
Linear Algebra for Quantum Mechanics 
Introduction
In quantum mechanics, the state of an electron in some potential is given by a wave          
function             , and physical variables are represented by operators on this wave function, 
such as momentum in the x-direction                         . 
The Schrodinger wave equation is a linear equation, which means that if       and       are 
solutions, then so is                      , where           are arbitrary complex numbers.
This linearity of the sets of possible solutions is true generally in quantum mechanics, as is the 
representation of physical variables by operators on the wave functions. 
The mathematical structure this describes, the linear set of possible states and sets of 
operators on those states, is in fact a linear algebra of operators acting on a vector space. 
From now on, this is the language we’ll be using most of the time. 
To clarify, we’ll give some definitions. 
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What is a Vector Space? 
The prototypical vector space is of course the set of real vectors in ordinary three-dimensional 
space, these vectors can be represented by trios of real numbers                     measuring the 
components in the x, y and z directions respectively.

The basic properties of these vectors are:
any vector multiplied by a number is another vector in the space, 
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(v1, v2, v3)
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a(v1, v2, v3) = (av1, av2, av3)



the sum of two vectors is another vector in the space, that given by just adding the 
corresponding components together:
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(v1 + w1, v2 + w2, v3 + w3)

These two properties together are referred to as “closure”: adding vectors and multiplying 
them by numbers cannot get you out of the space. 

A further property is that there is a unique null vector (0, 0, 0) and each vector has an       
additive inverse                            which added to the original vector gives the null vector. 
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Mathematicians have generalized the definition of a vector space: a general vector space has 
the properties we’ve listed above for three-dimensional real vectors, but the operations of 
addition and multiplication by a number are generalized to more abstract operations between 
more general entities. 
The operators are, however, restricted to being commutative and associative. 

Notice that the list of necessary properties for a general vector space does not include that the 
vectors have a magnitude—that would be an additional requirement, giving what is called a 
normed vector space. 
More about that later. 

To go from the familiar three-dimensional vector space to the vector spaces relevant to 
quantum mechanics, first the real numbers (components of the vector and possible        
multiplying factors) are to be generalized to complex numbers, and second the                   
three-component vector goes to an n component vector.



The consequent n-dimensional complex space is sufficient to describe the quantum        
mechanics of angular momentum, an important subject. 
But to describe the wave function of a particle in a box requires an infinite dimensional space, 
one dimension for each Fourier component, and to describe the wave function for a particle   
on an infinite line requires the set of all normalizable continuous differentiable functions on       
that line. 
Fortunately, all these generalizations are to finite or infinite sets of complex numbers, so the 
mathematicians’ vector space requirements of commutativity and associativity are always 
trivially satisfied. 
We use Dirac’s notation for vectors,             and call them “kets”, so, in his language, if                     
belong to the space, so does                          for arbitrary complex constants          . 
Since our vectors are made up of complex numbers, multiplying any vector by zero gives the 
null vector, and the additive inverse is given by reversing the signs of all the numbers in the 
vector.
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The set of solutions of Schrödinger’s equation for an electron in a potential satisfies the 
requirements for a vector space:               is just a complex number at each point in space, so 
only complex numbers are involved in forming                      , and commutativity, associativity, 
etc., follow at once. 
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c1 1 + c2 2



Vector Space Dimensionality 
The vectors                     are linearly independent if

implies 
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<latexit sha1_base64="xxLcgjBLKhKuIGrtIRh2vsdwWik=">AAACCHicbVDLSsNAFJ3UV62vqks3g0VwVZJatJtCwY3LCvYBbQiT6U07dDKJMxOhhP6AP+BW/8CduPUv/AG/w2mbhW09cOFwzr2cy/FjzpS27W8rt7G5tb2T3y3s7R8cHhWPT9oqSiSFFo14JLs+UcCZgJZmmkM3lkBCn0PHH9/O/M4TSMUi8aAnMbghGQoWMEq0kVzqOXXqVcxc1W2vWLLL9hx4nTgZKaEMTa/40x9ENAlBaMqJUj3HjrWbEqkZ5TAt9BMFMaFjMoSeoYKEoNx0/vQUXxhlgINImhEaz9W/FykJlZqEvtkMiR6pVW8m/uf1Eh3U3JSJONEg6CIoSDjWEZ41gAdMAtV8YgihkplfMR0RSag2PS2l+JKMQU8LphhntYZ10q6Unety9b5aatSyivLoDJ2jS+SgG9RAd6iJWoiiR/SCXtGb9Wy9Wx/W52I1Z2U3p2gJ1tcvETiZJg==</latexit>

c1 = c2 = c3 = 0

A vector space is n-dimensional if the maximum number of linearly independent vectors in the 
space is n. 

Such a space is often called                 or                 if only real numbers are used. 
<latexit sha1_base64="q5DrBvePa6i3gtieezqUAi00Wfw=">AAACAXicbVDLTsJAFJ3iC/GFunQzkZjghrSGKEsSNi4xkUIClUyHWxiZTpuZqQlpWPkDbvUP3Bm3fok/4Hc4QBcCnuQmJ+fcm3vv8WPOlLbtbyu3sbm1vZPfLeztHxweFY9PXBUlkkKLRjySHZ8o4ExASzPNoRNLIKHPoe2PGzO//QRSsUjc60kMXkiGggWMEm0k130Q5cZlv1iyK/YceJ04GSmhDM1+8ac3iGgSgtCUE6W6jh1rLyVSM8phWuglCmJCx2QIXUMFCUF56fzaKb4wygAHkTQlNJ6rfydSEio1CX3TGRI9UqveTPzP6yY6qHkpE3GiQdDFoiDhWEd49joeMAlU84khhEpmbsV0RCSh2gS0tMWXZAx6WjDBOKsxrBP3quJcV6p31VK9lkWUR2foHJWRg25QHd2iJmohih7RC3pFb9az9W59WJ+L1pyVzZyiJVhfv7XeltM=</latexit>

V n(C)
<latexit sha1_base64="L1CCjz0qxyV2nzRQ2tDbgahIkug=">AAACAXicbVDLTsJAFJ3iC/GFunQzkZjghrSGKEsSNy7RSCGBSqbDLYxMp83M1IQ0rPwBt/oH7oxbv8Qf8DscoAsBT3KTk3Puzb33+DFnStv2t5VbW9/Y3MpvF3Z29/YPiodHrooSSaFJIx7Jtk8UcCagqZnm0I4lkNDn0PJH11O/9QRSsUjc63EMXkgGggWMEm0k130Q5bvzXrFkV+wZ8CpxMlJCGRq94k+3H9EkBKEpJ0p1HDvWXkqkZpTDpNBNFMSEjsgAOoYKEoLy0tm1E3xmlD4OImlKaDxT/06kJFRqHPqmMyR6qJa9qfif10l0UPNSJuJEg6DzRUHCsY7w9HXcZxKo5mNDCJXM3IrpkEhCtQloYYsvyQj0pGCCcZZjWCXuRcW5rFRvq6V6LYsoj07QKSojB12hOrpBDdREFD2iF/SK3qxn6936sD7nrTkrmzlGC7C+fgHN1Zbi</latexit>

V n(R)

Now, vector spaces with finite dimension n are clearly insufficient for describing functions of a 
continuous variable x. 


But they are well worth reviewing here: as we’ve mentioned, they are fine for describing 
quantized angular momentum, and they serve as a natural introduction to the                        
infinite-dimensional spaces needed to describe spatial wavefunctions. 

A set of n linearly independent vectors in n-dimensional space is a basis: any vector can be 
written in a unique way as a sum over a basis: 

<latexit sha1_base64="SGULKjubWTPPBSANiTHzLoowl5s=">AAACFnicbVDJSgNBEO2JW4xb1JN4aQyCpzAjQXMRAl4ELxHMAkkYejqVpEnPQndNIAyDv+EPeNU/8CZevfoDfoed5WASHxQ83quiqp4XSaHRtr+tzNr6xuZWdju3s7u3f5A/PKrrMFYcajyUoWp6TIMUAdRQoIRmpID5noSGN7yd+I0RKC3C4BHHEXR81g9ET3CGRnLzJ+17wKSe3rR17LuCjlwxVUTq5gt20Z6CrhJnTgpkjqqb/2l3Qx77ECCXTOuWY0fYSZhCwSWkuXasIWJ8yPrQMjRgPuhOMn0hpedG6dJeqEwFSKfq34mE+VqPfc90+gwHetmbiP95rRh75U4igihGCPhsUS+WFEM6yYN2hQKOcmwI40qYWykfMMU4mtQWtniKDQHTnAnGWY5hldQvi85VsfRQKlTK84iy5JSckQvikGtSIXekSmqEkyfyQl7Jm/VsvVsf1uesNWPNZ47JAqyvXzVXn88=</latexit>

|V i =
X

i

vi |ii

You can check the uniqueness by taking the difference between two supposedly distinct sums: 
it will be a linear relation between independent vectors, a contradiction.



Since all vectors in the space can be written as linear sums over the elements of the basis, the 
sum of multiples of any two vectors has the form:

<latexit sha1_base64="J5OgRchAmMSNplKvr8o89clF1gE=">AAACKHicbZBLSgNBEIZ7fBtfUZduGoOgBMKMiLoRBDeCmwgmEZIw1HQq2qTnQXeNEoY5hNfwAm71Bu7ErQvPYWeSha+Cho//r6Kq/yBR0pDrvjtT0zOzc/MLi6Wl5ZXVtfL6RtPEqRbYELGK9XUABpWMsEGSFF4nGiEMFLaCwdnIb92hNjKOrmiYYDeEm0j2pQCykl+uQucCKWvm1aCAVn7SMWnoS74Ld76sBve+3Cscmfvliltzi+J/wZtAhU2q7pc/O71YpCFGJBQY0/bchLoZaJJCYV7qpAYTEAO4wbbFCEI03az4VM53rNLj/VjbFxEv1O8TGYTGDMPAdoZAt+a3NxL/89op9Y+7mYySlDAS40X9VHGK+Sgh3pMaBamhBRBa2lu5uAUNgmyOP7YEGgZIeckG4/2O4S8092veYe3g8qByejyJaIFtsW22yzx2xE7ZOauzBhPsgT2xZ/biPDqvzpvzPm6dciYzm+xHOR9foJ6mvg==</latexit>

a |V i+ b |W i =
X

i

(avi + bwi) |ii

Inner Product Spaces 
The vector spaces of relevance in quantum mechanics also have an operation associating a 
number with a pair of vectors, a generalization of the dot product of two ordinary                      
three-dimensional vectors, 

<latexit sha1_base64="Lr6qwU3Uv6T6WfMb9nKQbjHhW/Q=">AAACH3icbVDLSgNBEJz1GeMr6tHLkCB4Crsi6kUQvHiMYBIhG5beSUeHzD6Y6Q2EZe/+hj/gVf/Am3jND/gdTh4HNRY01FR109MVpkoact2xs7S8srq2Xtoob25t7+xW9vZbJsm0wKZIVKLvQzCoZIxNkqTwPtUIUaiwHQ6uJ357iNrIJL6jUYrdCB5i2ZcCyEpBpeoPUeRQcF/0EuLTV1hc+iaLAgmBDAMZVGpu3Z2CLxJvTmpsjkZQ+fJ7icgijEkoMKbjuSl1c9AkhcKi7GcGUxADeMCOpTFEaLr59JaCH1mlx/uJthUTn6o/J3KIjBlFoe2MgB7NX28i/ud1MupfdHMZpxlhLGaL+pnilPBJMLwnNQpSI0tAaGn/ysUjaBBk4/u1JdQwQCrKNhjvbwyLpHVS987qp7entauLeUQldsiq7Jh57JxdsRvWYE0m2BN7Ya/szXl23p0P53PWuuTMZw7YLzjjb2qmo5w=</latexit>

~a ·~b =
X

i

aibi

Following Dirac, we write the inner product of two ket vectors                 as               . Dirac 
refers to this         form as a “bracket” made up of a “bra” and a “ket”. 

This means that each ket vector        has an associated bra       . 


For the case of a real n-dimensional vector,       ,         have identical components - but we 
require for the more general case that 

where * denotes complex conjugate. 
This implies that for a ket                        the bra will be                          .
Actually, bras are usually written as rows, kets as columns, so that the inner product follows 
standard rules for matrix multiplication.

<latexit sha1_base64="JX58lxRbiU5Gv2UftzNd6yoTOBk=">AAACDXicbZBLSgNBEIZ74ivG16hLN41BcCFhRoJmGXAjuIlgHpCE0NOpJE16HnTXBMIwZ/ACbvUG7sStZ/ACnsPOJAuT+EPBx19VVPF7kRQaHefbym1sbm3v5HcLe/sHh0f28UlDh7HiUOehDFXLYxqkCKCOAiW0IgXM9yQ0vfHdrN+cgNIiDJ5wGkHXZ8NADARnaKyebXceAJNGekUzaKY9u+iUnEx0HdwFFMlCtZ790+mHPPYhQC6Z1m3XibCbMIWCS0gLnVhDxPiYDaFtMGA+6G6SfZ7SC+P06SBUpgKkmft3I2G+1lPfM5M+w5Fe7c3M/3rtGAeVbiKCKEYI+PzQIJYUQzqLgfaFAo5yaoBxJcyvlI+YYhxNWEtXPMXGgGnBBOOuxrAOjeuSe1MqP5aL1coiojw5I+fkkrjkllTJPamROuFkQl7IK3mznq1368P6nI/mrMXOKVmS9fULeo2bmw==</latexit>

|V i , |W i
<latexit sha1_base64="eH1Jzn6uP6WnuOwSTONs2gp9JJs=">AAACCXicbZDLSsNAFIYn9VbrrerSzWARXJVEinZZdOOygr1AG8tkOmmHTiZh5kQoMU/gC7jVN3Anbn0KX8DncJpmYVt/OPDzn3M4h8+LBNdg299WYW19Y3OruF3a2d3bPygfHrV1GCvKWjQUoep6RDPBJWsBB8G6kWIk8ATreJObWb/zyJTmobyHacTcgIwk9zklYKKH/rUiEwZJBz/hdjooV+yqnQmvGic3FZSrOSj/9IchjQMmgQqidc+xI3ATooBTwdJSP9YsInRCRqxnrCQB026SfZ3iM5MMsR8qUxJwlv7dSEig9TTwzGRAYKyXe7Pwv14vBr/uJlxGMTBJ54f8WGAI8QwBHnLFKIipMYQqbn7FdEwUoWBALVzxMjppyYBxljGsmvZF1bms1u5qlUY9R1REJ+gUnSMHXaEGukVN1EIUKfSCXtGb9Wy9Wx/W53y0YOU7x2hB1tcvXDaagw==</latexit>

hW |V i
<latexit sha1_base64="fiAbbrV/04uHR/Fv65Z87Kasw2Y=">AAACDXicbZBLSgNBEIZr4ivG16hLN41BcBHCjATNMujGZQTzgMwQejqdpEnPg+6eQBjnDF7Ard7Anbj1DF7Ac9iZzMIk/lDw81cVVXxexJlUlvVtFDY2t7Z3irulvf2DwyPz+KQtw1gQ2iIhD0XXw5JyFtCWYorTbiQo9j1OO97kbt7vTKmQLAwe1Syiro9HARsygpWO+qbp3Ao8oSpxKugJOZW0b5atqpUJrRs7N2XI1eybP84gJLFPA0U4lrJnW5FyEywUI5ymJSeWNMJkgke0p22AfSrdJPs8RRc6GaBhKHQFCmXp340E+1LOfE9P+liN5WpvHv7X68VqWHcTFkSxogFZHBrGHKkQzTGgAROUKD7TBhPB9K+IjLHARGlYS1e8jE9a0mDsVQzrpn1Vta+rtYdauVHPERXhDM7hEmy4gQbcQxNaQGAKL/AKb8az8W58GJ+L0YKR75zCkoyvX8f2mys=</latexit>

h | i
<latexit sha1_base64="CtwBJTgll8NXxT3LmiO2Hjj8tc8=">AAACAnicbVDLSsNAFJ3UV62vqks3wSK4KokU7bLgRnBTwT6gDWUyvWmHTiZh5kYoITt/wK3+gTtx64/4A36H0zYL23rgwuGce7n3Hj8WXKPjfFuFjc2t7Z3ibmlv/+DwqHx80tZRohi0WCQi1fWpBsEltJCjgG6sgIa+gI4/uZ35nSdQmkfyEacxeCEdSR5wRtFInf49YNrOBuWKU3XmsNeJm5MKydEclH/6w4glIUhkgmrdc50YvZQq5ExAVuonGmLKJnQEPUMlDUF76fzczL4wytAOImVKoj1X/06kNNR6GvqmM6Q41qveTPzP6yUY1L2UyzhBkGyxKEiEjZE9+90ecgUMxdQQyhQ3t9psTBVlaBJa2uIrOgHMSiYYdzWGddK+qrrX1dpDrdKo5xEVyRk5J5fEJTekQe5Ik7QIIxPyQl7Jm/VsvVsf1ueitWDlM6dkCdbXL5wWl/U=</latexit>

|V i
<latexit sha1_base64="qEdm7f2Gx3FsPSGc4ZNDSbTn7wc=">AAACAnicbVDLSsNAFL2pr1pfVZdugkVwVRIp2mXRjcsK9gFtKJPppB06mYSZG6GE7PwBt/oH7sStP+IP+B1O2yxs64ELh3Pu5d57/FhwjY7zbRU2Nre2d4q7pb39g8Oj8vFJW0eJoqxFIxGprk80E1yyFnIUrBsrRkJfsI4/uZv5nSemNI/kI05j5oVkJHnAKUEjdfq3iqTtbFCuOFVnDnuduDmpQI7moPzTH0Y0CZlEKojWPdeJ0UuJQk4Fy0r9RLOY0AkZsZ6hkoRMe+n83My+MMrQDiJlSqI9V/9OpCTUehr6pjMkONar3kz8z+slGNS9lMs4QSbpYlGQCBsje/a7PeSKURRTQwhV3Nxq0zFRhKJJaGmLr8iEYVYywbirMayT9lXVva7WHmqVRj2PqAhncA6X4MINNOAemtACChN4gVd4s56td+vD+ly0Fqx85hSWYH39AoP8l+Y=</latexit>

hV |
<latexit sha1_base64="CtwBJTgll8NXxT3LmiO2Hjj8tc8=">AAACAnicbVDLSsNAFJ3UV62vqks3wSK4KokU7bLgRnBTwT6gDWUyvWmHTiZh5kYoITt/wK3+gTtx64/4A36H0zYL23rgwuGce7n3Hj8WXKPjfFuFjc2t7Z3ibmlv/+DwqHx80tZRohi0WCQi1fWpBsEltJCjgG6sgIa+gI4/uZ35nSdQmkfyEacxeCEdSR5wRtFInf49YNrOBuWKU3XmsNeJm5MKydEclH/6w4glIUhkgmrdc50YvZQq5ExAVuonGmLKJnQEPUMlDUF76fzczL4wytAOImVKoj1X/06kNNR6GvqmM6Q41qveTPzP6yUY1L2UyzhBkGyxKEiEjZE9+90ecgUMxdQQyhQ3t9psTBVlaBJa2uIrOgHMSiYYdzWGddK+qrrX1dpDrdKo5xEVyRk5J5fEJTekQe5Ik7QIIxPyQl7Jm/VsvVsf1ueitWDlM6dkCdbXL5wWl/U=</latexit>

|V i
<latexit sha1_base64="qEdm7f2Gx3FsPSGc4ZNDSbTn7wc=">AAACAnicbVDLSsNAFL2pr1pfVZdugkVwVRIp2mXRjcsK9gFtKJPppB06mYSZG6GE7PwBt/oH7sStP+IP+B1O2yxs64ELh3Pu5d57/FhwjY7zbRU2Nre2d4q7pb39g8Oj8vFJW0eJoqxFIxGprk80E1yyFnIUrBsrRkJfsI4/uZv5nSemNI/kI05j5oVkJHnAKUEjdfq3iqTtbFCuOFVnDnuduDmpQI7moPzTH0Y0CZlEKojWPdeJ0UuJQk4Fy0r9RLOY0AkZsZ6hkoRMe+n83My+MMrQDiJlSqI9V/9OpCTUehr6pjMkONar3kz8z+slGNS9lMs4QSbpYlGQCBsje/a7PeSKURRTQwhV3Nxq0zFRhKJJaGmLr8iEYVYywbirMayT9lXVva7WHmqVRj2PqAhncA6X4MINNOAemtACChN4gVd4s56td+vD+ly0Fqx85hSWYH39AoP8l+Y=</latexit>

hV |

<latexit sha1_base64="wUo/jjL/4u4aWllEbPZfxd+VEOA=">AAACGHicbZDLSsNAFIYn9VbrLeqym8EiiIuSSNFuhKIblxVsUmhjmUwn7dDJhZmJUNIsfA1fwK2+gTtx684X8DmcphFs6w8D//znHM7M50aMCmkYX1phZXVtfaO4Wdra3tnd0/cPLBHGHJMWDlnI2y4ShNGAtCSVjLQjTpDvMmK7o+tp3X4gXNAwuJPjiDg+GgTUoxhJFfX0cveKoxGRiT2x0svfizWx0/vTnl4xqkYmuGzM3FRArmZP/+72Qxz7JJCYISE6phFJJ0FcUsxIWurGgkQIj9CAdJQNkE+Ek2SfSOGxSvrQC7k6gYRZ+nciQb4QY99VnT6SQ7FYm4b/1Tqx9OpOQoMoliTAs0VezKAM4ZQI7FNOsGRjZRDmVL0V4iHiCEvFbW6Lm9FJSwqMuYhh2VhnVfO8WrutVRr1HFERlMEROAEmuAANcAOaoAUweATP4AW8ak/am/aufcxaC1o+cwjmpH3+AKr8oJE=</latexit>

hW |V i = hV |W i⇤

<latexit sha1_base64="6n1TepDhTb96f6WEbVF0zf2BFYM=">AAACCXicbVDLSsNAFL3xWeur6tLNYBEqlJJI0S4LblxWsA9oY5hMJ+3QySTMTAol9Av8Abf6B+7ErV/hD/gdTtssbOuBC4dz7uVcjh9zprRtf1sbm1vbO7u5vfz+weHRceHktKWiRBLaJBGPZMfHinImaFMzzWknlhSHPqdtf3Q389tjKhWLxKOexNQN8UCwgBGsjfRUGntOuWJQHnviyisU7Yo9B1onTkaKkKHhFX56/YgkIRWacKxU17Fj7aZYakY4neZ7iaIxJiM8oF1DBQ6pctP511N0aZQ+CiJpRmg0V/9epDhUahL6ZjPEeqhWvZn4n9dNdFBzUybiRFNBFkFBwpGO0KwC1GeSEs0nhmAimfkVkSGWmGhT1FKKL/GI6mneFOOs1rBOWtcV56ZSfagW67WsohycwwWUwIFbqMM9NKAJBCS8wCu8Wc/Wu/VhfS5WN6zs5gyWYH39Ag1TmRc=</latexit>

(v1, ...., vn)
<latexit sha1_base64="KsXn4Ffw1LmRRFCKnfdhKNeaqz0=">AAACD3icbVDLTsJAFJ3iC/FVcelmIjFBQkhriLIkceMSE3kkUJrpMIUJ02kzMyWSho/wB9zqH7gzbv0Ef8DvcIAuBDzJTU7OuTfn5ngRo1JZ1reR2dre2d3L7ucODo+OT8zTfEuGscCkiUMWio6HJGGUk6aiipFOJAgKPEba3vhu7rcnREga8kc1jYgToCGnPsVIack188WJa/dL5YpGeeLyfunKNQtWxVoAbhI7JQWQouGaP71BiOOAcIUZkrJrW5FyEiQUxYzMcr1YkgjhMRqSrqYcBUQ6yeL3GbzUygD6odDDFVyofy8SFEg5DTy9GSA1kuveXPzP68bKrzkJ5VGsCMfLID9mUIVwXgQcUEGwYlNNEBZU/wrxCAmEla5rJcUTaEzULKeLsddr2CSt64p9U6k+VAv1WlpRFpyDC1AENrgFdXAPGqAJMHgCL+AVvBnPxrvxYXwuVzNGenMGVmB8/QLexZqA</latexit>

(v⇤1 , ...., v
⇤
n)



Evidently for the n -dimensional complex vector               is real and positive except for the null 
vector:

For the more general inner product spaces considered later we require              to be positive, 
except for the null vector. These requirements do restrict the classes of vector spaces we are 
considering - no Lorentz metric, for example - but they are all satisfied by the spaces relevant 
to nonrelativistic quantum mechanics.) 

<latexit sha1_base64="7Q1ygxxXVMZBomp2b7Ew18SzoGI=">AAACB3icbZDPSsNAEMYn9V+t/6oevSwWwVNJRLTHohePFWxaaELZbDft0s0m7G6EEvsAvoBXfQNv4tXH8AV8DrdpDrb1g4GPb2aY4RcknClt299WaW19Y3OrvF3Z2d3bP6geHrkqTiWhbRLzWHYDrChngrY105x2E0lxFHDaCca3s37nkUrFYvGgJwn1IzwULGQEaxN53o3EY6oz98md9qs1u27nQqvGKUwNCrX61R9vEJM0okITjpXqOXai/QxLzQin04qXKppgMsZD2jNW4IgqP8t/nqIzkwxQGEtTQqM8/buR4UipSRSYyQjrkVruzcL/er1Uhw0/YyJJNRVkfihMOdIxmgFAAyYp0XxiDCaSmV8RGWGJiTaYFq4EOZtpxYBxljGsGvei7lzVL+8va81GgagMJ3AK5+DANTThDlrQBgIJvMArvFnP1rv1YX3OR0tWsXMMC7K+fgGiJJou</latexit>

hV |V i

<latexit sha1_base64="0tEHeSCpr64DZM3K8abGRnjsruM=">AAACHXicbZDLSgMxFIYzXmu9jbp0EyyCqzJTinZTKLpxWcFeoJchk6ZtaJIZkkyhTGfra/gCbvUN3Ilb8QV8DtNpF7b1h8DPf87hnHx+yKjSjvNtbWxube/sZvay+weHR8f2yWldBZHEpIYDFsimjxRhVJCappqRZigJ4j4jDX90N6s3xkQqGohHPQlJh6OBoH2KkTaRZ8P2rUQjouP6tJ6U2yriXkzLbtIV07FHp92CZ+ecvJMKrht3YXJgoapn/7R7AY44ERozpFTLdULdiZHUFDOSZNuRIiHCIzQgLWMF4kR14vQnCbw0SQ/2A2me0DBN/07EiCs14b7p5EgP1WptFv5Xa0W6X+rEVISRJgLPF/UjBnUAZ1hgj0qCNZsYg7Ck5laIh0girA28pS1+yivJGjDuKoZ1Uy/k3et88aGYq5QWiDLgHFyAK+CCG1AB96AKagCDJ/ACXsGb9Wy9Wx/W57x1w1rMnIElWV+/7KGi1Q==</latexit>

hV |V i =
nX

i=1

|vi|2

<latexit sha1_base64="7Q1ygxxXVMZBomp2b7Ew18SzoGI=">AAACB3icbZDPSsNAEMYn9V+t/6oevSwWwVNJRLTHohePFWxaaELZbDft0s0m7G6EEvsAvoBXfQNv4tXH8AV8DrdpDrb1g4GPb2aY4RcknClt299WaW19Y3OrvF3Z2d3bP6geHrkqTiWhbRLzWHYDrChngrY105x2E0lxFHDaCca3s37nkUrFYvGgJwn1IzwULGQEaxN53o3EY6oz98md9qs1u27nQqvGKUwNCrX61R9vEJM0okITjpXqOXai/QxLzQin04qXKppgMsZD2jNW4IgqP8t/nqIzkwxQGEtTQqM8/buR4UipSRSYyQjrkVruzcL/er1Uhw0/YyJJNRVkfihMOdIxmgFAAyYp0XxiDCaSmV8RGWGJiTaYFq4EOZtpxYBxljGsGvei7lzVL+8va81GgagMJ3AK5+DANTThDlrQBgIJvMArvFnP1rv1YX3OR0tWsXMMC7K+fgGiJJou</latexit>

hV |V i

The norm of            is then defined by 
<latexit sha1_base64="CtwBJTgll8NXxT3LmiO2Hjj8tc8=">AAACAnicbVDLSsNAFJ3UV62vqks3wSK4KokU7bLgRnBTwT6gDWUyvWmHTiZh5kYoITt/wK3+gTtx64/4A36H0zYL23rgwuGce7n3Hj8WXKPjfFuFjc2t7Z3ibmlv/+DwqHx80tZRohi0WCQi1fWpBsEltJCjgG6sgIa+gI4/uZ35nSdQmkfyEacxeCEdSR5wRtFInf49YNrOBuWKU3XmsNeJm5MKydEclH/6w4glIUhkgmrdc50YvZQq5ExAVuonGmLKJnQEPUMlDUF76fzczL4wytAOImVKoj1X/06kNNR6GvqmM6Q41qveTPzP6yUY1L2UyzhBkGyxKEiEjZE9+90ecgUMxdQQyhQ3t9psTBVlaBJa2uIrOgHMSiYYdzWGddK+qrrX1dpDrdKo5xEVyRk5J5fEJTekQe5Ik7QIIxPyQl7Jm/VsvVsf1ueitWDlM6dkCdbXL5wWl/U=</latexit>

|V i
<latexit sha1_base64="xtTipELii3n+IWCQni9hx048yN8=">AAACFHicbZDLSsNAFIYnXmu9RV24cBMsgquSSNFuhKIblxVsWmhCmUwn7dDJxZkToaR5DV/Arb6BO3Hr3hfwOZymWdjWHwZ+/nMO58znxZxJMM1vbWV1bX1js7RV3t7Z3dvXDw5tGSWC0BaJeCQ6HpaUs5C2gAGnnVhQHHictr3R7bTefqJCsih8gHFM3QAPQuYzgkFFPf14Yk+uHfkoIHVuBB5RSO2JnWU9vWJWzVzGsrEKU0GFmj39x+lHJAloCIRjKbuWGYObYgGMcJqVnUTSGJMRHtCusiEOqHTT/AOZcaaSvuFHQr0QjDz9O5HiQMpx4KnOAMNQLtam4X+1bgJ+3U1ZGCdAQzJb5CfcgMiY0jD6TFACfKwMJoKpWw0yxAITUMzmtng5nKyswFiLGJaNfVG1Lqu1+1qlUS8QldAJOkXnyEJXqIHuUBO1EEEZekGv6E171t61D+1z1rqiFTNHaE7a1y9wZZ92</latexit>

|V | =
p

hV |V i

If            is a member of Vn(C) , so is            , for any complex number a. 

We require the inner product operation to commute with multiplication by a number, so 

The complex conjugate of the right hand side is                        . 


For consistency, the bra corresponding to the ket            must therefore be               - in any case 
obvious from the definition of the bra in n complex dimensions given above. 

It follows that if
then

<latexit sha1_base64="CtwBJTgll8NXxT3LmiO2Hjj8tc8=">AAACAnicbVDLSsNAFJ3UV62vqks3wSK4KokU7bLgRnBTwT6gDWUyvWmHTiZh5kYoITt/wK3+gTtx64/4A36H0zYL23rgwuGce7n3Hj8WXKPjfFuFjc2t7Z3ibmlv/+DwqHx80tZRohi0WCQi1fWpBsEltJCjgG6sgIa+gI4/uZ35nSdQmkfyEacxeCEdSR5wRtFInf49YNrOBuWKU3XmsNeJm5MKydEclH/6w4glIUhkgmrdc50YvZQq5ExAVuonGmLKJnQEPUMlDUF76fzczL4wytAOImVKoj1X/06kNNR6GvqmM6Q41qveTPzP6yUY1L2UyzhBkGyxKEiEjZE9+90ecgUMxdQQyhQ3t9psTBVlaBJa2uIrOgHMSiYYdzWGddK+qrrX1dpDrdKo5xEVyRk5J5fEJTekQe5Ik7QIIxPyQl7Jm/VsvVsf1ueitWDlM6dkCdbXL5wWl/U=</latexit>

|V i

<latexit sha1_base64="GNS5zdqzchVlzwRrfawcN5SKEgI=">AAACA3icbVDLSgNBEJyNrxhfUY9eBoPgKexK0BwDXgQvEcwDkiXMTnqTIbMPZnqFsOzRH/Cqf+BNvPoh/oDf4STZg0ksaCiquunu8mIpNNr2t1XY2Nza3inulvb2Dw6PyscnbR0likOLRzJSXY9pkCKEFgqU0I0VsMCT0PEmtzO/8wRKiyh8xGkMbsBGofAFZ2ikLuvfA6btbFCu2FV7DrpOnJxUSI7moPzTH0Y8CSBELpnWPceO0U2ZQsElZKV+oiFmfMJG0DM0ZAFoN53fm9ELowypHylTIdK5+nciZYHW08AznQHDsV71ZuJ/Xi9Bv+6mIowThJAvFvmJpBjR2fN0KBRwlFNDGFfC3Er5mCnG0US0tMVTbAKYlUwwzmoM66R9VXWuq7WHWqVRzyMqkjNyTi6JQ25Ig9yRJmkRTiR5Ia/kzXq23q0P63PRWrDymVOyBOvrF15omGA=</latexit>

a |V i
<latexit sha1_base64="rhs3fOndJBv2gCfZTuNH14O/Qo4=">AAACBXicbVDLSgNBEOz1GeMr6tHLYhDEQ9iVoDkGvXiMYB6YrKF3MpsMmZ1dZmaFsOzZH/Cqf+BNvPod/oDf4eRxMIkFDUVVN91dfsyZ0o7zba2srq1vbOa28ts7u3v7hYPDhooSSWidRDySLR8V5UzQumaa01YsKYY+p01/eDP2m09UKhaJez2KqRdiX7CAEdRGeuhcS0wbGT6edwtFp+RMYC8Td0aKMEOtW/jp9CKShFRowlGptuvE2ktRakY4zfKdRNEYyRD7tG2owJAqL51cnNmnRunZQSRNCW1P1L8TKYZKjULfdIaoB2rRG4v/ee1EBxUvZSJONBVkuihIuK0je/y+3WOSEs1HhiCRzNxqkwFKJNqENLfFlzikOsubYNzFGJZJ46LkXpbKd+VitTKLKAfHcAJn4MIVVOEWalAHAgJe4BXerGfr3fqwPqetK9Zs5gjmYH39Am/hmO0=</latexit>

hV | a⇤

<latexit sha1_base64="GNS5zdqzchVlzwRrfawcN5SKEgI=">AAACA3icbVDLSgNBEJyNrxhfUY9eBoPgKexK0BwDXgQvEcwDkiXMTnqTIbMPZnqFsOzRH/Cqf+BNvPoh/oDf4STZg0ksaCiquunu8mIpNNr2t1XY2Nza3inulvb2Dw6PyscnbR0likOLRzJSXY9pkCKEFgqU0I0VsMCT0PEmtzO/8wRKiyh8xGkMbsBGofAFZ2ikLuvfA6btbFCu2FV7DrpOnJxUSI7moPzTH0Y8CSBELpnWPceO0U2ZQsElZKV+oiFmfMJG0DM0ZAFoN53fm9ELowypHylTIdK5+nciZYHW08AznQHDsV71ZuJ/Xi9Bv+6mIowThJAvFvmJpBjR2fN0KBRwlFNDGFfC3Er5mCnG0US0tMVTbAKYlUwwzmoM66R9VXWuq7WHWqVRzyMqkjNyTi6JQ25Ig9yRJmkRTiR5Ia/kzXq23q0P63PRWrDymVOyBOvrF15omGA=</latexit>

a |V i

<latexit sha1_base64="r1XNxf8hZag2JWX8CtBJ2q3CSnM=">AAACHHicbZDLSsNAFIYnXmu9RV26MFiEuimJFO1GKLoR3FSwF2hCOZlO26GTCzMTocQsfQ1fwK2+gTtxK/gCPoeTNAvb+sPAP/85hzPzuSGjQprmt7a0vLK6tl7YKG5ube/s6nv7LRFEHJMmDljAOy4IwqhPmpJKRjohJ+C5jLTd8XVabz8QLmjg38tJSBwPhj4dUAxSRT39yL7iELeTMti3RMat5PQS0misLu3HVtLTS2bFzGQsGis3JZSr0dN/7H6AI4/4EjMQomuZoXRi4JJiRpKiHQkSAh7DkHSV9cEjwomzjyTGiUr6xiDg6vjSyNK/EzF4Qkw8V3V6IEdivpaG/9W6kRzUnJj6YSSJj6eLBhEzZGCkVIw+5QRLNlEGMKfqrQYeAQcsFbuZLW7GJikqMNY8hkXTOqtY55XqXbVUr+WICugQHaMystAFqqMb1EBNhNETekGv6E171t61D+1z2rqk5TMHaEba1y9lSaH8</latexit>

hW | (a |V i) = a hW |V i
<latexit sha1_base64="bGRf7vm9fP0pcFDlfq6b5YTy89Y=">AAACDHicbZDLSsNAFIYn9VbrpVGXboJFEBclkaJdFt24rGAv0MZyMp20QyeTMDMRSswr+AJu9Q3ciVvfwRfwOZymWdjWHw78/OcczuHzIkalsu1vo7C2vrG5Vdwu7ezu7ZfNg8O2DGOBSQuHLBRdDyRhlJOWooqRbiQIBB4jHW9yM+t3HomQNOT3ahoRN4ARpz7FoHQ0MMvwcN6/FjAhKmk/ddKBWbGrdiZr1Ti5qaBczYH50x+GOA4IV5iBlD3HjpSbgFAUM5KW+rEkEeAJjEhPWw4BkW6SPZ5apzoZWn4odHFlZenfjQQCKaeBpycDUGO53JuF//V6sfLrbkJ5FCvC8fyQHzNLhdaMgjWkgmDFptoAFlT/auExCMBKs1q44mVs0pIG4yxjWDXti6pzWa3d1SqNeo6oiI7RCTpDDrpCDXSLmqiFMIrRC3pFb8az8W58GJ/z0YKR7xyhBRlfvwyfm2c=</latexit>

a⇤ hV |W i

<latexit sha1_base64="dl28hMMfC7keEa4MI3zICkBIkC8="></latexit>

|V i =
X

i

vi |ii , |W i =
X

i

wi |ii ,
<latexit sha1_base64="T2tRSOmoKDaKYSTrrTHXT2w3iW4="></latexit>

hV |W i =
X

i,j

v⇤i wj hi | ji



Constructing an Orthonormal Basis: the Gram-Schmidt Process 

To have something better resembling the standard dot product of ordinary three vectors, we 

need                           , that is, we need to construct an orthonormal basis in the space. 

There is a straightforward procedure for doing this called the Gram-Schmidt process. 

We begin with a linearly independent set of basis vectors,                       , ... .

We first normalize         by dividing it by its norm. Call the normalized vector         . 


Now         cannot be parallel to        , because the original basis was of linearly independent 
vectors, but            in general has a nonzero component parallel to        , equal to                   , 
since         is normalized. 

Therefore, the vector                           is perpendicular to          , as is easily verified. 

It is also easy to compute the norm of this vector, and divide by it to get          , the second 
member of the orthonormal basis. 

Next, we take            and subtract off its components in the directions          and              , 
normalize the remainder, and so on. 

In an n-dimensional space, having constructed an orthonormal basis with members        , any 
vector              can be written as a column vector, 

<latexit sha1_base64="1ZmOQIPbrOCw+GUtSSTU3Vejd1k=">AAACFXicbZBLSgNBEIZ74ivGV9SN4GYwCK7CjATNRgi6cRnBPCAZQk+nknTS86C7RgjjeA0v4FZv4E7cuvYCnsPOJAuT+EPDz19VVPXnhoIrtKxvI7Oyura+kd3MbW3v7O7l9w/qKogkgxoLRCCbLlUguA815CigGUqgniug4Y5uJvXGA0jFA/8exyE4Hu37vMcZRR118kfta0lHgDF/HCZX7S4IpJ2YD5NOvmAVrVTmsrFnpkBmqnbyP+1uwCIPfGSCKtWyrRCdmErkTECSa0cKQspGtA8tbX3qgXLi9AeJeaqTrtkLpH4+mmn6dyKmnlJjz9WdHsWBWqxNwv9qrQh7ZSfmfhgh+Gy6qBcJEwNzgsPscgkMxVgbyiTXt5psQCVlqKHNbXFTTklOg7EXMSyb+nnRviiW7kqFSnmGKEuOyQk5Iza5JBVyS6qkRhh5Ii/klbwZz8a78WF8TlszxmzmkMzJ+PoFFMefyw==</latexit>

hi | ji = �ij

<latexit sha1_base64="xH76xN2SF+LxQQo2nN/7AuwJ7pY=">AAACFHicbVDLSgNBEJyNrxhfUQ8evCwGwYOE3Rg0x4AXwUsE84BkCbOT3mTI7IOZXiEs+xv+gFf9A2/i1bs/4Hc4SfZgEguGLqq66Z5yI8EVWta3kVtb39jcym8Xdnb39g+Kh0ctFcaSQZOFIpQdlyoQPIAmchTQiSRQ3xXQdse3U7/9BFLxMHjESQSOT4cB9zijqKV+8aR3D5jY6eWsVrJ6lfaLJatszWCuEjsjJZKh0S/+9AYhi30IkAmqVNe2InQSKpEzAWmhFyuIKBvTIXQ1DagPyklmH0jNc60MTC+U+gVoztS/Ewn1lZr4ru70KY7UsjcV//O6MXo1J+FBFCMEbL7Ii4WJoTlNwxxwCQzFRBPKJNe3mmxEJWWoM1vY4ko6BkwLOhh7OYZV0qqU7ety9aFaqteyiPLklJyRC2KTG1Ind6RBmoSRlLyQV/JmPBvvxofxOW/NGdnMMVmA8fULjMWeTg==</latexit>

|1i , |2i , |3i
<latexit sha1_base64="l52gdeh09kj0nSMTGOBqyFnXXEo=">AAACAnicbVDLSgNBEJyNrxhfUY9eBoPgKexK0BwDXgQvEcwDkiXMTnqTIbMPZnqFsOzNH/Cqf+BNvPoj/oDf4STZg0ksaCiquunu8mIpNNr2t1XY2Nza3inulvb2Dw6PyscnbR0likOLRzJSXY9pkCKEFgqU0I0VsMCT0PEmtzO/8wRKiyh8xGkMbsBGofAFZ2ikTv8eMHWyQbliV+056DpxclIhOZqD8k9/GPEkgBC5ZFr3HDtGN2UKBZeQlfqJhpjxCRtBz9CQBaDddH5uRi+MMqR+pEyFSOfq34mUBVpPA890BgzHetWbif95vQT9upuKME4QQr5Y5CeSYkRnv9OhUMBRTg1hXAlzK+VjphhHk9DSFk+xCWBWMsE4qzGsk/ZV1bmu1h5qlUY9j6hIzsg5uSQOuSENckeapEU4mZAX8krerGfr3fqwPhetBSufOSVLsL5+AWD5l9A=</latexit>

|1i
<latexit sha1_base64="pOI4IINnPaA6mxElp7hch5qtjJg=">AAACAnicbVDLSsNAFJ3UV62vqks3wSK4KomIdllwo7ipYB/QhjKZ3rRDJ5MwcyOUkJ0/4Fb/wJ249Uf8Ab/DaZuFbT1w4XDOvdx7jx8LrtFxvq3C2vrG5lZxu7Szu7d/UD48aukoUQyaLBKR6vhUg+ASmshRQCdWQENfQNsf30z99hMozSP5iJMYvJAOJQ84o2ikdu8eML3L+uWKU3VmsFeJm5MKydHol396g4glIUhkgmrddZ0YvZQq5ExAVuolGmLKxnQIXUMlDUF76ezczD4zysAOImVKoj1T/06kNNR6EvqmM6Q40sveVPzP6yYY1LyUyzhBkGy+KEiEjZE9/d0ecAUMxcQQyhQ3t9psRBVlaBJa2OIrOgbMSiYYdzmGVdK6qLpX1cuHy0q9lkdUJCfklJwTl1yTOrklDdIkjIzJC3klb9az9W59WJ/z1oKVzxyTBVhfv4dRl+g=</latexit>

|Ii
<latexit sha1_base64="kOqASs0tztCPAfEi0QGVpJgcRhU=">AAACAnicbVDLSsNAFJ3UV62vqks3wSK4Kkkp2mXBjeCmgn1AG8pketMOmUzCzI1QQnf+gFv9A3fi1h/xB/wOp20W2nrgwuGce7n3Hj8RXKPjfFmFjc2t7Z3ibmlv/+DwqHx80tFxqhi0WSxi1fOpBsEltJGjgF6igEa+gK4f3sz97iMozWP5gNMEvIiOJQ84o2ik7uAOMKvNhuWKU3UWsNeJm5MKydEalr8Ho5ilEUhkgmrdd50EvYwq5EzArDRINSSUhXQMfUMljUB72eLcmX1hlJEdxMqURHuh/p7IaKT1NPJNZ0Rxole9ufif108xaHgZl0mKINlyUZAKG2N7/rs94goYiqkhlClubrXZhCrK0CT0Z4uvaAg4K5lg3NUY1kmnVnWvqvX7eqXZyCMqkjNyTi6JS65Jk9ySFmkTRkLyTF7Iq/VkvVnv1seytWDlM6fkD6zPH2KSl9E=</latexit>

|2i <latexit sha1_base64="pOI4IINnPaA6mxElp7hch5qtjJg=">AAACAnicbVDLSsNAFJ3UV62vqks3wSK4KomIdllwo7ipYB/QhjKZ3rRDJ5MwcyOUkJ0/4Fb/wJ249Uf8Ab/DaZuFbT1w4XDOvdx7jx8LrtFxvq3C2vrG5lZxu7Szu7d/UD48aukoUQyaLBKR6vhUg+ASmshRQCdWQENfQNsf30z99hMozSP5iJMYvJAOJQ84o2ikdu8eML3L+uWKU3VmsFeJm5MKydHol396g4glIUhkgmrddZ0YvZQq5ExAVuolGmLKxnQIXUMlDUF76ezczD4zysAOImVKoj1T/06kNNR6EvqmM6Q40sveVPzP6yYY1LyUyzhBkGy+KEiEjZE9/d0ecAUMxcQQyhQ3t9psRBVlaBJa2OIrOgbMSiYYdzmGVdK6qLpX1cuHy0q9lkdUJCfklJwTl1yTOrklDdIkjIzJC3klb9az9W59WJ/z1oKVzxyTBVhfv4dRl+g=</latexit>

|Ii
<latexit sha1_base64="kOqASs0tztCPAfEi0QGVpJgcRhU=">AAACAnicbVDLSsNAFJ3UV62vqks3wSK4Kkkp2mXBjeCmgn1AG8pketMOmUzCzI1QQnf+gFv9A3fi1h/xB/wOp20W2nrgwuGce7n3Hj8RXKPjfFmFjc2t7Z3ibmlv/+DwqHx80tFxqhi0WSxi1fOpBsEltJGjgF6igEa+gK4f3sz97iMozWP5gNMEvIiOJQ84o2ik7uAOMKvNhuWKU3UWsNeJm5MKydEalr8Ho5ilEUhkgmrdd50EvYwq5EzArDRINSSUhXQMfUMljUB72eLcmX1hlJEdxMqURHuh/p7IaKT1NPJNZ0Rxole9ufif108xaHgZl0mKINlyUZAKG2N7/rs94goYiqkhlClubrXZhCrK0CT0Z4uvaAg4K5lg3NUY1kmnVnWvqvX7eqXZyCMqkjNyTi6JS65Jk9ySFmkTRkLyTF7Iq/VkvVnv1seytWDlM6fkD6zPH2KSl9E=</latexit>

|2i
<latexit sha1_base64="pOI4IINnPaA6mxElp7hch5qtjJg=">AAACAnicbVDLSsNAFJ3UV62vqks3wSK4KomIdllwo7ipYB/QhjKZ3rRDJ5MwcyOUkJ0/4Fb/wJ249Uf8Ab/DaZuFbT1w4XDOvdx7jx8LrtFxvq3C2vrG5lZxu7Szu7d/UD48aukoUQyaLBKR6vhUg+ASmshRQCdWQENfQNsf30z99hMozSP5iJMYvJAOJQ84o2ikdu8eML3L+uWKU3VmsFeJm5MKydHol396g4glIUhkgmrddZ0YvZQq5ExAVuolGmLKxnQIXUMlDUF76ezczD4zysAOImVKoj1T/06kNNR6EvqmM6Q40sveVPzP6yYY1LyUyzhBkGy+KEiEjZE9/d0ecAUMxcQQyhQ3t9psRBVlaBJa2OIrOgbMSiYYdzmGVdK6qLpX1cuHy0q9lkdUJCfklJwTl1yTOrklDdIkjIzJC3klb9az9W59WJ/z1oKVzxyTBVhfv4dRl+g=</latexit>

|Ii
<latexit sha1_base64="6zAoB+EKfF3vBEvSlSsCfynlvwE=">AAACEHicbZDLSsNAFIYnXmu9Rbt0M1gEVyUpRbssulHcVLAXaEKZTCft0MkkzEyEEPMSvoBbfQN34tY38AV8DidpF7b1hwM//zmHc/i8iFGpLOvbWFvf2NzaLu2Ud/f2Dw7No+OuDGOBSQeHLBR9D0nCKCcdRRUj/UgQFHiM9Lzpdd7vPRIhacgfVBIRN0BjTn2KkdLR0Kw4d0Slt5lzJdA0d0/1bGhWrZpVCK4ae26qYK720PxxRiGOA8IVZkjKgW1Fyk2RUBQzkpWdWJII4Skak4G2HAVEumnxfAbPdDKCfih0cQWL9O9GigIpk8DTkwFSE7ncy8P/eoNY+U03pTyKFeF4dsiPGVQhzEnAERUEK5Zog7Cg+leIJ0ggrDSvhStewSYrazD2MoZV063X7Ita475RbTXniErgBJyCc2CDS9ACN6ANOgCDBLyAV/BmPBvvxofxORtdM+Y7FbAg4+sXXradNQ==</latexit>

|Ii hI | 2i
<latexit sha1_base64="pOI4IINnPaA6mxElp7hch5qtjJg=">AAACAnicbVDLSsNAFJ3UV62vqks3wSK4KomIdllwo7ipYB/QhjKZ3rRDJ5MwcyOUkJ0/4Fb/wJ249Uf8Ab/DaZuFbT1w4XDOvdx7jx8LrtFxvq3C2vrG5lZxu7Szu7d/UD48aukoUQyaLBKR6vhUg+ASmshRQCdWQENfQNsf30z99hMozSP5iJMYvJAOJQ84o2ikdu8eML3L+uWKU3VmsFeJm5MKydHol396g4glIUhkgmrddZ0YvZQq5ExAVuolGmLKxnQIXUMlDUF76ezczD4zysAOImVKoj1T/06kNNR6EvqmM6Q40sveVPzP6yYY1LyUyzhBkGy+KEiEjZE9/d0ecAUMxcQQyhQ3t9psRBVlaBJa2OIrOgbMSiYYdzmGVdK6qLpX1cuHy0q9lkdUJCfklJwTl1yTOrklDdIkjIzJC3klb9az9W59WJ/z1oKVzxyTBVhfv4dRl+g=</latexit>

|Ii
<latexit sha1_base64="C6dZrnymZOA+7wFW/erpuTA6F3w=">AAACGHicbZC7TsMwFIYdrqXcAoxdLCokFqqkqqBjBQuIpUj0IjVR5bhua9VxIttBqkIGXoMXYIU3YEOsbLwAz4GTZqAtR7L86//P0bE/L2RUKsv6NlZW19Y3Ngtbxe2d3b198+CwLYNIYNLCAQtE10OSMMpJS1HFSDcUBPkeIx1vcpXmnQciJA34vZqGxPXRiNMhxUhpq2+WnFui4mpylt03iXMp0CRVj9Wkb5atipUVXBZ2Lsogr2bf/HEGAY58whVmSMqebYXKjZFQFDOSFJ1IkhDhCRqRnpYc+US6cfaJBJ5oZwCHgdCHK5i5fydi5Es59T3d6SM1lotZav6X9SI1rLsx5WGkCMezRcOIQRXAlAgcUEGwYlMtEBZUvxXiMRIIK81tbouXsUmKGoy9iGFZtKsV+7xSu6uVG/UcUQGUwDE4BTa4AA1wDZqgBTB4Ai/gFbwZz8a78WF8zlpXjHzmCMyV8fULUB6gXA==</latexit>

|2i � |Ii hI | 2i
<latexit sha1_base64="pOI4IINnPaA6mxElp7hch5qtjJg=">AAACAnicbVDLSsNAFJ3UV62vqks3wSK4KomIdllwo7ipYB/QhjKZ3rRDJ5MwcyOUkJ0/4Fb/wJ249Uf8Ab/DaZuFbT1w4XDOvdx7jx8LrtFxvq3C2vrG5lZxu7Szu7d/UD48aukoUQyaLBKR6vhUg+ASmshRQCdWQENfQNsf30z99hMozSP5iJMYvJAOJQ84o2ikdu8eML3L+uWKU3VmsFeJm5MKydHol396g4glIUhkgmrddZ0YvZQq5ExAVuolGmLKxnQIXUMlDUF76ezczD4zysAOImVKoj1T/06kNNR6EvqmM6Q40sveVPzP6yYY1LyUyzhBkGy+KEiEjZE9/d0ecAUMxcQQyhQ3t9psRBVlaBJa2OIrOgbMSiYYdzmGVdK6qLpX1cuHy0q9lkdUJCfklJwTl1yTOrklDdIkjIzJC3klb9az9W59WJ/z1oKVzxyTBVhfv4dRl+g=</latexit>

|Ii
<latexit sha1_base64="JgK0wWvwA1fi1pNu89RJao4TJuQ=">AAACA3icbVDLSgNBEJyNrxhfUY9eFoPgKexK0BwDXgxeIpgHJEuYnXSSIbOzy0yvEJY9+gNe9Q+8iVc/xB/wO5wkezCJBQ1FVTfdXX4kuEbH+bZyG5tb2zv53cLe/sHhUfH4pKXDWDFoslCEquNTDYJLaCJHAZ1IAQ18AW1/cjvz20+gNA/lI04j8AI6knzIGUUjdXr3gEm9nvaLJafszGGvEzcjJZKh0S/+9AYhiwOQyATVuus6EXoJVciZgLTQizVElE3oCLqGShqA9pL5val9YZSBPQyVKYn2XP07kdBA62ngm86A4livejPxP68b47DqJVxGMYJki0XDWNgY2rPn7QFXwFBMDaFMcXOrzcZUUYYmoqUtvqITwLRggnFXY1gnrauye12uPFRKtWoWUZ6ckXNySVxyQ2rkjjRIkzAiyAt5JW/Ws/VufVifi9aclc2ckiVYX78jSZg7</latexit>

|IIi

<latexit sha1_base64="08xIwvFBwfLHWHWjxLE7j/ST2Qw=">AAACAnicbVDLSsNAFJ34rPVVdekmWARXJdGiXRbcCG4q2Ae0oUymN+3QySTM3AglZOcPuNU/cCdu/RF/wO9w2mZhWw9cOJxzL/fe48eCa3Scb2ttfWNza7uwU9zd2z84LB0dt3SUKAZNFolIdXyqQXAJTeQooBMroKEvoO2Pb6d++wmU5pF8xEkMXkiHkgecUTRSu3cPmF5l/VLZqTgz2KvEzUmZ5Gj0Sz+9QcSSECQyQbXuuk6MXkoVciYgK/YSDTFlYzqErqGShqC9dHZuZp8bZWAHkTIl0Z6pfydSGmo9CX3TGVIc6WVvKv7ndRMMal7KZZwgSDZfFCTCxsie/m4PuAKGYmIIZYqbW202oooyNAktbPEVHQNmRROMuxzDKmldVtzrSvWhWq7X8ogK5JSckQvikhtSJ3ekQZqEkTF5Ia/kzXq23q0P63PeumblMydkAdbXL2Qrl9I=</latexit>

|3i <latexit sha1_base64="pOI4IINnPaA6mxElp7hch5qtjJg=">AAACAnicbVDLSsNAFJ3UV62vqks3wSK4KomIdllwo7ipYB/QhjKZ3rRDJ5MwcyOUkJ0/4Fb/wJ249Uf8Ab/DaZuFbT1w4XDOvdx7jx8LrtFxvq3C2vrG5lZxu7Szu7d/UD48aukoUQyaLBKR6vhUg+ASmshRQCdWQENfQNsf30z99hMozSP5iJMYvJAOJQ84o2ikdu8eML3L+uWKU3VmsFeJm5MKydHol396g4glIUhkgmrddZ0YvZQq5ExAVuolGmLKxnQIXUMlDUF76ezczD4zysAOImVKoj1T/06kNNR6EvqmM6Q40sveVPzP6yYY1LyUyzhBkGy+KEiEjZE9/d0ecAUMxcQQyhQ3t9psRBVlaBJa2OIrOgbMSiYYdzmGVdK6qLpX1cuHy0q9lkdUJCfklJwTl1yTOrklDdIkjIzJC3klb9az9W59WJ/z1oKVzxyTBVhfv4dRl+g=</latexit>

|Ii
<latexit sha1_base64="JgK0wWvwA1fi1pNu89RJao4TJuQ=">AAACA3icbVDLSgNBEJyNrxhfUY9eFoPgKexK0BwDXgxeIpgHJEuYnXSSIbOzy0yvEJY9+gNe9Q+8iVc/xB/wO5wkezCJBQ1FVTfdXX4kuEbH+bZyG5tb2zv53cLe/sHhUfH4pKXDWDFoslCEquNTDYJLaCJHAZ1IAQ18AW1/cjvz20+gNA/lI04j8AI6knzIGUUjdXr3gEm9nvaLJafszGGvEzcjJZKh0S/+9AYhiwOQyATVuus6EXoJVciZgLTQizVElE3oCLqGShqA9pL5val9YZSBPQyVKYn2XP07kdBA62ngm86A4livejPxP68b47DqJVxGMYJki0XDWNgY2rPn7QFXwFBMDaFMcXOrzcZUUYYmoqUtvqITwLRggnFXY1gnrauye12uPFRKtWoWUZ6ckXNySVxyQ2rkjjRIkzAiyAt5JW/Ws/VufVifi9aclc2ckiVYX78jSZg7</latexit>

|IIi

<latexit sha1_base64="MHRNz6mTlHnUWWMZGlCJssfkduY=">AAACAnicbVDLSgNBEJyNrxhfUY9eBoPgKexK0BwDXgQvEcwDkiXMTnqTIbMPZnqFsOzNH/Cqf+BNvPoj/oDf4STZg0ksaCiquunu8mIpNNr2t1XY2Nza3inulvb2Dw6PyscnbR0likOLRzJSXY9pkCKEFgqU0I0VsMCT0PEmtzO/8wRKiyh8xGkMbsBGofAFZ2ikTv8eMBXZoFyxq/YcdJ04OamQHM1B+ac/jHgSQIhcMq17jh2jmzKFgkvISv1EQ8z4hI2gZ2jIAtBuOj83oxdGGVI/UqZCpHP170TKAq2ngWc6A4ZjverNxP+8XoJ+3U1FGCcIIV8s8hNJMaKz3+lQKOAop4YwroS5lfIxU4yjSWhpi6fYBDArmWCc1RjWSfuq6lxXaw+1SqOeR1QkZ+ScXBKH3JAGuSNN0iKcTMgLeSVv1rP1bn1Yn4vWgpXPnJIlWF+/unGYCA==</latexit>

|ii
<latexit sha1_base64="CtwBJTgll8NXxT3LmiO2Hjj8tc8=">AAACAnicbVDLSsNAFJ3UV62vqks3wSK4KokU7bLgRnBTwT6gDWUyvWmHTiZh5kYoITt/wK3+gTtx64/4A36H0zYL23rgwuGce7n3Hj8WXKPjfFuFjc2t7Z3ibmlv/+DwqHx80tZRohi0WCQi1fWpBsEltJCjgG6sgIa+gI4/uZ35nSdQmkfyEacxeCEdSR5wRtFInf49YNrOBuWKU3XmsNeJm5MKydEclH/6w4glIUhkgmrdc50YvZQq5ExAVuonGmLKJnQEPUMlDUF76fzczL4wytAOImVKoj1X/06kNNR6GvqmM6Q41qveTPzP6yUY1L2UyzhBkGyxKEiEjZE9+90ecgUMxdQQyhQ3t9psTBVlaBJa2uIrOgHMSiYYdzWGddK+qrrX1dpDrdKo5xEVyRk5J5fEJTekQe5Ik7QIIxPyQl7Jm/VsvVsf1ueitWDlM6dkCdbXL5wWl/U=</latexit>

|V i



<latexit sha1_base64="AIcqvlFh78sNASMVgiA6IvbT9lE="></latexit>

|V i =
X

i

vi |ii =

0

BBBBBB@

v1
v2
...
...
vn

1

CCCCCCA
where and so on.

<latexit sha1_base64="4CLPqpmc5Z+MZ3+pKF2yE07gZS4="></latexit>

|1i =

0

BBBBBB@

1
0
...
...
0

1

CCCCCCA

The corresponding bra is                             , which we write as a row vector with the elements 

complex conjugated,                                   . 
This operation, going from columns to rows and taking the complex conjugate, is called taking 
the adjoint, and can also be applied to matrices, as we shall see shortly.

The reason for representing the bra as a row is that the inner product of two vectors is then 
given by standard matrix multiplication: 

Of course, this only works with an orthonormal base. 

<latexit sha1_base64="pWH0tM0sy1rhVhFkYP2UvBsDLMo=">AAACGXicbVDLSsNAFJ3UV62vqEtdDBZBXJREinYjFN24rGAf0MQwmU7aoTNJmJkUSsjG3/AH3OofuBO3rvwBv8Np2oVtPXDhcM693HuPHzMqlWV9G4WV1bX1jeJmaWt7Z3fP3D9oySgRmDRxxCLR8ZEkjIakqahipBMLgrjPSNsf3k789ogISaPwQY1j4nLUD2lAMVJa8sxj50agtJVdOzLhHoUjjz6ew1ykmWeWrYqVAy4Te0bKYIaGZ/44vQgnnIQKMyRl17Zi5aZIKIoZyUpOIkmM8BD1SVfTEHEi3TT/IoOnWunBIBK6QgVz9e9EiriUY+7rTo7UQC56E/E/r5uooOamNIwTRUI8XRQkDKoITiKBPSoIVmysCcKC6lshHiCBsNLBzW3xBRoSlZV0MPZiDMukdVGxLyvV+2q5XptFVARH4AScARtcgTq4Aw3QBBg8gRfwCt6MZ+Pd+DA+p60FYzZzCOZgfP0Cmbagdw==</latexit>

hV | =
X

i

v⇤i hi|
<latexit sha1_base64="AKN5cXyCAPitffvVnFRLhGNyAaA=">AAACIXicbVDLTgIxFO34RHyhLt00ogkSQmYIUTYmRDcuMZFHAsOkUwo0dDqTtkNCJvyAv+EPuNU/cGfcGfd+hx2YhYAnuTcn59yb2x43YFQq0/wy1tY3Nre2Uzvp3b39g8PM0XFD+qHApI595ouWiyRhlJO6ooqRViAI8lxGmu7oLvabYyIk9fmjmgTE9tCA0z7FSGnJyZx3bgWKGtOb3NixuvnC2CnpDosxYAGOHd7NXzqZrFk0Z4CrxEpIFiSoOZmfTs/HoUe4wgxJ2bbMQNkREopiRqbpTihJgPAIDUhbU448Iu1o9pspvNBKD/Z9oYsrOFP/bkTIk3LiuXrSQ2ool71Y/M9rh6pfsSPKg1ARjueH+iGDyodxNLBHBcGKTTRBWFD9VoiHSCCsdIALV1yBRkRN0zoYazmGVdIoFa2rYvmhnK1WkohS4BScgRywwDWogntQA3WAwRN4Aa/gzXg23o0P43M+umYkOydgAcb3L3weoHk=</latexit>

hV | = (v⇤1 , v
⇤
2 , ....., v

⇤
n)

<latexit sha1_base64="66GjquLLJY03T8BmzPzX6+abXgY="></latexit>

hV |W i = (v⇤1 , v
⇤
2 , ....., v

⇤
n)

0

BBBBBB@

w1

w2
...
...
wn

1

CCCCCCA



The Schwartz Inequality
The Schwartz inequality is the generalization to any inner product space of the result 

for ordinary three-dimensional vectors. 
The equality sign in that result only holds when the vectors are parallel. 
To generalize to higher dimensions, one might just note that two vectors are in a                       
two-dimensional subspace, but an illuminating way of understanding the inequality is to write 
the vector       as a sum of two components, one parallel to       and one perpendicular to     .

The component parallel to     is just                     , so the component perpendicular to      is the 
vector                                     .
Substituting this expression into                      , the equality follows.

This same point can be made in a general inner product space: if                       are two vectors, 
then 

<latexit sha1_base64="OaIU2ZzFc7rrU3dxlY7ZU2sz0OE=">AAACMnicbVDJSgNBEO1xjXGLevTSGARPYSa45Bjw4jGCWSATQ0+nYpr0LHTXBMJkvsTf8Ae86hfoTQRPfoSdRTTGBw2v3quiqp8XSaHRtl+speWV1bX1zEZ2c2t7Zze3t1/TYaw4VHkoQ9XwmAYpAqiiQAmNSAHzPQl1r3859usDUFqEwQ0OI2j57C4QXcEZGqmdOxu5A+AJS6nLOyHSSeWlo9sidSXQb3dcj368di5vF+wJ6CJxZiRPZqi0cx9uJ+SxDwFyybRuOnaErYQpFFxCmnVjDRHjfXYHTUMD5oNuJZPvpfTYKB3aDZV5AdKJ+nsiYb7WQ98znT7Dnv7rjcX/vGaM3VIrEUEUIwR8uqgbS4ohHWdFO0IBRzk0hHElzK2U95hiHE2ic1s8xfqAadYE4/yNYZHUigXnvHB6fZovl2YRZcghOSInxCEXpEyuSIVUCSf35JE8kWfrwXq13qz3aeuSNZs5IHOwPr8AloWrXQ==</latexit>

|~a ·~b|2  |~a|2|~b|2 or   
<latexit sha1_base64="jnewKm3IMGX4dSt7GqeW5Gzy1Nc=">AAACEXicbVDLSgNBEJz1GeMrPm5eBoPgKeyGoDkGvHiMYB6QXcPspJMMmX0w0yvEZb/CH/Cqf+BNvPoF/oDf4eRxMIkFDUVVN9WUH0uh0ba/rbX1jc2t7dxOfndv/+CwcHTc1FGiODR4JCPV9pkGKUJooEAJ7VgBC3wJLX90M/Fbj6C0iMJ7HMfgBWwQir7gDI3ULZy6PNIP5dTFISDLqCuBOt1C0S7ZU9BV4sxJkcxR7xZ+3F7EkwBC5JJp3XHsGL2UKRRcQpZ3Ew0x4yM2gI6hIQtAe+n0+4xeGKVH+5EyEyKdqn8vUhZoPQ58sxkwHOplbyL+53US7Fe9VIRxghDyWVA/kRQjOqmC9oQCjnJsCONKmF8pHzLFOJrCFlJ8xUaAWd4U4yzXsEqa5ZJzVarcVYq16ryiHDkj5+SSOOSa1MgtqZMG4eSJvJBX8mY9W+/Wh/U5W12z5jcnZAHW1y9FF50T</latexit>

cos2 ✓  1

is the component of             perpendicular to         , as is easily checked by taking its inner 
product with           .

Then

<latexit sha1_base64="We10XwBe8yGhWJ9B3kUWBDeUbgE=">AAACAnicbVDLSsNAFJ3UV62vqks3wSK4KokU7bLgxmUF+4A2lJvpTTtkMgkzk0IJ3fkDbvUP3Ilbf8Qf8DuctlnY1gMXDufcy733+AlnSjvOt1XY2t7Z3Svulw4Oj45PyqdnbRWnkmKLxjyWXR8UciawpZnm2E0kQuRz7Pjh/dzvTFAqFosnPU3Qi2AkWMAoaCN1+hOkGcwG5YpTdRawN4mbkwrJ0RyUf/rDmKYRCk05KNVznUR7GUjNKMdZqZ8qTICGMMKeoQIiVF62OHdmXxllaAexNCW0vVD/TmQQKTWNfNMZgR6rdW8u/uf1Uh3UvYyJJNUo6HJRkHJbx/b8d3vIJFLNp4YAlczcatMxSKDaJLSyxZcQop6VTDDuegybpH1TdW+rtcdapVHPIyqSC3JJrolL7kiDPJAmaRFKQvJCXsmb9Wy9Wx/W57K1YOUz52QF1tcv172YGg==</latexit>

~a
<latexit sha1_base64="CEpQnzRsXWuhWjrp06Ju/epV06w=">AAACAnicbVDLSsNAFL2pr1pfVZdugkVwVRIp2mXBjcsK9gFtKJPpTTtkMgkzk0IJ3fkDbvUP3Ilbf8Qf8DuctlnY1gMXDufcy733+AlnSjvOt1XY2t7Z3Svulw4Oj45PyqdnbRWnkmKLxjyWXZ8o5ExgSzPNsZtIJJHPseOH93O/M0GpWCye9DRBLyIjwQJGiTZSpz9BmvmzQbniVJ0F7E3i5qQCOZqD8k9/GNM0QqEpJ0r1XCfRXkakZpTjrNRPFSaEhmSEPUMFiVB52eLcmX1llKEdxNKU0PZC/TuRkUipaeSbzojosVr35uJ/Xi/VQd3LmEhSjYIuFwUpt3Vsz3+3h0wi1XxqCKGSmVttOiaSUG0SWtniSxKinpVMMO56DJukfVN1b6u1x1qlUc8jKsIFXMI1uHAHDXiAJrSAQggv8Apv1rP1bn1Yn8vWgpXPnMMKrK9f2VaYGw==</latexit>

~b
<latexit sha1_base64="CEpQnzRsXWuhWjrp06Ju/epV06w=">AAACAnicbVDLSsNAFL2pr1pfVZdugkVwVRIp2mXBjcsK9gFtKJPpTTtkMgkzk0IJ3fkDbvUP3Ilbf8Qf8DuctlnY1gMXDufcy733+AlnSjvOt1XY2t7Z3Svulw4Oj45PyqdnbRWnkmKLxjyWXZ8o5ExgSzPNsZtIJJHPseOH93O/M0GpWCye9DRBLyIjwQJGiTZSpz9BmvmzQbniVJ0F7E3i5qQCOZqD8k9/GNM0QqEpJ0r1XCfRXkakZpTjrNRPFSaEhmSEPUMFiVB52eLcmX1llKEdxNKU0PZC/TuRkUipaeSbzojosVr35uJ/Xi/VQd3LmEhSjYIuFwUpt3Vsz3+3h0wi1XxqCKGSmVttOiaSUG0SWtniSxKinpVMMO56DJukfVN1b6u1x1qlUc8jKsIFXMI1uHAHDXiAJrSAQggv8Apv1rP1bn1Yn8vWgpXPnMMKrK9f2VaYGw==</latexit>

~b
<latexit sha1_base64="CEpQnzRsXWuhWjrp06Ju/epV06w=">AAACAnicbVDLSsNAFL2pr1pfVZdugkVwVRIp2mXBjcsK9gFtKJPpTTtkMgkzk0IJ3fkDbvUP3Ilbf8Qf8DuctlnY1gMXDufcy733+AlnSjvOt1XY2t7Z3Svulw4Oj45PyqdnbRWnkmKLxjyWXZ8o5ExgSzPNsZtIJJHPseOH93O/M0GpWCye9DRBLyIjwQJGiTZSpz9BmvmzQbniVJ0F7E3i5qQCOZqD8k9/GNM0QqEpJ0r1XCfRXkakZpTjrNRPFSaEhmSEPUMFiVB52eLcmX1llKEdxNKU0PZC/TuRkUipaeSbzojosVr35uJ/Xi/VQd3LmEhSjYIuFwUpt3Vsz3+3h0wi1XxqCKGSmVttOiaSUG0SWtniSxKinpVMMO56DJukfVN1b6u1x1qlUc8jKsIFXMI1uHAHDXiAJrSAQggv8Apv1rP1bn1Yn8vWgpXPnMMKrK9f2VaYGw==</latexit>

~b
<latexit sha1_base64="HkJNTcHtLD7pUPwFRsvRWfHE0Kk=">AAACJ3icbZDLSgMxFIYz3q23qks3wSJUF3WmFO2y4MalgtVCW0smc0ZDMxeSM4UynXfwNXwBt/oG7kSXbnwO0zoLWz0Q8vH/53CS342l0GjbH9bc/MLi0vLKamFtfWNzq7i9c62jRHFo8khGquUyDVKE0ESBElqxAha4Em7c/tnYvxmA0iIKr3AYQzdgd6HwBWdopF7xqDMAnrpZeXKzjHa4FyHN1cPjUU6j22qvWLIr9qToX3ByKJG8LnrFr44X8SSAELlkWrcdO8ZuyhQKLiErdBINMeN9dgdtgyELQHfTyZ8yemAUj/qRMidEOlF/T6Qs0HoYuKYzYHivZ72x+J/XTtCvd1MRxglCyH8W+YmkGNFxQNQTCjjKoQHGlTBvpfyeKcbRxDi1xVWsD5gVTDDObAx/4bpacU4qtctaqVHPI1ohe2SflIlDTkmDnJML0iScPJAn8kxerEfr1Xqz3n9a56x8ZpdMlfX5DalEptM=</latexit>

~b(~a ·~b)/|~b|2
<latexit sha1_base64="CEpQnzRsXWuhWjrp06Ju/epV06w=">AAACAnicbVDLSsNAFL2pr1pfVZdugkVwVRIp2mXBjcsK9gFtKJPpTTtkMgkzk0IJ3fkDbvUP3Ilbf8Qf8DuctlnY1gMXDufcy733+AlnSjvOt1XY2t7Z3Svulw4Oj45PyqdnbRWnkmKLxjyWXZ8o5ExgSzPNsZtIJJHPseOH93O/M0GpWCye9DRBLyIjwQJGiTZSpz9BmvmzQbniVJ0F7E3i5qQCOZqD8k9/GNM0QqEpJ0r1XCfRXkakZpTjrNRPFSaEhmSEPUMFiVB52eLcmX1llKEdxNKU0PZC/TuRkUipaeSbzojosVr35uJ/Xi/VQd3LmEhSjYIuFwUpt3Vsz3+3h0wi1XxqCKGSmVttOiaSUG0SWtniSxKinpVMMO56DJukfVN1b6u1x1qlUc8jKsIFXMI1uHAHDXiAJrSAQggv8Apv1rP1bn1Yn8vWgpXPnMMKrK9f2VaYGw==</latexit>

~b
<latexit sha1_base64="ear93YJPVPFCoCqqveKODsUoGkw="></latexit>

~a? = ~a�~b(~a ·~b)/|~b|2
<latexit sha1_base64="gHIoHmSksYdsyP2HFlTGY1hf/Dc=">AAACJHicbVDLSgNBEJyNrxhfUY9eBoPoKexK0BwDXjxGMA/ILmF20kmGzD6Y6Q2EJZ/gb/gDXvUPvIkHLx79DifJHkxiQUNR1U13lx9LodG2v6zcxubW9k5+t7C3f3B4VDw+aeooURwaPJKRavtMgxQhNFCghHasgAW+hJY/upv5rTEoLaLwEScxeAEbhKIvOEMjdYuX7hh4yqZdNwYVU5f3IqQr2gCo3S2W7LI9B10nTkZKJEO9W/xxexFPAgiRS6Z1x7Fj9FKmUHAJ04KbaIgZH7EBdAwNWQDaS+cPTemFUXq0HylTIdK5+nciZYHWk8A3nQHDoV71ZuJ/XifBftVLRRgnCCFfLOonkmJEZ+nQnlDAUU4MYVwJcyvlQ6YYR5Ph0hZfsRHgtGCCcVZjWCfN67JzU648VEq1ahZRnpyRc3JFHHJLauSe1EmDcPJEXsgrebOerXfrw/pctOasbOaULMH6/gW9SKVA</latexit>

~a? · ~a? � 0
<latexit sha1_base64="qg0bEmXIyCQ0Vf+RAMRnDjmd+ls=">AAACDHicbVBLSgNBEO2Jvxg/GXXpZjAILiTMSNAsA24ENxHMB5Ih9HQqSZOeD901QhjmCl7Ard7Anbj1Dl7Ac9iZzMIkPijq8V4VVTwvElyhbX8bhY3Nre2d4m5pb//gsGweHbdVGEsGLRaKUHY9qkDwAFrIUUA3kkB9T0DHm97O/c4TSMXD4BFnEbg+HQd8xBlFLQ3Mcv8eMGmnl1nvpAOzYlftDNY6cXJSITmaA/OnPwxZ7EOATFCleo4doZtQiZwJSEv9WEFE2ZSOoadpQH1QbpI9nlrnWhlao1DqCtDK1L8bCfWVmvmenvQpTtSqNxf/83oxjupuwoMoRgjY4tAoFhaG1jwFa8glMBQzTSiTXP9qsQmVlKHOaumKJ+kUMC3pYJzVGNZJ+6rqXFdrD7VKo55HVCSn5IxcEIfckAa5I03SIozE5IW8kjfj2Xg3PozPxWjByHdOyBKMr18egJtx</latexit>

|V i , |W i
<latexit sha1_base64="4KBs2P0GafGVyjZG/uKASwzUQlU="></latexit>

|Zi = |V i � |W i hW |V i
|w|2

<latexit sha1_base64="CtwBJTgll8NXxT3LmiO2Hjj8tc8=">AAACAnicbVDLSsNAFJ3UV62vqks3wSK4KokU7bLgRnBTwT6gDWUyvWmHTiZh5kYoITt/wK3+gTtx64/4A36H0zYL23rgwuGce7n3Hj8WXKPjfFuFjc2t7Z3ibmlv/+DwqHx80tZRohi0WCQi1fWpBsEltJCjgG6sgIa+gI4/uZ35nSdQmkfyEacxeCEdSR5wRtFInf49YNrOBuWKU3XmsNeJm5MKydEclH/6w4glIUhkgmrdc50YvZQq5ExAVuonGmLKJnQEPUMlDUF76fzczL4wytAOImVKoj1X/06kNNR6GvqmM6Q41qveTPzP6yUY1L2UyzhBkGyxKEiEjZE9+90ecgUMxdQQyhQ3t9psTBVlaBJa2uIrOgHMSiYYdzWGddK+qrrX1dpDrdKo5xEVyRk5J5fEJTekQe5Ik7QIIxPyQl7Jm/VsvVsf1ueitWDlM6dkCdbXL5wWl/U=</latexit>

|V i
<latexit sha1_base64="+JkV1tbVB4/KbnuaTUf4iienz7U=">AAACAnicbVDLSsNAFJ3UV62vqks3wSK4KokU7bLgRnBTwTaFNpTJ9KYdMnkwcyOUkJ0/4Fb/wJ249Uf8Ab/DaZuFbT1w4XDOvdx7j5cIrtCyvo3SxubW9k55t7K3f3B4VD0+6ao4lQw6LBax7HlUgeARdJCjgF4igYaeAMcLbme+8wRS8Th6xGkCbkjHEfc5o6glZ3APmDn5sFqz6tYc5jqxC1IjBdrD6s9gFLM0hAiZoEr1bStBN6MSOROQVwapgoSygI6hr2lEQ1BuNj83Ny+0MjL9WOqK0JyrfycyGio1DT3dGVKcqFVvJv7n9VP0m27GoyRFiNhikZ8KE2Nz9rs54hIYiqkmlEmubzXZhErKUCe0tMWTNADMKzoYezWGddK9qtvX9cZDo9ZqFhGVyRk5J5fEJjekRe5Im3QIIwF5Ia/kzXg23o0P43PRWjKKmVOyBOPrF52vl/Y=</latexit>

|W i
<latexit sha1_base64="+JkV1tbVB4/KbnuaTUf4iienz7U=">AAACAnicbVDLSsNAFJ3UV62vqks3wSK4KokU7bLgRnBTwTaFNpTJ9KYdMnkwcyOUkJ0/4Fb/wJ249Uf8Ab/DaZuFbT1w4XDOvdx7j5cIrtCyvo3SxubW9k55t7K3f3B4VD0+6ao4lQw6LBax7HlUgeARdJCjgF4igYaeAMcLbme+8wRS8Th6xGkCbkjHEfc5o6glZ3APmDn5sFqz6tYc5jqxC1IjBdrD6s9gFLM0hAiZoEr1bStBN6MSOROQVwapgoSygI6hr2lEQ1BuNj83Ny+0MjL9WOqK0JyrfycyGio1DT3dGVKcqFVvJv7n9VP0m27GoyRFiNhikZ8KE2Nz9rs54hIYiqkmlEmubzXZhErKUCe0tMWTNADMKzoYezWGddK9qtvX9cZDo9ZqFhGVyRk5J5fEJjekRe5Im3QIIwF5Ia/kzXg23o0P43PRWjKKmVOyBOPrF52vl/Y=</latexit>

|W i

<latexit sha1_base64="7abVvEejvnGzme/jI3t9OJFkWF8=">AAACDnicbZBLSgNBEIZ74ivG10SXbhqD4CrMSNAsg25cRjAPzAyhp1OTNOl50N2jhDF38AJu9QbuxK1X8AKew85kFibxh4Kfv6qo4vNizqSyrG+jsLa+sblV3C7t7O7tH5jlw7aMEkGhRSMeia5HJHAWQksxxaEbCyCBx6Hjja9n/c4DCMmi8E5NYnADMgyZzyhROuqbZedKkDGo9P7pfuoMAVt9s2JVrUx41di5qaBczb754wwimgQQKsqJlD3bipWbEqEY5TAtOYmEmNAxGUJP25AEIN00e32KT3UywH4kdIUKZ+nfjZQEUk4CT08GRI3kcm8W/tfrJcqvuykL40RBSOeH/IRjFeEZBzxgAqjiE20IFUz/iumICEKVprVwxcsATUsajL2MYdW0z6v2RbV2W6s06jmiIjpGJ+gM2egSNdANaqIWougRvaBX9GY8G+/Gh/E5Hy0Y+c4RWpDx9QtWCZwR</latexit>

hZ |Zi � 0 gives immediately  
<latexit sha1_base64="xz9LT3harDAuYiD8KAAqGo8EsoE=">AAACHXicbZDLSgMxFIYzXmu9jbp0EyyCqzJTinZZdOOygu0UOrVk0jNtaOZCkhHKzGx9DV/Arb6BO3ErvoDPYXpZ2NYDCT//fw4n+byYM6ks69tYW9/Y3Nou7BR39/YPDs2j45aMEkGhSSMeibZHJHAWQlMxxaEdCyCBx8HxRjeT3HkEIVkU3qtxDN2ADELmM0qUtnomztxrQUag0lbm5NlDBbscMM5aWmaOvnpmySpb08Krwp6LEppXo2f+uP2IJgGEinIiZce2YtVNiVCMcsiLbiIhJnREBtDRMiQByG46/UmOz7XTx34k9AkVnrp/J1ISSDkOPN0ZEDWUy9nE/C/rJMqvdVMWxomCkM4W+QnHKsITLLjPBFDFx1oQKph+K6ZDIghVGt7CFm+KKy9qMPYyhlXRqpTty3L1rlqq1+aICugUnaELZKMrVEe3qIGaiKIn9IJe0ZvxbLwbH8bnrHXNmM+coIUyvn4BiLeh+g==</latexit>

| hV |W i |2  |V |2|W |2



Linear Operators 
A linear operator A takes any vector in a linear vector space to a vector in that                        
space,                     , and satisfies 

with               arbitrary complex constants. 

The identity operator I is (obviously!) defined by:

For an n-dimensional vector space with an orthonormal basis                       , since any vector in 
the space can be expressed as a sum                            , the linear operator is completely 
determined by its action on the basis vectors - this is all we need to know. 
It’s easy to find an expression for the identity operator in terms of bras and kets. 

Taking the inner product of both sides of the equation                              with the bra                     
gives                     , so 

Since this is true for any vector in the space, it follows that that the identity operator is just 

This is an important result: it will reappear in many disguises. 

<latexit sha1_base64="/cdNLt68BegwQkB2yBeLFf91ODQ=">AAACDnicbVBLSgNBEO3xG+Nvoks3g0F0FWYkaDZCxI3gJoL5QDKEnk4ladLzobtGCcPcwQu41Ru4E7dewQt4DjvJLEzig6Ie71VRxfMiwRXa9rexsrq2vrGZ28pv7+zu7ZuFg4YKY8mgzkIRypZHFQgeQB05CmhFEqjvCWh6o5uJ33wEqXgYPOA4Ateng4D3OaOopa5ZuO7cASaN9GrWT9OuWbRL9hTWMnEyUiQZal3zp9MLWexDgExQpdqOHaGbUImcCUjznVhBRNmIDqCtaUB9UG4yfT21TrTSs/qh1BWgNVX/biTUV2rse3rSpzhUi95E/M9rx9ivuAkPohghYLND/VhYGFqTHKwel8BQjDWhTHL9q8WGVFKGOq25K56kI8A0r4NxFmNYJo3zknNRKt+Xi9VKFlGOHJFjckYcckmq5JbUSJ0w8kReyCt5M56Nd+PD+JyNrhjZziGZg/H1CzJAm/0=</latexit>

A |V i = |V 0i
<latexit sha1_base64="T+bkxn8KZ2bzRIumot/9FVEFhEU=">AAACNXicbZBdSwJBFIZn+zT7srrsZkkCI5BdkfImULoJujFIDVSW2fGog7MfzJwNZNm/0t/oD3Rb9110F972Fxp1icwODLzzPudwZl43FFyhZb0bK6tr6xubma3s9s7u3n7u4LCpgkgyaLBABPLBpQoE96GBHAU8hBKo5wpouaPrKW89glQ88O9xHELXowOf9zmjqC0nV6kVmGN3bgHjpmMn58wppZdScnalUW2B1X6gk8tbRWtW5rKwU5EnadWd3KTTC1jkgY9MUKXathViN6YSOROQZDuRgpCyER1AW0ufeqC68eyHiXmqnZ7ZD6Q+Ppoz9/dETD2lxp6rOz2KQ/WXTc3/WDvCfqUbcz+MEHw2X9SPhImBOY3L7HEJDMVYC8ok12812ZBKylCHurDFlXQEmGR1MPbfGJZFs1S0L4rlu3K+WkkjypBjckIKxCaXpEpuSJ00CCNP5IW8kjfj2fgwPo3JvHXFSGeOyEIZX9/o+qox</latexit>

A(c1 |V1i+ c2 |V2i) = c1A |V1i+ c2A |V2i
<latexit sha1_base64="oqktz4quYzN4+a9H7f7gFbuvZnQ=">AAACAnicbVDLSgNBEJz1GeMr6tHLYBA8SNgNQXMMePEYwTwgWZbZSW8yZPbBTK8Qltz8Aa/6B97Eqz/iD/gdTpI9mMSChqKqm+4uP5FCo21/WxubW9s7u4W94v7B4dFx6eS0reNUcWjxWMaq6zMNUkTQQoESuokCFvoSOv74buZ3nkBpEUePOEnADdkwEoHgDI3U4Z5zzb2qVyrbFXsOuk6cnJRJjqZX+ukPYp6GECGXTOueYyfoZkyh4BKmxX6qIWF8zIbQMzRiIWg3m587pZdGGdAgVqYipHP170TGQq0noW86Q4YjverNxP+8XopB3c1ElKQIEV8sClJJMaaz3+lAKOAoJ4YwroS5lfIRU4yjSWhpi6/YGHBaNME4qzGsk3a14txUag+1cqOeR1Qg5+SCXBGH3JIGuSdN0iKcjMkLeSVv1rP1bn1Yn4vWDSufOSNLsL5+AXC+lzo=</latexit>c1, c2

<latexit sha1_base64="O9twbgj7PErcHEqFfbXPxoRy2OU=">AAACDXicbVBLSgNBEO2Jvxh/oy7dDAbBVZgR0WyEgBvFTQTzgWQIPZ2apEnPh+6aQBjmDF7Ard7Anbj1DF7Ac9hJZmESHxT1eK+KKp4XC67Qtr+Nwtr6xuZWcbu0s7u3f2AeHjVVlEgGDRaJSLY9qkDwEBrIUUA7lkADT0DLG91O/dYYpOJR+ISTGNyADkLuc0ZRSz3TvO8+AKbN7CbvPbNsV+wZrFXi5KRMctR75k+3H7EkgBCZoEp1HDtGN6USOROQlbqJgpiyER1AR9OQBqDcdPZ5Zp1ppW/5kdQVojVT/26kNFBqEnh6MqA4VMveVPzP6yToV92Uh3GCELL5IT8RFkbWNAarzyUwFBNNKJNc/2qxIZWUoQ5r4Yon6QgwK+lgnOUYVknzouJcVS4fL8u1ah5RkZyQU3JOHHJNauSO1EmDMDImL+SVvBnPxrvxYXzORwtGvnNMFmB8/QLWSJvU</latexit>

I |V i = |V i for all 
<latexit sha1_base64="CtwBJTgll8NXxT3LmiO2Hjj8tc8=">AAACAnicbVDLSsNAFJ3UV62vqks3wSK4KokU7bLgRnBTwT6gDWUyvWmHTiZh5kYoITt/wK3+gTtx64/4A36H0zYL23rgwuGce7n3Hj8WXKPjfFuFjc2t7Z3ibmlv/+DwqHx80tZRohi0WCQi1fWpBsEltJCjgG6sgIa+gI4/uZ35nSdQmkfyEacxeCEdSR5wRtFInf49YNrOBuWKU3XmsNeJm5MKydEclH/6w4glIUhkgmrdc50YvZQq5ExAVuonGmLKJnQEPUMlDUF76fzczL4wytAOImVKoj1X/06kNNR6GvqmM6Q41qveTPzP6yUY1L2UyzhBkGyxKEiEjZE9+90ecgUMxdQQyhQ3t9psTBVlaBJa2uIrOgHMSiYYdzWGddK+qrrX1dpDrdKo5xEVyRk5J5fEJTekQe5Ik7QIIxPyQl7Jm/VsvVsf1ueitWDlM6dkCdbXL5wWl/U=</latexit>

|V i
<latexit sha1_base64="mFz2uo82r1+YqWQ70GuKaHNyApE=">AAACFHicbVDLSgNBEJz1GeMr6sGDl8EgeAhhV4LmGPAieIlgHpCEMDvpJENmZ5eZXiEs+xv+gFf9A2/i1bs/4Hc4eRxMYkFDTVU3PV1+JIVB1/121tY3Nre2MzvZ3b39g8Pc0XHdhLHmUOOhDHXTZwakUFBDgRKakQYW+BIa/uh24jeeQBsRqkccR9AJ2ECJvuAMrdTNnbbvARMvLdDiBLQwfau0m8u7RXcKukq8OcmTOard3E+7F/I4AIVcMmNanhthJ2EaBZeQZtuxgYjxERtAy1LFAjCdZHpASi+s0qP9UNtSSKfq34mEBcaMA992BgyHZtmbiP95rRj75U4iVBQjKD5b1I8lxZBO0qA9oYGjHFvCuBb2r5QPmWYcbWYLW3zNRoBp1gbjLcewSupXRe+6WHoo5SvleUQZckbOySXxyA2pkDtSJTXCSUpeyCt5c56dd+fD+Zy1rjnzmROyAOfrF3AlnQU=</latexit>

|1i , ....., |ni
<latexit sha1_base64="UuZXzMF3uXBiZBuDBpCE4SHavqY=">AAACFHicbVDLSgNBEJz1GeMr6sGDl8EgeAq7EjQXIeBF8BLBPCAbwuykkwyZfTDTGwjL/oY/4FX/wJt49e4P+B1Okj2YxIKGmqpuerq8SAqNtv1tra1vbG5t53byu3v7B4eFo+OGDmPFoc5DGaqWxzRIEUAdBUpoRQqY70loeqO7qd8cg9IiDJ5wEkHHZ4NA9AVnaKRu4dR9AEwa6a2rY5+Ou2L2Fmm3ULRL9gx0lTgZKZIMtW7hx+2FPPYhQC6Z1m3HjrCTMIWCS0jzbqwhYnzEBtA2NGA+6E4yOyClF0bp0X6oTAVIZ+rfiYT5Wk98z3T6DId62ZuK/3ntGPuVTiKCKEYI+HxRP5YUQzpNg/aEAo5yYgjjSpi/Uj5kinE0mS1s8RQbAaZ5E4yzHMMqaVyVnOtS+bFcrFayiHLkjJyTS+KQG1Il96RG6oSTlLyQV/JmPVvv1of1OW9ds7KZE7IA6+sXmYKe8w==</latexit>

|V i =
X

vi |ii

<latexit sha1_base64="UuZXzMF3uXBiZBuDBpCE4SHavqY=">AAACFHicbVDLSgNBEJz1GeMr6sGDl8EgeAq7EjQXIeBF8BLBPCAbwuykkwyZfTDTGwjL/oY/4FX/wJt49e4P+B1Okj2YxIKGmqpuerq8SAqNtv1tra1vbG5t53byu3v7B4eFo+OGDmPFoc5DGaqWxzRIEUAdBUpoRQqY70loeqO7qd8cg9IiDJ5wEkHHZ4NA9AVnaKRu4dR9AEwa6a2rY5+Ou2L2Fmm3ULRL9gx0lTgZKZIMtW7hx+2FPPYhQC6Z1m3HjrCTMIWCS0jzbqwhYnzEBtA2NGA+6E4yOyClF0bp0X6oTAVIZ+rfiYT5Wk98z3T6DId62ZuK/3ntGPuVTiKCKEYI+HxRP5YUQzpNg/aEAo5yYgjjSpi/Uj5kinE0mS1s8RQbAaZ5E4yzHMMqaVyVnOtS+bFcrFayiHLkjJyTS+KQG1Il96RG6oSTlLyQV/JmPVvv1of1OW9ds7KZE7IA6+sXmYKe8w==</latexit>

|V i =
X

vi |ii
<latexit sha1_base64="n8CIUEh+qxhYFpQjbm14FSH16BA=">AAACAnicbVDLSgNBEOyNrxhfUY9eBoPgKexK0ByDXjxGMA9IltA7mU2GzD6YmRXCsjd/wKv+gTfx6o/4A36Hk2QPJrGgoajqprvLiwVX2ra/rcLG5tb2TnG3tLd/cHhUPj5pqyiRlLVoJCLZ9VAxwUPW0lwL1o0lw8ATrONN7mZ+54lJxaPwUU9j5gY4CrnPKWojdfq3ElOeDcoVu2rPQdaJk5MK5GgOyj/9YUSTgIWaClSq59ixdlOUmlPBslI/USxGOsER6xkaYsCUm87PzciFUYbEj6SpUJO5+ncixUCpaeCZzgD1WK16M/E/r5dov+6mPIwTzUK6WOQnguiIzH4nQy4Z1WJqCFLJza2EjlEi1SahpS2exAnTWckE46zGsE7aV1Xnulp7qFUa9TyiIpzBOVyCAzfQgHtoQgsoTOAFXuHNerberQ/rc9FasPKZU1iC9fULoleX+Q==</latexit>

hi|
<latexit sha1_base64="FPYGZGk2ar363qAgO+Fccq+FaNQ=">AAACDXicbZDLSsNAFIZP6q3WW9Slm2ARXJVERLsRim5cVrAXaEOYTCft0MkkzEwKJeYZfAG3+gbuxK3P4Av4HE7TLGzrDwd+/nMO5/D5MaNS2fa3UVpb39jcKm9Xdnb39g/Mw6O2jBKBSQtHLBJdH0nCKCctRRUj3VgQFPqMdPzx3azfmRAhacQf1TQmboiGnAYUI6UjzzT7twKNiUrpUzu7mXjUM6t2zc5lrRqnMFUo1PTMn/4gwklIuMIMSdlz7Fi5KRKKYkaySj+RJEZ4jIakpy1HIZFumn+eWWc6GVhBJHRxZeXp340UhVJOQ19PhkiN5HJvFv7X6yUqqLsp5XGiCMfzQ0HCLBVZMwzWgAqCFZtqg7Cg+lcLj5BAWGlYC1f8nE9W0WCcZQyrpn1Rc65qlw+X1Ua9QFSGEziFc3DgGhpwD01oAYYJvMArvBnPxrvxYXzOR0tGsXMMCzK+fgFBD5wV</latexit>

hi |V i = vi
<latexit sha1_base64="Ohcs/m0Oq5GY1A/OhjDdleXj3nQ="></latexit>

|V i =
X

i

vi |ii =
X

i

|ii hi |V i

<latexit sha1_base64="V2oZYEivF5TKL8279U8LhrRh5ns=">AAACGXicbVDLSsNAFJ34tr6iLnURLIKrkkjRbgqiG8WNgm2FJobJ9FaHTiZh5kYoIRt/wx9wq3/gTty68gf8Dqe1C1s9cLmHc+7lzpwoFVyj635aU9Mzs3PzC4ulpeWV1TV7faOpk0wxaLBEJOo6ohoEl9BAjgKuUwU0jgS0ot7JwG/dg9I8kVfYTyGI6a3kXc4oGim0t8/qvs7iMOd1r7iR/jlgzgv/WFHTQrvsVtwhnL/EG5EyGeEitL/8TsKyGCQyQbVue26KQU4VciagKPmZhpSyHr2FtqGSxqCDfPiLwtk1SsfpJsqURGeo/t7Iaax1P47MZEzxTk96A/E/r51htxbkXKYZgmQ/h7qZcDBxBpE4Ha6AoegbQpni5q0Ou6OKMjTBjV2JFO0BFiUTjDcZw1/S3K94B5XqZbV8VBtFtEC2yA7ZIx45JEfklFyQBmHkgTyRZ/JiPVqv1pv1/jM6ZY12NskYrI9vjGShDg==</latexit>

I =
nX

i=1

|ii hi|



To analyze the action of a general linear operator A, we just need to know how it acts on each 
basis vector. Beginning with            this must be some sum over the basis vectors, and since 
they are orthonormal, the component in the        direction must be just                 . 

<latexit sha1_base64="rTajt1zOYF0gVYVrBqPAJTw1/N0=">AAACA3icbVDLSsNAFJ3UV62vqks3wSK4KomIdllxI7ipYB/QhjKZ3rRDJ5MwcyOUkKU/4Fb/wJ249UP8Ab/DaZuFbT1w4XDOvdx7jx8LrtFxvq3C2vrG5lZxu7Szu7d/UD48aukoUQyaLBKR6vhUg+ASmshRQCdWQENfQNsf30799hMozSP5iJMYvJAOJQ84o2ikzk3vHjB1s3654lSdGexV4uakQnI0+uWf3iBiSQgSmaBad10nRi+lCjkTkJV6iYaYsjEdQtdQSUPQXjq7N7PPjDKwg0iZkmjP1L8TKQ21noS+6QwpjvSyNxX/87oJBjUv5TJOECSbLwoSYWNkT5+3B1wBQzExhDLFza02G1FFGZqIFrb4io4Bs5IJxl2OYZW0LqruVfXy4bJSr+URFckJOSXnxCXXpE7uSIM0CSOCvJBX8mY9W+/Wh/U5by1Y+cwxWYD19QvvXJgb</latexit>

A |1i
<latexit sha1_base64="MHRNz6mTlHnUWWMZGlCJssfkduY=">AAACAnicbVDLSgNBEJyNrxhfUY9eBoPgKexK0BwDXgQvEcwDkiXMTnqTIbMPZnqFsOzNH/Cqf+BNvPoj/oDf4STZg0ksaCiquunu8mIpNNr2t1XY2Nza3inulvb2Dw6PyscnbR0likOLRzJSXY9pkCKEFgqU0I0VsMCT0PEmtzO/8wRKiyh8xGkMbsBGofAFZ2ikTv8eMBXZoFyxq/YcdJ04OamQHM1B+ac/jHgSQIhcMq17jh2jmzKFgkvISv1EQ8z4hI2gZ2jIAtBuOj83oxdGGVI/UqZCpHP170TKAq2ngWc6A4ZjverNxP+8XoJ+3U1FGCcIIV8s8hNJMaKz3+lQKOAop4YwroS5lfIxU4yjSWhpi6fYBDArmWCc1RjWSfuq6lxXaw+1SqOeR1QkZ+ScXBKH3JAGuSNN0iKcTMgLeSVv1rP1bn1Yn4vWgpXPnJIlWF+/unGYCA==</latexit>

|ii <latexit sha1_base64="bHj0f35ill0x1bbfYMPF1RCDqEM=">AAACDHicbVDLSsNAFJ3UV62PRl26CRbBVUlEtMuqG8FNBfuAJpTJ9LYdOnkwcyOUkF/wB9zqH7gTt/6DP+B3OG2zsK0HLhzOuZdzOX4suELb/jYKa+sbm1vF7dLO7t5+2Tw4bKkokQyaLBKR7PhUgeAhNJGjgE4sgQa+gLY/vp367SeQikfhI05i8AI6DPmAM4pa6pll90bSlGfX7j1g6mQ9s2JX7RmsVeLkpEJyNHrmj9uPWBJAiExQpbqOHaOXUomcCchKbqIgpmxMh9DVNKQBKC+dPZ5Zp1rpW4NI6gnRmql/L1IaKDUJfL0ZUBypZW8q/ud1ExzUvJSHcYIQsnnQIBEWRta0BavPJTAUE00ok1z/arERlZSh7mohxZd0DJiVdDHOcg2rpHVedS6rFw8XlXotr6hIjskJOSMOuSJ1ckcapEkYScgLeSVvxrPxbnwYn/PVgpHfHJEFGF+/CjabZA==</latexit>

hi|A |1i

That is, 
<latexit sha1_base64="0oPn2t6qxBELEuwqNf71TMblRVQ="></latexit>

A |1i =
nX

i=1

|ii hi|A |1i =
nX

i=1

Ai1 |ii , writing <latexit sha1_base64="B3winooYhsFuv0kyRuTFsIT5OMg=">AAACE3icbVBLSgNBFOyJvxh/UcGNm8EguAozEjQbIdGN4CaC+UBmCD2dl6RJz4fuN0IY5xhewK3ewJ249QBewHPY+SxMYsGDouo96lFeJLhCy/o2Miura+sb2c3c1vbO7l5+/6ChwlgyqLNQhLLlUQWCB1BHjgJakQTqewKa3vBm7DcfQSoeBg84isD1aT/gPc4oaqmTP3KuJU14WnXuABM7vap2Em6nnXzBKloTmMvEnpECmaHWyf843ZDFPgTIBFWqbVsRugmVyJmANOfECiLKhrQPbU0D6oNyk8n/qXmqla7ZC6WeAM2J+vciob5SI9/Tmz7FgVr0xuJ/XjvGXtlNeBDFCAGbBvViYWJojsswu1wCQzHShDLJ9a8mG1BJGerK5lI8SYeAaU4XYy/WsEwa50X7oli6LxUq5VlFWXJMTsgZscklqZBbUiN1wsgTeSGv5M14Nt6ND+NzupoxZjeHZA7G1y8ev54Z</latexit>

hi|A |1i = Ai1

So if the linear operator A acting on gives , that is                     ,

the linearity tells us that

where in the fourth step we just inserted the identity operator. 

<latexit sha1_base64="SGULKjubWTPPBSANiTHzLoowl5s=">AAACFnicbVDJSgNBEO2JW4xb1JN4aQyCpzAjQXMRAl4ELxHMAkkYejqVpEnPQndNIAyDv+EPeNU/8CZevfoDfoed5WASHxQ83quiqp4XSaHRtr+tzNr6xuZWdju3s7u3f5A/PKrrMFYcajyUoWp6TIMUAdRQoIRmpID5noSGN7yd+I0RKC3C4BHHEXR81g9ET3CGRnLzJ+17wKSe3rR17LuCjlwxVUTq5gt20Z6CrhJnTgpkjqqb/2l3Qx77ECCXTOuWY0fYSZhCwSWkuXasIWJ8yPrQMjRgPuhOMn0hpedG6dJeqEwFSKfq34mE+VqPfc90+gwHetmbiP95rRh75U4igihGCPhsUS+WFEM6yYN2hQKOcmwI40qYWykfMMU4mtQWtniKDQHTnAnGWY5hldQvi85VsfRQKlTK84iy5JSckQvikGtSIXekSmqEkyfyQl7Jm/VsvVsf1uesNWPNZ47JAqyvXzVXn88=</latexit>

|V i =
X

i

vi |ii
<latexit sha1_base64="ffrbeNbx6Zkrtg33kkBU/wZnxlk=">AAACGHicbVDLSgNBEJyNrxhfqx69DAaJp7ArQb0IAS+CFwWTCNllmZ10dMjsg5leISx78Df8Aa/6B97Eqzd/wO9w8jiYaEFDUdVNd1eYSqHRcb6s0sLi0vJKebWytr6xuWVv77R1kikOLZ7IRN2GTIMUMbRQoITbVAGLQgmdcHA+8jsPoLRI4hscpuBH7C4WfcEZGimw97xLwLxdK848nUWBoA+1QIw1UQR21ak7Y9C/xJ2SKpniKrC/vV7Cswhi5JJp3XWdFP2cKRRcQlHxMg0p4wN2B11DYxaB9vPxEwU9MEqP9hNlKkY6Vn9P5CzSehiFpjNieK/nvZH4n9fNsH/q5yJOM4SYTxb1M0kxoaNEaE8o4CiHhjCuhLmV8numGEeT28yWULEBYFExwbjzMfwl7aO6e1xvXDeqzdNpRGWyR/bJIXHJCWmSC3JFWoSTR/JMXsir9WS9We/Wx6S1ZE1ndskMrM8fCRygMQ==</latexit>

|V 0i =
X

i

v0i |ii
<latexit sha1_base64="/cdNLt68BegwQkB2yBeLFf91ODQ=">AAACDnicbVBLSgNBEO3xG+Nvoks3g0F0FWYkaDZCxI3gJoL5QDKEnk4ladLzobtGCcPcwQu41Ru4E7dewQt4DjvJLEzig6Ie71VRxfMiwRXa9rexsrq2vrGZ28pv7+zu7ZuFg4YKY8mgzkIRypZHFQgeQB05CmhFEqjvCWh6o5uJ33wEqXgYPOA4Ateng4D3OaOopa5ZuO7cASaN9GrWT9OuWbRL9hTWMnEyUiQZal3zp9MLWexDgExQpdqOHaGbUImcCUjznVhBRNmIDqCtaUB9UG4yfT21TrTSs/qh1BWgNVX/biTUV2rse3rSpzhUi95E/M9rx9ivuAkPohghYLND/VhYGFqTHKwel8BQjDWhTHL9q8WGVFKGOq25K56kI8A0r4NxFmNYJo3zknNRKt+Xi9VKFlGOHJFjckYcckmq5JbUSJ0w8kReyCt5M56Nd+PD+JyNrhjZziGZg/H1CzJAm/0=</latexit>

A |V i = |V 0i

<latexit sha1_base64="9dCw1E+SiSNUerUaALqBIWXpoks="></latexit>X

i

v0i |ii = |V 0i = A |V i =
X

j

vj |ji =
X

i,j

vj |ii hi|A |ji =
X

i,j

vjAij |ii

Since the         ’s are all orthogonal, the coefficient of a particular       on the left-hand side of the 
equation must be identical with the coefficient of the same          on the right-hand side. That is, 

<latexit sha1_base64="MHRNz6mTlHnUWWMZGlCJssfkduY=">AAACAnicbVDLSgNBEJyNrxhfUY9eBoPgKexK0BwDXgQvEcwDkiXMTnqTIbMPZnqFsOzNH/Cqf+BNvPoj/oDf4STZg0ksaCiquunu8mIpNNr2t1XY2Nza3inulvb2Dw6PyscnbR0likOLRzJSXY9pkCKEFgqU0I0VsMCT0PEmtzO/8wRKiyh8xGkMbsBGofAFZ2ikTv8eMBXZoFyxq/YcdJ04OamQHM1B+ac/jHgSQIhcMq17jh2jmzKFgkvISv1EQ8z4hI2gZ2jIAtBuOj83oxdGGVI/UqZCpHP170TKAq2ngWc6A4ZjverNxP+8XoJ+3U1FGCcIIV8s8hNJMaKz3+lQKOAop4YwroS5lfIxU4yjSWhpi6fYBDArmWCc1RjWSfuq6lxXaw+1SqOeR1QkZ+ScXBKH3JAGuSNN0iKcTMgLeSVv1rP1bn1Yn4vWgpXPnJIlWF+/unGYCA==</latexit>

|ii <latexit sha1_base64="MHRNz6mTlHnUWWMZGlCJssfkduY=">AAACAnicbVDLSgNBEJyNrxhfUY9eBoPgKexK0BwDXgQvEcwDkiXMTnqTIbMPZnqFsOzNH/Cqf+BNvPoj/oDf4STZg0ksaCiquunu8mIpNNr2t1XY2Nza3inulvb2Dw6PyscnbR0likOLRzJSXY9pkCKEFgqU0I0VsMCT0PEmtzO/8wRKiyh8xGkMbsBGofAFZ2ikTv8eMBXZoFyxq/YcdJ04OamQHM1B+ac/jHgSQIhcMq17jh2jmzKFgkvISv1EQ8z4hI2gZ2jIAtBuOj83oxdGGVI/UqZCpHP170TKAq2ngWc6A4ZjverNxP+8XoJ+3U1FGCcIIV8s8hNJMaKz3+lQKOAop4YwroS5lfIxU4yjSWhpi6fYBDArmWCc1RjWSfuq6lxXaw+1SqOeR1QkZ+ScXBKH3JAGuSNN0iKcTMgLeSVv1rP1bn1Yn4vWgpXPnJIlWF+/unGYCA==</latexit>

|ii
<latexit sha1_base64="MHRNz6mTlHnUWWMZGlCJssfkduY=">AAACAnicbVDLSgNBEJyNrxhfUY9eBoPgKexK0BwDXgQvEcwDkiXMTnqTIbMPZnqFsOzNH/Cqf+BNvPoj/oDf4STZg0ksaCiquunu8mIpNNr2t1XY2Nza3inulvb2Dw6PyscnbR0likOLRzJSXY9pkCKEFgqU0I0VsMCT0PEmtzO/8wRKiyh8xGkMbsBGofAFZ2ikTv8eMBXZoFyxq/YcdJ04OamQHM1B+ac/jHgSQIhcMq17jh2jmzKFgkvISv1EQ8z4hI2gZ2jIAtBuOj83oxdGGVI/UqZCpHP170TKAq2ngWc6A4ZjverNxP+8XoJ+3U1FGCcIIV8s8hNJMaKz3+lQKOAop4YwroS5lfIxU4yjSWhpi6fYBDArmWCc1RjWSfuq6lxXaw+1SqOeR1QkZ+ScXBKH3JAGuSNN0iKcTMgLeSVv1rP1bn1Yn4vWgpXPnJIlWF+/unGYCA==</latexit>

|ii
<latexit sha1_base64="E/qCzaKU0V8tjBio8XBcke6LtBQ=">AAACCXicbVBLSgNBFOyJvxh/UZduGoPoKsxI0GyEiBuXEcwHknHo6bxJOun50N0TCMOcwAu41Ru4E7eewgt4DjvJLExiwYOi6j3qUW7EmVSm+W3k1tY3Nrfy24Wd3b39g+LhUVOGsaDQoCEPRdslEjgLoKGY4tCOBBDf5dByR3dTvzUGIVkYPKpJBLZP+gHzGCVKS0/jc4fd3DoJG6ZjZ+gUS2bZnAGvEisjJZSh7hR/ur2Qxj 4EinIiZccyI2UnRChGOaSFbiwhInRE+tDRNCA+SDuZfZ3iM630sBcKPYHCM/XvRUJ8KSe+qzd9ogZy2ZuK/3mdWHlVO2FBFCsI6DzIizlWIZ5WgHtMAFV8ogmhgulfMR0QQajSRS2kuIKMQKUFXYy1XMMqaV6Wraty5aFSqlWzivLoBJ2iC2Sha1RD96iOGogigV7QK3ozno1348P4nK/mjOzmGC3A+PoFsLyauQ==</latexit>

v0i = Aijvj

Therefore the operator A is simply equivalent to matrix multiplication: 



Evidently, then, applying two linear operators one after the other is equivalent to successive 
matrix multiplication - and, therefore, since matrices do not in general commute, nor do linear 
operators. 
Of course, if we hope to represent quantum variables as linear operators on a vector space, 
this has to be true: the momentum operator                            certainly doesn’t commute with x !) 
Projection Operators 

<latexit sha1_base64="NfuppvlKkLtoGQnPwRHd0iX/XUA=">AAACDXicbVDLSsNAFJ34rPUVdelmsAhurIkU7UYouHFZwT6gDWEymbRDJw9mbkpL6Df4A271D9yJW7/BH/A7nLZZ2NYDFw7n3Mu5HC8RXIFlfRtr6xubW9uFneLu3v7BoXl03FRxKilr0FjEsu0RxQSPWAM4CNZOJCOhJ1jLG9xP/daQScXj6AnGCXNC0ot4wCkBLbmmmbiju0ve7XtEYv/KH7lmySpbM+BVYuekhHLUXfOn68c0DVkEVBClOraVgJMRCZwKNil2U8USQgekxzqaRiRkyslmn0/wuVZ8HMRSTwR4pv69yEio1Dj09GZIoK+Wvan4n9dJIag6GY+SFFhE50FBKjDEeFoD9rlkFMRYE0Il179i2ieSUNBlLaR4kgwYTIq6GHu5hlXSvC7bN+XKY6VUq+YVFdApOkMXyEa3qIYeUB01EEVD9IJe0ZvxbLwbH8bnfHXNyG9O0AKMr18JB5tU</latexit>

px = �i~d/dx

<latexit sha1_base64="MugEnVtuQfujpCny+RU6jdsgtUY="></latexit>0

BBBBBB@

v01
v02
...
...
v0n

1

CCCCCCA
=

0

BBBBBB@

h1|A |1i h1|A |2i · · · h1|A |mi
h2|A |1i h2|A |2i · · · · · ·

· · · · · · · · · · · ·
· · · · · · · · · · · ·
· · · · · · · · · · · ·

hn|A |1i hn|A |2i · · · hn|A |ni

1

CCCCCCA

0

BBBBBB@

v1
v2
...
...
vn

1

CCCCCCA

It is important to note that a linear operator applied successively to the members of an 
orthonormal basis might give a new set of vectors which no longer span the entire space. 

To give an example, the linear operator             applied to any vector in the space picks out the 
vector’s component in the        direction. 

It’s called a projection operator. 

The operator                              projects a vector into its components in the subspace spanned 
by the vectors          and          , and so on: if we extend the sum to be over the whole basis, we 
recover the identity operator. 

<latexit sha1_base64="Fr/X29WOjgOE80aD3Vn9NEwVmQo=">AAACCXicbVBLSgNBEO2Jvxh/UZduBoPgKsxI0CyDbgQ3EcwHMmPo6dQkTXo+dNcIYZgTeAG3egN34tZTeAHPYSeZhUl8UNTjvSqqeF4suELL+jYKa+sbm1vF7dLO7t7+QfnwqK2iRDJosUhEsutRBYKH0EKOArqxBBp4Ajre+Gbqd55AKh6FDziJwQ3oMOQ+ZxS19OjcAaZ25lxLqlu/XLGq1gzmKrFzUiE5mv3yjzOIWBJAiExQpXq2FaObUomcCchKTqIgpmxMh9DTNKQBKDedfZ2ZZ1oZmH4kdYVoztS/GykNlJoEnp4MKI7UsjcV//N6Cfp1N+VhnCCEbH7IT4SJkTmNwBxwCQzFRBPKJNe/mmxEJWWog1q44kk6BsxKOhh7OYZV0r6o2pfV2n2t0qjnERXJCTkl58QmV6RBbkmTtAgjkryQV/JmPBvvxofxOR8tGPnOMVmA8fULpB2asA==</latexit>

|1i h1|
<latexit sha1_base64="l52gdeh09kj0nSMTGOBqyFnXXEo=">AAACAnicbVDLSgNBEJyNrxhfUY9eBoPgKexK0BwDXgQvEcwDkiXMTnqTIbMPZnqFsOzNH/Cqf+BNvPoj/oDf4STZg0ksaCiquunu8mIpNNr2t1XY2Nza3inulvb2Dw6PyscnbR0likOLRzJSXY9pkCKEFgqU0I0VsMCT0PEmtzO/8wRKiyh8xGkMbsBGofAFZ2ikTv8eMHWyQbliV+056DpxclIhOZqD8k9/GPEkgBC5ZFr3HDtGN2UKBZeQlfqJhpjxCRtBz9CQBaDddH5uRi+MMqR+pEyFSOfq34mUBVpPA890BgzHetWbif95vQT9upuKME4QQr5Y5CeSYkRnv9OhUMBRTg1hXAlzK+VjphhHk9DSFk+xCWBWMsE4qzGsk/ZV1bmu1h5qlUY9j6hIzsg5uSQOuSENckeapEU4mZAX8krerGfr3fqwPhetBSufOSVLsL5+AWD5l9A=</latexit>

|1i

<latexit sha1_base64="bPCDLkaNrQ3dourDCE2VcD2beSE=">AAACGnicbVDLSgMxFM34rPU16lKEwSIIQpkpRbssuhHcVLAPaEvJpLdtaOZBckcow6z8DX/Arf6BO3Hrxh/wO0yns7CtB0LOPedebnLcUHCFtv1trKyurW9s5rby2zu7e/vmwWFDBZFkUGeBCGTLpQoE96GOHAW0QgnUcwU03fHN1G8+glQ88B9wEkLXo0OfDzijqKWeedK5A4ydpHMtqb4u0rI0K0tJzyzYRTuFtUycjBRIhlrP/On0AxZ54CMTVKm2Y4fYjalEzgQk+U6kIKRsTIfQ1tSnHqhunH4jsc600rcGgdTHRytV/07E1FNq4rm606M4UoveVPzPa0c4qHRj7ocRgs9miwaRsDCwpplYfS6BoZhoQpnk+q0WG1FJGerk5ra4ko4Bk7wOxlmMYZk0SkXnsli+LxeqlSyiHDkmp+ScOOSKVMktqZE6YeSJvJBX8mY8G+/Gh/E5a10xspkjMgfj6xdrLaDn</latexit>

|1i h1|+ |2i h2|
<latexit sha1_base64="l52gdeh09kj0nSMTGOBqyFnXXEo=">AAACAnicbVDLSgNBEJyNrxhfUY9eBoPgKexK0BwDXgQvEcwDkiXMTnqTIbMPZnqFsOzNH/Cqf+BNvPoj/oDf4STZg0ksaCiquunu8mIpNNr2t1XY2Nza3inulvb2Dw6PyscnbR0likOLRzJSXY9pkCKEFgqU0I0VsMCT0PEmtzO/8wRKiyh8xGkMbsBGofAFZ2ikTv8eMHWyQbliV+056DpxclIhOZqD8k9/GPEkgBC5ZFr3HDtGN2UKBZeQlfqJhpjxCRtBz9CQBaDddH5uRi+MMqR+pEyFSOfq34mUBVpPA890BgzHetWbif95vQT9upuKME4QQr5Y5CeSYkRnv9OhUMBRTg1hXAlzK+VjphhHk9DSFk+xCWBWMsE4qzGsk/ZV1bmu1h5qlUY9j6hIzsg5uSQOuSENckeapEU4mZAX8krerGfr3fqwPhetBSufOSVLsL5+AWD5l9A=</latexit>

|1i
<latexit sha1_base64="kOqASs0tztCPAfEi0QGVpJgcRhU=">AAACAnicbVDLSsNAFJ3UV62vqks3wSK4Kkkp2mXBjeCmgn1AG8pketMOmUzCzI1QQnf+gFv9A3fi1h/xB/wOp20W2nrgwuGce7n3Hj8RXKPjfFmFjc2t7Z3ibmlv/+DwqHx80tFxqhi0WSxi1fOpBsEltJGjgF6igEa+gK4f3sz97iMozWP5gNMEvIiOJQ84o2ik7uAOMKvNhuWKU3UWsNeJm5MKydEalr8Ho5ilEUhkgmrdd50EvYwq5EzArDRINSSUhXQMfUMljUB72eLcmX1hlJEdxMqURHuh/p7IaKT1NPJNZ0Rxole9ufif108xaHgZl0mKINlyUZAKG2N7/rs94goYiqkhlClubrXZhCrK0CT0Z4uvaAg4K5lg3NUY1kmnVnWvqvX7eqXZyCMqkjNyTi6JS65Jk9ySFmkTRkLyTF7Iq/VkvVnv1seytWDlM6fkD6zPH2KSl9E=</latexit>

|2i



The Adjoint Operator and Hermitian Matrices 

Exercise: prove that the n x n matrix representation of the projection operator 
 has all elements zero except the first two diagonal elements, which are equal to one. 

There can be no inverse operator to a nontrivial projection operator, since the information  
about components of the vector perpendicular to the projected subspace is lost. 

<latexit sha1_base64="bPCDLkaNrQ3dourDCE2VcD2beSE=">AAACGnicbVDLSgMxFM34rPU16lKEwSIIQpkpRbssuhHcVLAPaEvJpLdtaOZBckcow6z8DX/Arf6BO3Hrxh/wO0yns7CtB0LOPedebnLcUHCFtv1trKyurW9s5rby2zu7e/vmwWFDBZFkUGeBCGTLpQoE96GOHAW0QgnUcwU03fHN1G8+glQ88B9wEkLXo0OfDzijqKWeedK5A4ydpHMtqb4u0rI0K0tJzyzYRTuFtUycjBRIhlrP/On0AxZ54CMTVKm2Y4fYjalEzgQk+U6kIKRsTIfQ1tSnHqhunH4jsc600rcGgdTHRytV/07E1FNq4rm606M4UoveVPzPa0c4qHRj7ocRgs9miwaRsDCwpplYfS6BoZhoQpnk+q0WG1FJGerk5ra4ko4Bk7wOxlmMYZk0SkXnsli+LxeqlSyiHDkmp+ScOOSKVMktqZE6YeSJvJBX8mY8G+/Gh/E5a10xspkjMgfj6xdrLaDn</latexit>

|1i h1|+ |2i h2|

As we’ve discussed, if a ket         in the n -dimensional space is written as a column vector       
with n (complex) components, the corresponding bra is a row vector having as elements the 
complex conjugates of the ket elements. 


                                   then follows automatically from standard matrix multiplication rules, and   
on multiplying          by a complex number a to get            (meaning that each element in the 
column of numbers is multiplied by a ) the corresponding bra goes to                          . 
But suppose that instead of multiplying a ket by a number, we operate on it with a linear         
operator. 
What generates the parallel transformation among the bras? 

In other words, if                       , what operator sends the bra          to           ?        


It must be a linear operator, because A is linear, that is, if under A                      ,                    
and                               , then under A         is required to go to                                  .

<latexit sha1_base64="CtwBJTgll8NXxT3LmiO2Hjj8tc8=">AAACAnicbVDLSsNAFJ3UV62vqks3wSK4KokU7bLgRnBTwT6gDWUyvWmHTiZh5kYoITt/wK3+gTtx64/4A36H0zYL23rgwuGce7n3Hj8WXKPjfFuFjc2t7Z3ibmlv/+DwqHx80tZRohi0WCQi1fWpBsEltJCjgG6sgIa+gI4/uZ35nSdQmkfyEacxeCEdSR5wRtFInf49YNrOBuWKU3XmsNeJm5MKydEclH/6w4glIUhkgmrdc50YvZQq5ExAVuonGmLKJnQEPUMlDUF76fzczL4wytAOImVKoj1X/06kNNR6GvqmM6Q41qveTPzP6yUY1L2UyzhBkGyxKEiEjZE9+90ecgUMxdQQyhQ3t9psTBVlaBJa2uIrOgHMSiYYdzWGddK+qrrX1dpDrdKo5xEVyRk5J5fEJTekQe5Ik7QIIxPyQl7Jm/VsvVsf1ueitWDlM6dkCdbXL5wWl/U=</latexit>

|V i

<latexit sha1_base64="wUo/jjL/4u4aWllEbPZfxd+VEOA=">AAACGHicbZDLSsNAFIYn9VbrLeqym8EiiIuSSNFuhKIblxVsUmhjmUwn7dDJhZmJUNIsfA1fwK2+gTtx684X8DmcphFs6w8D//znHM7M50aMCmkYX1phZXVtfaO4Wdra3tnd0/cPLBHGHJMWDlnI2y4ShNGAtCSVjLQjTpDvMmK7o+tp3X4gXNAwuJPjiDg+GgTUoxhJFfX0cveKoxGRiT2x0svfizWx0/vTnl4xqkYmuGzM3FRArmZP/+72Qxz7JJCYISE6phFJJ0FcUsxIWurGgkQIj9CAdJQNkE+Ek2SfSOGxSvrQC7k6gYRZ+nciQb4QY99VnT6SQ7FYm4b/1Tqx9OpOQoMoliTAs0VezKAM4ZQI7FNOsGRjZRDmVL0V4iHiCEvFbW6Lm9FJSwqMuYhh2VhnVfO8WrutVRr1HFERlMEROAEmuAANcAOaoAUweATP4AW8ak/am/aufcxaC1o+cwjmpH3+AKr8oJE=</latexit>

hW |V i = hV |W i⇤
<latexit sha1_base64="CtwBJTgll8NXxT3LmiO2Hjj8tc8=">AAACAnicbVDLSsNAFJ3UV62vqks3wSK4KokU7bLgRnBTwT6gDWUyvWmHTiZh5kYoITt/wK3+gTtx64/4A36H0zYL23rgwuGce7n3Hj8WXKPjfFuFjc2t7Z3ibmlv/+DwqHx80tZRohi0WCQi1fWpBsEltJCjgG6sgIa+gI4/uZ35nSdQmkfyEacxeCEdSR5wRtFInf49YNrOBuWKU3XmsNeJm5MKydEclH/6w4glIUhkgmrdc50YvZQq5ExAVuonGmLKJnQEPUMlDUF76fzczL4wytAOImVKoj1X/06kNNR6GvqmM6Q41qveTPzP6yUY1L2UyzhBkGyxKEiEjZE9+90ecgUMxdQQyhQ3t9psTBVlaBJa2uIrOgHMSiYYdzWGddK+qrrX1dpDrdKo5xEVyRk5J5fEJTekQe5Ik7QIIxPyQl7Jm/VsvVsf1ueitWDlM6dkCdbXL5wWl/U=</latexit>

|V i
<latexit sha1_base64="GNS5zdqzchVlzwRrfawcN5SKEgI=">AAACA3icbVDLSgNBEJyNrxhfUY9eBoPgKexK0BwDXgQvEcwDkiXMTnqTIbMPZnqFsOzRH/Cqf+BNvPoh/oDf4STZg0ksaCiquunu8mIpNNr2t1XY2Nza3inulvb2Dw6PyscnbR0likOLRzJSXY9pkCKEFgqU0I0VsMCT0PEmtzO/8wRKiyh8xGkMbsBGofAFZ2ikLuvfA6btbFCu2FV7DrpOnJxUSI7moPzTH0Y8CSBELpnWPceO0U2ZQsElZKV+oiFmfMJG0DM0ZAFoN53fm9ELowypHylTIdK5+nciZYHW08AznQHDsV71ZuJ/Xi9Bv+6mIowThJAvFvmJpBjR2fN0KBRwlFNDGFfC3Er5mCnG0US0tMVTbAKYlUwwzmoM66R9VXWuq7WHWqVRzyMqkjNyTi6JQ25Ig9yRJmkRTiR5Ia/kzXq23q0P63PRWrDymVOyBOvrF15omGA=</latexit>

a |V i
<latexit sha1_base64="Gq4e1U+OmDTd7iaHNAUziUNDTys=">AAACEnicbVBLSgNBEO2Jvxh/o+LKTWMQxEWYkaDZCEE3LiOYDyRjqOl0kiY9PUN3jxCGuYUXcKs3cCduvYAX8Bx2klmYxAcFr96roornR5wp7TjfVm5ldW19I79Z2Nre2d2z9w8aKowloXUS8lC2fFCUM0HrmmlOW5GkEPicNv3R7cRvPlGpWCge9DiiXgADwfqMgDZS1z7q3EhIGik8nl+byrquXXRKzhR4mbgZKaIMta790+mFJA6o0ISDUm3XibSXgNSMcJoWOrGiEZARDGjbUAEBVV4yfT/Fp0bp4X4oTQmNp+rfjQQCpcaBbyYD0EO16E3E/7x2rPsVL2EiijUVZHaoH3OsQzzJAveYpETzsSFAJDO/YjIECUSbxOau+BJGVKcFE4y7GMMyaVyU3MtS+b5crFayiPLoGJ2gM+SiK1RFd6iG6oigBL2gV/RmPVvv1of1ORvNWdnOIZqD9fUL8cqdcQ==</latexit>

hV | a⇤ = a⇤ hV |

<latexit sha1_base64="k0CiWU3V9Rz588zGCwCrjpacYOk=">AAACD3icbVBLSgNBEO3xG+NvjEs3jUF0FWYkaDZCxI3gJoL5QBJCT6eSNOn50F0jhmEO4QXc6g3ciVuP4AU8h53PwiQ+KOrxXhVVPC+SQqPjfFsrq2vrG5uZrez2zu7evn2Qq+kwVhyqPJShanhMgxQBVFGghEakgPmehLo3vBn79UdQWoTBA44iaPusH4ie4AyN1LFz17R1B5jU0qtpP007dt4pOBPQZeLOSJ7MUOnYP61uyGMfAuSSad10nQjbCVMouIQ024o1RIwPWR+ahgbMB91OJr+n9MQoXdoLlakA6UT9u5EwX+uR75lJn+FAL3pj8T+vGWOv1E5EEMUIAZ8e6sWSYkjHQdCuUMBRjgxhXAnzK+UDphhHE9fcFU+xIWCaNcG4izEsk9p5wb0oFO+L+XJpFlGGHJFjckZccknK5JZUSJVw8kReyCt5s56td+vD+pyOrliznUMyB+vrF4y4nCc=</latexit>

A |V i = |V 0i
<latexit sha1_base64="qEdm7f2Gx3FsPSGc4ZNDSbTn7wc=">AAACAnicbVDLSsNAFL2pr1pfVZdugkVwVRIp2mXRjcsK9gFtKJPppB06mYSZG6GE7PwBt/oH7sStP+IP+B1O2yxs64ELh3Pu5d57/FhwjY7zbRU2Nre2d4q7pb39g8Oj8vFJW0eJoqxFIxGprk80E1yyFnIUrBsrRkJfsI4/uZv5nSemNI/kI05j5oVkJHnAKUEjdfq3iqTtbFCuOFVnDnuduDmpQI7moPzTH0Y0CZlEKojWPdeJ0UuJQk4Fy0r9RLOY0AkZsZ6hkoRMe+n83My+MMrQDiJlSqI9V/9OpCTUehr6pjMkONar3kz8z+slGNS9lMs4QSbpYlGQCBsje/a7PeSKURRTQwhV3Nxq0zFRhKJJaGmLr8iEYVYywbirMayT9lXVva7WHmqVRj2PqAhncA6X4MINNOAemtACChN4gVd4s56td+vD+ly0Fqx85hSWYH39AoP8l+Y=</latexit>

hV |
<latexit sha1_base64="88xLKdZ4N/vebihDnsXvbG7XXAg=">AAACA3icbVBNT8JAEJ3iF+IX6tFLIzF6Iq0hypHoxSMmgiTQkO0yhQ3bbbO7NSFNj/4Br/oPvBmv/hD/gL/DBXoQ8CWTvLw3k5l5fsyZ0o7zbRXW1jc2t4rbpZ3dvf2D8uFRW0WJpNiiEY9kxycKORPY0kxz7MQSSehzfPTHt1P/8QmlYpF40JMYvZAMBQsYJdpInd6NJGn7POuXK07VmcFeJW5OKpCj2S//9AYRTUIUmnKiVNd1Yu2lRGpGOWalXqIwJnRMhtg1VJAQlZfO7s3sM6MM7CCSpoS2Z+rfiZSESk1C33SGRI/UsjcV//O6iQ7qXspEnGgUdL4oSLitI3v6vD1gEqnmE0MIlczcatMRkYRqE9HCFl+SMeqsZIJxl2NYJe3LqntVrd3XKo16HlERTuAULsCFa2jAHTShBRQ4vMArvFnP1rv1YX3OWwtWPnMMC7C+fgHpkZgX</latexit>

hV 0|
<latexit sha1_base64="TlHe7gksWsXEcKwpQ5gUrdsW/Dc=">AAACFXicbVDJSgNBEO1xjXEb9SJ4aQyipzAjQXMMeBG8RDALJCH0dGqSJj0L3TVCGMbf8Ae86h94E6+e/QG/w85yMIkPGl69V0V1PS+WQqPjfFsrq2vrG5u5rfz2zu7evn1wWNdRojjUeCQj1fSYBilCqKFACc1YAQs8CQ1veDP2G4+gtIjCBxzF0AlYPxS+4AyN1LWP23eAab3rZrSNEZ1W56bs2gWn6ExAl4k7IwUyQ7Vr/7R7EU8CCJFLpnXLdWLspEyh4BKyfDvREDM+ZH1oGRqyAHQnnVyQ0TOj9KgfKfNCpBP170TKAq1HgWc6A4YDveiNxf+8VoJ+uZOKME4QQj5d5CeSmlvHcdCeUMBRjgxhXAnzV8oHTDGOJrS5LZ5iQ8Asb4JxF2NYJvXLontVLN2XCpXyLKIcOSGn5IK45JpUyC2pkhrh5Im8kFfyZj1b79aH9TltXbFmM0dkDtbXL8xcnmQ=</latexit>

|V1i ! |V 0
1i

<latexit sha1_base64="bS/IgS0McuCJ9ioKvaY3FmtCLHQ=">AAACFXicbVDJSgNBEO2JW4xb1IvgpTGInsJMCJpjwIvgJYJZIDOEnk4ladKz0F0jhCH+hj/gVf/Am3j17A/4HXaWg0l80PDqvSqq6/mxFBpt+9vKrK1vbG5lt3M7u3v7B/nDo4aOEsWhziMZqZbPNEgRQh0FSmjFCljgS2j6w5uJ33wEpUUUPuAoBi9g/VD0BGdopE7+xL0DTBud0pi6GNFZdWHKTr5gF+0p6Cpx5qRA5qh18j9uN+JJACFyybRuO3aMXsoUCi5hnHMTDTHjQ9aHtqEhC0B76fSCMT03Spf2ImVeiHSq/p1IWaD1KPBNZ8BwoJe9ifif106wV/FSEcYJQshni3qJpObWSRy0KxRwlCNDGFfC/JXyAVOMowltYYuv2BBwnDPBOMsxrJJGqehcFcv35UK1Mo8oS07JGbkkDrkmVXJLaqROOHkiL+SVvFnP1rv1YX3OWjPWfOaYLMD6+gXPnZ5m</latexit>

|V2i ! |V 0
2i

<latexit sha1_base64="I9JbgS4bWPDSq26HtmA8LyouUz4=">AAACHHicbZBLSgNBEIZ7fBtfoy5d2BgEQQgzMWg2guBGcKNgEiEZhp5ORZv0POiuEcIwS6/hBdzqDdyJW8ELeA47cRYm8YeGj7+qqOo/SKTQ6Dhf1szs3PzC4tJyaWV1bX3D3txq6jhVHBo8lrG6DZgGKSJooEAJt4kCFgYSWkH/fFhvPYDSIo5ucJCAF7K7SPQEZ2gs397tXAJmTf8op6e0YDc/LKia+3bZqTgj0WlwCyiTQle+/d3pxjwNIUIumdZt10nQy5hCwSXkpU6qIWG8z+6gbTBiIWgvG30kp/vG6dJerMyLkI7cvxMZC7UehIHpDBne68na0Pyv1k6xV/cyESUpQsR/F/VSSTGmw1RoVyjgKAcGGFfC3Er5PVOMo8lubEugWB8wL5lg3MkYpqFZrbjHldp1rXxWLyJaIjtkjxwQl5yQM3JBrkiDcPJInskLebWerDfr3fr4bZ2xipltMibr8wfc9aEN</latexit>

|V3i = |V1i+ |V2i
<latexit sha1_base64="9EfypFWF42nN8Oqnzyy13iegT2Y=">AAACBHicbVDLSgNBEJyNrxhfUY9eFoPgKexq0BwDXgQvEcxDkiXMTnqTITO7y0yvEJZc/QGv+gfexKv/4Q/4HU6SPZjEgoaiqpvuLj8WXKPjfFu5tfWNza38dmFnd2//oHh41NRRohg0WCQi1fapBsFDaCBHAe1YAZW+gJY/upn6rSdQmkfhA45j8CQdhDzgjKKRHrt3gGmzdznpFUtO2ZnBXiVuRkokQ71X/On2I5ZICJEJqnXHdWL0UqqQMwGTQjfREFM2ogPoGBpSCdpLZwdP7DOj9O0gUqZCtGfq34mUSq3H0jedkuJQL3tT8T+vk2BQ9VIexglCyOaLgkTYGNnT7+0+V8BQjA2hTHFzq82GVFGGJqOFLb6iI8BJwQTjLsewSpoXZfeqXLmvlGrVLKI8OSGn5Jy45JrUyC2pkwZhRJIX8krerGfr3fqwPuetOSubOSYLsL5+AdRymJs=</latexit>

|V3i
<latexit sha1_base64="ZyowsFZX3Xja8gvkpA1Zj1nVHtE=">AAACHXicbZDJSgNBEIZ7XGPcRj16aQyiIISZGDQXIeBF8BLBLJCE0NOpxCY9C901Qhjm6mv4Al71DbyJV/EFfA47G2j0h4aPv6qo6t+LpNDoOJ/WwuLS8spqZi27vrG5tW3v7NZ0GCsOVR7KUDU8pkGKAKooUEIjUsB8T0LdG1yO6vV7UFqEwS0OI2j7rB+InuAMjdWxaesaMKkddU7Tixm66ckMC2nHzjl5Zyz6F9wp5MhUlY791eqGPPYhQC6Z1k3XibCdMIWCS0izrVhDxPiA9aFpMGA+6HYy/klKD43Tpb1QmRcgHbs/JxLmaz30PdPpM7zT87WR+V+tGWOv1E5EEMUIAZ8s6sWSYkhHsdCuUMBRDg0wroS5lfI7phhHE96vLZ5iA8A0a4Jx52P4C7VC3j3LF2+KuXJpGlGG7JMDckxcck7K5IpUSJVw8kCeyDN5sR6tV+vNep+0LljTmT3yS9bHN2LuoUw=</latexit>

|V 0
3i = |V 0

1i+ |V 0
2i

Consequently, under the parallel bra transformation we must have                                                 
and                      , = the bra transformation is necessarily also linear. 

<latexit sha1_base64="unw1EM3qwcIGnHPAto4HsyjknQY=">AAACLnicbVDLSsNAFJ3UV62vqEs3g0V0ISUpRbssunFZwT6gCWEynbZDJw9mboQS8h3+hj/gVv9AcCHuxM9w2mZhWw8MnHvOvdy5x48FV2BZH0ZhbX1jc6u4XdrZ3ds/MA+P2ipKJGUtGolIdn2imOAhawEHwbqxZCTwBev449up33lkUvEofIBJzNyADEM+4JSAljzTdm4kSduenWEHIjyvznV5mRvVRaOaeWbZqlgz4FVi56SMcjQ989vpRzQJWAhUEKV6thWDmxIJnAqWlZxEsZjQMRmynqYhCZhy09lpGT7TSh8PIqlfCHim/p1ISaDUJPB1Z0BgpJa9qfif10tgUHdTHsYJsJDOFw0SgfWt05xwn0tGQUw0IVRy/VdMR0QSCjrNhS2+JGMGWUkHYy/HsEra1Yp9Vand18qNeh5REZ2gU3SBbHSNGugONVELUfSEXtArejOejXfj0/iatxaMfOYYLcD4+QXrFaey</latexit>

hV1| ! hV 0
1 | , hV2| ! hV 0

2 |
<latexit sha1_base64="5VdDVH5In7q8XwIkzySwlUMR9Yw=">AAACFXicbVDLSsNAFJ3UV62vqBvBzWARXZVEi3ZZdOOygn1AE8LNdNIOnTyYmQgl1N/wB9zqH7gTt679Ab/DaZuFbT0wcO4593LnHj/hTCrL+jYKK6tr6xvFzdLW9s7unrl/0JJxKghtkpjHouODpJxFtKmY4rSTCAqhz2nbH95O/PYjFZLF0YMaJdQNoR+xgBFQWvLMI+dGQNbyLsfYUTGeVWe69MyyVbGmwMvEzkkZ5Wh45o/Ti0ka0kgRDlJ2bStRbgZCMcLpuOSkkiZAhtCnXU0jCKl0s+kFY3yqlR4OYqFfpPBU/TuRQSjlKPR1ZwhqIBe9ifif101VUHMzFiWpohGZLQpSjvWtkzhwjwlKFB9pAkQw/VdMBiCAKB3a3BZfwJCqcUkHYy/GsExaFxX7qlK9r5brtTyiIjpGJ+gc2ega1dEdaqAmIugJvaBX9GY8G+/Gh/E5ay0Y+cwhmoPx9Quhfp5K</latexit>

hV3| ! hV 0
3 |



This bra operator is called the adjoint of A, written A†. 


That is, the ket             has corresponding bra              . 


In an orthonormal basis, using the notation           to denote the bra             corresponding to the 
ket                         , say, 

So the adjoint operator is the transpose complex conjugate. 

Important: for a product of two operators (prove this!), 

An operator equal to its adjoint A = A† is called Hermitian. 

As we shall find next, Hermitian operators are of central importance in quantum mechanics. 

An operator equal to minus its adjoint, A = -A† , is anti-Hermitian (sometimes termed skew 
Hermitian). 
These two operator types are essentially generalizations of real and imaginary number: any 
operator can be expressed as a sum of a Hermitian operator and an anti-Hermitian operator, 

Recalling that the bra is an n -element row vector, the most general linear transformation 
sending it to another bra is an n x n matrix operating on the bra from the right.

<latexit sha1_base64="89zncGs9BhJrVixfH0lAZe58Ezg=">AAACA3icbVDLSsNAFJ3UV62vqks3wSK4KomIdllxI7ipYB/QhjKZ3rRDJ5MwcyOUkKU/4Fb/wJ249UP8Ab/DaZuFbT1w4XDOvdx7jx8LrtFxvq3C2vrG5lZxu7Szu7d/UD48aukoUQyaLBKR6vhUg+ASmshRQCdWQENfQNsf30799hMozSP5iJMYvJAOJQ84o2ikzk3vHjBtZf1yxak6M9irxM1JheRo9Ms/vUHEkhAkMkG17rpOjF5KFXImICv1Eg0xZWM6hK6hkoagvXR2b2afGWVgB5EyJdGeqX8nUhpqPQl90xlSHOllbyr+53UTDGpeymWcIEg2XxQkwsbInj5vD7gChmJiCGWKm1ttNqKKMjQRLWzxFR0DZiUTjLscwyppXVTdq+rlw2WlXssjKpITckrOiUuuSZ3ckQZpEkYEeSGv5M16tt6tD+tz3lqw8pljsgDr6xcqiJhA</latexit>

A |V i
<latexit sha1_base64="L3aqwwEt328Z607VvjrVZ1Y1h8E=">AAACDXicbVBLTgJBFOzBH+Jv1KWbjsTEFZkxRlmiblxiIp+EQfKmeUCHnk+6e0jIhDN4Abd6A3fGrWfwAp7DBmYhYCUvqVS9l3opPxZcacf5tnJr6xubW/ntws7u3v6BfXhUV1EiGdZYJCLZ9EGh4CHWNNcCm7FECHyBDX94N/UbI5SKR+GjHsfYDqAf8h5noI3UsW3vVkJan9w8eV3o91F27KJTcmagq8TNSJFkqHbsH68bsSTAUDMBSrVcJ9btFKTmTOCk4CUKY2BD6GPL0BACVO109vmEnhmlS3uRNBNqOlP/XqQQKDUOfLMZgB6oZW8q/ue1Et0rt1MexonGkM2DeomgOqLTGmiXS2RajA0BJrn5lbIBSGDalLWQ4ksYop4UTDHucg2rpH5Rcq9Klw+XxUo5qyhPTsgpOScuuSYVck+qpEYYGZEX8krerGfr3fqwPuerOSu7OSYLsL5+Adpim9Y=</latexit>

hV |A†

<latexit sha1_base64="TuFqHjs8CYIU6fHyzUuNtEosTbA=">AAACA3icbVDLSsNAFJ3UV62vqks3wSK4KomIdll147KCfUAbys30ph06mYSZiVBClv6AW/0Dd+LWD/EH/A6nbRa29cCFwzn3cu89fsyZ0o7zbRXW1jc2t4rbpZ3dvf2D8uFRS0WJpNikEY9kxweFnAlsaqY5dmKJEPoc2/74buq3n1AqFolHPYnRC2EoWMAoaCN1ercS0huW9csVp+rMYK8SNycVkqPRL//0BhFNQhSaclCq6zqx9lKQmlGOWamXKIyBjmGIXUMFhKi8dHZvZp8ZZWAHkTQltD1T/06kECo1CX3TGYIeqWVvKv7ndRMd1LyUiTjRKOh8UZBwW0f29Hl7wCRSzSeGAJXM3GrTEUig2kS0sMWXMEadlUww7nIMq6R1UXWvqpcPl5V6LY+oSE7IKTknLrkmdXJPGqRJKOHkhbySN+vZerc+rM95a8HKZ47JAqyvXzFwmEQ=</latexit>

hAi|
<latexit sha1_base64="yLEFz3jILvGZHHUrI2GoiMrPRf8=">AAACDXicbVDLSsNAFJ3UV62vqEs3wSK4KomIdll147KCfUAby83kph06eTAzKZSQb/AH3OofuBO3foM/4Hc4fSxs64ELh3Pu5VyOl3AmlW1/G4W19Y3NreJ2aWd3b//APDxqyjgVFBs05rFoeyCRswgbiimO7UQghB7Hlje8m/itEQrJ4uhRjRN0Q+hHLGAUlJZ6ptm9FZCx/Oap60O/j6Jnlu2KPYW1Spw5KZM56j3zp+vHNA0xUpSDlB3HTpSbgVCMcsxL3VRiAnQIfexoGkGI0s2mn+fWmVZ8K4iFnkhZU/XvRQahlOPQ05shqIFc9ibif14nVUHVzViUpAojOgsKUm6p2JrUYPlMIFV8rAlQwfSvFh2AAKp0WQspnoAhqryki3GWa1glzYuKc1W5fLgs16rziorkhJySc+KQa1Ij96ROGoSSEXkhr+TNeDbejQ/jc7ZaMOY3x2QBxtcv+Wib6Q==</latexit>

hi|A†
<latexit sha1_base64="lXulQMf/xP253c2wfHLL21G7Jho=">AAACDnicbZDNSsNAFIVv6l+tf6ku3QSL4KokUrQbocWN4KaCrYUmlMl00g6dTMLMRCkh7+ALuNU3cCdufQVfwOdw2mZhWy8MczjnXu7l82NGpbLtb6Owtr6xuVXcLu3s7u0fmOXDjowSgUkbRywSXR9JwignbUUVI91YEBT6jDz44+tp/vBIhKQRv1eTmHghGnIaUIyUtvpmueneEpXS7Mod679Js75Zsav2rKxV4eSiAnm1+uaPO4hwEhKuMENS9hw7Vl6KhKKYkazkJpLECI/RkPS05Cgk0ktnp2fWqXYGVhAJ/biyZu7fiRSFUk5CX3eGSI3kcjY1/8t6iQrqXkp5nCjC8XxRkDBLRdaUgzWggmDFJlogLKi+1cIjJBBWmtbCFl8gjSYraTDOMoZV0TmvOhfV2l2t0qjniIpwDCdwBg5cQgNuoAVtwPAEL/AKb8az8W58GJ/z1oKRzxzBQhlfv8zWnF0=</latexit>

A |ii = |Aii
<latexit sha1_base64="6IVa+/NBwporFdR8vlqVJ9JfKcQ="></latexit>

(A†)ij = hi|A† |ji = hAi | ji = hj |Aii⇤ = A⇤
ij

<latexit sha1_base64="EQHBdKNRwVpYVl1iwfuRldfH5w4=">AAACHXicbZDLSgMxFIYz9VbrbdSlm2AR6qbMSNFuhLZuXFawF2jHkklP29DMhSQjlKFbX8MXcKtv4E7cii/gc5i2U7CtPwQ+/nMO5+R3Q86ksqxvI7W2vrG5ld7O7Ozu7R+Yh0d1GUSCQo0GPBBNl0jgzIeaYopDMxRAPJdDwx3eTOqNRxCSBf69GoXgeKTvsx6jRGmrY+JcuXL+0O6Sfh/EdWVOuDynjpm18tZUeBXsBLIoUbVj/rS7AY088BXlRMqWbYXKiYlQjHIYZ9qRhJDQIelDS6NPPJBOPP3JGJ9pp4t7gdDPV3jq/p2IiSflyHN1p0fUQC7XJuZ/tVakekUnZn4YKfDpbFEv4lgFeBIL7jIBVPGRBkIF07diOiCCUKXDW9jiCjIENc7oYOzlGFahfpG3L/OFu0K2VEwiSqMTdIpyyEZXqIRuURXVEEVP6AW9ojfj2Xg3PozPWWvKSGaO0YKMr1+WqqFy</latexit>

(AB)† = B†A†

<latexit sha1_base64="B5mq6/eh5e/R69g5ix33jghKl7U=">AAACMnicbZDJSgNBEIZ74hbjFvXoZTAIETHMiEsuQoIXjxFMIiQx9HRqkiY9C901QhjmSXwNX8CrPoHeRPDkQ9hZQJNY0PDz/1VU9eeEgiu0rDcjtbC4tLySXs2srW9sbmW3d2oqiCSDKgtEIO8cqkBwH6rIUcBdKIF6joC6078a5vUHkIoH/i0OQmh5tOtzlzOK2mpnz8qXTXQlZbGdxCdJvnxUvm92aLcL8vBoOjn+TdrZnFWwRmXOC3sicmRSlXb2q9kJWOSBj0xQpRq2FWIrphI5E5BkmpGCkLI+7UJDS596oFrx6HuJeaCdjukGUj8fzZH7dyKmnlIDz9GdHsWems2G5n9ZI0K32Iq5H0YIPhsvciNhYmAOWZkdLoGhGGhBmeT6VpP1qEaCmujUFkfSPmCS0WDsWQzzonZSsM8LpzenuVJxgihN9sg+yRObXJASuSYVUiWMPJJn8kJejSfj3fgwPsetKWMys0umyvj+AYqWqZE=</latexit>

A = 1
2 (A+A†) + 1

2 (A�A†)



The definition of adjoint naturally extends to vectors and numbers: the adjoint of a ket is the 
corresponding bra, the adjoint of a number is its complex conjugate. 
This is useful to bear in mind when taking the adjoint of an operator which may be partially 
constructed of vectors and numbers, such as projection-type operators. 
The adjoint of a product of matrices, vectors and numbers is the product of the adjoints in 
reverse order. 
Of course, for numbers the order doesn’t matter.
Unitary Operators 
An operator is unitary if U†U = 1. 


This implies first that U operating on any vector gives a vector having the same norm, since 

the new norm                                     . 
Furthermore, inner products are preserved,                                      . 


Therefore, under a unitary transformation the original orthonormal basis in the space must go 
to another orthonormal basis. 
Conversely, any transformation that takes one orthonormal basis into another one is a unitary 
transformation. 

To see this, suppose that a linear transformation A sends the members of the orthonormal 

basis                                       to the different orthonormal set                                          , so                                


                          ,  etc.

<latexit sha1_base64="Dy1sl4fMqOx4BMVzQLORaMcEnQg=">AAACJXicbZDLSsNAFIYn9VbrrerSzWARuiqJFO1GKLoR3FQwbaGpZTI9bYdOLsxMhBLzCr6GL+BW38CdCK7c+RxO0i5s64GBj/8/h3Pmd0POpDLNLyO3srq2vpHfLGxt7+zuFfcPmjKIBAWbBjwQbZdI4MwHWzHFoR0KIJ7LoeWOr1K/9QBCssC/U5MQuh4Z+mzAKFFa6hXLzqUgcTPB9r3TJ8MhCGxj5waU1i5Sb5ziYzPpFUtmxcwKL4M1gxKaVaNX/HH6AY088BXlRMqOZYaqGxOhGOWQFJxIQkjomAyho9EnHshunP0owSda6eNBIPTzFc7UvxMx8aSceK7u9IgayUUvFf/zOpEa1Lox88NIgU+niwYRxyrAaTy4zwRQxScaCBVM34rpiAhClQ5xboubZZMUdDDWYgzL0DytWGeV6m21VK/NIsqjI3SMyshC56iOrlED2YiiJ/SCXtGb8Wy8Gx/G57Q1Z8xmDtFcGd+/EyGlbw==</latexit>

hV |U †U |V i = hV |V i
<latexit sha1_base64="sHb3G9fX8x2aemrvSvm8ak6nfEk="></latexit>

hW |U †U |V i = hW |V i

<latexit sha1_base64="+heckeYgG0v/Mj7XmFofBXxRb64=">AAACJXicbZDfSgJBFMZn7Z/ZP6vLbpYkMAjZFSkvhW6CbgzSBBWZHY86ODu7zJwNZPEVeo1eoNt6g+4i6Kq7nqNx3YvUPhj48Z1zOGc+LxRco+N8WZm19Y3Nrex2bmd3b/8gf3jU1EGkGDRYIALV8qgGwSU0kKOAVqiA+p6AB298Pas/PILSPJD3OAmh69Oh5APOKBqrly8WO7eAsTvtuRcJlWdUSjW3pLHOe/mCU3IS2avgplAgqeq9/E+nH7DIB4lMUK3brhNiN6YKORMwzXUiDSFlYzqEtkFJfdDdOPnR1D4zTt8eBMo8iXbi/p2Iqa/1xPdMp09xpJdrM/O/WjvCQbUbcxlGCJLNFw0iYWNgz+Kx+1wBQzExQJni5labjaiiDE2IC1s8RceA05wJxl2OYRWa5ZJ7WarcVQq1ahpRlpyQU1IkLrkiNXJD6qRBGHkiL+SVvFnP1rv1YX3OWzNWOnNMFmR9/wK/xaLQ</latexit>

(|1i1 , |2i1 , ........, |ni1)
<latexit sha1_base64="wQRCPyxmy6BOsezCjF195OiJtM0=">AAACJXicbZDfSgJBFMZn7Z/ZP6vLbpYkMAjZFSkvhW6CbgzSBBWZHY86ODu7zJwNZPEVeo1eoNt6g+4i6Kq7nqNx3YvUPhj48Z1zOGc+LxRco+N8WZm19Y3Nrex2bmd3b/8gf3jU1EGkGDRYIALV8qgGwSU0kKOAVqiA+p6AB298Pas/PILSPJD3OAmh69Oh5APOKBqrly8WO7eAsTvtlS8SKs+olGpuSWOd9/IFp+QkslfBTaFAUtV7+Z9OP2CRDxKZoFq3XSfEbkwVciZgmutEGkLKxnQIbYOS+qC7cfKjqX1mnL49CJR5Eu3E/TsRU1/rie+ZTp/iSC/XZuZ/tXaEg2o35jKMECSbLxpEwsbAnsVj97kChmJigDLFza02G1FFGZoQF7Z4io4BpzkTjLscwyo0yyX3slS5qxRq1TSiLDkhp6RIXHJFauSG1EmDMPJEXsgrebOerXfrw/qct2asdOaYLMj6/gXEwKLT</latexit>

(|1i2 , |2i2 , ........, |ni2)
<latexit sha1_base64="bN08T48NLIXrmV/EPI5RcH26Gdo=">AAACEXicbZBLSgNBEIZ74ivG1/jYuRkMgqswE4JmI0TcCG4imAckQ+jpVJImPQ+6a4Q45BRewK3ewJ249QRewHPYSUYwiT8UfPxVRRW/Fwmu0La/jMzK6tr6RnYzt7W9s7tn7h/UVRhLBjUWilA2PapA8ABqyFFAM5JAfU9AwxteT/qNB5CKh8E9jiJwfdoPeI8zitrqmEdX7VvAxBl3nMtfKnbMvF2wp7KWwUkhT1JVO+Z3ux uy2IcAmaBKtRw7QjehEjkTMM61YwURZUPah5bGgPqg3GT6/dg61U7X6oVSV4DW1P27kVBfqZHv6Umf4kAt9ibmf71WjL2ym/AgihECNjvUi4WFoTWJwupyCQzFSANlkutfLTagkjLUgc1d8SQdAo5zOhhnMYZlqBcLznmhdFfKV8ppRFlyTE7IGXHIBamQG1IlNcLII3kmL+TVeDLejHfjYzaaMdKdQzIn4/MHyxacyw==</latexit>

A |1i1 = |1i2



A unitary operation amounts to a rotation (possibly combined with a reflection) in the space. 

Evidently, since U†U = 1, the adjoint U† rotates the basis back: it is the inverse operation, and 

so UU† = 1 also, that is, U and U† commute. 

Then the vector                              will go to                                               , having the same norm,                 

                                                .                                                                    

A matrix element                                                       , but also                                                   . 

That is,                                         for arbitrary kets                                 . 

This is only possible if A†A = I, so A is unitary. 

<latexit sha1_base64="oHyB3YCddOyI2/IHEoSADQt8ZSs=">AAACGHicbVDJSgNBEO2JW4xb1GMujUHwFGYkaC5CwIvgJYJZIAlDT6eSNOlZ6K4JhGEO/oY/4FX/wJt49eYP+B12loNJfFDweK+KqnpeJIVG2/62MhubW9s72d3c3v7B4VH++KShw1hxqPNQhqrlMQ1SBFBHgRJakQLmexKa3uh26jfHoLQIg0ecRND12SAQfcEZGsnNFzr3gEkjveno2HcFHbtipojUddx80S7ZM9B14ixIkSxQc/M/nV7IYx8C5JJp3XbsCLsJUyi4hDTXiTVEjI/YANqGBswH3U1mT6T03Cg92g+VqQDpTP07kTBf64nvmU6f4VCvelPxP68dY7/STUQQxQgBny/qx5JiSKeJ0J5QwFFODGFcCXMr5UOmGEeT29IWT7ERYJozwTirMayTxmXJuSqVH8rFamURUZYUyBm5IA65JlVyR2qkTjh5Ii/klbxZz9a79WF9zlsz1mLmlCzB+voFeVugcw==</latexit>

|V i =
X

i

vi |ii1
<latexit sha1_base64="U2wFgLfAmDIh9orFRLUyLN/oxK4=">AAACInicbZDJSgNBEIZ7XGPcoh69NIagpzAjQXMJRLwIXiKYBZIw9HQqSZOehe6aQBjmCXwNX8CrvoE38SR49jnsLAeN/tDw8VcVVf17kRQabfvDWlldW9/YzGxlt3d29/ZzB4cNHcaKQ52HMlQtj2mQIoA6CpTQihQw35PQ9EbX03pzDEqLMLjHSQRdnw0C0RecobHcXKFzC5g0TtPK1ZzSSkfHvivo2BUzR6TuuZvL20V7JvoXnAXkyUI1N/fV6YU89iFALpnWbceOsJswhYJLSLOdWEPE+IgNoG0wYD7objL7TkoLxunRfqjMC5DO3J8TCfO1nvie6fQZDvVybWr+V2vH2C93ExFEMULA54v6saQY0mk2tCcUcJQTA4wrYW6lfMgU42gS/LXFU2wEmGZNMM5yDH+hcV50Loqlu1K+Wl5ElCHH5IScEYdckiq5ITVSJ5w8kCfyTF6sR+vVerPe560r1mLmiPyS9fkN3YekSw==</latexit>

|V 0i = A |V i =
X

i

vi |ii2
<latexit sha1_base64="nfCyIGF9gmwOShiJtBCnhtDQrQQ=">AAACJnicbVDLTsJAFJ36RHxVXbppJAbdkJYQZWNCdOMSEykkUJvpMMCE6bSZmZKQ0m/wN/wBt/oH7oxx58rvcCiNEfAkNzn3nHtzZ44XUiKkaX5qK6tr6xubua389s7u3r5+cGiLIOIIN1BAA97yoMCUMNyQRFLcCjmGvkdx0xveTP3mCHNBAnYvxyF2fNhnpEcQlEpy9fPONYdDLGO7OLGLydVvO7FVIyLfJZORqoeyqxfMkp nCWCZWRgogQ93VvzvdAEU+ZhJRKETbMkPpxJBLgihO8p1I4BCiIezjtqIM+lg4cfqlxDhVStfoBVwVk0aq/t2IoS/E2PfUpA/lQCx6U/E/rx3JXtWJCQsjiRmaHepF1JCBMc3H6BKOkaRjRSDiRL3VQAPIIZIqxbkrXppUklfBWIsxLBO7XLIuSpW7SqFWzSLKgWNwAs6ABS5BDdyCOmgABB7BM3gBr9qT9qa9ax+z0RUt2zkCc9C+fgC/iKZd</latexit>

hV 0 |V 0i = hV |V i =
X

i

|vi|2
<latexit sha1_base64="NyI3Zo09/AMPfMpQc/YE9KGHmLk=">AAACKHicbVDLTgIxFO3gC/GFunTTSAxGEzJjiLIxIbpxiYk8EsBJpxRo6HQmbQdDhvkIf8MfcKt/4M6wdeF3WIaJEfAkTc49597c2+P4jEplmhMjtbK6tr6R3sxsbe/s7mX3D2rSCwQmVewxTzQcJAmjnFQVVYw0fEGQ6zBSdwa3U78+JEJSjz+okU/aLupx2qUYKS3Z2fPWjUADosJ6flzLR9e/5bimCxm4NoVPNn08G9rUzubMghkDLhMrITmQoGJnv1sdDwcu4QozJGXTMn3VDpFQFDMSZVqBJD7CA9QjTU05colsh/GnIniilQ7sekI/rmCs/p0IkSvlyHV0p4tUXy56U/E/rxmobqkdUu4HinA8W9QNGFQenCYEO1QQrNhIE4QF1bdC3EcCYaVznNvixFlFGR2MtRjDMqldFKzLQvG+mCuXkojS4Agcg1NggStQBnegAqoAg2fwCt7Au/FifBifxmTWmjKSmUMwB+PrB8GQptI=</latexit>

hW 0 |V 0i = hW |V i =
X

i

w⇤
i vi

<latexit sha1_base64="gf+4Ae9c1n/lOuplOedOI597YXM="></latexit>

hW 0 |V 0i = hW |A†A |V i
<latexit sha1_base64="PcP4TtywipfcrIkUEJWqga9XOlk="></latexit>

hW |V i = hW |A†A |V i

Determinants
We review in this section the determinant of a matrix, a function closely related to the operator 
properties of the matrix.

Let’s start with 2 x 2 matrices: 
<latexit sha1_base64="E/UKz4PO+gBu1rErmUL6RDo2w7o="></latexit>

A =

✓
a11 a12
a21 a22

◆

The determinant of this matrix is defined by:
<latexit sha1_base64="DF3FNToLrSNEwsBRQFabxijtxWQ=">AAACInicbVDLSgMxFM34rPU16tJNsBTcWGYGUTdCixuXFawttKVk0jsamnmQ3BHKOF/gb/gDbvUP3IkrwbXfYVq7sK0HEs49515ucvxECo2O82ktLC4tr6wW1orrG5tb2/bO7o2OU8WhwWMZq5bPNEgRQQMFSmglCljoS2j6g4uR37wHpUUcXeMwgW7IbiMRCM7QSD273OkD0ho9f6g9nLNe5rq5uT0vPxoV3rhw855dcirOGHSeuBNSIhPUe/Z3px/zNIQIuWRat10nwW7GFAouIS92Ug0J4wN2C21DIxaC7mbj7+S0bJQ+DWJlToR0rP6dyFio9TD0TWfI8E7PeiPxP6+dYnDWzUSUpAgR/10UpJJiTEfZ0L5QwFEODWFcCfNWyu+YYhxNglNbfMUGgHnRBOPOxjBPbryKe1I5vjouVc8mERXIPjkgh8Qlp6RKLkmdNAgnj+SZvJBX68l6s96tj9/WBWsys0emYH39AJKLouo=</latexit>

detA = |A| = a11a22 � a12a21



Writing the two rows of the matrix as vectors: 

(R denotes row),                                 is just the area (with appropriate sign) of the parallelogram 
having the two row vectors as adjacent sides: 

<latexit sha1_base64="6c5s2znR0h9a0sGzRyBXpd0uNOM=">AAACGHicbVDJSgNBEO1xjXGLesxlMAgRJMyEoLkIAS8eo5gFkjjUdCpJk56F7p5AGObgb/gDXvUPvIlXb/6A32FnOZjEB0U93quiup8bciaVZX0ba+sbm1vbqZ307t7+wWHm6Lgug0hQrNGAB6LpgkTOfKwppjg2Q4HguRwb7vBm4jdGKCQL/Ac1DrHjQd9nPUZBacnJZNsjpDEkj/eOfZ0HJ7bt5GLSism5k8lZBWsKc5XYc5Ijc1SdzE+7G9DIQ19RDlK2bCtUnRiEYpRjkm5HEkOgQ+hjS1MfPJSdePqJxDzTStfsBUKXr8yp+ncjBk/KsefqSQ/UQC57E/E/rxWpXrkTMz+MFPp0dqgXcVMF5iQRs8sEUsXHmgAVTL/VpAMQQJXObeGKK2CIKknrYOzlGFZJvViwLwulu1KuUp5HlCJZckryxCZXpEJuSZXUCCVP5IW8kjfj2Xg3PozP2eiaMd85IQswvn4Bip6fQg==</latexit>

~aR1 = (a11, a12)
<latexit sha1_base64="TOy5AHFK6Y09ov3OrMCYg+Vhafs=">AAACGHicbVDJSgNBEO1xjXGLesxlMAgRJMyEoLkIAS8eo5gFkjjUdCpJk56F7p5AGObgb/gDXvUPvIlXb/6A32FnOZjEB0U93quiup8bciaVZX0ba+sbm1vbqZ307t7+wWHm6Lgug0hQrNGAB6LpgkTOfKwppjg2Q4HguRwb7vBm4jdGKCQL/Ac1DrHjQd9nPUZBacnJZNsjpDEkj/dO8ToPTly0k4tJKybnTiZnFawpzFViz0mOzFF1Mj/tbkAjD31FOUjZsq1QdWIQilGOSbodSQyBDqGPLU198FB24uknEvNMK12zFwhdvjKn6t+NGDwpx56rJz1QA7nsTcT/vFakeuVOzPwwUujT2aFexE0VmJNEzC4TSBUfawJUMP1Wkw5AAFU6t4UrroAhqiStg7GXY1gl9WLBviyU7kq5SnkeUYpkySnJE5tckQq5JVVSI5Q8kRfySt6MZ+Pd+DA+Z6NrxnznhCzA+PoFj4OfRQ==</latexit>

~aR2 = (a21, a22)
<latexit sha1_base64="ddeLaVtUYvcb5YWHSzjwuR0HxLg=">AAACI3icbVDJSgNBFOxxjXGLevTSGBRPYUaC5iJEvHiMYhbIxNDTeUma9Cx0vwmEIX/gb/gDXvUPvIkXD179DjsLaBILGoqq96jX5UVSaLTtT2tpeWV1bT21kd7c2t7ZzeztV3QYKw5lHspQ1TymQYoAyihQQi1SwHxPQtXrXY/8ah+UFmFwj4MIGj7rBKItOEMjNTMnbguQXtFLtw88YcOHu6ZDXRQ+aPornTUzWTtnj0EXiTMlWTJFqZn5dlshj30IkEumdd2xI2wkTKHgEoZpN9YQMd5jHagbGjAT2EjG/xnSY6O0aDtU5gVIx+rfjYT5Wg98z0z6DLt63huJ/3n1GNuFRiKCKEYI+CSoHUuKIR2VQ1tCAUc5MIRxJcytlHeZYhxNhTMpnmI9wGHaFOPM17BIKmc55zyXv81ni4VpRSlySI7IKXHIBSmSG1IiZcLJI3kmL+TVerLerHfrYzK6ZE13DsgMrK8fixKkCg==</latexit>

detA = ~aR1 ⇥ ~aR2

This is zero if the two vectors are parallel (linearly dependent) and is not changed by adding 
any multiple of               to             (because the new parallelogram has the same base and the 
same height as the original  - check this by drawing). 

Let’s go on to the more interesting case of 3 x 3 matrices: 

<latexit sha1_base64="qDxVItg06h99hb2CB0PL7qL+l1U=">AAACB3icbVDLSsNAFJ34rPVVdelmsAiuSlKKdllw47KKfUATy2R60w6dTMLMpFBCPsAfcKt/4E7c+hn+gN/htM3Cth64cDjnXs7l+DFnStv2t7WxubW9s1vYK+4fHB4dl05O2ypKJIUWjXgkuz5RwJmAlmaaQzeWQEKfQ8cf3878zgSkYpF41NMYvJAMBQsYJdpIrjsBmpLs6aFfxf1S2a7Yc+B14uSkjHI0+6UfdxDRJAShKSdK9Rw71l5KpGaUQ1Z0EwUxoWMyhJ6hgoSgvHT+c4YvjTLAQSTNCI3n6t+LlIRKTUPfbIZEj9SqNxP/83qJDupeykScaBB0ERQkHOsIzwrAAyaBaj41hFDJzK+YjogkVJuallJ8Scags6IpxlmtYZ20qxXnulK7r5Ub9byiAjpHF+gKOegGNdAdaqIWoihGL+gVvVnP1rv1YX0uVjes/OYMLcH6+gXVx5mt</latexit>

~aR2
<latexit sha1_base64="45vr5QXL+45LNaQJ4yykrAG4phE=">AAACB3icbVDLSsNAFJ3UV62vqks3g0VwVRIp2mXBjcsq9gFNLJPpTTt0Mgkzk0IJ+QB/wK3+gTtx62f4A36H0zYL23rgwuGcezmX48ecKW3b31ZhY3Nre6e4W9rbPzg8Kh+ftFWUSAotGvFIdn2igDMBLc00h24sgYQ+h44/vp35nQlIxSLxqKcxeCEZChYwSrSRXHcCNCXZ00Pfwf1yxa7ac+B14uSkgnI0++UfdxDRJAShKSdK9Rw71l5KpGaUQ1ZyEwUxoWMyhJ6hgoSgvHT+c4YvjDLAQSTNCI3n6t+LlIRKTUPfbIZEj9SqNxP/83qJDupeykScaBB0ERQkHOsIzwrAAyaBaj41hFDJzK+YjogkVJuallJ8Scags5IpxlmtYZ20r6rOdbV2X6s06nlFRXSGztElctANaqA71EQtRFGMXtArerOerXfrw/pcrBas/OYULcH6+gXULpms</latexit>

~aR1

<latexit sha1_base64="F4ToWZJjAS+usao5iIeSa2lsfLE="></latexit>

A =

0

@
a11 a12 a13
a21 a22 a23
a31 a32 a33

1

A



The determinant of A is defined as 
<latexit sha1_base64="D/JaoYIgvr0ajVZp8NEPHPhb8GQ=">AAACKnicbVDJSgNBEO1xjXGLevTSGAQvhhkNmosQ8eJRwUQhCaGmU9F2eha6awJhmK/wN/wBr/oH3sSr+B12loPbgy4e71VR1c9PlDTkum/OzOzc/MJiYam4vLK6tl7a2GyaONUCGyJWsb7xwaCSETZIksKbRCOEvsJrPzgb+dcD1EbG0RUNE+yEcBvJvhRAVuqW9ts9JH7KT3h7ABoTI5WVM3kf5By6mSdzWw/uR/UwyLulsltxx+B/iTclZTbFRbf02e7FIg0xIqHAmJbnJtTJQJMUCvNiOzWYgAjgFluWRhCi6WTjb+V81yo93o+1fRHxsfp9IoPQmGHo284Q6M789kbif14rpX6tk8koSQkjMVnUTxWnmI8y4j2pUZAaWgJCS3srF3egQZBN8scWX0OAlBdtMN7vGP6S5kHFO6pUL6vlem0aUYFtsx22xzx2zOrsnF2wBhPsgT2xZ/biPDqvzpvzPmmdcaYzW+wHnI8vP++nmw==</latexit>

detA = "ijka1ia2ja3k

where           if any two are equal, +1 if ijk = 123, 231 or 312 (that is to say, an even permutation 
of 123) and –1 if ijk is an odd permutation of 123. 


Repeated suffixes, of course, imply summation here. 
Writing this out explicitly,

Just as in two dimensions, it’s worth looking at this expression in terms of vectors representing 
the rows of the matrix 

so 

This is the volume of the parallelopiped formed by the three vectors being adjacent sides 
(meeting at one corner, the origin). 

<latexit sha1_base64="iNWZ7ooLR2pd9J+XEubAqLODsMc="></latexit>

detA = a11a22a33 + a21a32a13 + a31a12a23 � a11a32a23 � a21a12a33 � a31a22a13

<latexit sha1_base64="pme3jkTb9UK+vXF8oubzGGf4b64=">AAACH3icbVDLSgNBEJz1bXytevSyGIQIEnZiUC9CwIvHKEYDSVx6Jx0dMvtgZjYQlr37G/6AV/0Db+LVH/A7nE324Ktg6KKqm+4pPxZcadf9sGZm5+YXFpeWSyura+sb9ubWtYoSybDFIhHJtg8KBQ+xpbkW2I4lQuALvPGHZ7l/M0KpeBRe6XGMvQDuQj7gDLSRPHu3O0KWQnZ76dHTCngppdlBXmrTcpjte3bZrboTOH8JLUiZFGh69me3H7EkwFAzAUp1qBvrXgpScyYwK3UThTGwIdxhx9AQAlS9dPKXzNkzSt8ZRNK8UDsT9ftECoFS48A3nQHoe/Xby8X/vE6iBye9lIdxojFk00WDRDg6cvJgnD6XyLQYGwJMcnOrw+5BAtMmvh9bfAlD1FnJBEN/x/CXXNeq9Khav6iXGydFREtkh+ySCqHkmDTIOWmSFmHkgTyRZ/JiPVqv1pv1Pm2dsYqZbfID1scXemah0A==</latexit>

~aR1 = (a11, a12, a13)
<latexit sha1_base64="k9RZB6+ioJ3it7XsmhNyG6dJPQE=">AAACH3icbVDLSsNAFJ34rPVVdekmWAQFKUkU7UYQ3LhUsSq0MdxMb3XoZBJmJkIJ2fsb/oBb/QN34rY/4Hc4abOw6oHhHs65l3vnhAlnSjvO0Jqanpmdm68sVBeXlldWa2vr1ypOJcUWjXksb0NQyJnAlmaa420iEaKQ403YPy38m0eUisXiSg8S9CO4F6zHKGgjBbWtziPSDPK7y8A73oEg89x8ryjeuOznu0Gt7jScEey/xC1JnZQ4D2pfnW5M0wiFphyUartOov0MpGaUY17tpAoToH24x7ahAiJUfjb6S25vG6Vr92JpntD2SP05kUGk1CAKTWcE+kH99grxP6+d6l7Tz5hIUo2Cjhf1Um7r2C6CsbtMItV8YAhQycytNn0ACVSb+Ca2hBL6qPOqCcb9HcNfcu013MPGwcVB/aRZRlQhm2SL7BCXHJETckbOSYtQ8kReyCt5s56td+vD+hy3TlnlzAaZgDX8BoD7odQ=</latexit>

~aR2 = (a21, a22, a23)
<latexit sha1_base64="7axwWvuMt3YEPYUMKrcIiBFO/JE=">AAACH3icbVDJSgNBEO1xjXEb9ehlSBAUJMwkQXMRAl48RjELJHGo6VS0Sc9Cd08gDHP3N/wBr/oH3sRrfsDvsLMcTPRBU4/3qqjq50WcSWXbY2NldW19YzOzld3e2d3bNw8OGzKMBcU6DXkoWh5I5CzAumKKYysSCL7HsekNrid+c4hCsjC4V6MIuz48BqzPKCgtuWauM0SaQPpw55auTsFNSk56PinFWSmlZ66Ztwv2FNZf4sxJnsxRc83vTi+ksY+BohykbDt2pLoJCMUoxzTbiSVGQAfwiG1NA/BRdpPpX1LrRCs9qx8K/QJlTdXfEwn4Uo58T3f6oJ7ksjcR//PasepXugkLolhhQGeL+jG3VGhNgrF6TCBVfKQJUMH0rRZ9AgFU6fgWtngCBqjSrA7GWY7hL2kUC85FoXxbzlcr84gy5JjkyClxyCWpkhtSI3VCyTN5JW/k3XgxPoxP42vWumLMZ47IAozxD4eQodg=</latexit>

~aR3 = (a31, a32, a33)



This parallelepiped volume will of course be zero if the three vectors lie in a plane, and it is   
not changed if a multiple of one of the vectors is added to another of the vectors. 
That is to say, the determinant of a matrix is not changed if a multiple of one row is added to 
another row. 
This is because the determinant is linear in the elements of a single row, 

<latexit sha1_base64="sjXFoKt/i2PWYGGTk3vc8dj+2SU="></latexit>

det

0

@
~aR1 + �~aR2

~aR2
~aR3

1

A = det

0

@
~aR1
~aR2
~aR3

1

A+ � det

0

@
~aR2
~aR2
~aR3

1

A

and the last term is zero because two rows are identical—so the triple vector product vanishes. 

A more general way of stating this, applicable to larger determinants, is that for a determinant 
with two identical rows, the symmetry of the two rows, together with the antisymmetry of         , 
ensures that the terms in the sum all cancel in pairs. 

<latexit sha1_base64="0oBv97xX64LiIEFsZuBVV3gLA+o=">AAACDnicbVDLSsNAFJ3UV62vVJduBovgqiQi2mXBjcsK9gFtKZPpTTtmMgkzk0oJ+Qd/wK3+gTtx6y/4A36H0zYL23rgwrnn3Mu9HC/mTGnH+bYKG5tb2zvF3dLe/sHhkV0+bqkokRSaNOKR7HhEAWcCmpppDp1YAgk9Dm0vuJ357QlIxSLxoKcx9EMyEsxnlGgjDexyb0IkxIpx06XsMcgGdsWpOnPgdeLmpIJyNAb2T28Y0SQEoSknSnVdJ9b9lEjNKIes1EsUxIQGZARdQwUJQfXT+esZPjfKEPuRNCU0nqt/N1ISKjUNPTMZEj1Wq95M/M/rJtqv9VMm4kSDoItDfsKxjvAsBzxkEqjmU0MIlcz8iumYSEK1SWvpiidJADormWDc1RjWSeuy6l5Xr+6vKvVaHlERnaIzdIFcdIPq6A41UBNR9IRe0Ct6s56td+vD+lyMFqx85wQtwfr6BbzunPA=</latexit>"ijk

Since the determinant is not altered by adding some multiple of one row to another, if the         
rows are linearly dependent, one row could be made identically zero by adding the right 
multiples of the other rows. 
Since every term in the expression for the determinant has one element from each row, the 
determinant would then be identically zero. 
For the three-dimensional case, the linear dependence of the rows means the corresponding 
vectors lie in a plane, and the parallelepiped is flat. 



The algebraic argument generalizes easily to n x n determinants: they are identically zero if   
the rows are linearly dependent. 
The generalization from 3 x 3 to n x n determinants is that                                          becomes: 

<latexit sha1_base64="RRzFRcOvJoEoQtA98pzouGKSLbo="></latexit>

detA = "ijk....pa1ia2ja3k · · · anp

<latexit sha1_base64="WvacidhF0ThyYru7WO9HTMbhtxk=">AAACKHicbVDLSgNBEJz1bXxFPXoZDIIghF0N6kVQvHhUMCaQhNA76ei4sw9meoWw7Ef4G/6AV/0Db+LVg9/hbMzBRAumKaq66Z7yEyUNue6HMzU9Mzs3v7BYWlpeWV0rr2/cmDjVAusiVrFu+mBQyQjrJElhM9EIoa+w4Qfnhd94QG1kHF3TIMFOCLeR7EsBZKVuea/dQ+Jn/KT9ABoTI5VVM3kf5NDNPFnU/fuiHgR5t1xxq+4Q/C/xRqTCRrjslr/avVikIUYkFBjT8tyEOhlokkJhXmqnBhMQAdxiy9IIQjSdbPipnO9Ypcf7sbYvIj5Uf09kEBozCH3bGQLdmUmvEP/zWin1jzuZjJKUMBI/i/qp4hTzIiHekxoFqYElILS0t3JxBxoE2RzHtvgaAqS8ZIPxJmP4S272q95htXZVq5wejyJaYFtsm+0yjx2xU3bBLlmdCfbIntkLe3WenDfn3fn4aZ1yRjObbAzO5zd8ZqdH</latexit>

detA = "ijka1ia2ja3k

where ijk ... p is summed over all permutations of 123 ... n, and the     symbol is zero if any two  
of its suffixes are equal, +1 for an even permutation and -1 for an odd permutation. 

Note: any permutation can be written as a product of swaps of neighbors. 
Such a representation is in general not unique, but for a given permutation, all such 
representations will have either an odd number of elements or an even number. 

<latexit sha1_base64="fjqPCYJMF3VUb2wuHVoh/evRJiQ=">AAACBnicbVDLSgNBEJyNrxhfUY9eBoPgKexK0BwDXjxGMA/YLGF20psMmZ1ZZmYDYcndH/Cqf+BNvPob/oDf4STZg0ksaCiquunuChPOtHHdb6ewtb2zu1fcLx0cHh2flE/P2lqmikKLSi5VNyQaOBPQMsxw6CYKSBxy6ITj+7nfmYDSTIonM00giMlQsIhRYqzk9yZEQaIZl6JfrrhVdwG8SbycVFCOZr/80xtImsYgDOVEa99zExNkRBlGOcxKvVRDQuiYDMG3VJAYdJAtTp7hK6sMcCSVLWHwQv07kZFY62kc2s6YmJFe9+bif56fmqgeZEwkqQFBl4uilGMj8fx/PGAKqOFTSwhVzN6K6YgoQo1NaWVLqMgYzKxkg/HWY9gk7Zuqd1utPdYqjXoeURFdoEt0jTx0hxroATVRC1Ek0Qt6RW/Os/PufDify9aCk8+coxU4X78ka5nu</latexit>"

An important theorem is that for a product of two matrices A, B the determinant of the product  
is the product of the determinants, det AB = det A x det B. 


This can be verified by brute force for 2 x 2 matrices, and a proof in the general case can be 
found in any book on mathematical physics. 

It can also be proved that if the rows are linearly independent, the determinant cannot be zero. 

To return to three dimensions, it is clear from the form of
<latexit sha1_base64="iNWZ7ooLR2pd9J+XEubAqLODsMc="></latexit>

detA = a11a22a33 + a21a32a13 + a31a12a23 � a11a32a23 � a21a12a33 � a31a22a13

that we could equally have taken the columns of A as three vectors,                                 in an 
obvious notation,                                           , and linear dependence among the columns will

<latexit sha1_base64="+qCQmpXcASQ5IyZbezqQ1oeIqKU=">AAACJHicbZDLSsNAFIYn9VbrrerSTbCIFaQktWg3QqUblxXsBdoYJtOTdujkwsykUEIewdfwBdzqG7gTF25c+hxOL2Bb/WHg4z/ncM78TsiokIbxqaVWVtfWN9Kbma3tnd297P5BQwQRJ1AnAQt4y8ECGPWhLqlk0Ao5YM9h0HQG1XG9OQQuaODfy1EIlod7PnUpwVJZdvb05jrfGQKJcfJQtc3zXy7O8cWZnc0ZBWMi/S+YM8ihmWp29rvTDUjkgS8Jw0K0TSOUVoy5pIRBkulEAkJMBrgHbYU+9kBY8eRDiX6inK7uBlw9X+oTd34ixp4QI89RnR6WfbFcG5v/1dqRdMtWTP0wkuCT6SI3YroM9HE6epdyIJKNFGDCqbpVJ33MMZEqw4UtDscDkElGBWMux/AXGsWCeVko3ZVylfIsojQ6Qscoj0x0hSroFtVQHRH0iJ7RC3rVnrQ37V37mLamtNnMIVqQ9vUD6I6kLg==</latexit>

A = (~aC1 ,~a
C
2 ,~a

C
3 )

<latexit sha1_base64="eL9J1r8+Nv4rjpB7MeSFiZ6PGDQ="></latexit>

detA = (~aC1 ⇥ ~aC2 ) · ~aC3



also ensure the vanishing of the determinant - so, in fact, linear dependence of the columns 
ensures linear dependence of the rows.

This, too, generalizes to n x n: in the definition of determinant                                                         ,            
the row suffix is fixed and the column suffix goes over all permissible permutations, with the 
appropriate sign - but the same terms would be generated by having the column suffixes kept 
in numerical order and allowing the row suffix to undergo the permutations.

<latexit sha1_base64="RRzFRcOvJoEoQtA98pzouGKSLbo="></latexit>

detA = "ijk....pa1ia2ja3k · · · anp

Eigenkets and Eigenvalues

If an operator A operating on a ket         gives a multiple of the same ket, 

then          is said to be an eigenket (or, just as often, eigenvector, or eigenstate!) of A with 
eigenvalue         . 

Eigenkets and eigenvalues are of central importance in quantum mechanics: dynamical 
variables are operators, a physical measurement of a dynamical variable yields an eigenvalue 
of the operator, and forces the system into an eigenket. 

In this section, we shall show how to find the eigenvalues and corresponding eigenkets for an 
operator A. 


We’ll use the notation                                    for the set of eigenkets           with corresponding 
eigenvalues ai. (Obviously, in the eigenvalue equation here the suffix i is not summed over.) 

<latexit sha1_base64="CtwBJTgll8NXxT3LmiO2Hjj8tc8=">AAACAnicbVDLSsNAFJ3UV62vqks3wSK4KokU7bLgRnBTwT6gDWUyvWmHTiZh5kYoITt/wK3+gTtx64/4A36H0zYL23rgwuGce7n3Hj8WXKPjfFuFjc2t7Z3ibmlv/+DwqHx80tZRohi0WCQi1fWpBsEltJCjgG6sgIa+gI4/uZ35nSdQmkfyEacxeCEdSR5wRtFInf49YNrOBuWKU3XmsNeJm5MKydEclH/6w4glIUhkgmrdc50YvZQq5ExAVuonGmLKJnQEPUMlDUF76fzczL4wytAOImVKoj1X/06kNNR6GvqmM6Q41qveTPzP6yUY1L2UyzhBkGyxKEiEjZE9+90ecgUMxdQQyhQ3t9psTBVlaBJa2uIrOgHMSiYYdzWGddK+qrrX1dpDrdKo5xEVyRk5J5fEJTekQe5Ik7QIIxPyQl7Jm/VsvVsf1ueitWDlM6dkCdbXL5wWl/U=</latexit>

|V i
<latexit sha1_base64="5TQQHYBGr5ZHyw3yuQLQ7CnvZTo=">AAACFXicbVDLSgMxFM3UV62vUTeCm2ARXJUZKdqNUHEjuKlgH9CWkklv29DMg+SOUIb6G/6AW/0Dd+LWtT/gd5i2s7CtBwIn59zDTY4XSaHRcb6tzMrq2vpGdjO3tb2zu2fvH9R0GCsOVR7KUDU8pkGKAKooUEIjUsB8T0LdG95M/PojKC3C4AFHEbR91g9ET3CGRurYR9etO8CkNr5qSZPqMpreO3beKThT0GXipiRPUlQ69k+rG/LYhwC5ZFo3XSfCdsIUCi5hnGvFGiLGh6wPTUMD5oNuJ9MfjOmpUbq0FypzAqRT9W8iYb7WI98zkz7DgV70JuJ/XjPGXqmdiCCKEQI+W9SLJcWQTuqgXaGAoxwZwrgS5q2UD5hiHE1pc1s8xYaA45wpxl2sYZnUzgvuRaF4X8yXS2lFWXJMTsgZccklKZNbUiFVwskTeSGv5M16tt6tD+tzNpqx0swhmYP19Qu84Z75</latexit>

A |V i = � |V i
<latexit sha1_base64="CtwBJTgll8NXxT3LmiO2Hjj8tc8=">AAACAnicbVDLSsNAFJ3UV62vqks3wSK4KokU7bLgRnBTwT6gDWUyvWmHTiZh5kYoITt/wK3+gTtx64/4A36H0zYL23rgwuGce7n3Hj8WXKPjfFuFjc2t7Z3ibmlv/+DwqHx80tZRohi0WCQi1fWpBsEltJCjgG6sgIa+gI4/uZ35nSdQmkfyEacxeCEdSR5wRtFInf49YNrOBuWKU3XmsNeJm5MKydEclH/6w4glIUhkgmrdc50YvZQq5ExAVuonGmLKJnQEPUMlDUF76fzczL4wytAOImVKoj1X/06kNNR6GvqmM6Q41qveTPzP6yUY1L2UyzhBkGyxKEiEjZE9+90ecgUMxdQQyhQ3t9psTBVlaBJa2uIrOgHMSiYYdzWGddK+qrrX1dpDrdKo5xEVyRk5J5fEJTekQe5Ik7QIIxPyQl7Jm/VsvVsf1ueitWDlM6dkCdbXL5wWl/U=</latexit>

|V i
<latexit sha1_base64="RqXCocEJjTxNy4WNSlh8nnWxIXE=">AAACAnicbVDLSsNAFJ3UV62vqks3wSK4KomIdllw47KCfUAbys3kph0ymYSZiVBCd/6AW/0Dd+LWH/EH/A6nbRa29cDA4ZxzuXeOn3KmtON8W6WNza3tnfJuZW//4PCoenzSUUkmKbZpwhPZ80EhZwLbmmmOvVQixD7Hrh/dzfzuE0rFEvGoJyl6MYwECxkFbaTugJtoAMNqzak7c9jrxC1IjRRoDas/gyChWYxCUw5K9V0n1V4OUjPKcVoZZApToBGMsG+ogBiVl8/PndoXRgnsMJHmCW3P1b8TOcRKTWLfJGPQY7XqzcT/vH6mw4aXM5FmGgVdLAozbuvEnv3dDphEqvnEEKCSmVttOgYJVJuGlrb4EiLU04opxl2tYZ10ruruTf364brWbBQVlckZOSeXxCW3pEnuSYu0CSUReSGv5M16tt6tD+tzES1ZxcwpWYL19QuBWpfk</latexit>

�

<latexit sha1_base64="nUH0U9AArRpu4nJ8QKGamhNBy4U=">AAACFHicbVDLSgMxFM3UV62vURcu3AwWwVWZkaLdCBU3gpsK9gHtUDLpbRuaeZDcEcowv+EPuNU/cCdu3fsDfodpO4htPZBwcs693JvjRYIrtO0vI7eyura+kd8sbG3v7O6Z+wcNFcaSQZ2FIpQtjyoQPIA6chTQiiRQ3xPQ9EY3E7/5CFLxMHjAcQSuTwcB73NGUUtd8+i6cweY0C5Pr/T1++iaRbtkT2EtEycjRZKh1jW/O72QxT4EyARVqu3YEboJlciZgLTQiRVElI3oANqaBtQH5SbTD6TWqVZ6Vj+U+gRoTdW/HQn1lRr7nq70KQ7VojcR//PaMfYrbsKDKEYI2GxQPxYWhtYkDavHJTAUY00ok1zvarEhlZShzmxuiifpCDAt6GCcxRiWSeO85FyUyvflYrWSRZQnx+SEnBGHXJIquSU1UieMpOSZvJBX48l4M96Nj1lpzsh6DskcjM8fewqe4Q==</latexit>

A |aii = ai |aii
<latexit sha1_base64="WCrLwsu1Igh271AaYoemNJkygjQ=">AAACBHicbVDLSsNAFJ3UV62vqks3wSK4KomIdllwI7ipYB/ShjKZ3rRDZ5IwcyOUkK0/4Fb/wJ249T/8Ab/DaZuFbT1w4XDOvdx7jx8LrtFxvq3C2vrG5lZxu7Szu7d/UD48aukoUQyaLBKR6vhUg+AhNJGjgE6sgEpfQNsf30z99hMozaPwAScxeJIOQx5wRtFIj707wJT2edYvV5yqM4O9StycVEiORr/80xtELJEQIhNU667rxOilVCFnArJSL9EQUzamQ+gaGlIJ2ktnB2f2mVEGdhApUyHaM/XvREql1hPpm05JcaSXvan4n9dNMKh5KQ/jBCFk80VBImyM7On39oArYCgmhlCmuLnVZiOqKEOT0cIWX9ExYFYywbjLMayS1kXVvape3l9W6rU8oiI5IafknLjkmtTJLWmQJmFEkhfySt6sZ+vd+rA+560FK585Jguwvn4BPHCY3A==</latexit>

|aii

The first step in solving                          is to find the allowed eigenvalues ai. 
<latexit sha1_base64="5TQQHYBGr5ZHyw3yuQLQ7CnvZTo=">AAACFXicbVDLSgMxFM3UV62vUTeCm2ARXJUZKdqNUHEjuKlgH9CWkklv29DMg+SOUIb6G/6AW/0Dd+LWtT/gd5i2s7CtBwIn59zDTY4XSaHRcb6tzMrq2vpGdjO3tb2zu2fvH9R0GCsOVR7KUDU8pkGKAKooUEIjUsB8T0LdG95M/PojKC3C4AFHEbR91g9ET3CGRurYR9etO8CkNr5qSZPqMpreO3beKThT0GXipiRPUlQ69k+rG/LYhwC5ZFo3XSfCdsIUCi5hnGvFGiLGh6wPTUMD5oNuJ9MfjOmpUbq0FypzAqRT9W8iYb7WI98zkz7DgV70JuJ/XjPGXqmdiCCKEQI+W9SLJcWQTuqgXaGAoxwZwrgS5q2UD5hiHE1pc1s8xYaA45wpxl2sYZnUzgvuRaF4X8yXS2lFWXJMTsgZccklKZNbUiFVwskTeSGv5M16tt6tD+tzNpqx0swhmYP19Qu84Z75</latexit>

A |V i = � |V i



Writing the equation in matrix form, 

This equation is actually telling us that the columns of the matrix               are linearly 
dependent!
To see this, write the matrix as a row vector each element of which is one of its columns, and 
the equation becomes 

<latexit sha1_base64="/e2gFA9yj4ZhJRJ0At4VjMhYLcI=">AAACBnicbVDLSsNAFJ3UV62vqks3g0VwY0mkaJcVN7qrYB+QhnIzmbRDJ5MwMxFK6N4fcKt/4E7c+hv+gN/htM3Cth4YOJxzLvfO8RPOlLbtb6uwtr6xuVXcLu3s7u0flA+P2ipOJaEtEvNYdn1QlDNBW5ppTruJpBD5nHb80e3U7zxRqVgsHvU4oV4EA8FCRkAbyb256HETDgDf98sVu2rPgFeJk5MKytHsl396QUzSiApNOCjlOnaivQykZoTTSamXKpoAGcGAuoYKiKjystnJE3xmlACHsTRPaDxT/05kECk1jnyTjEAP1bI3Ff/z3FSHdS9jIkk1FWS+KEw51jGe/h8HTFKi+dgQIJKZWzEZggSiTUsLW3wJI6onJVOMs1zDKmlfVp2rau2hVmnU84qK6ASdonPkoGvUQHeoiVqIoBi9oFf0Zj1b79aH9TmPFqx85hgtwPr6BXX1mOM=</latexit>

A� �I

which is to say 

<latexit sha1_base64="X823hHCIqZ+jpDwJGpmT8xDDcPU="></latexit>0

BBBB@

A11 � � A12 · · A1n

A21 A12 � � · · ·
· · · · ·
· · · · ·

An1 · · · Ann � �

1

CCCCA

0

BBBB@

v1
v2
·
·
vn

1

CCCCA
= 0

<latexit sha1_base64="rmbEnXu+tycZOyFOOELjTrdPBjs="></latexit>

⇣
~MC
1 , ~MC

2 , ......, ~MC
n

⌘

0

BBBB@

v1
·
·
·
vn

1

CCCCA
= 0

<latexit sha1_base64="Ti/AbHYfKR23XLFADaj9nE55rlA="></latexit>

v1 ~MC
1 + c2 ~MC

2 + · · ·+ vn ~MC
n = 0

the columns of the matrix are indeed a linearly dependent set. 

We know that means the determinant of the matrix                     is zero, <latexit sha1_base64="/e2gFA9yj4ZhJRJ0At4VjMhYLcI=">AAACBnicbVDLSsNAFJ3UV62vqks3g0VwY0mkaJcVN7qrYB+QhnIzmbRDJ5MwMxFK6N4fcKt/4E7c+hv+gN/htM3Cth4YOJxzLvfO8RPOlLbtb6uwtr6xuVXcLu3s7u0flA+P2ipOJaEtEvNYdn1QlDNBW5ppTruJpBD5nHb80e3U7zxRqVgsHvU4oV4EA8FCRkAbyb256HETDgDf98sVu2rPgFeJk5MKytHsl396QUzSiApNOCjlOnaivQykZoTTSamXKpoAGcGAuoYKiKjystnJE3xmlACHsTRPaDxT/05kECk1jnyTjEAP1bI3Ff/z3FSHdS9jIkk1FWS+KEw51jGe/h8HTFKi+dgQIJKZWzEZggSiTUsLW3wJI6onJVOMs1zDKmlfVp2rau2hVmnU84qK6ASdonPkoGvUQHeoiVqIoBi9oFf0Zj1b79aH9TmPFqx85hgtwPr6BXX1mOM=</latexit>
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A11 � � A12 · · A1n

A21 A22 � � · · ·
· · · · ·
· · · · ·

An1 · · · Ann � �

����������

= 0

Evaluating the determinant using                                                            gives an nth order 
polynomial in         sometimes called the characteristic polynomial. 

Any polynomial can be written in terms of its roots: 

where the ai’s are the roots of the polynomial, and C is an overall constant, which from 

inspection of the determinant we can see to be (-1)n. (It’s the coefficient of       . ) 

The polynomial roots (which we don’t yet know) are in fact the eigenvalues. 

For example, putting                in the matrix,                                 , which means that                                 


                                  has a nontrivial solution         , and this is our eigenvector         . 

Notice that the diagonal term in the determinant                                                             generates 
the leading two orders in the polynomial                                                                 , (and some 
lower order terms too). 

Equating the coefficient of           here with that in                                                               ,              
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So we can find both the sum and the product of the eigenvalues directly from the determinant, 
and for a 2 x 2 matrix this is enough to solve the problem. 

For anything bigger, the method is to solve the polynomial equation                                 to find 
the set of eigenvalues, then use them to calculate the corresponding eigenvectors. 
This is done one at a time. 

This looks like n equations for the n numbers      , but it isn’t: remember the rows are linearly 
dependent, so there are only n - 1 independent equations. 

However, that’s enough to determine the ratios of the vector components                     then 
finally the eigenvector is normalized. 
The process is then repeated for each eigenvalue. \
Extra care is needed if the polynomial has coincident roots. 

Putting      = 0 in both the determinantal and the polynomial representations (in other words, 
equating the    -independent terms),
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ai =
nX

i=1

Aii = TrA

<latexit sha1_base64="RqXCocEJjTxNy4WNSlh8nnWxIXE=">AAACAnicbVDLSsNAFJ3UV62vqks3wSK4KomIdllw47KCfUAbys3kph0ymYSZiVBCd/6AW/0Dd+LWH/EH/A6nbRa29cDA4ZxzuXeOn3KmtON8W6WNza3tnfJuZW//4PCoenzSUUkmKbZpwhPZ80EhZwLbmmmOvVQixD7Hrh/dzfzuE0rFEvGoJyl6MYwECxkFbaTugJtoAMNqzak7c9jrxC1IjRRoDas/gyChWYxCUw5K9V0n1V4OUjPKcVoZZApToBGMsG+ogBiVl8/PndoXRgnsMJHmCW3P1b8TOcRKTWLfJGPQY7XqzcT/vH6mw4aXM5FmGgVdLAozbuvEnv3dDphEqvnEEKCSmVttOgYJVJuGlrb4EiLU04opxl2tYZ10ruruTf364brWbBQVlckZOSeXxCW3pEnuSYu0CSUReSGv5M16tt6tD+tzES1ZxcwpWYL19QuBWpfk</latexit>

�
<latexit sha1_base64="RqXCocEJjTxNy4WNSlh8nnWxIXE=">AAACAnicbVDLSsNAFJ3UV62vqks3wSK4KomIdllw47KCfUAbys3kph0ymYSZiVBCd/6AW/0Dd+LWH/EH/A6nbRa29cDA4ZxzuXeOn3KmtON8W6WNza3tnfJuZW//4PCoenzSUUkmKbZpwhPZ80EhZwLbmmmOvVQixD7Hrh/dzfzuE0rFEvGoJyl6MYwECxkFbaTugJtoAMNqzak7c9jrxC1IjRRoDas/gyChWYxCUw5K9V0n1V4OUjPKcVoZZApToBGMsG+ogBiVl8/PndoXRgnsMJHmCW3P1b8TOcRKTWLfJGPQY7XqzcT/vH6mw4aXM5FmGgVdLAozbuvEnv3dDphEqvnEEKCSmVttOgYJVJuGlrb4EiLU04opxl2tYZ10ruruTf364brWbBQVlckZOSeXxCW3pEnuSYu0CSUReSGv5M16tt6tD+tzES1ZxcwpWYL19QuBWpfk</latexit>

�
<latexit sha1_base64="YW2qU3wwra5z8MoKnfl0mb87NSY=">AAACEnicbVBLSgNBFOzxG+NvVFy5aQyCqzAjQbMJRNy4jGA+kIShp+cladLzofuNEIbcwgu41Ru4E7dewAt4DjufhUkseFBUvUc9yk+k0Og439ba+sbm1nZuJ7+7t39waB8dN3ScKg51HstYtXymQYoI6ihQQitRwEJfQtMf3k385hMoLeLoEUcJdEPWj0RPcIZG8uzTTqLiwMtExR0zT1Q6ASC99eyCU3SmoKvEnZMCmaPm2T+dIOZpCBFyybRuu06C3YwpFFzCON9JNSSMD1kf2oZGLATdzabvj+mFUQLai5WZCOlU/XuRsVDrUeibzZDhQC97E/E/r51ir9zNRJSkCBGfBfVSSTGmky5oIBRwlCNDGFfC/Er5gCnG0TS2kOIrNgQc500x7nINq6RxVXSvi6WHUqFanleUI2fknFwSl9yQKrknNVInnGTkhbySN+vZerc+rM/Z6po1vzkhC7C+fgEUnp2D</latexit>Y

i=1

ai = detA

<latexit sha1_base64="TMrXQY1Wx12eR4Kpxs2jLO39I4Q=">AAACEXicbVBLSgNBFOyJvxh/8bNz0xiEuDDMSNBshIgb3UUwH0hC6Ol5SZr0fOh+I8SQU3gBt3oDd+LWE3gBz2EnmYWJFjwoql7xHuVGUmi07S8rtbS8srqWXs9sbG5t72R392o6jBWHKg9lqBou0yBFAFUUKKERKWC+K6HuDq4nfv0BlBZhcI/DCNo+6wWiKzhDI3WyBy0PkOavTlvShDxGb08u7U42ZxfsKehf4iQkRxJUOtnvlhfy2IcAuWRaNx07wvaIKRRcwjjTijVEjA9YD5qGBswH3R5Nvx/TY6N4tBsqMwHSqfo7MWK+1kPfNZs+w75e9Cbif14zxm6pPRJBFCMEfHaoG0uKIZ1UQT2hgKMcGsK4EuZXyvtMMY6msLkrrmIDwHHGFOMs1vCX1M4KznmheFfMlUtJRWlySI5InjjkgpTJDamQKuHkkTyTF/JqPVlv1rv1MVtNWUlmn8zB+vwBV5Ob5Q==</latexit>

det(A� �I) = 0

<latexit sha1_base64="FMGBGb52MB6kLxdUtQ9NUmLEOlw=">AAAB/nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKaI4BLx4jmgckS5idTJIhs7PLTG8gLAF/wKv+gTfx6q/4A36Hk2QPJrGgoajqprsriKUw6LrfTm5jc2t7J79b2Ns/ODwqHp80TJRoxusskpFuBdRwKRSvo0DJW7HmNAwkbwaju5nfHHNtRKSecBJzP6QDJfqCUbTS47grusWSW3bnIOvEy0gJMtS6xZ9OL2JJyBUySY1pe26Mfko1Cib5tNBJDI8pG9EBb1uqaMiNn85PnZILq/RIP9K2FJK5+ncipaExkzCwnSHFoVn1ZuJ/XjvBfsVPhYoT5IotFvUTSTAis79JT2jOUE4soUwLeythQ6opQ5vO0pZA0xHHacEG463GsE4aV2Xvpnz9cF2qVrKI8nAG53AJHtxCFe6hBnVgMIAXeIU359l5dz6cz0VrzslmTmEJztcvg92WPQ==</latexit>vi

<latexit sha1_base64="vqnqbbp5eJ0XZJULOpKFq5e6z7o=">AAACCXicbVDLSsNAFJ3UV62vqks3g0VwUUoiRbssuHFZwbZCG8NkOmmHTiZh5qZQQr/AH3Crf+BO3PoV/oDf4aTNwrYeuHA4517O5fix4Bps+9sqbGxube8Ud0t7+weHR+Xjk46OEkVZm0YiUo8+0UxwydrAQbDHWDES+oJ1/fFt5ncnTGkeyQeYxswNyVDygFMCRnqaeE4V1zJUJ570yhW7Zs+B14mTkwrK0fLKP/1BRJOQSaCCaN1z7BjclCjgVLBZqZ9oFhM6JkPWM1SSkGk3nX89wxdGGeAgUmYk4Ln69yIlodbT0DebIYGRXvUy8T+vl0DQcFMu4wSYpIugIBEYIpxVgAdcMQpiagihiptfMR0RRSiYopZSfEXGDGYlU4yzWsM66VzVnOta/b5eaTbyioroDJ2jS+SgG9REd6iF2ogihV7QK3qznq1368P6XKwWrPzmFC3B+voFCB6ZFA==</latexit>v1, ....., vn



Eigenvalues and Eigenstates of Hermitian Matrices 
For a Hermitian matrix, it is easy to establish that the eigenvalues are always real. 
Note: A basic postulate of Quantum Mechanics, is that physical observables are represented 
by Hermitian operators. 

Taking (in this section) A to be hermitian, A = A† , and labeling the eigenkets by the eigenvalue, 
that is, 

the inner product with the bra         gives                                  . 

But the inner product of the adjoint equation (remembering A = A† )
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with        gives                                   , so               , and all the eigenvalues must be real. 
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They certainly don’t have to all be different: for example, the unit matrix I is Hermitian, and all 
its eigenvalues are of course 1. 


But let’s first consider the case where they are all different. 

It’s easy to show that the eigenkets belonging to different eigenvalues are orthogonal. 
If 



take the adjoint of the first equation and then the inner product with         , and compare it with 
the inner product of the second equation with          : 
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so                      unless the eigenvalues are equal. 
If they are equal, they are referred to as degenerate eigenvalues.
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Let’s first consider the nondegenerate case: A has all eigenvalues distinct. 

The eigenkets of A, appropriately normalized, form an orthonormal basis in the space. 
Write 

Now 

and consider the matrix



so 

Note also that, obviously, V is unitary: 

We have established, then, that for a Hermitian matrix with distinct eigenvalues 
(nondegenerate case), the unitary matrix V  having columns identical to the normalized 
eigenkets of  A  diagonalizes  A, that is, V †AV  is diagonal. 
Furthermore, its (diagonal) elements equal the corresponding eigenvalues of A. 

Another way of saying this is that the unitary matrix  V  is the transformation from the original 
orthonormal basis in the space to the basis formed of the normalized eigenkets of  A. 



Proof that the Eigenvectors of a Hermitian Matrix Span the Space 
We’ll now move on to the general case: what if some of the eigenvalues of A  are the same? 
In this case, any linear combination of them is also an eigenvector with the same eigenvalue. 
Assuming they form a basis in the subspace, the Gram Schmidt procedure can be used to 
make it orthonormal, and so part of an orthonormal basis of the whole space. 
However, we have not actually established that the eigenvectors do form a basis in a 
degenerate subspace. 
Could it be that (to take the simplest case) the two eigenvectors for the single eigenvalue turn 
out to be parallel? 
This is actually the case for some 2 × 2 matrices — for example,

The procedure is by induction from the 2 x 2 case. 
The general 2 x 2 Hermitian matrix has the form

we need to prove it is not true for Hermitian matrices, and nor are the analogous statements  
for higher-dimensional degenerate subspaces.
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1 1
0 1

◆
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a b
b⇤ c

◆

where a, c are real. 



It is easy to check that if the eigenvalues are degenerate, this matrix becomes a real multiple of 
the identity, and so trivially has two orthonormal eigenvectors. 
Since we already know that if the eigenvalues of a 2 x 2 Hermitian matrix are distinct it can be 
diagonalized by the unitary transformation formed from its orthonormal eigenvectors, we have 
established that any 2 x 2 Hermitian matrix can be so diagonalized. 

To carry out the induction process, we now assume any Hermitian matrix can be diagonalized 
by a unitary transformation. 

We need to prove this means it’s also true for an n x n Hermitian matrix A. 

Recall a unitary transformation takes one complete orthonormal basis to another. 
If it diagonalizes a Hermitian matrix, the new basis is necessarily the set of orthonormalized 
eigenvectors. 
Hence, if the matrix can be diagonalized, the eigenvectors do span the n -dimensional space.
Choose an eigenvalue a1 of A, with normalized eigenvector       = (v11,v21,...,vn1)

T. 

We put in T  for transpose, to save the awkwardness of filling the page with a few column 
vectors. 
We construct a unitary operator V  by making this the first column, then filling in with n -1 other 
normalized vectors to construct, with         , an n -dimensional orthonormal basis. 
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Now, since                          , the first column of the matrix AV will just be            , and the rows 
of the matrix V † = V -1 will be           followed by n - 1 normalized vectors orthogonal to it, so the 
first column of the matrix V †AV will be a1 followed by zeros.
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It is easy to check that V †AV is Hermitian, since A is, so its first row is also zero beyond the  
first diagonal term. 
This establishes that for an n x n Hermitian matrix, a unitary transformation exists to put it in the 
form: 

But we can now perform a second unitary transformation in the (n - 1) x (n - 1) subspace 
orthogonal to          (this of course leaves         invariant), to complete the full diagonalization -- 
that is to say, the existence of the (n - 1) x (n - 1) diagonalization, plus the argument above, 
guarantees the existence of the n x n diagonalization: the induction is complete. 
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Diagonalizing a Hermitian Matrix
As discussed above, a Hermitian matrix is diagonal in the orthonormal basis of its set of 
eigenvectors:                                     , since

If we are given the matrix elements of A in some other orthonormal basis, to diagonalize it we 
need to rotate from the initial orthonormal basis to one made up of the eigenkets of A. 
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|a1i , |a2i , ........, |ani



Denoting the initial orthonormal basis in the standard fashion 

the elements of the matrix are                        . 
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Aij = hi|A |ji

Under this transformation, the matrix element 

So we can find the appropriate transformation matrix U by requiring that U†AU be diagonal  
with respect to the original set of basis vectors. 
Transforming the operator in this way, leaving the vector space alone, is equivalent to rotating 
the vector space and leaving the operator alone. 
Of course, in a system with more than one operator, the same transformation would have to be 
applied to all the operators. 



In fact, just as we discussed for the nondegenerate (distinct eigenvalues) case, the unitary 
matrix U we need is just composed of the normalized eigenkets of the operator A, 

and it follows as before that

The repeated suffixes here are of course not summed over.
If some of the eigenvalues are the same, the Gram Schmidt procedure may be needed to 
generate an orthogonal set, as mentioned earlier. 
Functions of Matrices 

The same unitary operator U that diagonalizes an Hermitian matrix A will also diagonalize A2 

because 

so



Evidently, this same process works for any power of A, and formally for any function of A 
expressible as a power series, but of course convergence properties need to be considered, 
and this becomes trickier on going from finite matrices to operators on infinite spaces. 

Commuting Hermitian Matrices 
From the above, the set of powers of an Hermitian matrix all commute with each other, and 
have a common set of eigenvectors (but not the same eigenvalues, obviously). 
In fact it is not difficult to show that any two Hermitian matrices that commute with each other 
have the same set of eigenvectors (after possible Gram Schmidt rearrangements in 
degenerate subspaces). 

If two n x n Hermitian matrices A, B commute, that is, AB = BA, and A has a nondegenerate       
set of eigenvectors                         , then                                                                      , that is,             
is an eigenvector  of A with eigenvalue ai. 


Since A is nondegenerate,             must be some multiple of           , and we conclude that                    
A, B have the same set of eigenvectors. 
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A |aii = ai |aii
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AB |aii = BA |aii = Bai |aii = aiB |aii
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B |aii
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B |aii
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|aii

Now suppose A is degenerate, and consider the m x m subspace Sai spanned by the 
eigenvectors                                   of A having eigenvalue ai.


Applying the argument in the paragraph above,                                          must also lie in this 
subspace. 
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|ai, 1i , |ai, 2i , ......
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B |ai, 1i , B |ai, 2i , ......



Therefore, if we transform B with the same unitary transformation that diagonalized A, B will not 
in general be diagonal in the subspace Sai , but it will be what is termed block diagonal, in that     
if B operates on any vector in Sai it gives a vector in Sai . 

B can be written as two diagonal blocks: one m x m, one (n - m) x (n - m) , with zeroes outside 
these diagonal blocks, for example, for m = 2, n = 5 : 

And, in fact, if there is only one degenerate eigenvalue that second block will only have 
nonzero terms on the diagonal: 

B therefore operates on two subspaces, one m -dimensional, one (n - m) -dimensional, 
independently — a vector entirely in one subspace stays there. 



This means we can complete the diagonalization of B with a unitary operator that only  
operates on the m x m block Sai . 

Such an operator will also affect the eigenvectors of A, but that doesn’t matter, because all 
vectors in this subspace are eigenvectors of A with the same eigenvalue, so as far as A is 
concerned, we can choose any orthonormal basis we like — the basis vectors will still be 
eigenvectors. 

This establishes that any two commuting Hermitian matrices can be diagonalized at the same 
time. 
Obviously, this can never be true of noncommuting matrices, since all diagonal matrices 
commute. 
Diagonalizing a Unitary Matrix
Any unitary matrix can be diagonalized by a unitary transformation. 
To see this, recall that any matrix M can be written as a sum of a Hermitian matrix and an anti-
Hermitian matrix, 

where both A, B are Hermitian. 
This is the matrix analogue of writing an arbitrary complex number as a sum of real and 
imaginary parts. 



If A, B commute, they can be simultaneously diagonalized (see the previous section), and 
therefore M can be diagonalized. Now, if a unitary matrix is expressed in this form U = A + iB 

with A, B Hermitian, it easily follows from UU† = U†U = 1 that A,B commute, so any unitary 
matrix U can be diagonalized by a unitary transformation. 

More generally, if a matrix M commutes with its adjoint M †, it can be diagonalized. 

Note: it is not possible to diagonalize M unless both A and B are simultaneously diagonalized. 

This follows from U†AU, U†iBU being Hermitian and anti-Hermitian for any unitary operator U, 
so their off-diagonal elements cannot cancel each other, they must all be zero if M has been 

diagonalized by U, in which case the two transformed matrices U†AU, U†iBU are diagonal, 
therefore commute, and so do the original matrices A, B.  

It is worthwhile looking at a specific example, a simple rotation of one orthonormal basis into 
another in three dimensions. 
Obviously, the axis through the origin about which the basis is rotated is an eigenvector of the 
transformation. 
It’s less clear what the other two eigenvectors might be — or, equivalently, what are the 
eigenvectors corresponding to a two dimensional rotation of basis in a plane? 
The way to find out is to write down the matrix and diagonalize it. 



The matrix 

Note that the determinant is equal to unity. 
The eigenvalues are given by solving 

The corresponding eigenvectors satisfy 

The eigenvectors, normalized, are: 

Note that, in contrast to a Hermitian matrix, the eigenvalues of a unitary matrix do not have to 
be real. 

In fact, from U†U = 1, sandwiched between the bra and ket of an eigenvector, we see that any 
eigenvalue of a unitary matrix must have unit modulus — it’s a complex number on the unit 
circle. 



With hindsight, we should have realized that one eigenvalue of a two-dimensional rotation had 
to be            , the product of two two-dimensional rotations is given be adding the angles of 
rotation, and a rotation through ' changes all signs, so has eigenvalue -1. 


Note that the eigenvector itself is independent of the angle of rotation: in two dimensions, the 
rotations all commute, so they must have common eigenvectors. 
Successive rotation operators applied to the plus eigenvector add their angles, when applied to 
the minus eigenvector, all angles are subtracted. 
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