 1/2ΨTCγ0 , and this 
is linearly related to Ψ itself; this relation constitutes a constraint that must be solved before imposition 
of the anticommutation relations. 

In this case, solving the constraint simply returns us to the Weyl formalism with which we began.

V4(k1,k2,k3,k4)𝜑 ′
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MS𝜌

(37.20)

(37.21)

(37.22)



The equation of motion that follows from either eq. (37.12) or eq. (37.20) is the Dirac equation,
(37.23)

Here we have introduced the Feynman slash: given any four-vector aµ, we define

From eq. (37.25), we see that Ψ obeys the Klein-Gordon equation. 

Therefore, the Dirac equation has plane-wave solutions. 

Let us consider a specific solution of the form

To solve the Dirac equation, we first note that if we act on it with                  , we get

Here we have used

(37.24)

(37.25)

(37.26)



where p0 = ω ≡ (p2 + m2)1/2, and u(p) and v(p) are four-component constant spinors. 

Plugging eq. (37.27) into the eq. (37.23), we get

Thus we require

Each of these equations has two linearly independent solutions that we will call u±(p) and v±(p); their 
detailed properties will be worked out in the next section. 

The general solution of the Dirac equation can then be written as

(37.27)

where the integration measure is as usual

(37.28)

(37.29)

(37.30)

(37.31)



38 Spinor Technology

The four-component spinors us(p) and vs(p) obey the equations

Each of these equations has two solutions, which we label via s = + and s = −. 

For m ≠ 0, we can go to the rest frame, p = 0. 

We will then distinguish the two solutions by the eigenvalue of the spin matrix

The reason for the opposite sign for the v spinor is that this choice results in

(38.1)

Specifically, we will require

where Jz is the z component of the angular momentum operator.

(38.2)

(38.3)

(38.4)



Eqs. (38.1) and (38.3) are then easy to solve. 

Choosing (for later convenience) a specific normalization and phase for each of u±(0) and v±(0), we get

For later use we also compute the barred spinors

Eq. (38.4) implies that b†+(0) and d†+(0) each creates a particle with spin up along the z axis. 

We will verify eq. (38.4) in problem 39.2.

For p = 0, we have      = −mγ0, where

(38.5)

(38.6)

(38.7)



where

We can now find the spinors corresponding to an arbitrary three-momentum p by applying to us(0) and 
vs(0) the matrix D(Λ) that corresponds to an appropriate boost. 

This is given by

where       is a unit vector in the p direction,                                                 is the boost matrix, and                
η ≡ sinh−1(|p|/m) is the rapidity. 

Thus we have

satisfies
(38.8)

We get

(38.9)

(38.10)

(38.11)
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p̂

(38.12)



We also have

This follows from                  , where for any general combination of gamma matrices,

In particular, it turns out that

(38.13)

The barred spinors satisfy the equations

It is not very hard to work out us(p) and vs(p) from eq. (38.12), but it is even easier to use various tricks 
that will sidestep any need for the explicit formulae. 

Consider, for example,                     from eqs. (38.12) and (38.13), we see that                                        , 
and this is easy to compute from eqs. (38.6) and (38.10).

(38.14)

(38.15)

(38.16)



(38.17)

Also useful are the Gordon identities,

To derive them, start with

With a little more effort, we can also show

Add eqs. (38.19) and (38.20), sandwich them between u′ and u spinors (or v′ and v spinors), and use eqs. 
(38.1) and (38.16). 

An important special case is p′ = p; then, using eq. (38.17), we find

(38.21)

We find

(38.18)

(38.19)

(38.20)



(38.22)

We will need eqs. (38.21) and (38.22) in the next section.

Consider now the spin sums                                                                      , each of which is a 4 × 4 matrix. 

The sum over eigenstates of Sz should remove any memory of the spin-quantization axis, and so the 
result should be expressible in terms of the four-vector pµ and various gamma matrices, with all vector 
indices contracted. 

In the rest frame,      = −mγ0, and it is easy to check that                                                          and
                                                        

We therefore conclude that

(38.23)

We will make extensive use of eq. (38.23) when we calculate scattering cross sections for spin-one-half 
particles.

From eq. (38.23), we can get                         etc, by applying appropriate spin projection matrices. 

In the rest frame, we have



This allows us to write Sz = i/2 γ1γ2 as Sz = −1/2 γ5γ3γ0. 

In the rest frame, we can write γ0 as             , and γ3 as       where zµ = (0,     ); thus we have

Now we can boost Sz to any other frame simply by replacing                     with their values in that frame. 

Note that, in any frame, zµ satisfies z2 = 1 and z·p= 0. 

Boosting eq. (38.24) then yields

(38.26)

where we have used eq. (38.1) to eliminate        

In order to boost these projection matrices to a more general frame, we first recall that

(38.24)

(38.25)
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ẑ

(38.27)



Combining eqs. (38.23) and (38.27) we get

(38.28)

It is interesting to consider the extreme relativistic limit of this formula.

Let us take the three-momentum to be in the z direction, so that it is parallel to the spin-quantization axis. 

The component of the spin in the direction of the three-momentum is called the helicity. 

A fermion with helicity +1/2 is said to be right-handed, and a fermion with helicity −1/2 is said to be   
left-handed. 

For rapidity η, we have

The first equation is simply the definition of η, and the second follows from z2 = 1 and p ·z= 0 (along 
with the knowledge that a boost of a four-vector in the z direction does not change its x and y 
components). 

In the limit of large η, we see that

(38.29)

(38.30)



Hence, in eq. (38.28), we can replace                           and then use the matrix                                      
relation                                                         which holds for p2 = −m2. 

For consistency, we should then also drop the m relative to       since it is down by a factor of O(e−η). 

We get
(38.31)

The spinor corresponding to a right-handed fermion (helicity +1/2) is u+(p) for a b-type particle and       
v−(p) for a d-type particle. 

According to eq. (38.31), either of these is projected by 1/2 (1 + γ5) = diag(0,0,1,1) onto the lower two 
components only. 

In terms of the Dirac field Ψ(x), this is the part that corresponds to the right-handed Weyl field. 

Similarly, left-handed fermions are projected (in the extreme relativistic limit) onto the upper two spinor 
components only, corresponding to the left-handed Weyl field.

The case of a massless particle follows from the extreme relativistic limit of a massive particle. 

In particular, eqs. (38.1), (38.16), (38.17), (38.21), (38.22), and (38.23) are all valid with m = 0, and eq. 
(38.31) becomes exact.



Finally, for our discussion of parity, time reversal, and charge conjugation in section 40, we will need a 
number of relationships among the u and v spinors. 

First, note that βus(0) = +us(0) and βvs(0) = −vs(0). 

Also, βKj = −Kjβ. 

We then have

(38.32)

Next, we need the charge conjugation matrix

which obeys

Using eqs. (38.6), (38.10), and (38.33), we can show that Cus(0)T = vs(0) and Cvs(0)T = us(0).

(38.33)

(38.34)

(38.35)

(38.36)



Also, eq. (38.36) implies C−1KjC= −(Kj)T. 

From this we can conclude that

(38.37)

Taking the complex conjugate of eq. (38.37), and using                     = βu, we get

We will need eq. (38.32) in our discussion of parity, eq. (38.37) in our discussion of charge conjugation, 
and eq. (38.40) in our discussion of time reversal.

Next, note that γ5us(0) = +sv−s(0) and γ5vs(0) = −su−s(0), and that γ5Kj = Kjγ5. 

Therefore

Combining eqs. (38.32), (38.38), and (38.39) results in

(38.38)

(38.39)

(38.40)



39 Canonical Quantization of Spinor Fields II

A Dirac field Ψ with lagrangian

obeys the canonical anticommutation relations

where bs(p) and d†s(p) are operators; the properties of the four-component spinors us(p) and vs(p) were 
belabored in the previous section.

Let us express bs(p) and d†s(p) in terms of Ψ(x) and                     

We begin with

and has the Dirac equation

as its equation of motion.

The general solution is

(39.1)

(39.2)
(39.3)

(39.4)

(39.5)



Next, multiply on the left by                                                                             and                                      
from section 38. 
           
The result is

Note that bs(p) is time independent.

To get b†s(p), take the hermitian conjugate of eq. (39.7), using

where, for any general combination of gamma matrices A,

Thus we find

(39.6)

(39.7)

(39.8)

(39.9)

(39.10)



To extract d†s(p) from Ψ(x), we start with

(39.11)

Next, multiply on the left by                  and use                                                                                           
from section 38. 

The result is

because these involve only the anticommutator of Ψ with itself, and this vanishes.

To get ds(p), take the hermitian conjugate of eq. (39.12), which yields

Next, let us work out the anticommutation relations of the b and d operators (and their hermitian 
conjugates). 

From eq. (39.2), it is immediately clear that

(39.12)

(39.13)

(39.14)



Of course, hermitian conjugation also yields

Now consider

In the first line, we are free to set x0 = y0 because bs(p) and b†s′ (p′) are actually time independent. 

In the third, we used (γ0)2 = 1, and in the fourth,                                          .

Similarly,

(39.15)

(39.16)

(39.17)



And finally,

According to the discussion in section 3, eqs. (39.14–39.18) are exactly what we need to describe the 
creation and annihilation of fermions. 

In this case, we have two different kinds: b-type and d-type, each with two possible spin states, s = + and 
s = −.

Next, let us evaluate the hamiltonian

in terms of the b and d operators. 

We have

(39.18)

(39.19)



the

Therefore

the thethe V4(k1,k2,k3,k4)𝜑 ′
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Using eq. (39.17), we can rewrite this as

where ℰ0 =1/2 (2π)−3    d3k ω is the zero-point energy per unit volume that we found for a real scalar 
field in section 3, and V = (2π)3δ3(0) =    d3x is the volume of space. 

That the zero-point energy is negative rather than positive is characteristic of fermions; that it is larger in 
magnitude by a factor of four is due to the four types of particles that are associated with a Dirac field. 

We can cancel off this constant energy by including a constant term Ω0 = −4ℰ0 in the original lagrangian 
density; from here on, we will assume that this has been done.

(39.21)

(39.22)



The ground state of the hamiltonian (39.22) is the vacuum state |0⟩ that is annihilated by every bs(p) and 
ds(p),

(39.23)

Then, we can interpret the b†s(p) operator as creating a b-type particle with momentum p, energy               
ω = (p2 + m2)1/2, and spin Sz =1/2 s, and the d†s(p) operator as creating a d-type particle with the same 
properties. 

The b-type and d-type particles are distinguished by the value of the charge Q =     d3x j0, where                       
jµ = ΨγµΨ is the Noether current associated with the invariance of 𝓛 under the U(1) transformation                               
Ψ→ e−iαΨ,        → e+iα      .

Following the same procedure that we used for the hamiltonian, we can show that

Thus the conserved charge Q counts the total number of b-type particles minus the total number of          
d-type particles. (We are free to shift the overall value of Q to remove the constant term, and so we 
shall.) 

In quantum electrodynamics, we will identify the b-type particles as electrons and the d-type particles as 
positrons.

(39.24)



Now consider a Majorana field Ψ with lagrangian

(39.25)

The equation of motion for Ψ is once again the Dirac equation, and so the general solution is once again 
given by eq. (39.5). 

However, Ψ must also obey the Majorana condition                      . 

Starting from the barred form of eq. (39.5),

and so

we have

From section 38, we have

(39.26)

(39.27)

(39.28)

(39.29)



Comparing eqs. (39.5) and (39.29), we see that we will have                        if

(39.30)

Thus a free Majorana field can be written as

as we would expect.

The hamiltonian for the Majorana field Ψ is

The anticommutation relations for a Majorana field,

can be used to show that

(39.31)

(39.32)

(39.33)

(39.34)

(39.35)



and we can work through the same manipulations that led to eq. (39.21); the only differences are an extra 
overall factor of one-half, and ds(p) = bs(p). 

Thus we get

Note that this would reduce to a constant if we tried to use commutators rather than anticommutators in 
eq. (39.34), a reflection of the spin-statistics theorem. 

Using eq. (39.34) as it is, we find

(39.36)

Again, we can (and will) cancel off the zero-point energy by including a term Ω0 = −2ℰ0 in the original 
lagrangian density.

The Majorana lagrangian has no U(1) symmetry. 

Thus there is no associated charge, and only one kind of particle (with two possible spin states).

(39.37)



40 Parity, Time Reversal, and Charge Conjugation

Recall that, under a Lorentz transformation Λ implemented by the unitary operator U(Λ), a Dirac (or 
Majorana) field transforms as

For an infinitesimal transformation                                        the matrix D(Λ) is given by

In this section, we will consider the two Lorentz transformations that cannot be reached via a sequence 
of infinitesimal transformations away from the identity: parity and time reversal. 

We begin with parity.

Define the parity transformation

where the Lorentz generator matrices are

(40.1)

(40.2)

(40.3)

(40.4)



and the corresponding unitary operator

Now we have

The question we wish to answer is, what is the matrix D(P)?

First of all, if we make a second parity transformation, we get

We will also require the particle creation and annihilation operators to transform in a simple way. 

Because

and it is tempting to conclude that we should have D(P)2 = 1, so that we return to the original field. 

This is correct for scalar fields, since they are themselves observable. 

With fermions, however, it takes an even number of fields to construct an observable. 

Therefore we need only require the weaker condition D(P)2 = ±1.

(40.5)

(40.6)

(40.7)

(40.8)
(40.9)



where P is the total three-momentum operator and J is the total angular momentum operator, a parity 
transformation should reverse the three-momentum while leaving the spin direction unchanged. 

We therefore require

(40.10)

where η is a possible phase factor that (by the previous argument about observables) should satisfy            
η2 = ±1. 

We could in principle assign different phase factors to the b and d operators, but we choose them to be 
the same so that the parity transformation is compatible with the Majorana condition ds(p) = bs(p). 

Writing the mode expansion of the free field

the parity transformation reads

(40.11)

(40.12)



In the last line, we have changed the integration variable from p to −p.

We now use a result from section 38, namely that

where

(40.13)

Then, if we choose η =−i, eq. (40.12) becomes

Thus we see that D(P) = iβ. (We could also have chosen η = i, resulting in D(P) = −iβ; either choice is 
acceptable.)

The factor of i has an interesting physical consequence. 

Consider a state of an electron and positron with zero center-of-mass momentum,

(40.14)

(40.15)



here 𝜑(p) is the momentum-space wave function. 

Let us assume that the vacuum is parity invariant: P|0⟩ = P−1|0⟩ = |0⟩. 

Let us also assume that the wave function has definite parity: 𝜑(−p) = (−)ℓ𝜑(p). 

Then, applying the inverse parity operator on |𝜑⟩, we get

Thus, the parity of this state is opposite to that of its wave function; an electron-positron pair has an 
intrinsic parity of −1. 

This also applies to a pair of Majorana fermions. 

This influences the selection rules for fermion pair annihilation in theories that conserve parity. (A pair of 
electrons also has negative intrinsic parity, but this is less interesting because the electrons are prevented 
from annihilating by charge conservation.)

(40.16)

(40.17)



Thus a parity transformation exchanges a left-handed field for a right-handed one.

If we take the hermitian conjugate of eq. (40.19), then raise the index on one side while lowering it on 
the other (and remember that this introduces a relative minus sign!), we get

(40.18)

we see from eqs. (40.14) and (40.15) that

Comparing eqs. (40.19) and (40.20), we see that they are compatible with the Majorana condition        
χa(x) = ξa(x).

Next we take up time reversal. 

Define the time-reversal transformation

Let us see what eq. (40.15) implies for the two Weyl fields that comprise the Dirac field. 

Recalling that

(40.19)

(40.20)



and the corresponding operator

Now we have

(40.21)

The question we wish to answer is, what is the matrix D(T )

As with parity, we can conclude that D(T )2 = ±1, and we will require the particle creation and 
annihilation operators to transform in a simple way. 

Because

where P is the total three-momentum operator and J is the total angular momentum operator, a time-
reversal transformation should reverse the direction of both the three-momentum and the spin. 

We therefore require

(40.22)

(40.23)

(40.24)

(40.25)



(40.26)

This time we allow for possible s-dependence of the phase factor. 

Also, we recall from section 23 that T must be an antiunitary operator, so that 

Then we have

In the last line, we have changed the integration variable from p to −p, and the summation variable from 
s to −s. 

We now use a result from section 38, namely that

(40.27)

(40.28)



Then, if we choose ζs = s, eq. (40.27) becomes

(40.29)

Thus we see that D(T) = Cγ5. (We could also have chosen ζs = −s, resulting in D(T) = − Cγ5; either 
choice is acceptable.)

As with parity, we can consider the effect of time reversal on the Weyl fields. 

Using eqs. (40.18), (40.29),

Thus left-handed Weyl fields transform into left-handed Weyl fields (and right-handed into right-handed) 
under time reversal.

and

we see that

(40.30)

(40.31)

(40.32)



If we take the hermitian conjugate of eq. (40.32), then raise the index on one side while lowering it on 
the other (and remember that this introduces a relative minus sign!), we get

Comparing eqs. (40.32) and (40.33), we see that they are compatible with the Majorana condition         
χa(x) = ξa(x).

It is interesting and important to evaluate the transformation properties of fermion bilinears of the           
form                where A is some combination of gamma matrices. 

We will consider A’s that satisfy                                                          in this case,              is hermitian.

Let us begin with parity transformations. 

From                     and eq. (40.15) we get

Combining eqs. (40.15) and (40.34) we find

where we have suppressed the spacetime arguments (which transform in the obvious way).

(40.33)

(40.34)

(40.35)



For various particular choices of A we have

Therefore, the corresponding hermitian bilinears transform as

(40.36)

Thus we see that            and                  are even under a parity transformation, while                                    
and                    are odd. 

We say that           is a scalar,                 is a vector or polar vector,                  is a pseudoscalar,                    
and                    is a pseudovector or axial vector.

(40.37)



Turning to time reversal, from eq. (40.29) we get

(40.38)

Combining eqs. (40.29) and (40.38), along with T−1AT= A∗, we find

where we have suppressed the spacetime arguments (which transform in the obvious way). 

Recall that C−1γµC = −(γµ)T and that C−1γ5C = γ5. 

Also, γ0 and γ5 are real, hermitian, and square to one, while γi is antihermitian.

Finally, γ5 anticommutes with γµ. 

Using all of this info, we find

(40.39)

(40.40)



Therefore,

(40.41)

Thus we see that            is even under time reversal, while               ,               , and                    are odd.

Since all indices are contracted, we can rewrite the right-hand side as its transpose, with an extra minus 
sign for exchanging the order of the two fermion fields. 

We get

For completeness we will also consider the transformation properties of bilinears under charge 
conjugation. 

Recall that

The bilinear               therefore transforms as

(40.42)

(40.43)



Recalling that CT = C−1 = −C, we have

Once again we can go through the list:

(40.44)

Therefore,

(40.45)

(40.46)

(40.47)

Thus we see that            ,                ,               are even under charge conjugation,              ,    is odd.



For a Majorana field, we have C−1ΨC = Ψ and                            this implies C−1(            )C=             for 
any combination of gamma matrices A. 

Since eq. (40.47) tells that C−1(              )C = −                for either a Dirac or Majorana field, it must be 
that                = 0 for a Majorana field. 

Let us consider the combined effects of the three transformations (C, P, and T) on the bilinears. 

From eqs. (40.37), (40.41), and (40.47), we have

(40.48)

where we have used PµνTν𝜌 = −δµ𝜌. 

We see that          and              are both even under CPT, while                and              are both odd. 

These are (it turns out) examples of a more general rule: a fermion bilinear with n vector indices (and no 
uncontracted spinor indices) is even (odd) under CPT if n is even (odd). 

This also applies if we allow derivatives acting on the fields, since each component of ∂µ is odd under the 
combination PT and even under C.



For scalar and vector fields, it is always possible to choose the phase factors in the C, P, and T 
transformations so that, overall, they obey the same rule: a hermitian combination of fields and 
derivatives is even or odd depending on the total number of uncontracted vector indices. 

Putting this together with our result for fermion bilinears, we see that any hermitian combination of any 
set of fields (scalar, vector, Dirac, Majorana) and their derivatives that is a Lorentz scalar (and so carries 
no indices) is even under CPT. 

Since the lagrangian must be formed out of such combinations, we have 𝓛(x) → 𝓛(−x) under CPT, and 
so the action S =     d4x𝓛 is invariant. 

This is the CPT theorem.

41 LSZ Reduction for Spin-One-Half Particles

Let us now consider how to construct appropriate initial and final states for scattering experiments. 

We will first consider the case of a Dirac field Ψ, and assume that its interactions respect the U(1) 
symmetry that gives rise to the conserved current                              and its associated charge Q.

In the free theory, we can create a state of one particle by acting on the vacuum state with a creation 
operator:

(41.1)

(41.2)



where the label ± on the ket indicates the value of the U(1) charge Q, and

Recall that b†s(p) and d†s(p) are time independent in the free theory. 

The states |p,s,±⟩ have the Lorentz-invariant normalization

where ω = (p2 + m2)1/2.

where

(41.3)

Let us consider an operator that (in the free theory) creates a particle with definite spin and charge, 
localized in momentum space near p1, and localized in position space near the origin:

is an appropriate wave packet, and σ is its width in momentum space. 

If we time evolve (in the Schrodinger picture) the state created by this time-independent operator, then 
the wave packet will propagate (and spread out). 

(41.4)

(41.5)

(41.6)

(41.7)



The particle will thus be localized far from the origin as t → ±∞. 

If we consider instead an initial state of the form |i⟩= b†1b†2|0⟩, where p1 ≠ p2, then we have two particles 
that are widely separated in the far past.

Let us guess that this still works in the interacting theory. 

One complication is that b†s(p) will no longer be time independent, and so b†1, eq. (41.6), becomes time 
dependent as well. 

Our guess for a suitable initial state for a scattering experiment is then

By appropriately normalizing the wave packets, we can make ⟨i|i⟩ = 1, and we will assume that this is the 
case. 

Similarly, we can consider a final state

(41.8)

where p′1 ≠ p′2, and ⟨ f | f ⟩ = 1. 

This describes two widely separated particles in the far future.

(41.9)



Now the scattering amplitude is simply given by ⟨ f | i ⟩.

We need to find a more useful expression for ⟨ f | i ⟩. 

To this end, let us note that

The first equality is just the fundamental theorem of calculus. 

(41.10)

We could also consider acting with more creation operators, if we are interested in the production of 
some extra particles in the collision of two, or using d† operators instead of b† operators for some
or all of the initial and final particles.



To get the second, we substituted the definition of b†1(t), and combined the d3x from this definition with 
the dt to get d4x. 

The third comes from straightforward evaluation of the time derivatives. 

The fourth uses                          = 0. 

The fifth writes ipi as ∂i acting on eipx. 

The sixth uses integration by parts to move the ∂i onto the field            ; here the wave packet is needed to 
avoid a surface term. 

The seventh simply identifies γ0∂0 + γi∂i as           .

In free-field theory, the right-hand side of eq. (41.10) is zero, since Ψ(x) obeys the Dirac equation, 
which, after barring it, reads

(41.11)

In an interacting theory, however, the right-hand side of eq. (41.10) will not be zero.

We will also need the hermitian conjugate of eq. (41.10), which (after some slight rearranging) reads

(41.12)



and the analogous formulae for the d operators,

Let us now return to the scattering amplitude we were considering,

(41.13)

Note that the operators are in time order. 

Thus, if we feel like it, we can put in a time-ordering symbol without changing anything:

The symbol T means the product of operators to its right is to be ordered, not as written, but with 
operators at later times to the left of those at earlier times. 

However, there is an extra minus sign if this rearrangement involves an odd number of exchanges of 
these anticommuting operators.

(41.14)

(41.15)

(41.16)



Now let us use eqs. (41.10) and (41.12) in eq. (41.16). 

The time-ordering symbol automatically moves all bi′ (−∞)’s to the right, where they annihilate |0⟩.

Similarly, all b†i(+∞)’s move to the left, where they annihilate⟨0|.

The wave packets no longer play a key role, and we can take the σ→ 0 limit in eq. (41.7), so that          
f1(p) = δ3(p− p1). 

The initial and final states now have a delta-function normalization, the multiparticle generalization of
eq. (41.5). 

We are left with the Lehmann-Symanzik-Zimmermann reduction formula for spin-one-half particles,

(41.17)



The generalization of the LSZ formula to other processes should be clear; insert a time-ordering symbol, 
and make the following replacements:

(41.18)

where we have used the subscripts “in” and “out” to denote t → −∞ and t → +∞, respectively.

All of this holds for a Majorana field as well. 

In that case, ds(p) = bs(p), and we can use either eq. (41.18) or eq. (41.20) for the incoming particles,
and either eq. (41.19) or eq. (41.21) for the outgoing particles, whichever is
more convenient. 

The Majorana condition      = ΨTC guarantees that the results will be equivalent.

As in the case of a scalar field, we cheated a little in our derivation of the LSZ formula, because we 
assumed that the creation operators of free field theory would work comparably in the interacting theory.

(41.19)

(41.20)

(41.21)



After performing an analysis that is entirely analogous to what we did for the scalar in section 5, we 
come to the same conclusion: the LSZ formula holds provided the field is properly normalized. 

For a Dirac field, we must require

where ⟨0|0⟩ = 1, and the one-particle states are normalized according to eq. (41.5).

The zeros on the right-hand sides of eqs. (41.23) and (41.26) are required by charge conservation. 

To see this, start with [Ψ(x),Q] = +Ψ(x), take the matrix elements indicated, and use Q|0⟩ = 0 and              
Q|p,s,±⟩= ±|p,s,±⟩.

The zero on the right-hand side of eq. (41.22) is required by Lorentz invariance. 

To see this, start with [Ψ(0),Mµν] = SµνΨ(0), and take the expectation value in the vacuum state |0⟩. 

If |0⟩ is Lorentz invariant (as we will assume), then it is annihilated by the Lorentz generators Mµν, which 
means that we must have Sµν⟨0|Ψ(0)|0⟩ = 0; this is possible for all µ and ν only if ⟨0|Ψ(0)|0⟩ = 0, which 
(by translation invariance) is possible only if ⟨0|Ψ(x)|0⟩ = 0.

(41.22)

(41.23)

(41.24)

(41.25)

(41.26)



The right-hand sides of eqs. (41.24) and (41.25) are similarly fixed by Lorentz invariance: only the 
overall scale might be different in an interacting theory. 

However, the LSZ formula is correctly normalized if and only if eqs. (41.24) and (41.25) hold as written. 

We will enforce this by rescaling (or, one might say, renormalizing) Ψ(x) by an overall constant. 

This is just a change of the name of the operator of interest, and does not affect the physics. 

However, the rescaled Ψ(x) will obey eqs. (41.24) and (41.25). (These two equations are related by 
charge conjugation, and so actually constitute only one condition on Ψ.)

For a Majorana field, there is no conserved charge, and we have

instead of eqs. (41.22–41.26).

The renormalization of Ψ necessitates including appropriate Z factors in the lagrangian. 

Consider, for example,

(41.27)

(41.28)

(41.29)

(41.30)



where Ψ is a Dirac field, and g is a coupling constant. 

We choose the three constants Z, Zm, and Zg    so that the following three conditions are satisfied: m is the 
mass of a single particle; g is fixed by some appropriate scattering cross section; and eq. (41.24) and is 
obeyed. 

[Eq. (41.25) then follows by charge conjugation.]

Next, we must develop the tools needed to compute the correlation functions                                                
                                                            in an interacting quantum field theory.

42 The Free Fermion Propagator
Consider a free Dirac field

where

and

and all the other possible anticommutators between b and d operators (and their hermitian conjugates) 
vanish.

(42.1)

(42.2)

(42.3)

(42.4)

(42.5)



where T denotes the time-ordered product,

We wish to compute the Feynman propagator

and θ(t) is the unit step function. 

Note the minus sign in the second term; this is needed because Ψα(x)Ψβ(y) = −Ψβ(y)Ψα(x) when           
x0  ≠ y0.

We can now compute ⟨0| Ψα(x)Ψβ(y) |0⟩ and ⟨0|Ψβ(y)Ψα(x)|0⟩ by inserting eqs. (42.1) and (42.2), and 
then using eqs. (42.3–42.5). We get

(42.6)

(42.7)

(42.8)



To get the last line, we used a result from section 38. 

Similarly,

We can combine eqs. (42.8) and (42.9) into a compact formula for the time- ordered product by means of 
the identity

where f(p) is a polynomial in p; the derivation of eq. (42.10) was sketched in section 8. 

We get

(42.9)

(42.10)



and so

Note that S(x− y) is a Green’s function for the Dirac wave operator:

Similarly,

(42.11)

(42.12)

(42.13)

(42.14)



We can also consider ⟨0|TΨα(x)Ψβ(y)|0⟩ and                                    , but it is easy to see that now there 
is no way to pair up a b with a b† or a d with a d†, and so

Next, consider a Majorana field

It is easy to see that                                     is the same as it is in the Dirac case; the only difference in the 
calculation is that we would have b and b† in place of d and d† in the second line of eq. (42.9), and this 
does not change the final result. 

Thus,

(42.15)

where S(x− y) is given by eq. (42.12).

However, eqs. (42.15) and (42.16) no longer hold for a Majorana field. 

Instead, the Majorana condition                     , which can be rewritten as                      ,   implies

(42.16)

(42.17)

(42.18)

(42.19)



We can also consider the vacuum expectation value of a time-ordered product of more than two fields. 

In the Dirac case, we must have an equal number of Ψ’s and           to get a nonzero result; and then, the 
Ψ’s and          must pair up to form propagators. 

There is an extra minus sign if the ordering of the fields in their pairs is an odd permutation of the 
original ordering.

For example,

Of course, C−1 = − C, but it will prove more convenient to leave eqs. (42.20) and (42.21) as they are.

Similarly, using CT = C−1, we can write the Majorana condition as          = C−1Ψ, and so

(42.20)

(42.21)

(42.22)



In the Majorana case, we may as well let all the fields be Ψ’s (since we can always replace a        with 
ΨTC). 

Then we must pair them up in all possible ways. 

There is an extra minus sign if the ordering of the fields in their pairs is an odd permutation of the 
original ordering. 

For example,

(42.23)

Note that the ordering within a pair does not matter, since

This follows from anticommutation of the fields and eq. (42.20).

(42.24)



43 The Path Integral for Fermion Fields

We would like to write down a path integral formula for the vacuum-expectation value of a time-ordered 
product of free Dirac or Majorana fields.

Recall that for a real scalar field with

(43.1)

where the Feynman propagator

we have

In this formula, we use the epsilon trick (see section 6) of replacing m2 with m2 − i𝜖 to construct the 
vacuum as the initial and final state. 

Then we get

is the inverse of the Klein-Gordon wave operator:

where

(43.2)

(43.3)

(43.4)

(43.5)



For a complex scalar field with

where

(43.6)

we have instead

We treat J and J†as independent variables when evaluating eq. (43.8).

In the case of a fermion field, we should have something similar, except that we need to account for the 
extra minus signs from anticommutation.

For this to work out, a functional derivative with respect to an anticommuting variable must itself be 
treated as anticommuting. 

Thus if we define an anticommuting source η(x) for a Dirac field, we can write

(43.7)

(43.8)

(43.9)



(43.10)

The minus sign in eq. (43.10) arises because the δ/δη must pass through         before reaching η.

Thus, consider a free Dirac field with

A natural guess for the appropriate path-integral formula, based on analogy with eq. (43.9), is

where

(43.11)

(43.12)

(43.13)

(43.14)



(43.15)

and the Feynman propagator

is the inverse of the Dirac wave operator:

where the overall normalization is fixed by Z(0,0) = 1. 

Note that each δ/δη in eq. (43.13) comes with a factor of i rather than the usual 1/i; this reflects the extra 
minus sign of eq. (43.10). 

We treat η and       as independent variables when evaluating eq. (43.13). 

It is straightforward to check (by working out a few examples) that eqs. (43.13–43.16) do indeed 
reproduce the result of section 42 for the vacuum expectation value of a time-ordered product of Dirac 
fields.

This is really all we need to know. 

Recall that, for a complex scalar field with interactions specified by 𝓛1(𝜑†,𝜑), we have

(43.16)

(43.17)



Thus, for a Dirac field with interactions specified by 𝓛1(     Ψ), we have

(43.18)

where again the overall normalization is fixed by Z(0,0) = 1. 

Vacuum expectation values of time-ordered products of Dirac fields in an interacting theory will now be 
given by eq. (43.13), but with Z0           replaced by Z           . 

Then, just as for a scalar field, this will lead to a Feynman-diagram expansion for Z            . 

There are two extra complications: we must keep track of the spinor indices, and we must keep track of 
the extra minus signs from anticommutation. 

Both tasks are straightforward; we will take them up in section 45.

Next, let us consider a Majorana field with

A natural guess for the appropriate path-integral formula, based on analogy with eq. (43.2), is

(43.19)

(43.20)



where

The Feynman propagator S(x− y)C−1 is the inverse of the Majorana wave operator                                 

The extra minus sign in eq. (43.21), as compared with eq. (43.14), arises because all functional 
derivatives in eq. (43.20) are accompanied by 1/i, rather than half by 1/i and half by i, as in eq. (43.13). 

It is now straightforward to check (by working out a few examples) that eqs. (43.20–43.22) do indeed 
reproduce the result of section 42 for the vacuum expectation value of a time-ordered product of 
Majorana fields.

In Section 43, we formally defined the fermionic path integral for a free Dirac field Ψ via

44 Formal Development of Fermionic Path Integrals

(43.21)

(43.22)

(44.1)



where the Feynman propagator S(x− y) is the inverse of the Dirac wave operator:

(44.2)

We would like to find a mathematical framework that allows us to derive this formula, rather than 
postulating it by analogy.

Consider a set of anticommuting numbers or Grassmann variables ψi  that obey

where i = 1,...,n. 

Let us begin with the very simplest case of n = 1, and thus a single anticommuting number ψ that obeys 
ψ2 = 0. 

We can define a function f(ψ) of such an object via a Taylor expansion; because ψ2 = 0, this expansion 
ends with the second term:

The reason for writing the coefficient b to the right of the variable ψ will become clear in a moment.

Next we would like to define the derivative of f(ψ) with respect to ψ.

Before we can do so, we must decide if f(ψ) itself is to be commuting or anticommuting; generally we 
will be interested in functions that are themselves commuting.

(44.3)

(44.4)



(44.5)

Similarly, the right derivative of f(ψ) with respect to ψ is given by the coefficient of ψ when f(ψ) is 
written with the ψ always on the far right:

Generally, when we write a derivative with respect to a Grassmann variable, we mean the left derivative. 

However, in section 37, when we wrotethe canonical momentum for a fermionic field ψ as                         
π = ∂𝓛/∂(∂0ψ), we actually meant the right derivative. (This is a standard, though rarely stated, 
convention.) 

Correspondingly, we wrote the hamiltonian density as ℋ = π∂0ψ − 𝓛, with ∂∂0ψ to the right of π.

Finally, we would like to define a definite integral, analogous to integrating a real variable x from minus 
to plus infinity.

In this case,  a  in eq. (44.4) should be treated as an ordinary commuting number, but  b  should be 
treated as an anticommuting number: {b, b} = {b, ψ} = 0. 

In this case, f(ψ) =  a + ψb = a − bψ.

Now we can define two kinds of derivatives. 

The left derivative of f(ψ) with respect to ψ is given by the coefficient of ψ when f(ψ) is written with the 
ψ always on the far left:

(44.6)



The key features of such an integral over x (when it converges) are linearity,

and invariance under shifts of the dependent variable x by a constant:

(44.7)

Up to an overall numerical factor that is the same for every f(ψ), the only possible nontrivial definition  
of     dψ f(ψ) that is both linear and shift invariant is

where the indices are implicitly summed. 

Here we have written the coefficients to the right of the variables to facilitate left-differentiation. 

These coefficients are completely antisymmetric on exchange of any two indices.

(44.8)

(44.9)

Now let us generalize this to n >1. 

We have
(44.10)



Next we would like to find a linear, shift-invariant definition of the integral of f(ψ). 

Note that the antisymmetry of the coefficients implies that

where d is a just a number (ordinary if f is commuting and n is even, Grassmann if f is commuting and n 
is odd, etc.), and                  is the completely antisymmetric Levi-Civita symbol with ε1...n = +1. 

This number d is a candidate (in fact, up to an overall numerical factor, the only candidate!) for the 
integral of f(ψ)

Although eq. (44.13) really tells us everything we need to know about dnψ, we can, if we like, write 
dnψ= dψn...dψ1 (note the backwards ordering), and treat the individual differentials as anticommuting: 
{dψi,dψj} = 0, {dψi,ψj} = 0. 

Then we take      dψi = 0 and    dψiψj = δij as our basic formulae, and use them to derive eq. (44.13).

(44.11)

The left derivative of f(ψ) with respect to ψj is

(44.12)

(44.13)



where Jji is a matrix of commuting numbers (and therefore can be written on either the left or right of        
ψ′j). 

We now have

Let us work out some consequences of eq. (44.13). 

Consider what happens if we make a linear change of variable,

(44.14)

If we now integrate f(ψ) over dnψ′, eq. (44.13) tells us that the result is (det J)d. 

Thus

Next we use

which holds for any n × n matrix J, to get

(44.15)

(44.16)

(44.17)

(44.18)



Recall that, for integrals over commuting real numbers xi with xi = Jij x′j, we have instead

Note the opposite sign on the power of the determinant.

Now consider a quadratic form ψT Mψ= ψiMijψj, where M is an anti-symmetric matrix of commuting 
numbers (possibly complex). 

Let’s evaluate the gaussian integral    dnψ exp(1/2 ψT Mψ). 

For example, for n = 2, we have

and ψT Mψ = 2mψ1ψ2. 

Thus exp( 1/2 ψT Mψ) = 1 + mψ1ψ2, and so

(44.19)

(44.20)

(44.21)



For larger n, we use the fact that a complex antisymmetric matrix can be brought to a block-diagonal 
form via

where U is a unitary matrix, and each mI is real and positive. (If n is odd there is a final row and column 
of all zeroes; from here on, we assume n is even.) 

We can now let ψi = Uijψ′j; then, we have

where MI represents one of the 2 × 2 blocks in eq. (44.22). 

Each of these two-dimensional integrals can be evaluated using eq. (44.21), and so

Taking the determinant of eq. (44.22), we get

(44.22)

(44.23)

(44.24)

(44.25)



We can therefore rewrite the right-hand side of eq. (44.24) as

In this form, there is a sign ambiguity associated with the square root; it is resolved by eq. (44.24). 

However, the overall sign (more generally, any overall numerical factor) will never be of concern to us, 
so we can use eq. (44.26) without worrying about the correct branch of the square root.

It is instructive to compare eq. (44.26) with the corresponding gaussian integral for commuting real 
numbers,

Here M is a complex symmetric matrix. 

Again, note the opposite sign on the power of the determinant.

Now let us introduce the notion of complex Grassmann variables via

We can invert this to get

(44.26)

(44.27)

(44.28)



Thus, if we have a function

(44.29)

The determinant of this transformation matrix is −i, and so

Also, ψ1ψ2 =               

Thus we have

(44.30)

(44.31)

(44.32)

(44.33)

(44.34)

its integral is

In particular,



Let us now consider n complex Grassmann variables χi and their complex conjugates,       . 

We define

Then under a change of variable, χi = Jijχ′j and                         we have

Note that we need not require Kij= J∗ij, because, as far as the integral is concerned, it is does not matter 
whether or not         is the complex conjugate of χi.

We now have enough information to evaluate dnχdn    exp(χ†Mχ), where M is a general complex matrix. 

We make the change of variable χ = Uχ′ and χ† = χ′†V, where U and V are unitary matrices with the
property that VMU is diagonal with positive real entries mi. 

Then we get

(44.35)

(44.36)

(44.37)



This can be compared to the analogous integral for commuting complex variables zi = (xi + iyi)/√2           
and                               , with               = dnxdny, namely

We can now generalize eqs. (44.26) and (44.37) by shifting the integration variables, and using shift 
invariance of the integrals. 

Thus, by making the replacement ψ→ ψ − M−1η in eq. (44.26), we get

(In verifying this, remember that M and its inverse are both antisymmetric.) 

Similarly, by making the replacements χ → χ − M−1η and χ†→ χ†− η†M−1 in eq. (44.37), we get

We can now see that eq. (44.1) is simply a particular case of eq. (44.40), with the index on the complex 
Grassmann variable generalized to include both the ordinary spin index α and the continuous spacetime 
argument x of the field Ψα(x). 

Similarly, eq. (43.21) for the path integral for a free Majorana field is simply a particular case of eq. 
(44.39).

(44.38)

(44.39)

(44.40)



In this section we will derive the Feynman rules for Yukawa theory, a theory with a Dirac field Ψ (with 
mass m) and a real scalar field ϕ (with mass M), interacting via

45 The Feynman Rules for Dirac Fields

where g is a coupling constant. 

In this section, we will be concerned with tree-level processes only, and so we omit renormalizing Z 
factors.

(45.1)

In four spacetime dimensions, 𝜑 has mass dimension [𝜑] = 1 and Ψ has mass dimension [Ψ] = 3/2 ; thus 
the coupling constant g is dimensionless: [g] = 0. 

As discussed in section 12, this is generally the most interesting situation.

Note that 𝓛1 is invariant under the U(1) transformation Ψ→ e−iαΨ, as is the free Dirac lagrangian. 

Thus, the corresponding Noether current ΨγµΨ is still conserved, and the associated charge Q (which 
counts the number of b-type particles minus the number of d-type particles) is constant in time.

In both cases, the determinant factors are constants (that is, independent of the fields and sources) that 
we simply absorb into the overall normalization of the path integral. 

We will meet determinants that cannot be so neatly absorbed in sections 53 and 71.



We can think of Q as electric charge, and identify the b-type particle as the electron e−, and the d-type 
particle as the positron e+. 

The scalar particle is electrically neutral (and could, for example, be thought of as the Higgs boson; see 
section 88).

We now use the general result of sections 9 and 43 to write

where

and

are the appropriate Feynman propagators for the corresponding free fields.

We impose the normalization Z(0,0,0) = 1, and write

(45.2)

(45.3)

(45.4)

(45.5)



(45.6)

Then iW              can be expressed as a series of connected Feynman diagrams with sources.

We use a dashed line to stand for the scalar propagator 1/i∆(x− y), and a solid line to stand for the 
fermion propagator 1/iS(x− y). 

The only allowed vertex joins two solid lines and one dashed line; the associated vertex factor is ig. 

The blob at the end of a dashed line stands for the 𝜑 source    id4xJ(x), and the blob at the end of a solid 
line for either the Ψ source    id4x         , or the Ψ source    id4xη(x). 

To tell which is which, we adopt the “arrow rule” of problem 9.3: the blob stands for    id4xη(x) if the
arrow on the attached line points away from the blob, and the blob stands for     id4x         if the arrow on 
the attached line points towards the blob.

Because L1 involves one Ψ and one Ψ, we also have the rule that, at each vertex, one arrow must point 
towards the vertex, and one away. 

The first few tree diagrams that contribute to iW              are shown in fig. (45.1). 



Figure 45.1: Tree contributions to iW             
with four or fewer sources.

We omit tadpole diagrams; as in 𝜑3 theory, these can be cancelled by shifting the 𝜑 field, or, equivalently, 
adding a term linear in 𝜑 to 𝓛. 

The LSZ formula is valid only after all tadpole diagrams have been cancelled in this way.

The spin indices on the fermionic sources and propagators are all contracted in the obvious way. 

For example, the complete expression corresponding to fig. (45.1)(b) is

(45.7)



Our main purpose in this section is to compute the tree-level amplitudes for various two-body elastic 
scattering processes, such as e−𝜑 → e−𝜑 and e+e− → 𝜑𝜑; for these, we will need to evaluate the tree-level 
contributions to connected correlation functions of the form                                . 

Other processes of interest include e−e− → e−e− and e+e− → e+e−; for these, we will need to evaluate the 
tree-level contributions to connected correlation functions of the form                              .

For                                , the relevant tree-level contribution to  iW                   is given by fig. (45.1)(c). 

We have

(45.8)

Figure 45.2: Diagrams corresponding to eq. (45.8).



The two ηderivatives can act on the two η’s in the diagram in two different ways; ditto for the two       
derivatives. 

This results in four different terms, but two of them are algebraic duplicates of the other two; this 
duplication cancels the symmetry factor (which is a general result for tree diagrams).

We have

(45.9)

For                             , the relevant tree-level contribution to iW                is given by fig. (45.1)(d), 
which has a symmetry factor S = 2.

We get

(45.10)



The corresponding diagrams, with sources removed, are shown in fig. (45.3).

Figure 45.3: Diagrams corresponding to eq. (45.10).

In general, the overall sign for a diagram can be determined by the following procedure. 

First, draw each diagram with all the fermion lines horizontal, with their arrows pointing from left to 
right, and with the left endpoints labeled in the same fixed order (from top to bottom). 

Next, in each diagram, note the ordering (from top to bottom) of the labels on theright endpoints of the 
fermion lines. 

If this ordering is an even permutation of an arbitrarily chosen fixed ordering, then the sign of that 
diagram is positive, and if it is an odd permutation, the sign is negative. 

(This rule arises because endpoints with arrows pointing away from the vertex come from derivatives 
with respect to      that anticommute. 

Of course, we could equally well put the right endpoints in a fixed order, and get the sign from the 
permutation of the left endpoints, which come from derivatives with
respect to η that anticommute.) 

Note that we now have a relative minus sign between the two diagrams, due to the anticommutation of 
the derivatives with respect to     .



Also, in loop diagrams, a closed fermion loop yields an extra minus sign; we will discuss this rule in 
section 51.

Let us now consider a particular scattering process: e−𝜑 → e−𝜑. 

The scattering amplitude is

Next we make the replacements

in eq. (45.11), and then use eq. (45.8). 

The wave operators (either Klein-Gordon or Dirac) act on the external propagators, and convert them to
delta functions. 

After using eqs. (45.4) and (45.5) for the internal propagators, all dependence on the various spacetime 
coordinates is in the form of plane-wave factors, as in section 10.

(45.11)

(45.12)

(45.13)

(45.14)

(45.15)



Integrating over the internal coordinates then generates delta functions that conserve four-momentum at
each vertex. 

The only new feature arises from the spinor factors us(p) and    s′ (p′). 

We find that us(p) is associated with the external fermion line whose arrow points towards the vertex, 
and that    s′(p′) is associated with the external fermion line whose arrow points away from the vertex. 

We can therefore draw the momentum-space diagrams of fig. (45.4). 

Figure 45.4: Diagrams for e−𝜑 → e−𝜑, 
corresponding to eq. (45.16).

Since there is only one fermion line in each diagram, the relative sign is positive. 

The tree-level e−𝜑 → e−𝜑 scattering amplitude is then given by

(45.16)

where s =−(p+k)2 and u=−(p−k′)2. 

(We can safely ignore the i𝜖’s in the propagators, because their denominators cannot vanish for any 
physically allowed values of s and u.)



Next consider the process e+𝜑→ e+𝜑. 

We now have

The relevant replacements are

(45.17)

We substitute these into eq. (45.17), and then use eq. (45.8). 

This ultimately leads to the momentum-space Feynman diagrams of fig. (45.5).

(45.18)

(45.19)

(45.20)

(45.21)

Figure 45.5: Diagrams for e+𝜑 → e+𝜑, 
corresponding to eq. (45.22).



Note that we must now label the external fermion lines with minus their four-momenta; this is 
characteristic of d-type particles. 

(The same phenomenon occurs for a complex scalar field).

Regarding the spinor factors, we find that −   s(p) is associated with the external fermion line whose 
arrow points away from the vertex, and −vs′(p′) with the external fermion line whose arrow points 
towards the vertex. 

The minus signs attached to each v and      can be consistently dropped, however, as they only affect the 
overall sign of the amplitude (and not the relative signs among contributing diagrams). 

The tree-level expression for the e+𝜑→ e+𝜑 amplitude is then

(45.22)

where again s = −(p+ k)2 and u = −(p− k′)2

In a normal class, student would work out a few more of these before continuing……. 

We can abstract the following set of Feynman rules.







There are additional rules for counterterms and loops; in particular, each closed fermion loop contributes 
an extra minus sign. 

We will postpone discussion of loop corrections to section 51.



(45.23)

Let us apply these rules to e+e− → 𝜑𝜑. 

Let the initial electron and positron have four-momenta p1 and p2, respectively, and the two final scalars 
have four-momenta k′1 and k′2. 

The relevant diagrams are shown in fig. (45.6); there is only one fermion line, and so the relative sign is 
positive.

Next, consider e−e−→ e−e−. 

Let the initial electrons have four-momenta p1 and p2, and the final electrons have four-momenta p′1       
and p′2.

Figure 45.6: Diagrams for e+e− → 𝜑𝜑, 
corresponding to eq. (45.23).

where t = −(p1− k′1)2 and u = −(p1− k′2)2.

The result is



(45.24)

where u1 is short for us1(p1), etc., and t = −(p1− p′1)2, u = −(p1− p′2)2.

Figure 45.7: Diagrams for e−e− → e−e−, 
corresponding to eq. (45.24).

One more: e+e− → e+e−. 

Let the initial electron and positron have four-momenta p1 and p2, respectively, and the final electron and 
positron have four-momenta p′1 and p′2, respectively. 

The relevant diagrams are shown in fig. (45.8). 

Thus the result is

The relevant diagrams are shown in fig. (45.7), and according to rule #11 the relative sign is negative.



Thus the result is

(45.25)

Figure 45.8: Diagrams for e+e− → e+e−, 
corresponding to eq. (45.25).

Figure 45.9: Same as fig. (45.8), but with 
the diagrams redrawn in the standard 
form given in rule #11.

where s = −(p1 + p2)2 and t = −(p1− p′1)2.

If we redraw them in the the standard form of rule #11, as shown in fig. (45.9), we see that the relative 
sign is negative.



where s = −(p+ k)  and u = −(p− k′)2. 

In order to compute the corresponding cross section, we must evaluate |      |2 =  ∗. 

We begin by simplifying eq. (46.1) a little; we use (    + m)us(p) = 0 to replace the −    in each numerator 
with m.

46 Spin Sums

In the last section, we calculated various tree-level scattering amplitudes in Yukawa theory. 

For example, for e−𝜑 → e−𝜑 we found

Then we have

(46.1)

where

We then abbreviate eq. (46.1) as
(46.2)

(46.3)

(46.4)



(46.5)

Next, we use a result from section 38:

We now simply need to take traces of products of gamma matrices; we will work out the technology for 
this in the next section.

where in general       ≡ βA†β, and, for the particular A of eq. (46.3),      = A.

Thus we have

where s = ± tells us whether the spin is up or down along the spin quantization axis z. 

We then have

However, in practice, we are often not interested in (or are unable to easily measure or prepare) the spin 
states of the scattering particles. 

(46.6)

(46.7)



in place of eq. (46.6).

Let us, then, take |    |2, sum over all final spins, and average over all initial spins, and call the result                  
⟨|    |2⟩. 

In the present case, we have

which is much less cumbersome than eq. (46.7). 

Next let’s try something a little harder, namely e+e− →  e+e− found in section 45 that

Thus, if we know that an electron with momentum p′ landed in our detector, but know nothing about its 
spin, we should sum |      |2 over the two possible spin states of this outgoing electron. 

Similarly, if the spin state of the initial electron is not specially prepared for each scattering event, then 
we should  average |     |2 over the two possible spin states of this initial electron. 

Then we can use
(46.8)

(46.9)



Then we average over initial spins and sum over final spins, and use eq. (46.8) and

We then have

When we multiply T by       , we will get four terms. 

We want to arrange the factors in each of them so that every u and every v stands just to the left  of the 
corresponding     and     . In this way, we get

(46.10)

(46.11)

(46.12)

We then must evaluate traces of products of up to four gamma matrices.

(46.13)



Now consider the trace of the product of n gamma matrices. 

We have

47 Gamma Matrix Technology

In this section, we will learn some tricks for handling gamma matrices. 

We need the following information as a starting point:

(47.1)

We used eq. (47.2) to get the first equality, the cyclic property of the trace for the second, eq. (47.3) for 
the third, and eq. (47.2) again for the fourth.

(47.2)

(47.3)

(47.4)

(47.5)



The first equality follows from the cyclic property of the trace, the second averages the left- and right-
hand sides of the first, the third uses eq. (47.1), and the fourth uses eq. (47.4).

A slightly nicer way of expressing eq. (47.8) is to introduce two arbitrary four-vectors aµ and bµ, and 
write

If n is odd, eq. (47.5) tells us that this trace is equal to minus itself, and must therefore be zero:

Similarly,

Next, consider Tr[γµγν]. 

We have

(47.6)

(47.7)

(47.8)

(47.9)

where



Using this repeatedly, we have

Next consider                . 

We evaluate this by moving      to the right, using eq. (47.1), which is now more usefully written as

Finally, we evaluate each               with eq. (47.9), and divide by two:

(47.10)

Now we note that the first term on the right-hand side of the last line is, by the cyclic property of the 
trace, equal to minus the left-hand side. 

We can then move this term to the left-hand side to get

This is our final result for this trace.

(47.11)

(47.12)

(47.13)



Eq. (47.13) then implies

Clearly, we can use the same technique to evaluate the trace of the product of any even number of 
gamma matrices.

Finally, consider Tr[γ5γµγνγ𝜌γσ].

Next, let’s consider traces that involve γ5’s and γµ’s. Since {γ5,γµ} = 0, we can always bring all the γ5’s 
together by moving them through the γµ’s (generating minus signs as we go). 

Then, since γ52 = 1, we end up with either one γ5 or none. 

So we need only consider Tr[γ5γµ1 ...γµn ]. 

And, according to eq. (47.7), we need only be concerned with even n. 

Recall that an explicit formula for γ5 is

Similarly, we can show that

(47.14)

(47.15)

(47.16)



The only way to get a nonzero result is to have the four vector indices take on four different values. 

If we consider the special case Tr[γ5γ3γ2γ1γ0], plug in eq. (47.14), and then use (γi)2 = −1 and (γ0)2 = 1, 
we get i(−1)3 Tr 1 = −4i, or equivalently

where ε0123 = ε3210 = +1.

Another category of gamma matrix combinations that we will eventually encounter is                             

The simplest of these is

To get the second equality, we used the fact that gµν is symmetric, and so only the symmetric part of γµγν 
contributes. 

In the last line, d is the number of spacetime dimensions. 

Of course, our entire spinor formalism has been built around d = 4, but we will need formal results for    
d = 4−ε when we dimensionally regulate loop diagrams involving fermions.

(47.17)

(47.18)



and

48 Spin-Averaged Cross Sections

We continue with

In section 46, we computed |    |2 for (among other processes) e+e− → e+e−

We take the incoming and outgoing electrons to have momenta p1 and p′1, respectively, and the incoming 
and outgoing positrons to have momenta p2 and p′2, respectively. 

We have p2i = p′2i = −m2, where m is the electron (and positron) mass. 

The Mandelstam variables are

We move on to evaluate

(47.19)

(47.20)

(47.21)



where M is the scalar mass, and

(48.1)

and they obey s + t + u = 4m2. 

Our result was

Next, we average over the two initial spins and sum over the two final spins to get

(48.2)

(48.3)



Then we use

to get

It is now merely tedious to evaluate these traces with the technology of section 47.

For example,

(48.4)

(48.5)

(48.6)

(48.7)

(48.8)

(48.9)

(48.10)



Obviously, if we start with ⟨Φss⟩ and make the swap s ↔ t, we get ⟨Φtt⟩.

We could have anticipated this from eqs. (48.6) and (48.7): if we start with the right-hand side of eq. 
(48.6) and make the swap p2 ↔ −p′1, we get the right-hand side of eq. (48.7). 

But from eq. (48.11), we see that this momentum swap is equivalent to s ↔ t.

Let’s move on to ⟨Φst⟩ and ⟨Φts⟩. 

These two are also related by p2 ↔ −p′1, and so we only need to compute one of them.

It is convenient to write four-vector products in terms of the Mandelstam variables. 

We have

and so

Thus, we can easily work out eqs. (48.6) and (48.7):

(48.11)

(48.12)

(48.13)

(48.14)



This can then be converted to a differential cross section (in any frame) via the formulae of section 11.

Let’s do one more: e−ϕ → e−ϕ. 

We take the incoming and outgoing electrons to have momenta p and p′, respectively, and the incoming 
and outgoing scalars to have momenta k and k′, respectively.

To get the last line, we used eq. (48.11), and then simplified it as much as possible via s + t + u = 4m2. 

Since our result is symmetric on s ↔ t, we have ⟨Φts⟩= ⟨Φst⟩.

Putting all of this together, we get

We have

(48.15)

(48.16)



Thus we have

and they obey s + t + u = 2m2 + 2M2. 

Our result in section 46 was

where

where now

We then have p2 = p′2 = −m2 and k2 = k′2 = −M2. 

The Mandelstam variables are

(48.17)

(48.18)

(48.19)

(48.20)



We can evaluate these in terms of the Mandelstam variables by using our trace technology, along with

Examining eqs. (48.21) and (48.22), we see that ⟨Φss⟩ and ⟨Φuu⟩ are transformed into each other by         
k ↔ −k′. 

Examining eqs. (48.23) and (48.24), we see that ⟨Φsu⟩ and ⟨Φus⟩ are also transformed into each other by 
k ↔ −k′.

From eq. (48.25), we see that this is equivalent to s ↔ u.

(48.21)

(48.22)

(48.23)

(48.24)

(48.25)



where Ψ be a Majorana field (with mass m), ϕ is a real scalar field (with mass M), and g is a coupling 
constant. 

In this section, we will be concerned with tree-level processes only, and so we omit renormalizing Z 
factors.

Thus we need only compute ⟨Φss⟩ and ⟨Φsu⟩, and then take s ↔ u to get ⟨Φuu⟩ and ⟨Φus⟩.

This is, again, merely tedious, and the results are

49 The Feynman Rules for Majorana Fields

In this section we will deduce the Feynman rules for Yukawa theory, but with a Majorana field instead of 
a Dirac field. 

We can think of the particles associated with the Majorana field as massive neutrinos.

We have

(48.26)

(48.27)

(48.28)

(48.29)

(49.1)



Eq. (49.3) follows from eq. (49.2) by taking the transpose of the right-hand side, and                              
using                                                                                           ;  similarly, eq. (49.5) follows from (49.4). 

Which form we use depends on convenience, and is best chosen on a diagram-by-diagram basis, as we 
will see shortly.

Eqs. (49.2–49.5) lead us to compute correlation functions containing Ψ’s, but not Ψ’s. 

In position space, this leads to Feynman rules where the fermion propagator is 1/iS(x− y)C−1, and the 
𝜑ΨΨ vertex is igC; the factor of 1/2 in 𝓛1 is canceled by a symmetry factor of 2! that arises from  
having two identical Ψ fields in 𝓛1. 

In a particular diagram, as we move along a fermion line, the C−1 in the propagator will cancel against 
the C in the vertex, leaving over a final C−1 at one end.

From section 41, we have the LSZ rules appropriate for a Majorana field,

(49.2)

(49.3)

(49.4)

(49.5)



This C−1 can be canceled by a C from eq. (49.3) (for an incoming particle) or eq. (49.5) (for an outgoing
particle). 

On the other hand, for the other end of the same line, we should use either eq. (49.2) (for an incoming 
particle) or eq. (49.4) (for an outgoing particle) to avoid introducing an extra C at that end. 

In this way, we can avoid ever having explicit factors of C in our Feynman rules.1

Using this approach, the Feynman rules for this theory are as follows.







There are additional rules for counterterms and loops, but we will postpone those to section 51.

Let’s look at the simplest process, 𝜑 → νν. 

There are two possible diagrams for this, shown in fig. (49.1).

Figure 49.1: Two equivalent diagrams for 𝜑→ νν.

However, according to rule #4, these two diagrams are equivalent, and we should keep only one of them.

The first diagram yields i     1 =                 and the second  i     2 =                    

Rule #8 then implies that we should have     1 = −    2. 

To check this, we note that (after dropping primes to simplify the notation)

(49.6)



(Note, however, that in the Dirac case, we have                        , as compared with                           in the 
Majorana case.)

The differences between Dirac and Majorana fermions become more pronounced for νν → νν. 

Now there are three inequivalent contributing diagrams, shown in fig. (49.2). 

The corresponding amplitude can be written as

where s = −(p1+p2)2, t = −(p1−p′1)2 and u = −(p1−p′2)2. 

as required.

In general, for processes with a total of just two incoming and outgoing neutrinos, such as ν𝜑 → ν𝜑 or 
νν → 𝜑𝜑, these rules give (up to an irrelevant overall sign) the same result for i     as we would get for 
the corresponding process in the Dirac case, e−𝜑 → e−𝜑 or e+e−→ 𝜑𝜑.

(49.7)

Figure 49.2: Diagrams for νν → νν, 
corresponding to eq. (49.7).



After arbitrarily assigning the first diagram a plus sign, the minus sign of the second diagram follows 
from rule #8. 

To get the sign of the third diagram, we compare it with the first.

Comparing this modified first diagram with the third diagram (and invoking rule #8) reveals a relative 
minus sign. 

Since the modified first diagram has a minus sign from the arrow reversal, we conclude that the third 
diagram has an overall plus sign.

After taking the absolute square of eq. (49.7), we can use relations like eq. (49.6) on a term-by-term 
basis to put everything into a form that allows the spin sums to be performed in the standard way. 

In fact, we have already done all the necessary work in the Dirac case. 

The s-s, s-t, and t-t terms in ⟨|    |2⟩ for νν → νν are the same as those for e+e− → e+e−, while the t-t, t-u, 
and u-u terms are the same as those for the crossing-related process e−e− → e−e−. 

Finally, the s-u terms can be obtained from the s-t terms via t ↔ u, or equivalently from the t-u terms via 
t ↔ s. 

Thus the result is

To do so, we reverse the arrow direction on the lower line of the first diagram (which yields an extra 
minus sign), and then redraw it in standard form.



Scattering amplitudes often simplify greatly if the particles are massless (or can be approximated as 
massless because the Mandelstam variables all have magnitudes much larger than the particle masses 
squared). 

In this section we will explore this phenomenon for spin-one-half (and spin-zero) particles. 

We will begin developing the technology of spinor helicity, which will prove to be of indispensable 
utility in Part III.

Recall from section 38 that the u spinors for a massless spin-one-half particle obey

which is neatly symmetric on permutations of s, t, and u.

(49.8)

50 Massless Particles and Spinor Helicity

where s = ± specifies the helicity, the component of the particle’s spin measured along the axis specified 
by its three-momentum; in this notation the helicity is 1/2 s.

(50.1)



The we also have

The v spinors obey a similar relation,

In fact, in the massless case, with the phase conventions of section 38, we have vs(p) = u−s(p). 

Thus we can confine our discussion to u-type spinors only, since we need merely change the sign of s to 
accommodate v-type spinors.

Consider a u spinor for a particle of negative helicity. 

We have

in eq. (50.3), we find

Let us define

Then, using

(50.2)

(50.3)

(50.4)

(50.5)

(50.6)

(50.7)



where                             

Now, combining eqs. (50.8) and (50.10), we get

On the other hand, we know that the lower two components of u−(p) vanish, and so we can write

Here φa is a two-component numerical spinor; it is not an anticommuting object. 

Such a commuting spinor is sometimes called a twistor. 

An explicit numerical formula for it is

where θ and φ are the polar and azimuthal angles that specify the direction of the three-momentum p, 
and ω = |p|. 

Barring eq. (50.8) yields

(50.8)

(50.9)

(50.10)

(50.11)



Computation of                           via eqs. (50.13) and (50.14), followed by comparison with eq. (50.1) 
with s = +, then reproduces eq. (50.12), but with the indices raised.

In fact, the decomposition of          into the direct product of a twistor and its complex conjugate is 
unique (up to an overall phase for the twistor).

To see this, use                      to write

Comparing with eq. (50.7), we see that

This expresses the four-momentum of the particle neatly in terms of the twistor that describes its spin 
state. 

The essence of the spinor helicity method is to treat φa as the fundamental object, and to express the 
particle’s four-momentum in terms of it, via eq. (50.12).

Given eq. (50.8), and the phase conventions of section 38, the positive-helicity spinor is

where                  

Barring eq. (50.13) yields

(50.12)

(50.13)

(50.14)



The determinant of this matrix is −(p0)2 + p2, and this vanishes because the particle is (by assumption) 
massless. 

Thus            has a zero eigenvalue.

Therefore, it can be written as a projection onto the eigenvector corresponding to the nonzero 
eigenvalue. 

That is what eq. (50.12) represents, with the nonzero eigenvalue absorbed into the normalization of the 
eigenvector φa.

Let us now introduce some useful notation. 

Let p and k be two four-momenta, and φa and 𝜅a the corresponding twistors. 

We define the twistor product

Because                                 and the twistors commute, we have

(50.15)

(50.16)

(50.17)



which implies that this product is also antisymmetric,

From eqs. (50.8) and (50.14), we can see that

Similarly, let us define

Note that the other two possible spinor products vanish:

Comparing with eq. (50.16) we see that

Also, from eqs. (50.10) and (50.13), we have

The twistor products ⟨pk⟩ and [pk] satisfy another important relation,

(50.18)

where the last line follows from

(50.19)

(50.20)

(50.21)

(50.22)

(50.23)

(50.24)



we get

Let us apply this notation to the tree-level scattering amplitude for e− 𝜑 → e− 𝜑 in Yukawa theory, which 
we first computed in Section 44, and which reads

For a massless fermion,                                    

If the scalar is also massless, then (p + k)2 = 2p · k and (p − k′)2 = −2p · k′. 

Also, we can remove the          in the propagator numerators in eq. (50.25), because                       . 

Thus we have

Now consider the case s′ = s = +. 

From eqs. (50.13), (50.14), and

(50.25)

(50.26)

(50.27)

(50.28)



while

Similarly, for s′ = s = −, we find

while for s′ ≠ s, the amplitude vanishes:

Then, using eq. (50.24) on the denominators in eq. (50.26), we find

Thus we have rather simple expressions for the fixed-helicity scattering amplitudes in terms of twistor 
products.

(50.29)

(50.30)

(50.31)

(50.32)



51 Loop Corrections in Yukawa Theory

In this section we will compute the one-loop corrections in Yukawa theory with a Dirac field. 

The basic concepts are all the same as for a scalar field, and so we will mainly be concerned with the 
extra technicalities arising from spin indices and anticommutation.

First let us note that the general discussion of sections 18 and 29 leads us to expect that we will need to 
add to the lagrangian all possible terms whose coefficients have positive or zero mass dimension, and 
that respect the symmetries of the original lagrangian. 

These include Lorentz symmetry, the U(1) phase symmetry of the Dirac field, and the discrete 
symmetries of parity, time reversal, and charge conjugation.

The mass dimensions of the fields (in four spacetime dimensions) are [𝜑] = 1 and [Ψ] = 32 . 

Thus any power of 𝜑 up to 𝜑4 is allowed. 

But there are no additional required terms involving Ψ: the only candidates contain either γ5                   
(e.g.,               ) and are forbidden by parity, or C (e.g, ΨTCΨ) and are forbidden by the U(1) symmetry.

Nevertheless, having to deal with the addition of three new terms (𝜑, 𝜑3, 𝜑4) is annoying enough to 
prompt us to look for a simpler example.

Consider, then, a modified form of the Yukawa interaction,



This interaction will conserve parity if and only if 𝜑 is a pseudoscalar:

Then, 𝜑 and 𝜑3 are odd under parity, and so we will not need to add them to 𝓛. 

The one term we will need to add is 𝜑4.

Therefore, the theory we will consider is

where λ is a new coupling constant. 

We will use an on-shell renormalization scheme. 

The lagrangian parameter m is then the actual mass of the electron.

(51.1)

(51.2)

(51.3)

(51.4)

(51.5)

(51.6)



where the spectral density 𝜌(s) is real and nonnegative. 

The threshold mass Mth is either 2m (corresponding to the contribution of an electron-positron pair) or 
3M (corresponding to the contribution of three scalars; by parity, there is no contribution from two 
scalars), whichever is less.

We can also write

where iΠ(k2) is given by the sum of one-particle irreducible (1PI for short; see section 14) diagrams with 
two external scalar lines, and the external propagators removed.

We will define the couplings g and λ as the values of appropriate vertex functions when the external  
four-momenta vanish. 

Finally, the fields are normalized according to the requirements of the LSZ formula. 

In practice, this means that the scalar and fermion propagators must have appropriate poles with unit 
residue.

We will assume that M < 2m, so that the scalar is stable against decay into an electron-positron pair. 

The exact scalar propagator (in momentum space) can be then written in Lehmann-Kallen form as

(51.7)

(51.8)



The fact that      (k2) has a pole at k2 = −M2 with residue one implies that Π(−M2) = 0 and Π′(−M2) = 0; 
this fixes the coefficients Z𝜑 and ZM.

All of this is mimicked for the Dirac field. 

When parity is conserved, the exact propagator (in momentum space) can be written in Lehmann-Kallen
form as

where the spectral densities 𝜌1(s) and 𝜌2(s) are both real, and 𝜌1(s) is non-negative and greater than 𝜌2(s). 

The threshold mass mth is m+ M (corresponding to the contribution of a fermion and a scalar), which, by 
assumption, is less than 3m (corresponding to the contribution of three fermions; by Lorentz invariance, 
there is no contribution from two fermions).

Since p2 =             we can rewrite eq. (51.9) as

with the understanding that 1/(...) refers to the matrix inverse. 

However, since       is the only matrix involved, we can think of           as an analytic function of the 
single variable        .
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We can also write the exact fermion propagator in the form

where iΣ(     ) is given by the sum of 1PI diagrams with two external fermion lines, and the external 
propagators removed. 

The fact that          has a pole at     = −m with residue one implies that Σ(−m) = 0 and Σ′(−m) = 0; this 
fixes the coefficients ZΨ and Zm.

We proceed to the diagrams. 

The Yukawa vertex carries a factor of i(iZgg)γ5 = −Zggγ5. Since Zg = 1 + O(g2), we can set Zg = 1 in the 
one-loop diagrams. 

Consider first Π(k2), which receives the one-loop (and counterterm) corrections shown in fig. (51.1).

With this idea in mind, we see that            has an isolated pole at       =−m with residue one. 

This residue corresponds to the field normalization that is needed for the validity of the LSZ formula.

(51.11)



is the free fermion propagator in momentum space.

Figure 51.1: The one-loop and 
counterterm corrections to the scalar 
propagator in Yukawa theory

The first diagram has a closed fermion loop.

As we will see in section 53, anticommutation of the fermion fields results in an extra factor of minus 
one for each closed fermion loop. 

The spin indices on the propagators and vertices are contracted in the usual way, following the arrows 
backwards. 

Since the loop closes on itself, we end up with a trace over the spin indices. 

Thus we have

where

(51.12)

(51.13)



where q = ℓ+ xk and D = x(1−x)k2 + m2.

We then change the integration variable in eq. (51.12) from ℓ to q; the result is

We now proceed to evaluate eq. (51.12). 

We have

(51.14)

The first equality follows from γ52 = 1 and γ5       γ5 = −       .

Next we combine the denominators with Feynman’s formula. Suppressing the i𝜖’s, we have

(51.15)

(51.19)

where now N = (q + (1−x)k)(q−xk) + m2. 

The integral diverges, and so we analytically continue it to d = 4 − ε spacetime dimensions.



where µ2 = 4πe−γ       2, and we have dropped terms of order ε. 

Plugging eqs. (51.18) and (51.19) into eq. (51.16) yields

The term linear in q integrates to zero. 

For the rest, we use the general result of section 14 to get

(Here we ignore a subtlety with the definition of γ5 in d dimensions, and assume that γ52 = 1                     
and γ5     γ5 = −     continue to hold.) 

We also make the replacement g → g     ε/2, where      has dimensions of mass, so that g remains 
dimensionless.

Expanding out the numerator, we have

(51.17)
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Adding up eqs. (51.20–51.22), we see that finiteness of Π(k2) requires

We see that the divergent term has (as expected) a form that permits cancellation by the counterterms.

We evaluated the second diagram of fig. (51.1) in section 31, with the result

The third diagram gives the contribution of the counterterms,

(51.20)

plus higher-order (in g and/or λ) corrections. 

Note that, although there is an O(λ) correction to ZM, there is not an O(λ) correction to Z𝜑.

(51.21)

(51.22)
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Note that, in this on-shell renormalization scheme, there is no O(λ) correction to Π(k2). 

Next we turn to the Ψ propagator, which receives the one-loop (and counterterm) corrections shown in 
fig. (51.2).

where D0 =−x(1−x)M2 + m2, and 𝜅𝜑 is a constant to be determined. 

We fix 𝜅𝜑 by imposing Π′(−M2) = 0, which yields

We can impose Π(−M2) = 0 by writing

(51.25)

Figure 51.2: The one-loop and counterterm 
corrections to the fermion prop-agator in 
Yukawa theory.

(51.26)

The spin indices are contracted in the usual way, following the arrows backwards. 

We have



where q = ℓ + xp and

(51.27)

where             is given by eq. (51.13), and

is the free scalar propagator in momentum space.

We evaluate eq. (51.27) with the usual bag of tricks. 

The result is
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µ̃
The integral diverges, and so we analytically continue it to d = 4 − ε spacetime dimensions, make the 
replacement g → g   ε/2, and take the limit as ε → 0. 

The term linear in q in eq. (51.30) integrates to zero. 

Using eq. (51.18), we get

(51.28)

(51.29)

(51.30)

(51.31)



plus higher-order corrections.

We can impose Σ(−m) = 0 by writing

(51.32)

We see that the divergent term has (as expected) a form that permits cancellation by the counterterms, 
which give

Adding up eqs. (51.32) and (51.33), we see that finiteness of Σ(     ) requires

where D0 is D evaluated at p2 = −m2, and 𝜅Ψ is a constant to be determined. 

We fix 𝜅Ψ by imposing Σ′(−m) = 0. In differentiating with respect to     , we take the p2 in D, eq. (51.31), 
to be -    2 we find

(51.33)

(51.34)

(51.35)
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where

(51.37)

Next we turn to the correction to the Yukawa vertex. 

We define the vertex function iVY(p′, p) as the sum of one-particle irreducible diagrams with one 
incoming fermion with momentum p, one outgoing fermion with momentum p′, and one incoming scalar 
with momentum k = p′ − p. 

The original vertex −Zggγ5 is the first term in this sum, and the diagram of fig. (51.3) is the second.

Figure 51.3: The one-loop correction to the scalar-
fermion-fermion vertex in Yukawa theory.

The numerator can be written as

Thus we have

(51.38)

(51.39)

(51.40)



Using         = −q2, we can write N as

and the denominators combined in the usual way. 

We then get

The terms linear in q in eq. (51.45) integrate to zero, and only the first term is divergent. 

Performing the usual manipulations, we find

where the integral over Feynman parameters was defined in section 16, and now

where

(51.41)

(51.42)

(51.43)

(51.44)

(51.45)
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(51.47)

plus higher-order corrections.

To fix the finite part of Zg, we need a condition to impose on VY(p′,p).

We will mimic what we did in 𝜑3 theory in section 16, and require VY(0,0) to have the tree-level value 
igγ5. 

We leave the details.

Next we turn to the corrections to the 𝜑4 vertex iV4(k1,k2,k3,k4); the tree-level contribution is −iZλλ. 

There are diagrams with a closed fermion loop, as shown in fig. (51.4), plus one-loop diagrams with 𝜑 
particles only that we evaluated in section 31. 

From eq. (51.38), we see that finiteness of VY(p′,p) requires

(51.48)

Figure 51.4: One of six diagrams with a closed fermion loop and 
four external scalar lines; the other five are obtained by permuting 
the external momenta in all possible inequivalent ways.



(51.49)

Again we can employ the standard methods; there are no unfamiliar aspects. 

This being the case, let us concentrate on obtaining the divergent part; this will give us enough 
information to calculate the one-loop contributions to the beta functions for g and λ.

To obtain the divergent part of eq. (51.49), it is sufficient to set ki = 0. 

The term in the numerator that contributes to the divergent part is                   = 4(ℓ2)2, and the 
denominator is (ℓ2 + m2)4. 

Then we find, after including identical contributions from the other five permutations of the external 
momenta,

From section 31, we have

(51.50)

(51.51)

We have



(51.52)
Then, using

we see that finiteness of V4 requires

In this section we will compute the beta functions for the Yukawa coupling g and the 𝜑4 coupling λ in 
Yukawa theory, using the methods of section 28.

The relations between the bare and renormalized couplings are

plus higher-order corrections.

52 Beta Functions in Yukawa Theory

Let us define

(51.53)

(52.1)

(52.2)

(52.3)

(52.4)



From our results in section 51, we have

where the ellipses stand for higher-order (in g2 and/or λ) corrections.

Taking the logarithm of eqs. (52.1) and (52.2), and using eqs. (52.3) and (52.4), we get

We now use the fact that g0 and λ0 must be independent of µ. 

We differentiate eqs. (52.7) and (52.8) with respect to ln µ; the left-hand sides vanish, and we multiply 
the right-hand sides by g and λ, respectively. 

The result is

(52.5)

(52.6)

(52.7)

(52.8)

(52.9)



The coefficients of all higher powers of 1/ε must also vanish, but this gives us no more information about 
the beta functions.

Using eqs. (52.5) and (52.6) in eqs. (52.13) and (52.14), we get

In a renormalizable theory, dg/dln µ and dλ/dln µ must be finite in the ε→ 0 limit. 

Thus we can write

ubstituting these into eqs. (52.9) and (52.10), and matching powers of ε, we find

(52.10)

(52.11)

(52.12)
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where 𝜑 is a real scalar background field.

53 Functional Determinants

The higher-order corrections have extra factors of g2 and/or λ.

In the section we will explore the meaning of the functional determinants that arise when doing gaussian 
path integrals, either bosonic or fermionic. 

We will be interested in situations where the path integral over one particular field is gaussian, but 
generates a functional determinant that depends on some other field. 

We will see how to relate this functional determinant to a certain infinite set of Feynman diagrams. 

We will need the technology we develop here to compute the path integral for nonabelian gauge theory
in section 70.

We begin by considering a theory of a complex scalar field χ with

(52.15)

(52.16)

(53.1)



In the case of the functional integral in eq. (53.2), the index i on the integration variable is replaced by 
the continuous spacetime label x, and the “matrix” M becomes

That is, 𝜑(x) is treated as a fixed function of spacetime. 

Next we define the path integral

(53.2)

where we use the 𝜖 trick of section 6 to impose vacuum boundary conditions, and the normalization         
Z(0) = 1 is fixed by hand.

Recall from section 44 that if we have n complex variables zi, then we can evaluate gaussian integrals by 
the general formula

In order to apply eq. (53.3), we have to understand what it means to compute the determinant of this 
expression.

To this end, let us first note that we can write M = M0      , which is shorthand for

(53.3)

(53.4)



The advantage of this decomposition is that M0 is independent of the background field 𝜑, and so the 
resulting factor of (det M0)−1 in Z(𝜑) can simply be absorbed into the overall normalization. 

Furthermore, we have      = I− G, where

where

Here ∆(y− z) is the Feynman propagator, which obeys

After various integrations by parts, it is easy to see that eqs. (53.5–53.7) reproduce eq. (53.4).

Now we can use the general matrix relation det AB = det A det B to conclude that

(53.5)

(53.6)

(53.7)

(53.8)

(53.9)

(53.10)



Next, we need the general matrix relation det A = exp Tr ln A, which is most easily proved by working in 
a basis where A is in Jordan form (that is, all entries below the main diagonal are zero). 

Thus we can write

is the identity matrix, and
(53.11)

Thus, for 𝜑(x) = 0, we have     = I and so det      = 1. 

Then, using eq. (53.3) and the normalization condition Z(0) = 1, we see that for nonzero 𝜑(x) we must 
have simply

Combining eqs. (53.12) and (53.13) we get

(53.12)

(53.13)

(53.14)



Figure 53.1: All connected diagrams with 𝜑(x) treated as an external field. Each of 
the n dots represents a factor of ig𝜑(x), and each solid line is a χ or Ψ propagator.

where

(53.15)

This is our final result for Z(𝜑).

To better understand what it means, we will rederive it in a different way. 

Consider treating the g𝜑χ†χ term in 𝓛 as an interaction. 

This leads to a vertex that connects two χ propagators; the associated vertex factor is ig𝜑(x). 

According to the general analysis of section 9, we have Z(𝜑) = exp iΓ(𝜑), where iΓ(𝜑) is given by a sum 
of connected diagrams. 

(We have called the exponent Γ rather than W because it is naturally interpreted as a quantum action for 
𝜑 after χ has been integrated out.) 

The only connected diagrams we can draw with these Feynman rules are those of fig. (53.1), with n 
insertions of the vertex, where n ≥ 1. 



This neatly reproduces eq. (53.14). 

Thus we see that a functional determinant can be represented as an infinite sum of Feynman diagrams.

Next we consider a theory of a Dirac fermion Ψ with

The diagram with n vertices has an n-fold cyclic symmetry, leading to a symmetry factor of S = n.

The factor of i associated with each vertex is canceled by the factor of 1/i associated with each 
propagator. 

Thus the value of the n-vertex diagram is

(53.16)

Summing up these diagrams, and using eq. (53.15), we find

where 𝜑 is again a real scalar background field. 

We define the path integral

(53.17)

(53.18)



In order to apply eq. (53.20), we have to understand what it means to compute the determinant of this 
expression.

To this end, let us first note that we can write M = M0     , which is shorthand for

(53.19)

where we again use the ǫtrick to impose vacuum boundary conditions, and the normalization Z(0) = 1 is 
fixed by hand.

Recall from section 44 that if we have n complex Grassmann variables ψi, then we can evaluate gaussian 
integrals by the general formula

In the case of the functional integral in eq. (53.19), the index i on the integration variable is replaced by 
the continuous spacetime label x plus the spinor index α, and the “matrix” M becomes

where

(53.20)

(53.21)

(53.22)



(53.23)

is the identity matrix, and

Here Sβγ(y− z) is the Feynman propagator, which obeys

After various integrations by parts, it is easy to see that eqs. (53.22–53.24) reproduce eq. (53.21).

Now we can use eq. (53.9). 

The advantage of this decomposition is that M0 is independent of the background field 𝜑, and so the 
resulting factor of det M0 in Z(𝜑) can simply be absorbed into the overall normalization.

Furthermore, we have       = I − G, where

(53.24)

(53.25)

(53.26)

(53.27)



Next, we use eqs. (53.13) and (53.28) to get

Thus, for 𝜑(x) = 0, we have       = I and so det      = 1. 

Then, using eq. (53.20) and the normalization condition Z(0) = 1, we see that for nonzero 𝜑(x) we must 
have simply

where now

To better understand what it means, we will rederive it in a different way. 

Consider treating the g𝜑     Ψ term in 𝓛 as an interaction. 

This leads to a vertex that connects two Ψ propagators; the associated vertex factor is ig𝜑(x). 

(53.28)

and “tr” denotes a trace over spinor indices. 

This is our final result for Z(𝜑).

(53.29)

(53.30)



According to the general analysis of section 9, we have Z(𝜑) = exp iΓ(𝜑), where iΓ(𝜑) is given by a sum 
of connected diagrams. 

(We have called the exponent Γ rather than W because it is naturally interpreted as a quantum action for 
ϕ after Ψ has been integrated out.) 

The only connected diagrams we can draw with these Feynman rules are those of fig. (53.1), with n 
insertions of the vertex, where n ≥ 1. 

The diagram with n vertices has an n-fold cyclic symmetry, leading to a symmetry factor of S = n. 

The factor of i associated with each vertex is canceled by the factor of 1/i associated with each 
propagator. 

The closed fermion loop implies a trace over the spinor indices. 

Thus the value of the n-vertex diagram is

Summing up these diagrams, we find that we are missing the overall minus sign in eq. (53.29). 

The appropriate conclusion is that we must associate an extra minus sign with each closed fermion loop.


