Preface

The present volume is an outgrowth of a Conference on Mathematical Tables
held at Cambridge, Mass., on September 15-16, 1954, under the auspices of the
National Science Foundation and the Massachusetts Institute of Technology. The
purpose of the meeting was to evaluate the need for mathematical tables in the light
of the availability of large scale computing machines, It was the consensus of
opinion that in spite of the increasing use of the new machines the basic need for
tables would continue to exist.

Numerical tables of mathematical functions are in continual demand by scien-
tists and engineers. A greater variety of functions and higher accuracy of tabula-
tion are now required as a result of scientific advances and, especially, of the in-
creasing use of automatic computers. In the latter connection, the tables serve
mainly for preliminary surveys of problems before programming for machine operation.
For those without easy access to machines, such tables are, of course, indispensable.

Consequently, the Conference recognized that there was a pressing need for a
modernized version of the classical tables of functions of Jahnke-Emde. To imple-
ment the project, the National Science Foundation requested the National Bureau
of Standards to prepare such a volume and established an Ad Hoc Advisory Com-
mittee, with Professor Philip M. Morse of the Massachusetts Institute of Technology
as chairman, to advise the staff of the National Bureau of Standards during the

“course of its preparation. In addition to the Chairman, the Committee consisted
of A. Erdélyi, M. C. Gray, N. Metropolis, J. B. Rosser, H. C. Thacher, Jr., John
Todd, C. B. Tompkms, and J. W. Tukey.

The primary aim has been to include a maximum of useful information w1th1n .

the limits of a moderately large volume, with particular attention to the needs of
scientists in all fields. An attempt has been made to cover the entire field of special
functions. To carry out the goal set forth by tbhe Ad Hoc Committee, it has been
necessary to supplement the tables by including the mathematical properties that
are important in computation work, as well as by providing numerical methods
which demonstrate the use and extension of the tables.

The Handbook was prepared under the direction of the late Milton Abramowitz,
and Irene A. Stegun. Its success has depended greatly upon the cooperation of
many mathematicians. Their efforts together with the cooperation of the Ad Hoc
Committee are greatly appreciated. The particular contributions of these and
other individuals are acknowledged at appropriate places in the text. The sponsor-
ship of the National Science Foundation for the preparation of the material is
gratefully recognized.

It is hoped that this volume will not only meet the needs of all table users but
will in many cases acquaint its users with new functions.

ALLEN V. AsTiN, Director.

Washington, D.C.



Preface to the Ninth Printing

The enthusiastic reception accorded the “Handbook of Mathematical
Functions” is little short of unprecedented in the long history of mathe-
matical tables that began when John Napier published his tables of loga-
rithms in 1614. Only four and one-half years after the first copy came
from the press in 1964, Myron Tribus, the Assistant Secretary of Com-
merce for Science and Technology, presented the 100,000th copy of the
Handbook to Lee A. DuBridge, then Science Advisor to the President.
Today, total distribution is approaching the 150,000 mark at a scarcely
diminished rate.

The success of the Handbook has not ended our interest in the subject.
On the contrary, we continue our close watch over the growing and chang-
ing world of computation and to discuss with outside experts and among
ourselves the various proposals for possible extension or supplementation
of the formulas, methods and tables that make up the Handbook.

In keeping with previous policy, a number of errors discovered since
the last printing have been corrected. Aside from this, the mathematical
tables and accompanying text are unaltered. However, some noteworthy
changes have been made in Chapter 2: Physical Constants and Conversion
Factors, pp. 6-8. The table on page 7 has been revised to give the values
of physical constants obtained in a recent reevaluation; and pages 6 and 8
have been modified to reflect changes in definition and nomenclature of
physical units and in the values adopted for the acceleration due to gravity
in the revised Potsdam system.

The record of continuing acceptance of the Handbook, the praise that
has come from all quarters, and the fact that it is one of the most-quoted
scientific publications in recent years are evidence that the hope expressed
by Dr. Astin in his Preface is being amply fulfilled.

LEWIS M. BRANSCOMB, Director
National Bureau of Standards

November 1970



Foreword

This volume is the result of the cooperative effort of many persons and a number
of organizations. The National Bureau of Standards has long been turning out
mathematical tables and has had under consideration, for at least 10 years, the
production of a compendium like the present one. During a Conference on Tables,
called by the NBS Applied Mathematics Division on May 15, 1952, Dr. Abramo-
witz of that Division mentioned preliminary plans for such an undertaking, but .
indicated the need for technical advice and financial support.

The Mathematics Division of the National Research Council has also had an
active interest in tables; since 1943 it has published the quarterly journal, “Mathe-
matical Tables and Aids to Computation” (MTAC), editorial supervision being
exercised by a Committee of the Division.

Subsequent to the NBS Conference on Tables in 1952 the attention of the
National Science Foundation was drawn to the desirability of financing activity in
table production. With its support a 2-day Conference on Tables was called at the
Massachusetts Institute of Technology on September 15-16, 1954, to discuss the
needs for tables of various kinds. Twenty-eight persons attended, representing
scientists and engineers using tables as well as table producers. This conference
reached consensus on several conclusions and recommendations, which were set
forth in the published Report of the Conference. There was general agreement,
for example, ‘‘that the advent of high-speed computing equipment changed the
task of table making but definitely did not remove the need for tables”. It was
also agreed that ‘‘an outstanding need is for a Handbook of Tables for the Occasional
Computer, with tables of usually encountered functions and a set of formulas and
tables for interpolation and other techniques useful to the occasional computer”.
The Report suggested that the NBS undertake the production of such a Handbook
and that the NSF contribute financial assistance. The Conference elected, from its
participants, the following Committee: P. M. Morse (Chairman), M. Abramowitz,
J. H. Curtiss, R. W. Hamming, D. H. Lehmer, C. B. Tompkins, J. W. Tukey, to
help implement these and other recommendations.

The Bureau of Standards undertook to produce the recommended tables and the
National Science Foundation made funds available. To provide technical guidance
to the Mathematics Division of the Bureau, which carried out the work, and to pro-
vide the NSF with independent judgments on grants for the work, the Conference
Committee was reconstituted as the Committee on Revision of Mathematical
Tables of the Mathematics Division of the National Research Council. This, after
some changes of membership, became the Committee which is signing this Foreword.
The present volume is evidence that Conferences can sometimes reach conclusions
and that their recommendations sometimes get acted on.
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FOREWORD

Active work was started at the Bureau in 1956. The overall plan, the selection
of authors for the various chapters, and the enthusiasm required to begin the task
were contributions of Dr. Abramowitz. Since his untimely death, the effort has
continued under the general direction of Irene A. Stegun. The workers at the
Bureau and the members of the Committee have had many discussions about
content, style and layout. Though many details have had to be argued out as they
came up, the basic specifications of the volume have remained the same as were
outlined by the Massachusetts Institute of Technology Conference of 1954.

The Committee wishes here to register its commendation of the magnitude and
quality of the task carried out by the staff of the NBS Computing Section and their
expert collaborators in planning, collecting and editing these Tables, and its appre-
ciation of the willingness with which its various suggestions were incorporated into
the plans. We hope this resulting volume will be judged by its users to be a worthy
memorial to the vision and industry of its chief architect, Milton Abramowitz.
We regret he did not live to see its publication.

P. M. Mogrsg, Chairman.
A. ErpfLy1

M. C. Gray

N. C. MeTroPoOLIS

J. B. Rosser

H. C. TrACHER, JT.
Joun Tobp

'C. B. ToMPxINs

J. W. TukEey.



Handbook of Mathematical Functions

with

Formulas, Graphs, and Mathematical Tables

Edited by Milton Abramowitz and Irene A. Stegun

1. Introduction

The present Handbook has been designed to
provide scientific investigators with a compre-
hensive and self-contained summary of the mathe-
matical functions that arise in physical and engi-
neering problems. The well-known Tables of
Functions by E. Jahnke and F. Emde has been
invaluable to workers in these fields in its many
editions! during the past half-century. The
present volume extends the work of these authors
by giving more extensive and more accurate
numerical tables, and by giving larger collections
of mathematical properties of the tabulated
functions. The number of functions covered has
also been increased.

The classification of functions and organization
of the chapters in this Handbook is similar to
that of An Index of Mathematical Tables by
A. Fletcher, J. C. P. Miller, and 1.. Rosenhead.?
In general, the chapters contain numerical tables,
graphs, polynomial or rational approximations
for automatic computers, and statements of the
principal mathematical properties of the tabu-
lated functions, particularly those of computa-

tional importance. Many numerical examples
are given to illustrate the use of the tables and
also the computation of function values which lie
outside their range. At the end of the text in
each chapter there is a short bibliography giving
books and papers in which proofs of the mathe-
matical properties stated in the chapter may be
found. Also listed in the bibliographies are the
more important numerical tables. Comprehen-
sive lists of tables are given in the Index men-
tioned above, and current information on new
tables is to be found in the National Research
Council quarterly Mathematics of Computation
(formerly Mathematical Tables and Other Aids
to Computation).

The mathematical notations used in this Hand-
book are those commonly adopted in standard
texts, particularly Higher Transcendental Func-
tions, Volumes 1-3, by A. Erdélyi, W. Magnus,
F. Oberhettinger and F. G. Tricomi (McGraw-
Hill, 1953-55). Some alternative notations have
also been listed. The introduction of new symbols
has been kept to a minimum, and an effort has
been made to avoid the use of conflicting notation.

2. Accuracy of the Tables

The number of significant figures given in each
table has depended to some extent on the number
available in existing tabulations. There has been
no attempt to make it uniform throughout the
Handbook, which would have been a costly and
laborious undertaking. In most tables at least
five significant figures have been provided, and
the tabular intervals have generally been chosen
to ensure that linear interpolation will yield. four-
or five-figure accuracy, which suffices in most
physical applications. Users requiring higher

1 The most recent, the sixth, with F. Loesch added as co-author, was
published in 1960 by McGraw-Hill, U.S.A,, and Teubner, Germany.

2 The second edition, with L. J. Comrie added as co-author, was published
in two volumes in 1962 by Addison-Wesley, U.8.A., and Scientific Com-
puting Service Ltd., Great Britain.

precision in their interpolates may obtain them
by use of higher-order interpolation procedures,
described below.

In certain tables many-figured function values
are given at irregular intervals in the argument.
An example is provided by Table 9.4. The pur-
pose of these tables is to furnish “key values” for
the checking of programs for automatic computers;
no question of interpolation arises.

The maximum end-figure error, or ‘‘tolerance’”’
in the tables in this Handbook is %o of 1 unit
everywhere in the case of the elementary func-
tions, and 1 unit in the case of the higher functions
except in a few cases where it has been permitted
to rise to 2 units.

IX
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3. Auxiliary Functions and Arguments

One of the objects of this Handbook is to pro-
vide tables or computing methods which enable
the user to evaluate the tabulated functions over
complele ranges of real values of their parameters.
In order to achieve this object, frequent use has
been made of auxiliary functions to remove the
infinite part of the original functions at their
singularities, and auxiliary arguments to cope with
infinite ranges. An example will make the pro-
cedure clear. .

The exponential integral of positive argument
is given by

T eu
Ei(z)= f S
z x2 z3

e, 11,21 3
~;[1+;+§+§+ .. .](x—+°°)

The logarithmic singularity precludes direct inter-
polation near =0. The functions Ei(z)—In =
and 2z '[Ei(x)—In z—+v], however, are well-
behaved and readily interpolable in this region.
Either will do as an auxiliary function; the latter
was in fact selected as it yields slightly higher
accuracy when Ei(z) is recovered. The function
z7'|Ei(z) —In z—+] has been tabulated to nine
decimals for the range 0<z<3%. For }<z<2,
Ei(z) is sufficiently well-behaved to admit direct
tabulation, but for larger values of z, its expo-
nential character predominates. A smoother and
more readily interpolable function for large z is
ze—*Ei(z); this has been tabulated for 2 <z<10.
Finally, the range 10 <z <= is covered by use of
the inverse argument z~!. Twenty-one entries of
ze~*Ei(r), corresponding to z7'=.1(—.005)0, suf-
fice to produce an interpolable table.

4. Interpolation

The tables in this Handbook are not provided
with differences or other aids to interpolation, be-
cause it was felt that the space they require could
be better employed by the tabulation of additional
functions. Admittedly aids could have been given
without consuming extra space by increasing the
intervals of tabulation, but this would have con-
flicted with the requirement that linear interpola-
tion is accurate to four or five figures.

For applications in which linear interpolation
is insufficiently accurate it is intended that
Lagrange’s formula or Aitken’s method of itera-
tive linear interpolation® be used. To help the
user, there is a statement at the foot of most tables
of the maximum error in a linear interpolate,
and the number of function values needed in
Lagrange’s formula or Aitken’s method to inter-
polate to full tabular accuracy.

As an example, consider the following extract
from Table 5.1.

z ze*Ey(x) x ze*E\(x)
7.5 . 89268 7854 8.0 . 89823 7113
7.6 . 89384 6312 81 . 89927 7888
7.7 . 89497 9666 8.2 . 90029 7306
7.8 . 89608 8737 8.3 . 90129 60°3
7.9 . 89717 4302 8.4 . 90227 4695

(—86)3

5
The numbers in the square brackets mean that
the maximum error in a linear interpolate is
3X107% and that to interpolate to the full tabular

accuracy five points must be used in Lagrange’s
and Aitken’s methods.

3 A. C. Aitken, On interpolation bg iteration of proportional parts, with-
out the use of differences, Proc. Edinburgh Math. Soc. 3, 56-76 (1932).

Let us suppose that we wish to compute the
value of z¢*E,(x) for £=7.9527 from this table.
We describe in turn the application of the methods
of linear interpolation, Lagrange and Aitken, and
of alternative methods based on differences and
Taylor’s series.

(1) Linear interpolation. The formula for this
process is given by

fr=Q0—p)fo+2f

where f,, f; are consecutive tabular values of the
function, corresponding to arguments x, ¥, Te-
spectively; p is the given fraction of the argument
interval

p=(2—20)/(&1—10)

and f, the required interpolate. In the present
instance, we have
,=.80717 4302  f,=.89823 7113  p=.527
The most convenient way to evaluate the formula
on a desk calculating machine is,to set [{0 and fl
in turn on the keyboard, and carry out the multi-
plications by 1—p and p cumulatively; a partial
check is then provided by the multiplier dial
reading unity. We obtain

fsar=(1—.527)(.89717 4302)+.527(.89823 7113)
=.89773 4403.

Since it is known that there is a possible error
of 3X10-%in the linear formula, we round off this
result to .89773. The maximum possible error in
this answer is composed of the error committed
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by the last rounding, that is, .4403X107%, plus

3X107% and so certainly cannot exceed .8X107%,
(2) Lagrange’s formula. In this example, the

relevant formula is the 5-point one, given by

f=A_2(p)f-2»+A(p)f -1+ As(D)fo+ Ay (p)._f*l_

2 2

Tables of the coefficients A;(p) are given in chapter
25 for the range p=0(01)1. We evaluate the
formula for p=.52, .53 and .54 in turn. Again,
in each evaluation we accumulate the A;(p) in the
multiplier register since their sum is unity. We
now have the following subtable.

The numbers in the third and fourth columns are
the first and second differences of the values of
ze*E;(x) (see below); the smallness of the second
difference provides a check on the three interpola-
tions. The required value is now obtained by
linear interpolation:

J»=.3(.89772 9757)1.7(.89774 0379)
=.89773 7192.

In cases where the correct order of the Lagrange

polynomial is not known, one of the preliminar}y;
v ze*Ey(z) mterpolations may have to be performed wit
7952  .89772 9757 10622 polynomials of two or more different orders as a
_ check on their adequacy.
7.953 89774 0379 10620 2 _(3) Aitken’s method of iterative linear interpola-
7.954  .89775 0999 tion. The scheme for carrying out this process
in the present example is as follows:
T Yn=2etEr(2) Yo.n Yo,1,n Yo,1,2,» Yo.1.2.3,n ZTn—Z
0 80 .89823 7113 0473
1 7.9 .89717 4302 . 89773 44034 —. 0527
2 81 .89927 7888 .89774 48264 . 89773 71499 1473
3 7.8 .89608 8737 2 90220 2394 . 89773 71938 —. 1527
4 82 .90029 7306 4 98773 1216 16 89773 71930 2473
5 7.7 .89497 9666 2 35221 2706 43 30 —. 2527
Here CI (3 o,
/!
Yo,n= 1_|w T z N ” Lo
Ta—TolYn Ta—Z LIt 8y
Z3 fa &fa 8fe
_ Yoa -z 8fsna 8ss
Yo.r.n Tp—Z1|Y0.n Tp—T T3 fa 83
8112
1 Yo, - « -, m~1,m Lo —% T4 f4
Yo1,. . ..m—Ima™ T —
Ta—ZmllYo,1, - - -, m—1,n Tp—2Z Here

If the quantities z,—z and z,—= are used as
multipliers when forming the cross-product on a
desk machine, their accumulation (z,—z) —(z,—)
in the multiplier register is the divisor to be used
at that stage. An extra decimal place is usually
carried in the intermediate interpolates to safe-
guard against accumulation of rounding errors.

The order in which the tabular values are used
is immaterial to some extent, but to achieve the
maximum rate of convergence and at the same
time minimize accumulation of rounding errors,
we begin, as in this example, with the tabular
argument nearest to the given argument, then
take the nearest of the remaining tabular argu-
ments, and so on.

The number of tabular values required to
achieve a given precision emerges naturally in
the course of the iterations. Thus in the present
example six values were used, even though it was
known in advance that five would suffice. The
extra row confirms the convergence and provides
a valuable check.

(4) Difference formulas. We use the central
difference notation (chapter 25),

Sfip=fi—fo Sfsn=fr—fu . . .,
&fi==8fsp—8fin=Fr—2f1+fo
8fsn="5Y%1—81=F—3f+3f1—fo

3#f2=8%5s— ¥3pp=Ff1—4fs+6f:— 41+ /o
and so on.

In the present example the relevant part of the
difference table is as follows, the differences being
written in units of the last decimal place of the
function, as is customary. The smallness of the
high differences provides a check on the function
values

z ze*E(x) o 8
7.9 .89717 4302 —2 2754 —34
8.0 .89823 7113 —2 2036 —39

Applying, for example, Everett’s interpolation
formula

Fo=Q0—0)fot+ Ex(p)8*o+ Ei(p)o%fot . . .
+ofi+ Fo(p) 81+ Fu(p)otfit+ . . -

and taking the numerical values of the interpola-
tion coeflicients Ei(p), Ei(p), Fi(p) and Fi(p)
from Table 25.1, we find that
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10% 55 ==.473(89717 4302) 4+ .061196(2 2754) —.012(34)
+.527(89823 7113) +.063439(2 2036) —.012(39)
=89773 7193.

We may notice in passing that Everett’s
formula shows that the error in a linear interpolate
is approximately

Ey(p)8*fo+ Fa(p)8fy = HEx(p) + Fa(p)]is¥fo+ 841]

Since the maximum value of |E;(p) + Fy(p)| in the
range 0<p<1 is %, the maximum error in a linear
interpolate is approximately

“1}6 [62fo+ 8271], that is, 1_16 {fo—Fi—fo4-f=l.

(5) Taylor’s series. In cases where the succes-
sive derivatives of the tabulated function can be
computed fairly easily, Taylor’s expansion

f(x) =f(:c(,) + (:1:-—1'0) f'l(—:::[))-" (z_xo)zf”z(!zo)

+a—ap Sy

5. Inverse

With linear interpolation there is no difference
in principle between direct and inverse interpola-
tion. In cases where the linear formula provides
an insufficiently accurate answer, two methods are
available. We may interpolate directly, for
example, by Lagrange’s formula to prepare a new
table at a fine interval in the neighborhood of the
approximate value, and then apply accurate
inverse linear interpolation to the subtabulated
values.  Alternatively, we may use Aitken’s
method or even possibly the Taylor’s series
method, with the roles of function and argument
interchanged.

It is important to realize that the accuracy of
an inverse interpolate may be very different from
that of a direct interpolate. This is particularly
true in regions where the function is slowly
varying, for example, near a maximum or mini-
mum. The maximum precision attainable in an
inverse interpolate can be estimated with the aid of
the formula

df

in which Af is the maximum possible error in the
function values.

Example. Given z¢*E,(x)=.9, find z from the
table on page X.

(i) Inverse linear interpolation,
for p is
2= —f)[(fi—Fo).

In the present example, we have

—_ 9-—.80027 7888 72 2112 _
190029 7306 .89927 7888 101 0418 08500

The formula

r

can be used. We first compute as many of the
derivatives f™(x)) as are significant, and then
evaluate the series for the given value of z.
An advisable check on the computed values of the
derivatives is to reproduce the adjacent tabular
values by evaluating the series for z=x_, and ;.

In the present example, we have

f(x) =zeE1(x)
f@y=Q14z)f(x)—1
(@) = (142 1f" (z) —z*f(x

)
71 (@) = (L-+20)f" &) — 227" (2) + 253 (x).

With 2,=7.9 and z—x,=.0527 our computations
are as follows; an extra decimal has been retained
in the values of the terms in the series to safeguard
against accumulation of rounding errors.

k F® (o) (k! (& —30) 5f ) (x0) [ k!
0 89717 4302 89717 4302
1 01074 0669 .00056 6033 3
2 —.00113 7621  —.00000 3159 5
3 00012 1987 -00000 0017 9
89773 7194
Interpolation

The desired « is therefore
r=x9-+pE,—2¢) =8.1+.708357(.1) =8.17083 57

To estimate the possible error in this answer,
we recall that the maximum error of direct linear
interpolation in this table is Af=3X107%, An
approximate value for df/dx is the ratio of the
first difference to the argument interval (chapter
25), in this case .010. Hence the maximum error
in z is approximately 3>(107%/(.010), that is, .0003.

(ii) Subtabulation method. To improve the
approximate value of z just obtained, we inter-
pof)ate directly for p=.70, .71 and .72 with the aid
of Lagrange’s 5-point formula,

x ze*E,(x) ] &
8. 170 . 89999 3683
1 0151
8. 171 . 90000 3834 —2
1 0149
8. 172 . 90001 3983

Inverse linear interpolation in the new table
gives
_.9—.80999 3683
="00001 0151 0228

Hence £=8.17062 23.

_ An estimate of the maximum error in this result
is
df 1X10~° _
Af/a;cw o1 =110

(ii1) Aitken’s method. Thisis carried outin the
same manner as in direct interpolation.
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Yn=1re*E,(x)

Zo,n Zo.1.n

n Tn Z0,1,2,n %0,1,2.3,n Yn—Y

0 .90029 7306 8.2 . 00029 7306
1 .89927 7888 8.1 8 17083 5712 —. 00072 2112
2 .90129 6033 8 3 8 17023 1505 8. 17061 9521 . 00129 6033
3 .89823 7113 8 0 8 17113 8043 2 5948 8. 17062 2244 —. 00176 2887
4 .90227 4695 8 4 8 16992 9437 1 7335 415 8.17062 2318 . 00227 4695
5 (89717 4302 7.9 8 17144 0382 2 8142 231 265 —. 00282 5098

The estimate of the maximum error in this
result is the same as in the subtabulation method.
An indication of the error is also provided by the

discrepancy in the highest interpolates, in this
Case Tp1,23.4, 8Nd Zo1 255

6. Bivariate Interpolation

Bivariate interpolation is generally most simply
performed as a sequence of univariate interpola-
tions. We carry out the interpolation in one
direction, by one of the methods already described,
for several tabular values of the second argument
in the neighborhood of its given value. The
interpolates are differenced as a check, and

interpolation is then carried out in the second
direction.

An alternative procedure in the case of functions
of a complex variable is to use the Taylor’s series
expansion, provided that successive derivatives
of the function can be computed without much
difficulty. :

7. Generation of Functions from Recurrence Relations

Many of the special mathematical functions
which depend on a parameter, called their index,
order or degree, satisfy a linear difference equa-
tion (or recurrence relation) with respect to this
parameter. Examples are furnished by the Le-
gendre function P,(z), the Bessel function J,(x)
and the exponential integral E,(z), for which we
have the respective recurrence relations

(n+1) Ppyi— 20+ 1)z Pat+nPpy=0
Jn+1_27n JatJa-1=0

nEpi1+xEn=e"%.

Particularly for automatic work, recurrence re-
lations provide an important and powerful com-
puting tool. If the values of P,(zx) or J,(z) are
known for two consecutive values of n, or E,(x)
is known for one value of n, then the function may
be computed for other values of n by successive
applications of the relation. Since generation is
carried out perforce with rounded values, it is
vital to know how errors may be propagated in
the recurrence process. If the errors do not grow
relative to the size of the wanted function, the
process is said to be stabie. If, however, the
relative errors grow and will eventually over-
whelm the wanted function, the process is unstable.

It is important to realize that stability may
depend on (i) the particular solution of the differ-
ence equation being computed; (i) the values of
z or other parameters in the difference equation;

(iii) the direction in which the recurrence is being
applied. Examples are as follows,

Stability—increasing n
Pn(x), Pr(z)

Qu(z), Qu(z) =<1)
Ya(@), Kalz)

Jonss@), Tnss()
Eu(@) (n<2)

Stability—decreasing n
Po(x), Pr() @<1)
(), Q@)

In(@), Inlx)

Ja115(®) s Insrs(@)

Ea(z) (n>2)

F.(n, p) (Coulomb wave function)

Illustrations of the generation of functions from
their recurrence relations are given in the pertinent
chapters. It is also shown that even in cases
where the recurrence process is unstable, it may
still be used when the starting values are known
to sufficient accuracy.

Mention must also be made here of a refinement,
due to J. C. P. Miller, which enables a recurrence
process which is stable for decreasing n to be
applied without any knowledge of starting values
for large n. Miller’s algorithm, which is well-
suited to automatic work, is described in 19.28,
Example 1.
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2. Physical Constants and Conversion Factors

The tables in this chapter supply some of
the more commonly needed physical con-
stants and conversion factors.

All scientific measurements in the fields of
mechanices and heat are based upon four in-
ternational arbitrarily adopted units, the
magnitudes of which are fixed by four agreed
on standards:

Length —~the meter—fixed by the vacuum
wavelength of radiation corresponding to the
transition 2P,,—5D; of krypton 86

(1 meter —1650763.73\).

Mass—the kilogram —fixed by the interna-
tional kilogram at Sévres, France.

Time —the second —fixed as 1/31,656,925.9747
of the tropical year 1900 at 12" ephemeris
time, or the duration of 9,192,631,770 cycles
of the hyperfine transition frequency of cesi-
um 133.

Temperature —the degree —fixed on a ther-
modynamic basis by taking the temperature
for the triple point of natural water as 273.16
°K. (The Celsius scale is obtained by adding
—273.15 to the Kelvin scale.)

Other units are defined in terms of them by
assigning the value unity to the proportion-
ality constant in each defining equation. The
entire system, including electricity units, is
called the Systéme International d’Unités
(SI). Taking the 1/100 part of the meter as
the unit of length and the 1/1000 part of the
kilogram as the unit of mass, similarly, gives

rise to the CGS system, often used in physics
and chemistry.

Table 2.1. Common Units and Conversion

Factors
: SI CGS ST unit/
Quantity name name CGS unit
Force, F newton dyne 105
Energy, W joule erg 107
Power, P watt | e 107

The SI unit of electric current is the ampere
defined by the equation 20"y I,[,/47=F giving
the force in vacuo per unit length between
two infinitely long parallel conductors of in-
finitesimal cross-section. If F is in newtons,
and TI', has the numerical value 47 x10-7,
then I, and I, are in amperes. The custom-
ary equations define the other electric and
magnetic units of SI such as the volt, ohm,
farad, henry, etc. The force between elec-
tric charges in a vacuum in this system is
given by Q@ /4nTer?=F, I'. having the nu-
merical value 107/4mc? where ¢ is the speed
of light in meters per second (I'.=8.854
X 10-12),

The CGS unrationalized system is obtained
by deleting 47 in the denominators in these
equations and expressing F in dynes, and »
in centimeters. Setting I'), equal to unity de-
fines the CGS unrationalized electromagnetic
system (emu), I'. then taking the numerical
value of 1/c%. Setting I, equal to unity de-
fines the CGS unrationalized electrostatic
system (esu), Iy then taking the numerical
value of 1/c2.

Table 2.2. Names and Conversion Factors for Electric and Magnetic Units

Quantity SI emu esu SI unit/ SI unit/
name name name emu unit esu unit
Current ampere abampere statampere 10t ~3X10°
Charge coulomb abcoulomb statcoulomb 10! ~3X10°
Potential volt abvolt statvolt 108 ~(1/3) X102
Resistance ohm abohm statohm 10° ~(1/9) X 10-1
Inductance henry centimeter  |___ ... ________ 100 ~(1/9) X101
Capacitance farad | ... _.____.__._ centimeter 109 ~9X 101
Magnetizing force amp. turns/ oersted . __________.__. 47X 1073% ~3 X 109%
meter

Magnetomotive force amp. turns gilbert 1 ______ 47X 10-1* ~3/100%
Magnetic flux weber maxwell | _____________ 108 ~(1/3) X102
Magnetic flux density tesla gauss  l.__________._. 10 ~(1/3) X 10-¢
Electric displacement | ____ .\ 10-5% ~3 X 105%

Example: If the value assigned to a current is 100 amperes its value in abamperes is 100X 10-1=10.
*Divide this number by 4« if unrationalized system is involved; other numbers are unchanged.
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3. Elementary Analytical Methods

3.1. Binomial Theorem and Binomial Coeffi-
cients; Arithmetic and Geometric Progres-
sionsj Arithmetic, Geometric, Harmonic and
Generalized Means

Binomial Theorem

3.1.1
(aﬂ—b)”za"+(§b> a"—lb+(g) an—2h?

+(’§> a4 . L bn
(n a positive integer)

Binomial Coefficients (see chapter 24)
3.1.2

n\_ ,_nm~1) ... (n—k+1)  al
¥ <k>_" v A n—k) k!

s (D=(" e ()

se (M=)
3.1.5 (’5)=(:>=1
3.1.6 1+(’1”)+(’2‘)+ L +(Z)=2"

3.1.7 1—(’1‘)+(g)~ - .+(—1)"(Z>=o

Table of Binomial Coefficients ( 2)

3.1.8

;\k0123456789101112
N

1 1 1

2 7|1 2 1

32277 3 3 3 1

4270 1) 4 e 4 1

5271 1| 510010 5 1

6| 1| 6| 15 20 15| 6 1

7.l 1] 7] 21] 35| 35| 21] 7| 1

82277| 1| sl 28| 56| 70| 56| 28| 8 1

9__7| 1] 9| 36| 84/126/126| 84| 36| 9 1

10___7| 1| 10| 45/120{210252(210{120] 45 10| 1

1.2 1| 11| 55(165(330[462(462(330(165 55| 11| 1

12.277) 1) 12] 66/220{495(792|024|792]495/220] 66 12| 1

For a more extensive table see chapter 24.
*See page IIL

10

3.1.9

Sum of Arithmetic Progression to n Terms
a+(a+d)+(@e+2d)+ . . . +(a+(@n—1)d)
—na-+3 nin—1)d=3 (a-+1),
last term in series=Il=a+(n—1)d
Sum of Geometric Progression to n Terms

3.1.10

sy=a-tartart . +ar-1=21=T)

1—r

(—1<r<)

lim ¢,=a/(1—7)
nHrw

Arithmetic Mean of n Quantities A

A=al+a2+ ... +an

n

3.1.11

Geometric Mean of n Quantities G
3.1.12 G=(a,a;...a)"" (& >0,k=1,2,...,n)

Harmonic Mean of n Quantities H

3.1.13

1 171 1 1
s (Gis '+Z.) @>0,k=1,2, .. .,n)

Generalized Mean

n 1/
3.1.14 me=(Lsh a;)
N k=1
3.1.15 M(t)=0(t<0, some a, zero)

3.1.16 lim M(t)=max.

(a1, s, ...,a,)=max.a
tow

3.1.17 lim M(t)=min. (21,0, .. .,a,)=min. ¢
>~
3.1.18 limM(@)=G@
A
3.1.19 M(Q)=A
3.1.20 M(—1)=H

3.2. Inequalities

Relation Between Arithmetic, Geometric, Harmonic
and Generalized Means
3.2.1

A> @G> H, equality if and only if a,=a;= . . . =a,

3.2.2 min. a<M (t)<max. a
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3.2.3 min. ¢<GF<max. a

equality holds if all a; are equal, or ¢<0
and an a; Is zero

3.2.4 M@)<<M(s) if t< s unless all a,, are equal,
or s<0 and an g, is zero.

Triangle Inequalities

3.2.5 a1 — |aa] < lay+a] <| a1 | +-|a2]
3.2,6 ‘ﬁa’k Si,akl
=t =1

Chebyshev’s Inequality
If al_>_a22a32 e Z(]/n
bi2b>b> . .. >b,

3.2.7 n 3 ab> (3 ak> (ﬁ bk>
k=1 k=1 k=1

Holder’s Inequality for Sums

1.1
If —+-—=1,p>1, ¢>1
p+q p>1, ¢

n n Vp/ n /g
328 Slabl<(Slar) (b))
k=1 k=1 k=1

equality holds if and only if |b;|=c|a,|?~ (¢=con-
stant >0). If p=g¢=2 we get

Cauchy’s Inequality
3.2.9

2 n
En: akbk] < En} al k§ , b2 (equality for a,==cb,
k=1 k=1 =1

¢ constant).
Holder’s Inequality for Integrals
It 4 1m1, p>1, g>1
p q "’ '
3.2.10

[ lf(w)g(w)ldw<[ (C@pa]"T [ lg(w)l“dx] -

equality holds if and only if |gl(z)|=c¢lf(x)|?!
(c=constant_>0).
If p=¢=2 we get

Schwarz’s Inequality
3.2.11

[ [ r@a@as]'< [ troras [ oras

Minkowski’s Inequality for Sums

If p>1 and ay, ;>0 for all £,
3.2.12

(kngl (ak+bk)">l/p§(§ ag)'l/p+ kzi:,l‘b%)”p:

equality holds if and only if b,=ca; (¢c=con-
stant >0).

Minkowski’s Inequality for Integrals
It p>1,
3.2.13

<£b lf(x)+g(m)|pdx>l/ps(ﬁa {f(x)\”dxy/p
+(f l9(@) |”dx>l/p

equality holds if and only if g(z)=cf(z) (¢=con-
stant>0).

3.3. Rules for Differentiation and Integration

Derivatives
3.3.1 g% (cu)=¢ Z—Z, ¢ constant
3.3.2 % (o) =22 +Z¢;
3.3.3 gd% () = % o %
3.3.4 Edi (u/v);Mx;;M
3.3.5 (% u(v)=%‘ %;

3.3.6 i—i () —u? (” d“+1 )

Leibniz’s Theorem for Differentiation of an Integral

3.3.9

d b(e)
73 f(z,c)dx

b da
=" 2 1@, 0d+ 16,0 B— S @0 T

a(c)
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Leibniz’s Theorem for Differentiation of a Product The followiné formulas are useful for evaluating
3.3.8 @Ti%i—i—c);, where P(z) is a polynomial and
d* ' d n\ d*~ % d*
(uv)— +< ) d wn-ul dia)c +<2) o2 dz n_>1 is aninteger.
n—r, T n 3.3-16
o DR
dx dm dx 2 2ax+b
f (az2+bx—|—c) @ac— b2 2T (gge—pays
3.3.9 Z; 1 d?; (b*—44ac<0)
_ 1 2a2-+b— (b*—4ac)?
e 3.3.17 ~7—420) ™ 2zt b ("—dac)!
T_ a4y (YN
3.3.10 =z \dx , (b*—4ac>0)
—2
3.3.18 _ (b*—4ac=0)
&z Py dy d2y dy\~? 2az+5
3311 S=—| 55— )2]( ) 3.3.19
di? da® dx dax? dx .
xdx dx
Integration by Parts faxz-{—bx—i-c 2a In |aa:2+ba:+c( m
3.3.12 fudv=uv~—fvdu 3.3.20
dz 1 c+dzx
‘ (a+bx) (c+dx) ad—be In a+bx (ad#be)
3.3.13 f uvde= (fudx) v—f(fudx) D g
3.3.21 fazﬁz =7 arctan b:
Integrals of Rational Algebraic Functions vda
3.3.22 f-——— In |a®+ b2%x?
(Integration constants are omitted) @028 @+
dx 1 bx
. 3.3.23 A g
3.3.14 f(ax—i—b)"dx:——————— (ny—1)
an+1) 3.3.24 f L arctan St ot
= 2+a2)2 g drctan o 2a2(z2+a2)
dz 1 — atz
3.3.15 L~ in jaat) 3.3.25 f g T o |22
Integrals of Irrational Algebraic Functions
dx —d(a+ bx) ]
3.3.26 Jter eramr—cagm v [ et (6d<0)
3.3.27 — gy aresin @%———“jﬁ) >0, d<0)
3.3.28 (bd)”“’ In |[bd(a+ bx) ]2+ b(c+dz) 2| (bd>0)
dx I 2 d(a-i—bx)
3.3.29 f(a+b$)l/2(c+dz)_[d(bc—-ad)]1/2 arctan (d(ad—b0)<0)
3.3.30 _ 1 In d(e+bx)/?—[d(ad-—be) ]2

[d(ad—be) )/

(d(ad—bc) >0)

d(a+bx)"?+[d(ad—be) ]2
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If 2"=wu,+1iv, then z"tl=u,.,+w,. where

3.7.23 Uy 1 =TUp—Y0n; Vnp1=T0n+Yln
A z" and Fz" are called harmonic polynomials.

1_ 2 _z—w
.1.24 S
3.1 PP
1 2 s
3.7.25 ?—Izlzn—(z )
Roots

3.7.26 zt=+/z=riet®=rt cos 39+irt sin 39

The
The principal

If —#<8<r this is the principal root.
other root has the opposite sign.
root is given by

3.7.271  2=[0r+2)FLiir—2)t=uxiv where
2up=y and where the ambiguous sign is taken to
be the same as the sign of y.

3.7.28 zt/m=rt/me?/® (principal root if —x<{6< 7).

Other roots are ri/7!®+2®\/n (p—1 2 3, ..., n—1).
Inequalities
3.7.29 l21]— 2] | L a1t 22| < 21|+ 2

Complex Functions, Cauchy-Riemann Equations

f@&)=fe+iy)=u(z,y)+iv(z,y) whereu(z,y), »(z, y)
are real, is analytic at those points z=z+1iy at
which

3.7.30 a:—b—y} 6—112_55
If z=re*,
ou 100 10du o)
3-7.31 _1'-; _0’ ;‘ _0‘—‘ _‘a

Laplace’s Equation

The functions u(z,y) and o(x,y) are called
harmonic functions and satisfy Laplace’s equation:

Cartesian Coordinates

Qu du_ % O

3.7.32 x2+ o aa:2+ ayg
Polar Coordinates

0 o\, d*u_ %

3.7.33 1 br( +3E= ar< ar>+a02

3.8. Algebraic Equations
Solution of Quadratic Equations

3.8.1 Given az’+bz-+¢=0,

b 1
21,2_—-‘<2—a):f:‘2—a‘ Qi, q——b2—4a,c,
at+z=—bla, zz,=cla

If ¢>0, two real roots,
g=0, two equal roots,
¢<0, pair of complex conjugate roots.

Solution of Cubic Equations

3.8.2 Given 2+ay22+a,24ay==0, let

1 1

g=3 &— 9 az; r=— (0,0,—300) — 3= @

If ¢#+72>0, one real root and a pair of complex
conjugate roots,

¢+r'=0, all roots real and at least two are
equal,

¢*+7<0, all roots real (irreducible case).

Let
si=[r+(@+rR, s=[r— (¢ +r)i}
then

a
21=(81182) —g

i3

22=_% (81+82) — 3+__ (81—82)

(81+82) —

Z3=‘—

If z;, 2,, 23 are the roots of the cubic equation
Ht2t2z=—a;
25+ a2t 22 =0
212023= — 0y

Solution of Quartic Equations

3.8.3 Given A+ a2+ a2 t+a,z+ap,=0, find the
real root u, of the cubic equation

U — @t (@105 — 4a0)u — (@} + @3 — 4a02) =0

and determine the four roots of the quartic as
solutions of the two quadratic equations

2 . 3 2 i
I N O



18 ELEMENTARY ANALYTICAL METHODS

If all roots of the cubic equation are real, use
the value of u, which gives real coefficients in the
*quadratic cquation and select signs so that if

A2+ a2 4 a 24 ao= (B4 pi2+ ) (P + a2+ qa),
then
Dt Pr=as, iPat Qi+ =0, Pifa T P21 =0, Gigr=0o.
If 2,, 2,, 23, 2, are the roots,
22(=—03, 22:252r=—,

Zz 12 3=y, 21292324= Qy.

3.9. Successive Approximation Methods
General Comments

39.1 Let z=w, be an approximation to r=¢§
where f(§)=0 and both z; and £ are in the interval
e<r<b. We define

zn+l=xn+0;tf(zn)

Then, if f'()>0 and the constants ¢, are
negative and bounded, the sequence z, converges
monotonically to the root £.

If ¢y=c=constant<{0 and f'(z)>0, then the
process converges but not necessarily monotoni-
cally.

(n=1,2, .. ).

Degree of Convergence of an Approximation Process

3.9.2 Let z;, z;, 73, . . . be an infinite sequence
of approximations to a number ¢,  Then, if

£I<A|zn'—£‘k)

where 4 and % are independent of n, the sequence
is said to have convergence of at most the kth
degree (or order or index) to ¢ If k=1 and
A1 the convergence is linear; if k=2 the con-
vergence is quadratic.

@ g1~ n=1,2,...)

Regula Falsi (False Position)

3.9.3 Given y=f(z) to find ¢ such that f(¢)=0,
choose 7, and z, such that f(z) and f(z,) have
opposite signs and compute

(#— o) _flxo"fozx_

(fr—Sfo) Si—=rfo

Then continue with z, and either of z, or z, for
which f(xo) or f(z,) is of opposite sign to f(z,).

Regula falsi is equivalent to inverse linear inter-
polation.

o= ~—

*See page 1.

Method of Iteration (Successive Substitution)

3.9.4 The iteration scheme z,,=F(x) will
converge to a zero of x=F(z) if

(1) |F'(®))<¢<1 for agz<b,

|F (xo) Zo|
—q

(2) ezt <b.

Newton’s Method of Successive Approximations

3.9.5

Newton’s Rule

If 2=z, is an approximation to the solution
z=¢t of f(xr)=0 then the sequence

f ()

Tep1= O~ f’(x )
will converge quadratically to z=¢: (if instead of
the condition (2) above),

(1) Monotonic convergence, f(xo)f’’ (20) >0
and f'(z), f''(z) do not change sign in the
interval (z, &), or

(2) Oscillatory convergence, f(xo)f’’ (20)<<0
and f’(z), f”/(x) do not change sign in the
interval (zo, z;), 2, <£<z;.

Newton’s Method Applied to Real nth Roots
3.9.6 Given z"=N, if z, is an approximation

z=N"" then the sequence

Ly 1= 1+ (n— 1)%]

b

will converge quadratically to z.

1
If n=2, Ik+l=§ (mgk'*‘xk)l

Ifn=3 xk“-—s( 2+2:tc,¢)

Aitken’s 8%-Process for Acceleration of Sequences

3.9.7 If x), 441, Zeye Are three successive iterates
in g sequence converging with an error which is
approxxmately in geometric progression, then

2
Fo=—z (Te—Tit1)® TrZps2— Tk+1,

=2, — =
* Alr, Ay,

Azxk=zk—

2241t Tisr

is an improved estimate of z. In fact, if z,=z+*

O(X*) then z=2+O0(\¥), N < 1.
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3.10. Theorems on Continued Fractions

Definitions
3.10.1
(1) Let ]’—"b0+b +a)
botas
byt

a; 4

=bt g BT BT

If the number of terms is finite, f is called a
terminating continued fraction. If the number
of terms is infinite, f is called an infinite continued
fraction and the terminating fraction

an

A,
f=g=bt s

is called the nth convergent of f.

(2) If lim % exists, the infinite continued frac-
n-ye n

tion f is said to be convergent. 1f a;=1 and the
b, are integers there is always convergence.

Theorems

(1) If a;, and b, are positive then f;,<fonys,
f?n—1>f2n+l-

@) Itf,=2"

An=bnAn—l+anAn-—2
anann—-l"i'_a/an—‘l
Where A-l:1) A0=b0, B_1=0, Bozl‘

An An—l An—? bn
o e ol
Bn Bn—l Bn—2 Ay

"
(4) AA,,B,,_1—'4‘17,_1B,,=('—].)"_l I a
k=1
(5) For every n>0,
fn=b0+ Cidy €1y CC303 Cp—1CnQy

et bt cbs T b,

(6) 1-4+b,+bsbs+ ... +bby... 0,
1 b b, b,
1_" b2+1_ bg+1— o ‘-“bn+1
1 1 u? ui_,
+ + +un Uy— Ut U— Uy Uy
1 z x? " "
a aa tama T D e
=L QX T Ay T
Gt ®—2+ dp—2+ " Ha,—2

+tn= O’Ti, 5

Numerical Methods

3.11. Use and Extension of the Tables

Example 1.
using Table 3.1.

Compute ¢ and z¥ for =29

19079, 710
= (1.45071 4598 10'%) (4.20707 2333 - 101)
=6.10326 1248. 107
ah= (1%)2fy
=(1.25184 9008-10%)2/29
=5.40388 254710

Example 2. Compute z~%" for 2=9.19826.
(9.19826)!=(919.826/100)*= (919.826)14/10}

Linear interpolation
(919.826)14 =~ 5.507144.

By Newton’s method for fourth roots with
N=919.826,

in Table 3.1 gives

1 919.826

G.5071aay T 3(5:507144) ]—5 50714 3845

Repetition yields the same result. Thus,

r1%=5.50714 3845/10¢=1.74151 1796,
x84 =gt/r= 18933 05683.

3.12, Computing Techniques

Example 3. Solve the quadratic equation
—18.22+4.056 given the coeflicients as 18.2+.1,

*See page II.
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056+.001. From 3.8.1 the solution is
r=1(18.2+[(18.2)*—4(.058)}})
=3(18.2£(331.016]") =3(18.24+18.1939)
=18.1969, .003
The smaller root may be obtained moré accurately

from
* .056/18.1969=".0031 -+ .0001.

Example 4. Compute (—3-.00762)%.
From 3.7.26, (—3+.0076%)}=u-iv where

Y (T e g2y

U=51 ( 5 );r (z2 43

Thus

r=[(—3)2+ (.0076)2]}=(9.00005776)*=13.00000 9627

[3.00000 9627 —(—3)
V== 5

el 0076
T2 2(1.73205 2196)

We note that the principal square root has been
computed.

=1.73205 2196

=.00219 392926

Example 5. Solve the cubic equationz®—18.1z
—34.8=0.

To use Newton’s method we first form the
table of f(z)=a*—18.17—34.8

z f(=)

4 —43.2
5 — 3
6 72.6
7 1815

We obtain by linear inverse interpolation:
_ 0—(—.3)

=5t (=8

Using Newton’s method, f"(z) =32?—18.1 we get

I “xo—f(zo)/f’ (fo)
N _(—.07215 9936)
~5.004 57.020048

Repetition yields #,=5.00526 5097. Dividing
(@) by z—5.00526 5097 gives #2+5.00526 5097z
--6.95267 869 the zeros of which are —2.50263 2549
+.83036 800s.

=5.004.

~5.00526.

Example 6. Solve the quartic equation
#*—2.37752 492203 +6.07350 574142
—11.17938 023:+9.05265 5259=0. We seek that value of ¢, for which y(q)=0.
Resolution Into Quadratic Factors Inverse interpolation in y(q) gives y(g;) =0 for
@ +pz+q) (@ +pz+q2) ¢:=~2.003. Then,
by Inverse Interpolation
Starting with the trial value g;=1 we compute
. qQ qz 14 D2 y(gy)
successively
2. 003 4. 520 —2.550 | . 172 . 011
'3 quﬂ plzu@ P2=— P1 |Y{q) =q1+ g2+ P12 \ ‘
qQ 22— —a
Inverse interpolation between ¢;=2.2 and ¢=
1 9. 063 —1. 093 —1.284 5. 383 : _ \
2 4526 | —2 543 165 032 | 2.003 gives ¢;=2.0041, and thus,
2.2 4. 115 —3. 106 . 729 —2.023
Q@ ’ q , 2 b p: ’ y(gqu)
2.0041 | 4. 51706 7640 —2. 55259 257 | . 17506 765 . 00078 552
2. 0042 | 4. 51684 2260 —2. 55282 851 | . 17530 358 . 00001 655
2. 0043 | 4. 51661 6903 —2. 55306 447 | . 17553 955 —. 00075 263
Inverse interpolation gives ¢;=2.00420 2152, and we get finally,
a ‘ e l I P2 ' y(q)

2. 00420 2152 l 4, 51683 7410

—2. 55283 358 l . 17530 8659 l —. 00000 0011

*See page 11,
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Double Precision Multiplication and Division on a
Desk Calculator

Example 7. Multiply M=20243 97459 71664 32102
by m==69732 82428 43662 95023 on a 10X10X20
desk calculating machine.

Let M;=20243 97459, M,=71664 32102, m,=
69732 82428, m;=43662 95023. Then Mm=
M0m0102°+(M0m1+M1m0) 10‘°—+—M1m1.

(1) Multiply Mym,=31290 75681 96300 28346
and record the digits 96300 28346 appearing in
positions 1 to 10 of the product dial.

(2) Transfer the digits 31290 75681 from posi-
tions 11 to 20 of the product dial to positions 1 to
10 of the product dial.

(3) Multiply cumulatively Mmq+ Mym; 431290
75681 =58812 67160 12663 25894 and record the
digits 12663 25894 in positions 1 to 10.

(4) Transfer the digits 58812 67160 from posi-
tions 11 to 20 to positions 1 to 10.

(5) Multiply cumulatively Mym,—+ 58812 67160
=14116 69523 40138 17612, The results as ob-
tained are shown below,

96300 28346
12663 25894
14116 69523 40138 17612
14116 69523 40138 17612 12663 25894 96300 28346

1f the product Mm is wanted to 20 digits, only
the result obtained in step 5 need be recorded.
Further, if the allowable error in the 20th place is
a unit, the operation M;m; may be omitted.
When either of the factors M or m contains less
than 20 digits it is convenient to position the
numbers as if they both had 20 digits. This
multiplication process may be extended to any
higher accuracy desired.

Example 8. Divide N=14116 69523 40138 17612
by d=20243 97459 71664 32102.
Method (1)—Zlinear interpolation.

N/20243 97459.10"=.69732 82430 90519 39054
N/20243 97460-10°= 69732 82427 46057 26941
Difference=3 44462 12113.

Difference X.71664 32102-=24685 644028.10~2°
(note this is an 11X10 multiplication).

Quotient=
(69732 82430 90519 39054 —246856 44028)-107%
=.69732 82428 43662 95026

There is an error of 3 units in the 20th place due

to neglect of the contribution from second differ-
ences.

Method (2)—If N and d are numbers each not
more than 19 digits let N=N,+N,10°, d=d,+
do10° where N, and d, contain 10 digits and N,

and d; not more than 9 digits. Then
N_N10°+N, I:N_Nodl]
d  dpl0°+d, d010°

Here

N=14116 69523 40138 1761,
d=20243 97459 71664 3210
No=14116 69523, dy=20243 97459,
d,=171664 3210

(1) Nud,=10116 63378 42188 8830 (product dial).

(2) (Nody)/d,=49973 55504 (quotient dial).

(3) N—(Nyd,)/dy=14116 69522 90164 62106
(product dial).

(4) [N— (Nody)/do]/de10°= 69732 82428 =first 10
digits of quotient in quotient dial. Remainder
=r=08839 11654, in positions 1 to 10 of product
dial.

(5) 7/(do10°)=.43662 9502-10~*=next 9 digits of
quotient. N/d=.69732 82428 43662 9502. This
method may be modified to give the quotient of
20 digit numbers. Method (1) may be extended
to quotients of numbers containing more than 20
digits by employing higher order interpolation.

Example 9. Sum the series S=1—3+3—1%
4+ . .. to 5D using the Euler transform.

The sum of the first 8 terms is .634524 to 6D.
If u,=1/n we get

n Uy, Au, A%,  Au, Abu,
9 111111
—11111
10 . 100000 2020
—9091 —505
11 . 090909 1515 156
— 7576 —349
12 . 083333 1166
—6410
13 . 076923
From 3.6.27 we then obtain
S 6345244 111111 (= 011111)+ 00223020

_(= 000505) 4 000156

=.6345244.055556 - .002778+-.000253

-+.000032 +.000005
=.693148

(S=In 2=.6931472 to 7D).
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Example 10. Evaluate the mtegralf sinz dx
12—rt0 4D using the Euler transform.
® sinx @ [®ITgin g
ST = d
= Mt
sin (kr+1) . sin ¢
= STY dt= 1
R Ll =

Evaluating the integrals in the last sum by
numerical integration we get

b T sint ’
0 kr+t
0 1. 85194
1 . 43379
2 . 25661
3 . 18260 A A? A? At
4 . 14180
—2587
5 . 11593 799
— 1788 —321
6 09805 478 153
—1310 —168
7 . 08495 310
— 1000
8 . 07495

The sum to k=3 is 1.49216. Applying the
Euler transform to the remainder we obtain

: (.14180)—%—2 (—.02587) 455 (.00799)

—91—4 (—.00321)+§13 (.00153)

= 07090 +.00647 +-.00100+-.00020

~+.00005
=.07862

We obtain the value of the integral as 1.57078 as
compared with 1.57080. \
Sum the series > k'2==% using
k=1
the Euler-Maclaurin summation formula.
From 3.6.28 we have forn=w,

Example 11.

> k=

k=1

S kS (k4-10)2
k=1 k=1

- ® 1 1 .,
o [ S fom g 1
i~

where f(k)=(k+10)-2. Thus,

SO ko2=1.54076 7731 +.1
k=1
— .005-+.00016 6667 —.00000 0333
=1.64493 4065,

2
as compared with %=1.64493 4067.

Example 12, Compute
arctan x= call o4 9::;2
1+ 3+ 5+ 7+

to 5D for z=2. Here a,=2, a,=n—1)%? for
n>1, b0=0, b,,=2n—~1, A..lv':l, B__1=0, A0=0,
B0=1.

Forn>1

'An:l Ay yAns [271,—1 ] A,
= — =0
L_Bn Bn—an—-2 (n—l)zxz Bo
A ] 0 1 |1 2 |a
= = —_—= 2
| B, 1 0 Jle 1 | B
"4l 2 0 |3 6
= = ‘22 .197368
1 B,] | 1 1 [lo4 | 304 | B
"4 L 6 2 |5 3.032
~ = %}i‘=.197396
| B,] | 304 1 ||.16] | 1536 | Bs
TA 3032 6 ||7] | 21440 | 4
~ - 24 107306
| B,] [15.36 3.04 ||.36| |108.6144] B

Note that in carrying out the recurrence method
for computing continued fractions the numerators
A, and the denominators B, must be used as
originally computed. The numerators and de-
nominators obtained by reducing A4,/B, to lower
terms must not be used.
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4. Elementary Transcendental Functions

Logarithmic, Exponential, Circular and Hyperbolié Functions

Mathematical Properties

4.1. Logarithmic Function

Integral Representation

4.1.1 In zzf dt
1 ¢t
iy
b4 0 X
Z3x+iy
Ficure 4.1. Branch cut for In z and 2.

(@ not an integer or zero.)

where the path of integration does not pass
through the origin or cross tlie negative real
axis. In z is a single-valued function, regular in
the z-plane cut along the negative real axis, real
when z is positive.

z=x+1y=re'.

4.1.2 In z=In 740 (—x<0<n).

4.1.3 r=(2+y?)}, z=rcos6, y=rsin,

#=arctan Y,
z

The general logarithmic function is the many-
valued function Lin z defined by

Ln 2=fz ‘ﬁ
1 &

where the path does not pass through the origin.

4.1.4

4.1.5
Ln (re*)=In (re®)+2kmi=In r+i(8+2kr),

k being an arbitrary integer. In zis said to be the

principal dranch of Ln z,

Logarithmic Identities

4.1.6 Ln (z,z,)=Ln z-+1n 2z,

(i.e., every value of Lin (z,2,) is one of the values

of Ln z+Ln 2z.)

4,1.7 In (z12:)=In z,+1n 2,
(—nr<larg z,+arg z,<m)
4.1.8 Ln ?=Ln z,—Ln z,
2
4.1.9 In Z=In 2;—In z,
22
(—r<arg z,—arg <)
4.1.10 Lnz*=nLn:z (n integer)
4.1.11 In z2*=nln z
(n integer, —r<lnarg z<m)
Special Values (see chapter 1)
4.1.12 In1=0
4.1.13 In0=—w
4.1.14 In (—1)=mi
4.1.15 In (£4)=+3ri
41,16 Ine=1, eis the real number such that
i
1 L
4.1.17 e=lim 1—+—1) =2.71828 18284 ...
n—-wo n
(see 4.2.21)
Logarithms to General Base
4.1.18 log, z=In z/ln a
4.1.19 log, z={°g———"f
ogy
4.1.20 log, b= !
o Ea logsa
4.1.21 log.z=In 2z
4.1.22 logy z=In z/ln 10=log,s e In 2

—=(43429 44819...)Inz
67
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4.1.23 In z=In 10log,, 2=(2.30258 50929...) logy 2
(log, x=In z, called natural, Napierian, or hyper-
bolic logarlthms logy 2, called common or Briggs
logarithms.)

Series Expansions

4.1.24 In (142)=2—4224+12—
(|z2|]<1and z—1)
4.1.25
_— - 3
In 2= —)+ (2 1)—{- 221>+. .
(#=2>1%)
4.1.26
In z=(2—1)—3(z—1)2+3(z—1)3—
(le—11<1, 2%0)
4.1.27
z2—1 z—1
=2 [ ()45 (G) + (G) +- ]
(P20, 2z30)
1 1 1 1
(2121, z=+1)

4.1.29
o ro-nss () (o)

+3 () -]

@>0, Hz>—asz)

Limiting Values

4.1.30 lim z==ln 2=0
F A
(c constant, o >0)
4.1.31 lim = In z=0
-0
(a constant, Ha>0)
4.1.32

lim Z ——ln m)—‘y (Euler’s constant)

m-o \k=1
=.57721 56649 . . .
(see chapters 1, 6 and 23)

Inequalities
x
4.1.33 Tz <ln (14+2)<2
(z>—1, z0)
4.1.34 e<—In (1—2)< 1%5
(z<1, "z#0)

4.1.35 In (1—z)|< 32—’5 (0<z< 5828)
4.1.36 In r<e—1 (x>0)
4.1.37 In z<n(x""—1) for any positive n
' (2>0)
4.1.38 Mn (1+2)|<—In (1—|2)) (J=|<1)
Continued Fractions
4.1.39
2 2z 4z 4z 9z
I (4+9=1T 575 x50 60
(2 in the plane cut from —1 to — )
4.1.40
In <1+ _ 2z 2% 42 9.22
1—z) 1—-3=5—7—
(z in the cut plane of Figure 4.7.)
Polynomial Approximations ?
1 —
4.1.41 —<Lz<y10
V10~ <y

logi z=ait+at’+e(x), t=(x—1)/(z+1)
le(x)| <6X 1074

G=86304  ay=.36415
4.1.42 L ca<y10
V10

logiy 2=a1t+ast® +ast°4a:t"+aet +e(x)
t=(z—1)/(z+1)
le(z)| <1077
a,=.86859 1718

a;=.28933 5524
a5=.177522071

@;=.09437 6476
a,=.191337714

4.1.43 _
In (142)=a1z+a2?+asz® +axt+as0°+¢(x)
le(w)l <1Xx10-*

a1=.99949 556 4= —.13606 275
Ga— — 49190896  ay—.03215 845
45— 28947 478

0<z<L1

? The approximations 4.1.41 to 4.1.44 are from C. Hast-
ings, Jr., Approximations for digital computers. Princeton

JUniv. Press, Princeton, N.J., 1955 (with permission).
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4.1.44 0<z<L1
In (14+1)=ax+a,22+as0’ +ax* + a0’ +a®
Fa;27+ agx®+e(x)
Je(x)|<3X1078
a= .99999 64239 - a,= .16765 4071’1

ay=—. 49987 41238
a;= .33179 90258
a,=—. 24073 38084

ag=--. 09532 93897
a;= .03608 84937
ag=--. 00645 35442
Approximation in Terms of Chebyshev Polynomials 3
4.1.45 0<z<L1

T, *(x)=cos n8, cos §=2x—1 (see chapter 22)

In (1+x)=iﬂ A,T,*(z)

n A, n A,

0 .37645 2813 6 —. 00000 8503
1 .34314 5750 7 .00000 1250
2 —. 02943 7252 8 —. 00000 0188
3 .00336 7089 9 .00000 0029
4 —. 00043 3276 10 —. 00000 0004
5 .00005 9471 11 . 00000 0001

Differentiation Formulas

4.1.46 2 =L
dz z
2147 Lin e (—r =1yt
dz" )
Integration Formulas
4.1.48 f ‘2=1n z
z
4.1.49 fln 2dz=zln z-—2z
4.1.50
u _ Z‘n+l Zn+1
fz In zdz—-n_H In z_(n—l—l)z
(n#—1, ninteger)
4.1.51
,, m .21 (n z)"'__ m n m—1
fz (In 2)™ dz g P fz (In 2)"~dz

(n#—1)

3 The approximation 4.1.45 is from C; W. Clenshaw,
Polynomial approximations to elementary functions,

Math. Tables Aids Comp. 8, 143-147 (1954) (with per-

mission).

dz

4.1.52 T
zlnz

=In In 2

4.1.53
fln [z (2L 1)} dez=2zIn [z24 (224 1)} —(224-1)}
4.1.54

fz" In [2—{—(22:{:1)*]d,2=%+11 In [24(2241)4]

1 2n+l d
i f(?—:tl)* z (n¥—1)
Definite Integrals
1
4.1.55 Int g s
o 1—1
'Int y
4.1.56 . 1+¢ dt=—n*/12
fa_, .
4.1.57 Ji T t—lz(x) (see 5.1.3)
4.2, Exponential Function
3Series Expansion
4.2.1
. z 22 28 s
e*=exp z=l+jy+5 37+ - - (z=z+1y)

where ¢ is the real number defined in 4.1.16
Fundamental Properties

4.2.2 Ln (exp z2)=2z+2kwt (k any integer) '

4.2.3 In(exp 2)=2z (—w<Sz<m)
4.2.4 exp (In z)=-exp (Ln 2)==2
4.2.5 4 exp z2=exp 2
dz
Definition of General Powers
4.2.6 If N=qa?, then z=Log, N
4.2.7 a*=exp (zIn a)

428 Ifa=|a|exp (iarga) (—wr<arga<w)

4.2.9 |a?]=|a|7e~vore ¢
4.2.10 arg (@)=yIn |a|+zarga
4,2.11

Ln a*=z1n a for one of the values of Ln a*
42,12 Inae*=zlna (e real and positive)

4.2.13

le*|=¢*
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4.2.14 arg (e)=vy Special Values (see chapter 1)
4.2.15 ag—qata 4.2.22 e=2.71828 18284 ..
4.2.16 a’b*=(ab)* (—r<arg atarg b<m) 4.2.23 e'=1

4,2,24 e =

y 4,2.25 e~ =0

4.2.26 eFmi=—1

4.2.27 P g

4.2.28 ¢ =1 (k any integer)

Exponential Inequalities

If z is real and different from zero

4.2.29 e—lj'_;<1—z<e" (x<1)

4,2.30 e>1+x
. . 1
Fieurk 4.2. Logarithmic and exponential functions. | 4.2.31 ¢ 1=z (z<1)
z -z
Periodic Property 4.2.32 1+x<(1—e <z (2>—1)
4,2.17 ek — o? (k any integer) | 4.2.33 x<(e"—1)<rg— (x<1)
—z
Exponential Identities :
4.2.18 efle=—ghta 4.2,34 1+x>e,l+z (CC>’—1)
4219  (en)2=enn (—r< Fz<n) | 4.2.35 e>1 +Z—”;, ®>0, 2>0)
. The restriction (—»<.fz, <) can be removed R
if 2, is an integer. 4.2.36 e’”>(1 +Z_/) >t (x>0, y>0)

4.2.20

lim 2z%¢~*=0 (Jargz|<}r—e<}7, o constant)

[EEdd

4.2.21

4.2.40

4.2.41

ez-"en—-l<z)

Limiting Values

4.2.37 e"’<1-——g (0<2<1.5936)

4238 Lel<le=11<Glel (0<lel<D)

lim (H'}ﬁ) =¢ 4239  |er—1|<eld—1<|2le (all 2)

Continued Fractions

CTIITa- T a-bFa (el <)
2 2z 2z 2z 2z z =z
RS T e Eo g Iz} <)
_ 2 2443 2%/4.15 2%/4.35 22/4(4n2—1) -
T s Wi e un s vun e EC S
nlz z (n+1)z 2z (n+2)z 3z

W= T G DT G e T = (1<)

(For e,(2) see 6.5.11)
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4.2.42

2¢ a®+1a2+4a*+9
z—a-+ 3z4 bz+ Tz4+ T

1
e2a arctan ;=1+

(z in the cut plane of Figure 4.4.)

Polynomial Approximations*

0<z<In2=.693 . ..
e *=1+mzr+axt+e(x)
le(x)| <3X107F
a;=.3536

4.2.43

a,=—.9664

- 4.2.44 0<z<n2

e *=1+a,x+a:22 a2 1-a gt +e(x)
le(x)| <3X10~*

a;=—.99986 84
a,= 4982926

a3=--.15953 32
a;= .0293641

4.2.45 0<z<In?2

e “r=1+4a,2+ a0t a2+ axt +agr’
Fagr®+a,2"+e(x)
le(2)] <2X107'°
a,= —.99999 99995 as=-—.00830 13598

a;= .49999 99206 as= .00132 98820
a;=—.1666653019.  a,=--.00014 13161
a,= .0416573475

4.2.46° 0<zL1

10°=(1+4-a,2+ a2 +-a;2* +a a2 +e(2)
le(2)| <TX10-*

a,=1.14991 96 a;=.20800 30
a,= .6774323 as=.12680 89
4.2.47 0<z<1
10°= (1 +ax+ a2+ a2+ agr + asr
+agr® +a;2")? +¢(2)

le(x)| <5108
a;=1. 15129 277603 a;=.01742 111988

;= . 66273 088429 as=. 00255 491796
a;= .25439 357484 a;=:. 00093 264267
as= .07295 173666

¢ The approximations 4.2.43 to 4.2.45 are from B. Carl-
son, M. Goldstein, Rational approximation of functions,
Los Alamos Scientific Laboratory L A-1943, Los Alamos,
N. Mex., 1955 (with permission).

5 The approximations 4.2.46 to 4.2.47 are from C. Hast-
ings, Jr., Approximations for digital computers. Princeton
Univ. Press, Princeton, N.J., 19565 (with permission).
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Approximations in Terms of Chebyshev Polynomials ¢

4.2.48

T*(x)=cos n8,

=3 A,T4(2)
n=0

0<2<1

cos §=2r—1 (see chapter 22)

e =3" A,T%(z)
n=0

n A, n A,
0 1. 75338 7654 0 . 64503 5270
1 . 85039 1654 1 . 31284 1606
2 . 10520 8694 2 . 03870 4116
3 . 00872 2105 3 . 00320 8683
4 . 00054 3437 4 . 00019 9919
5 . 00002 7115 5 . 00000 9975
6 . 00000 1128 6 . 00000 0415
7 . 00000 0040 7 —. 00000 0015
8 . 00000 0001
Differentiation Formulas
d 2 pe
4,2.49 Pk =
4,2.50 EZ_" e =ae
4.2.51 —a'=a’lna
dz
4.2.52 4 2P=qz"!
dz
4.2.53 L (1+1In 2z)z?
dz
Integration Formulas
4.2.54 J‘e“dz=e’"/a
4.2.55

ez

fz”e‘”dz=(# [(@z)*—n(az)""*+n(n—1)(az)"*"?
+ ... H(=D* nl(az)+(—1)"!] (n=0)
4.2.56
Z_" d2=_(n—el)z”“+nil fze”—‘_‘ dz
(See chapters 5, 7 and 29 for other integrals
involving exponential functions.)

(n>1)

4.3. Circular Functions

Definitions
) i2__p—iz .
4.3.1 sin z="—- (z=z+1y)
iz -1z
4.3.2 cos z=e —;e —

6 The approximations 4.2.48 are from C. W. Clenshaw,
Polynomial approximations to eclementary functions,
Math. Tables Aids Comp. 8, 143-147 (1954) (with per-
mission).
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4.3.3

4.3.4

4.3.5

4.3.6

4.3.7
4.3.8
4.3.9

sin (z4-2kr)=sin z

ELEMENTARY TRANSCENDENTAL FUNCTIONS

cot z==
tan 2

Periodic Properties
(k any integer)
cos (2+2kr)=cos =

tan (z+km)=tan z

-360°  -270%

Figure 4.3.

Circular functions.

Relations Between Circular Functions

4.3.10
4.3.11
4.3.12

4.3.13

4.3.14

4.3.15

4.3.16

sin? z-+cos? z=1
sec? z—tan? z=1
csc? z—cot? z=1
Negative Angle Formulas
sin (—2)=—sin 2
cos (—#2)=cos 2
tan (—z)=—tan z

Addition Formulas

Sin (2,-+2p)=sin 2, cos 2;+C0s 2; sin 2,

4.3.17

4.3.18

4.3.19

4.3.20

4.3.21

4.3.22

cos (2;+2,) =cos 2; CO8 2,—sin z; sin 2,

__tan z;+tan 2,
tan (21+22)—1-—tan zy tan z,

cot 2; cot 2,—1

cot (z1+2)= eot 2z,+cot 2

Half-Angle Formulas

.z 1—cos 2\}
sm-é——:i:( 2—-)

z_ , {1+4cos 2\}
cos§—:1:(—-—2 )

1—cos 2\}_1—cosz__ sinz
1+4cos z sin z 14cos z

tan §= :i:(

The ambiguity in sign may be resolved with the
aid of a diagram.

Transformation of Trigonometric Integrals

If tan g=z then

4.3.23

4.3.24

4.3.25

4.3.26

4.3.27
4.3.28
4.3.29
4.3.30

4.3.31
4.3.32
4.3.33

sin u——2—i— cos u—1_22 du= 2 dz
T1+27 1422 1422
Multiple-Angle Formulas
sin 22=2 sin 2 cos z-——2-—t-ﬂli
o ‘ 1+tan?z
cos 22=2 cos’ 2—1=1—2sin?z
__.COSz Z_Sin2 2—1_:%
- 1--tan?z
2tanz _ 2cotz 2

tan 2z=1—tan2 2 cot?z—1 cotz—tan 2

gin 32=3 sin z—4 sin® z

cos 3z=-—3 cos z-+4 cos® z '

sin 42=8 cos® z sin 2—4 ¢os z sin 2
cos 42=8 cos' z—8 cos? z+1

Products of Sines and Cosines

2 sin # sin z,=cos (21— 2;) — €08 (21+22)
2 cos 2; €08 2,=c08 (21— 22) +cos (21+22)

2 sin 2y cos zy=sin (21— 2;) +sin (21+22)

Addition and Subtraction of Two Circular Functions

4.3.34

. . . -2
sin 2;-+sin 2,=2 sin (gl—;—_—@) cos (%.2)
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4.3.35 4.3.41
sin z;—sin 2,=2 cos (2’;'22) sin <21522) cos? z1—c0s? zp=—sIn (21+2y) sin (21— 2,)
4,3.36
08 214008 2,=2 cos (21;—22> cos (21;Z2> 4.3.42
cos? z1—sin? z,=cos (21} 2;) cos (2;—2,)
4.3.37
. o 21+2‘2 . [21—2y
CO8 2;—COS 23=—2 sIn (———2 ) sin (———2 ) 4.3.43
4.3.38 Signs of the Circular Funections
- sin (214 2y) in the Four Quadrants
tan 2,4 tan 2p=—"———-
€OS 21 COS 24
4.3.39 Quadrant | sin cos | tan
e : cse sec cot
cot zy+cot zz=w
sin 2; sin 2,
Relations Between Squares of Sines and Cosines %’_[ T +
4.3.40 111 - - +
sin? z;—sin? z,=sin (2;+2,) sin (21— 2,) v - + -
4.3.44
Functions of Angles in Any Quadrant in Terms of Angles in the First Quadrant. (0<6 <Z & any integer)
—9 0 w0 ?—’2’—'"ie 2er+6
sin___.____ —sgin 6 cos 9§ Fsin 0 —cos § +sin 4§
coS._.___.i cosf Fsin 6 —cos 6§ 4 sin 8 +cos 6§
tan______. —tan 6 Fcot 6 +tan 6 Fcot 8 +tan 6
CSC.__ _._. —csc 0 ~+sec Fcsc 6 —sec § +csc 0
Sec._._ ... sec @ Fcsc @ —sec 0 +csc +sec 8
(7o) —cot 8 Ftan 6 +cot 8 Ftan 0 +cot 8
4.3.45 Relations Between Circular (or Inverse Circular) Functions
sin r=gq cos z=a tan £=a cse =@ sec 1=a cot x=a
sin®.__.__ a (1—a?)? a(l+a)™? a! a W (a?— 1)t (14-a%}
COS X_____. (1—a?)? ¢ (14a)? a Y (a*—1)} a™! a(14a®)—?
tan r_____._ a(l1—a?} a"(1—a?)t a (a*—1)7* (a®—1)} a!
eSC X __.__ a™! 1—gh~t a'(1+e®)t |a a{a*—1)"} (1+ad)?
sec T ... (1—a®? a~t (14a*? a(a®—1)74 a a'(1+a*)}
cot & .. a'(1—a®dt | 1(1—a?®)"t a™ (a*—1)} (a®—1)% a

(05 xsg) IMlustration: If sin z=a, cot r=a"(1 —a??}

arcsec g=arccot (a?—1)}
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4.3.46 Circular Functions for Certain Angles

0 w12 /6 /4 /3
0° 15° 30° 45° 60°
sin [0 ‘—f (V3—1) | 1/2 N2/2 | 3/2
2 .
cos |1 | (VW3+1) |32 | ~2/2 |12
tan {0 | 2—+3 V313 |1 NE)
esc | © | V2(\3+1) |2 V2 2v3/3
sec |1 | 42(3—=1) | 243/3 |42 2
cot ® | 2443 V3 1 V3/3
5m/12 /2 Tx/12 27/3
75° 90° 105° 120°
sin 1/4—5 (V3+1) |1 ‘% (V3+1) | +3)2
cos 1/42 (v¥3—1) |0 :Z@ (V3—-1) | —1/2
tan | 24++3 ® | —~(2++3) -3
csc | V2(¥3—1) |1 |+2(+3-1) 2v3/3
sec | V2(y3+1) | @ | —2(¥3+1) | —2
cot | 2—+/3 0 | —(2—+3) —+/3/3
3r/4 57/6 ‘117/12 ™
135° 150° 165° 180°
sin V212 |12 \_{4'_2' (+3—=1) |0
oS —2/2 | —+/3/2 *_71@ W3+ [ —1
tan —1 —3/3 | —@2—=+3) |0
esc V2 2 23+ |
sec —2 —243/3 —2(+3-1 | —1
cot —1 —V3 —(2++3) ®

Euler’s Formula

4.3.47 ef=e"t=¢® (cos y+1 sin y)
De Moivre’s Theorem
4.3.48 (cos z-}+1 sin 2)*=cos vz+1 sin vz

(—w<{H2<~ unless v is an integer)
Relation to Hyperbolic Functions (see 4.5.7 to 4.5.12)

4.3.49 sin z=-—1 sinh ¢z

4.3.50 cos z=cosh iz

4.3.51 tan z= —¢ tanh ¢z

4.3.52 csc z=1 csch iz

4.3.53 sec z=sech ¢z

4.3.54 cot z=1 coth iz

Circular Functions in Terms of Real and Imaginary
Parts

4.3.55 sin z=sin z cosh y+< cos z sinh ¥

4.3.56 cos z=cos x cosh y—1 sin z sinh y

4.3.57 tan 2:52252295::;1:&22;/

4.3.58 cot z_sin 2z—1 sinh 2y

~ cosh 2y—cos 2z
Modulus and Phase (Argument) of Circular Functions
4.3.39 |sin z|==(sin? z-+sinh? y)}

=[3 (cosh 2y—cos 2x)}t

4.3.60 arg sin z=arctan (cot x tanh y)
4.3.61 [cos z|=(cos? z+sinh? y)}
=[} (cosh 2y+cos 2z)}t
4.3.62 arg cos z=-—arctan (tan z tanh y)
__{cosh 2y—cos 2:0)*
4.3.63 |tan z"(cosh 2y-+cos 2z
4.3.64 arg tan z=arctan (smﬂ
sin 22
Series Expansions
4.3.65
. 2 28 27
sin z—-——z—é—!-i-:,;!—ﬂ-{— cos (lz|< =)
4.3.66
2 4 [
cos z=1—%i+-i—!-—§—!+ ces (Jzl<=)



ELEMENTARY TRANSCENDENTAL FUNCTIONS 75

4.3.67
228 1727
tan 2‘“‘3“’ FERETER
1)r- 122722~ 1)B,, . _
HE e (1<)
4.3.68
Lz, 7 ., 31
ese 2=_+5+355 © g0 ° T -
—1)~19(22n~1— 1) By, ., _
+( ) ((2n)1 5. CA (Jz|<m)
4.3.69
5z¢ 612°
sec z= 1+ +24+720+
1 E,,
+ (2?,0,2 e (1<)
4.3.70
ot z 2 225
COVR=2"3"15 045
—1)igB,,
—-(——%W*—L 22" 1o PN (}2l<7r)
4.3.71
3 = (—1)%-1B. n
In 80235 (P2 e (I2)<m)
4.3.72
® (—1 n22n-l 22n__1 Bgn n
In cos o= 33 1 n@(n)! Bia o (o) <tm)
4.3.73
tanz_ & (=) 1222 —1) By, ,,
In z :%—‘i n(2n)! ¢

(l2<3m)

where B, and E, are the Bernoulli and Euler
numbers (see chapter 23).

Limiting Values

sin

4.3.74 lim =1
-0

4.3.75 lim 202y
=0 T

4.3.76 lim 7 sin Z=g
oo n

4.3.77 lim 7 tan —=x
no®

4,3.78 lim cos -=1
n—yo

4.3.79

4.3.80

4.3.81

4.3.82

4.3.83
4.3.84
4.3.85
4.3.86
4.3.87

4.3.88

4.3.89

4.3.90

4.3.91

4.3.92

4.3.93

4.3.94
4.3.95

tan gz=

tan z=

Inequalities
in 2
=t —5<2<3
sin z<z<tan z (O<x§1§r
cos xgﬂr;—”fg 0<z<n)
sin sinzz
|sinh ] < [sin 2| <cosh y
lsinh y| <|cos 2| <cosh y
lesc 2| <cschly|
|cos 2| <cosh|z]|
|sin z| <sinh|z|
jcos 2/< 2, Jsin 2| <3 2 (l21<D)

Infinite Products

sin z=z ,,I:;[x( o )

422
or 2=, (1@ 1)

Expansion in Partial Fractions

1
cot 2= —+22 21 pr
(270,47, 4+2m, .. .)
k=~w (Z—k‘n‘)z
(#0,£7,+27,...)
1, e (<
csc z=_+22 g gy o

(70,7, +2m, .. .)

(z #g:t n1r)

Continued Fractions

2z 2 2 2
1—3—5—7—""7

a tan z (1—a?) tan? z (4—a?) tan® 2

1+ 3+ 5+

(9—a?) tan? z

ki T T
T --.<-—§<.@z<§; az ;éﬁ:tmr)
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Polynomial Approximations 7

4.3.96 0< a-glzr-
S—]—I;——QE-—:I +a,xrttaxt+e(x)
le(x)| <2104
@ =—.16605 a=.00761
4.3.97 0957—2’
sIn &
7 = 1T e’ Faat+aat+asr® 40,00+ ¢(z)

le(x)|<2X107°

;= —.16666 66664
.00833 33315
ay=—.00019 84090

as=.00000 27526

Ay= A= — .00000 00239

4.3.98 0<z2 gg
cos r=14 a2’ a2+ e(x)
le(x)] <9X10-*
@, =— 49670 as=.03705
4.3.99 0<z 3’2-'

cos r=1+4a2? a2 +a2° a2’ + 0,020+ e ()
le(@)|<2X107°
a;=—.49999 99963

a,= .04166 66418
ag=—.00138 88397

az=.00002 47609
a,0=—.00000 02605

4.3.100 0<z gz
ta; x.=—-1+azac2+a4x4+e(ac)

le(z)|<1X10-3

a;=.31755 a,=.20330

7 The approximations 4.3.96 to 4.3.103 are from B. Carl-
son, M. Goldstein, Rational approximation of functions,
Los Alamos Scientific Laboratory L.LA-1943, Los Alamos,
N. Mex,, 1955 (with permission).

4.3.101 0<z<

L |

tan

— 14-@x2+ a2+ agz® +asz® +a,yz"°

+ 1,72 4-€(x)

le(@)| <2108

az=.02456 50893
@10==.00290 05250
a;2==.00951 68091

a,=.33333 14036
a,=.13339 23995
as=.05337 40603

4.3.102 0<z< f;:
* x cot t=1+a22+a.2t+e(x)
e (x)] <310~
ay=—.332867 ay=—.024369
4.3.103 0<z< fz’

z cot r=1+4a,x*+axt+aex®+asx®+a, 1+ e ()
le(x)|<4X 1071

as=—.00020 78504
a10=—.00002 62619

a,=—.33333 33410
a,=—.02222 20287
ag=—.00211 77168
Approximations in Terms of Chebyshev Polynomials *

4.3.104 —-1<zL1

T¥(x)=cosnb, cos#=2z—1 (see chapter 22)

sin drz=2 5 A, T*(z%) cos drz=3> A, T*(z?)
n=0 n=0

n 4, n A,

0 1.27627 8962 0 47200 1216
1 —.28526 1569 1 —.49940 3258
2 00911 8016 2 .02799 2080
3 —.00013 6587 3 —.00059 6695
4 .00000 1185 4 .00000 6704
5 —.00000 0007 5 —.00000 0047

8 The approximations 4.3.104 are from C. W. Clenshaw,
Polynomial approximations to elementary functions,
Math. Tables Aids Comp. 8, 143-147 (1954) (with per-
mission).

*See page II.
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Differentiation Formulas

4.3.105 ‘ —d— sin z=cos 2
dz
4.3.106 —~— €08 2=—sIn 2
dz
d 2
4.3.107 — tan z=sec? z
dz
4.3.108 —— €SC 2=—C8C 2 cot 2
dz
d
4.3.109 ——sec z=sec 2 tan z
dz
d
4.3.110 —— cot z=—csc? 2
dz
4.3.111 & sin z=sin (z+-ldmr>
dz" 2
dn
4.3.112 ~— COS 2=C0S —mr
dz
Integration Formulas
4.3.113 fsin 2dz=—c08 2
4.3.114 fcos zdz=sinz

4.3.115 ftan 2dz=—In cosz==In secz
4,3.116

1 —cos 2
fcsc zdz=In tan § =In (csc z—cot z)-— 1+cos p

4.3.117
fsec zdz=In(secz+tanz)=Intan (g+§>=gd‘1 (2)
=Inverse Gudermannian Function

gd 2=2 arctan e’——’z—r

4.3.118 fcot zdz=In sin 2=--1n csc 2
4.3.119
fz" sinzdz=—z"cos z+n fz"“ cos zdz

4.3.120
sin 2z —sin z cos 2
f7~d2 =1z 1+n_ fzn-ldz (n>1)
4.3.121 =-—z cot z-+In sin 2

4.3.122
J‘ zdz _ —zcosz 1
sin"z (n—1)sin*'z (n—1) (n—2)sin*2 2
n—2) ( zdz
+(n—1) sin"~% z (n>2)
4.3.123

fz" cos zdz=2z" sin z—nfz”“ sin zdz

4.3.124

fcos,,zd2=—-

2

4.3.125 JL%—
Cc08* 2

4.3.126

¢ 1 i
e e 1)

n—1

dz=z tan z-In cos z

zdz zsin z 1
cos®z (n—1)cos® 'z (n—1) (n—2) cos" %z
(n—2) z2dz
+(n——1) cos™ 2z (n>2)
4.3.127
J‘ . sin™*t1z cos™ !z
sin™ 2z cos* zdz=——---—"-——"
m—+n
+((::l;173) sin™ z cos""? zdz
sin™~! z cos™t! 2
m-+n
+EZ_*__3 sin™"% z cos™ 2 dz

(m#=—n)
4.3.128

dz . 1
sin™ z cos" z (n—1) sin™"! 2z cos™ ! 2

+m+n—2 dz
sin™ z cos"" % z

(n>1)
_ —1
" (m—1) sin™" !z cos™! 2
+m—|—n—2 dz
m—1 Jsin™ 2%z cos™ z
(m>1)
n—1
4.3.129 |tan"z dz=m7?_1 Z——ftan"‘2 zdz (n#1)
n—1
4.3.130 cot".zdz———--mt__1 £ |cot™2 zdz (n#1)
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4.3.131
a tan (2>+b (@>b)
( 2__

arctan

J‘ dz 2
a+bsinz (a?—b%)}

1 a tan (%>+b——(b2~a2)*-|

= In
(b*—a?)t a tan (g>+b+(bz_az)§_l
(b2>a?)
4.3.132 fl:}:sm Z T wan <4 2)
4.3.133
dz (@—>5) tan %
fa—i—b cos z=(a2~b2)*arcmn @@=ty (@>h)

I (b—a) tan %-}—(b?—az)*

= In
2 2\
(b*—a?) (b—a) tan %-—- (b2—a)t
(62>a?)
dz z
4.3.134 fm—t&n é
2
4.3.135 1--(}08 2 cot 3
4.3.136

fe‘" sin bz dz=£5—2 (@ sin bz2—b cos bz)

4.3.137
fe’” cos bz dz:&%—_?)—z (a cos bz+b sin b2)

4.3.138
az qinn—1
fe‘“ sin™ bz dz:% (@ sin bz—nb cos bz)
nn—0)b .. . ,._
+ m e sin""2 bz dz
4.3.139
az n—1
fe‘" cos™ bz dz____e__zcz_o—%b____?bzbz (@ cos bz-+nb sin bz)
—_ 2
+n_____(§;n+;2)bbz € cos" "t bz dz
Definite Integrals
4.3.140 f sin mt sin nf dt=0
0

(m#n, m and n integers)

f cos mt cos nt dt=0
0

4.3.141 f sin? nt dt==f7rcos2 nt dt==
0 0

(n an integer, n#=0)

4.3.142 f S“‘t’”t dt=1 (m>0)
]

=0 (m=0)

iy

=—3 (m<0)

4.3.143 f COS‘”;COS % gt~In (b/a)
Q

4.3.144 f sin 2 dt=f cos t2 dt:—.l\/i

0 0 2V 2

4.3.145

/2 s /2
f Insin ¢t di= [
0 JOo

“cosmt , ® _,
fo 11 dt—2e

In cos ¢ dt=——7§r In 2

4.3.146

(See chapters 5 and 7 for other integrals involv-
ing circular functions.)
(See [5.3] for Fourier transforms.)

4.3.147

Formulas for Solution of Plane Right Triangles

If A, B and C are the vertices (C the right
angle), and a, b and ¢ the sides opposite respectively,

. a 1

s A_E_csc 4
b 1

cos A—E_sec A
1

tan A= b cot A

versine A=vers A=1—cos A
coversine A=covers A=1—sin A
haversine A=hav A=} vers 4

exsecant A=exsec A=sec A—1
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4.3.148
Formulas for Solution of Plane Triangles

AN

A b [of

In a triangle with angles A, B and C and sides
opposite a, b and ¢ respectively,

a b c
sin A sinB sinC

_c2+b2_a2
cos A—Z—bc
a=> cos C+ccos B

a+b tan 3(A+B)
a—b tan }(A—B)

area=§%é=[s(s—a) (s=b)(s—0)t

s=3a+b+c¢)
4.3.149

Formulas for Solution of Spherical Triangles

]

If A, B and C are the three argles and a, b and
¢ the opposite sides,

sind sinB sin(C
sina sind sine

cos a==cos b cos ¢+sin b sin ¢ cos 4

__cos b cos (c+0)
o cos 0

where tan 8=tan b cos 4

cos A=—cos B cos C+sin B sin C cos a

4.4. Inverse Circular Functions

Definitions
4.4.1
arcsin z=fz _at (z=z+1y)
o (1—t2)}
4.4.2
arccos z=f1——ﬂ——=1—r—arcsin z
z (1_'t2)i 2
44.3
arctan z=fz —(—Zt—
o 1412

The path of integration must not cross the
real axis in the case of 4.4.1 and 4.4.2 and the
imaginary axis in the case of 4.4.3 except possibly
inside the unit circle. Each function is single-
valued and regular in the z-plane cut along the
real axis from — © to —1 and +1 to + « in the case
of 4.4.1 and 4.4.2 and along the imaginary axis
from 7 to 1 and —i to —i in the case of 4.4.3.

Inverse circular functions are also written
aresin z=sin™! z, arccos z=cos™! 2, arctan z
=tan~lgz ., ...

When —1<z<1, arcsin z and arccos z are
real and

4.44 —ir<arcsin z<1ir, 0<arccos 2 <w
220
4.4.5 arctan z4arccot z=+3ir E
Rz<0
4.4.6 arccse z=aresin 1/z
4.4.7 aresec z=arccos 1/z
4.4.8 arccot z=arctan 1/z
4.4.9 arcsec z-arcese z=3r
(see 4.3.45)
iy iy
+i
X X
T ————
=1 0 + o]
-i
arcsin z and arctan z
qarccosz
iy iy
+i
X X
.
-1 0 +i o
-i
arccse z and arccot z
arcsec z

Ficure 4.4. Branch cuts for inverse circular
Sunctions.
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Fundamental Property

The general solutions of the equations

sin {=2
cos t==2
tan =2

are respectively

4.4.10 ¢=Arcsin z=(—1)* arcsin z-+kr
4.4.11 t=Arccos 2= +arccos z-+2kr
4.4.12

t=Arctan z=arctan z+kx (£2#—1)
where £ is an arbitrary integer.

4.4.13 Interval containing principal value

Y x positive  x negative
OT Zero
arcsin z and arctanz 0O Sy <w/2 —=/2L5y<L0
arccos ¢ and arcsec z 0y <n/2 72y
arccot ¢ and arecsc z 0<y<w/2 —x/2<y<0
Yy
" arceos x 3.0
e ~ Las
-ToQresec x R rZ,O
'5\“‘)\ -~ /\\»_———:_: ffff had

TR mma

< 9| n ) L L
5

L
AREE S 20 -5 -1.0

B - k-5

- -
~ TS .
__ﬂf'ﬂ[‘.‘-—-——-\’ A~ _ergdotx Foo T aresin x
oreesex - farcsini ~ . L o C  arctanx
=~ ——— arcese x
L-20 e OTCSRE X
— — orecol x

Ficure 4.5. Inverse circular functions.

Functions of Negative Arguments

4.4.14 arcsin (—z)= —aresin z
4.4.15 arccos (—z)=r—arccos 2
4.4.16 arctan (—z)= —arctan 2
4.4.17 arcese (—2)= —arcesc z
4.4.18 arcsec (—z)=m—arcsec 2
4.4.19 arccot (—z)=—arccot z

Relation to Inverse Hype;lgoli(; Functions (see 4.6.14 to
.6.19

4.4.20 Arcsin z=—1 Arcsinh 7z
4.4.21 Arccos 2= +1 Arccosh z
4.4.22 Arctan 2= —¢ Arctanh 72 (2% —1)

4.4.23 Arcesc z=1 Arcesch iz
4.4.24 Arcsec z= 11 Arcsech z
4.4.25 Arccot z=1 Arccoth ¢z
Logarithmic Representations
4.4.26 Arcsin x=—1 Ln [(1—a?}+ix] (2?<1)
4.4.27 Arccos z=-—1i Ln[z+2(1—20)¥) (22<1)
—ix 1 4z
4.4.28 Arctan ac—— Ln 1Tz 2 Ln s
(x real)
2 1)id-q
4.4.29 Arccsc x=—1 Ln [@—;)ﬂ] (x2>1)
Y
4.4.30 Arcsec x=—1 Lin [u-—@%—l—)—] (x2>1)
4431 Arccot = * In (”H =L (”””“.)
x4

(z real)

Addition and Subtraction of Two Inverse Circular
Functions

4.4.32
Arcsin z,+ Arcsin 2,

=Aresin [z1(1—22) +2,(1—21)1]
4.4.33

Arccos 24 Arceos 2z,
=Arccos { 212, F[(1—23) (1—2)1}}

4.4.34
Arctan z,+ Arctan z,=Arctan il—i:f?—)
132125
4.4.35

Aresin 2,4 Arccos 2
=Arcsin{z12, £ [(1—2]) 1 —2D]}}

=Arecos [z;(1—2)tFz:(1—2DY]
4.4.36

Aretan z; 4+ Arccot 2,

+1
=Arctan (21—%——
2F 2

Inverse Circular Functions in Terms of Real and
Imaginary Parts
4.4.37

Arcsin z=kr+(—1)* arcsin 8
+(—1)¥4In [at+(a2—1)}

. 22T 2
==Arccot (2122:1:1

4.4.38
Arccos 2=2kwr=+ {arccos 8—1 In [a+(a?—1)}]}
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4.4.39
Arctan z=kr+2 arctan (A—>
T z I—p2— 2

vy [Pty

where k is an integer or zero and
a=3 @+ P =D+ )
B=3 [+ 1)+ y =3 [(x—-1)2+ 2

Series Expansions

4.4.40
. 22 1.325 1.3.5.7
arcsin z—z+2f3-|-2'4 -5+2-4-67+' o (2l

4.4.41

2 1-3:5... (2k—1) ,
= k1R

(l21<2)

arcsin (1— z)=72—r—(2z)’ I:l +k

4.4.42

28 25 27
arctan 2=z-—§+3——7+. .. (l2|<1and 22%—1)

1,1 1
=7§r";+@—§+' ..(lz[>1and 22 —1)
2z 2 2 2.4 22 \?
s )

(z2%—1)
Continued Fractions
2 2 42" 97 1627
1+ 34+ 5+ 74+ 94"
(z in the cut plane of Figure 4.4.)

4.4.43 arctan z=

4.4.44 arcsin z_ z 1-2221.2223.42%3.42?
Ji—z 1= 3= 5= 77— 9= '
(2 in the cut plane of Figure 4.4.)
Polynomial Approximations °
4.4.45 0<zL1

arcsin x=7§r—— (1—x)ay+a1z-+a,22+a,7°) +e(x)

le(x)] <5X10~8

ap= 1.57072 88 Ay=:
o =—.21211 44

07426 10
az=:—.01872 93

? The approximations 4.4.45 to 4.4.47 are from C. Hast-
ings, Jr., Approximations for digital computers. Princeton
Univ. Press, Princeton, N.J., 1955 (with permission).

4.4.46 0<z<L1

. ™
aresin x=5— (1—2x)¥(ap+a1 2+ a2 +a,;2°
hd

+aat a2’ +a2’ a2 +e(x)
le(z)] <2X 1078

a= 1.57079 63050 ay= .03089 18810
@, = —.21459 88016 as=—.01708 81256
a;= .08897 89874 ag= .00667 00901
a3;=—.05017 43046 a;=—.00126 24911

4.4.47 —1<z<1
arctan 2= a,x+ a32® -+ a2+ ;1" + a2’ + ()
le(x)| <1078

= .99986 60 a,=—.08513 30
a;=—.33029 95 a,= .02083 51
as= .18014 10

4.4.48% —1<2L1

z
arctan T=TTocm ~|_'28%2—{-6(:1:)

le()| <5X107°
4.4.49 " 0<e<1

arctan z

8
=1+kz‘, Aot e ()
=1

le(x)| <2X107°

@,=—.33333 14528
a,= .19993 55085
as=—.14208 89944
a= .10656 26393

a,,=-—.07528 96400
= .04290 96138
a1,=—.01616 57367
.00286 62257

A=

10 The approximation 4.4.48 is from C. Hastings, Jr,,
Note 143, Math. Tables Aids Comp. 6, 68 (1958) (with
permission).

1t The approximation 4.4.49 is from B. Carlson, M. Gold-
stein, Rational approximation of functions, Los Alamos
Scientific Laboratory LA-1943, Los Alamos, N. Mex,,
1955 (with permission).
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Approximations in Terms of Chebyshev Polynomials 2

4.4.50 —1<2<1

T*(x)=cosnd, cosf=2zx—1 (see chapter 22)

arctan x=x > A,TH(x?)
n=0

n A, n A,

0 . 88137 3587 6 . 00000 3821
1 —.10589 2925 7 —.00000 0570
2 .01113 5843 8 . 00000 0086
3 —.00138 1195 9 —.00000 0013
4 . 00018 5743 10 . 00000 0002
5 —.00002 6215

For z >1, use arctan r=%4r—arctan (1/x)
—3V2<2<342

arcsin x=2x >, A,T%(2x?)
n=0

4.4.51

0<z<3+2

) v
arccos x=3r—zx > A, T2z
=0

n A, n A,

0 1. 05123 1959 5 . 00000 5881
1 . 056494 6487 6 . 00000 0777
2 . 00408 0631 7 . 00000 0107
3 . 00040 7890 8 . 00000 0015
4 . 00004 6985 9 . 00000 0002

For 242<x<1, use arcsin z=arccos(1—x?)}, arc-
cos x=aresin (1—x)i.

Differentiation Formulas

o resin 2 (1— 223
4.4.52 7 aresin z=(1—2%
4.4.53 4 arccos z=—(1—z2)"%
dz
d 1
4.4.54 E arctan Z—W
d —1
4.4.55 CTZ- arccot Z-—m
d 1
4.4.56 (72: arcsec Z—-‘Z-(m

2 The approximations 4.4.50 to 4.4.51 are from C. W.
Clenshaw, Polynomial approximations to elementary
functions, Math. Tables Aids Comp. 8, 143-147 (1954)
(with permission).

1
z(g2—1)}

Integration Formulas

4.4.57 i arcese z=—
dz

4.4.58 farcsin z dz==2 arcsin z+(1—2z2%)}
4.4.59 farccos 2 dz==z arccos z— (1—2?)}

4.4.60 fa,rctan 2 dz==z arctan z—%In (1+22)

4.4.61
farccsc z dz=z arccsc z+In [z (22— 1))

0<arcesc z<1—2E

——g<arccsc 20
4.,4.62
J arcsec z dz=z arcsec 2FIn [z4(22—1)}]

0<arcsec z<1§r

g<arcsec a<lr

4.4.63
farccot z dz=z arccot z-+3 In (1+2?

4.4.64
fz arcsin z dz——(——-— arcsin z+§ (1—2z2)}
4.4.65
n A d zn+1 zn+l d
fz aresin z dz=, arcsin z— - +1 a—a) 2
(n=—1)

4.4.66
fz arccos z dz== <~——> arccos z—-— (1—2z%)t

4.4.67
d PLaR’ gntl
fz arccos z Z"—__-ﬁ arccos g-+4+-——~ +1 f(l 2)§
(n#—1)
4.4.68

fz arctan z dz==% (1422 arctan z——g-
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4.4.69
o d Z"+1 1 2n+1
fz arctan 2 z—m arctan 2—-m fl_—{‘—éa dz
(n#—1)
4.4.70
fz arccot 2 dz=% (1+2%) arccot z+§
4.4.71
» arccot z de=re arccot 24— [ d
fz arccot 2 z—m arceot 2+ =7 |75 2
(n#=—1)
4.5. Hyperbolic Functions
Definitions
. ei—e? .
4.5.1 sinh 2= 5 (z=2z+y)
4.5.2 cosh z=* +28—
4.5.3 tanh z=sinh z/cosa 2z
4.5.4 csch z=1/sinh 2
4.5.5 sech z=1/cosh 2
4.5.6 coth z=1/tanh 2
y
\\‘ ,.‘ /
\‘““"" 345—1 /
‘\\ i ‘\\‘ /”
\\\ 2-5: \ K
S sk W\, //
R e
_552 I—i{‘ J—SI.G “;;%ﬁ‘\l\-l‘.z I-.: .:L . 112 . 2{0 2.8 : 3‘5 4'.0 X
_fonhx __-__‘A_-——,,::'\/ A .
B A o x

sinhx 1
e
(8

Freure 4.6. Hyperbolic functions.

Relation to Circular Functions

(see 4.3.49 to 4.3.54)

Hyperbolic formulas can be derived from
trigonometric identities by replacing z by 4z

4.5.7 sinh 2=—1 sin 2

4.5.8 cosh z=cos iz
4.5.9 tanh z2=—1 tan sz
4.5.10 csch =1 csc 22
4.5.11 sech z=sec ¢z
4.5.12 coth z2=1 cot ¢z
Periodic Properties
4,5.13 sinh (24 2kni)=sinh 2
(k any integer)
4.5.14 cosh (2+42kwi)=cosh z
4.5.15 tanh (z4-kni)=tanh 2
Relations Between Hyperbolic Functions
4.5.16 cosh? z—sinh? 2=1
4.5.17 tanh? z+sech? z=1
4.5.18 coth? z—esch? z=1
4.5.19 cosh z-+sinh z=¢*
4.5.20 cosh z—sinh z=e™*
Negative Angle Formulas
4.5.21 sinh (—z)=—sinh ¢
4.5,22 cosh (—z)=rcosh 2
4,5.23 tanh (—z)=—tanh 2
Addition Formulas
4.5.24 sinh (2;+2,)=sinh 2, cosh 2,
| +cosh z sinh 2z,
4.5.25 cosh (z,+2,)=cosh 2, cosh 2,
+sinh 2, sinh 2,
4.5.26 tanh (z;+2,)=(tanh z;+tanh 2z;)/
(1+tanh 2, tanh z,)
4.5.27 coth (2;-+2,)=(coth 2, coth z+1)/
(coth z;+coth 2)
Half-Angle Formulas
4.5.28

. . 2 [coshz—1\%
sinh E——(——2—-—>
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4.5.29
cosh 2 =(cosh z+1>i
2 2
4.5.30
z fcosh z—1\} coshz—1 sinh 2
tanh —= = =
2 \cosh z-+1 sinh z cosh z-}+1
Multiple-Angle Formulas
4.5.31 sinh 22=2sinh z cosh z=~2—@11—§—
1—tanh? 2z
4.5.32 cosh 22=2 cosh? 2—1=2 sinh? z}1
=cosh? z+sinh? 2
v 2 tanh 2
4.5-33 tanh 2z —-m
4.5.34 sinh 32=3 sinh 244 sinh? 2
4.5.35 cosh 32=—3 cosh z+4 cosh? z
4.5.36 sinh 42=4 sinh?® z cosh z+4 cosh® z sinh 2
4.5.37 cosh 4z=cosh* 246 sinh? z cosh? z+sinh* z

Products of Hyperbolic Sines and Cosines

4,5.38 2 sinh 2z, sinh z;=cosh (2,4 2,)

—cosh (2,—2,)
4,5.39 2 cosh 2z, cosh z,=cosh (2,4 2,)

+cosh (z,—2,)
4.5.40 2 sinh 2z, cosh z;=sinh (z;,+2,)

~+sinh (zl——zz)

Addition and Subtraction of Two Hyperbolic Functions

4.5.41
sinh z;+sinh 2,=2 sinh (Z—%—ﬁ-) cosh (Z‘——z——zz)

4.5.42

sinh z,—sinh 2,=2 cosh (5%2—2) sinh (é;_%)

4.5.43

cosh z,+4cosh z,=2 cosh (il_'*z'ﬁ) cosh (21;22>

4.5.44
cosh z;—cosh z,=2 sinh (21_223> sinh (z; 22>

4.5.45
tanh z,+tanh %7 Cosh z; cosh 2,
4.5.46 .
coth z,+coth 52:11&1

sinh 2, sinh 2z,

Relations Between Squares of Hyperbolic Sines and
Cosines

4.5.47
sinh? z;—sinh? z,=sinh (2,4 2;) sinh (z,—2z,)
=cosh? z;—cosh? z,
4.5.48
sinh? z,+cosh? z;=cosh (2,4 2;) cosh (2,—2;)
=cosh? z,+sinh? z,

Hyperbolic Functions in Terms of Real and Imaginary
Parts

(z=z+1y)
4.5.49 sinh z=sinh z cos y+4¢ cosh zsiny
4.5.50 cosh z=cosh z cos y+1 sinh z sin y

__sinh 2044 sin 2y
cosh 2z+4-cos 2y

4.5.51 tanh 2z

sinh 2z—1 sin 2y
cosh Zz—cos 2y

4,5.52 coth z=

De Moivre’s Theorem
4.5.33 (cosh z+4-sinh 2z)"=cosh nz+sinh nz

Modulus and Phase (Argument) of Hyperbolic
Functions

4.5.54 |sinh z|=(sinh? z+-sin? y)}
=[%(cosh 2z—cos 2y)]t
4.5.55 arg sinh z=arctan (coth z tan y)
4.5.56 |cosh z|= (sinh? z--cos? y)?
=[4(cosh 2x+cos 2y) ]t
4.5.57 arg cosh z=arctan (tanh z tan y)
__(cosh 2z—cos 2y\}
4.5.58 |tanh zl'—(,cosh 2z-+cos 2y
. sin 2y
4.5.59 arg tanh z=arctan (sinh 23)
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4.5.60 Relations Between Hyperbolic (or Inverse Hyperbolic) Functions
sinh z=a cosh r=a tanh c=a csch z=a sech x=a coth r=a
sinhz__.__%| a (a*—1)} a(l—a?)} a! a"'(1—ght (a®—1)"}
coshaz_____ (1+a®)? a (1—a®™} a(1+ad)t a’! a{a®—1)"
tanh z_____ a(14a*} a Y (¢*—1)} a (14a?~4 (1—a?)?t a!
cescha.___. a? (a*—1)"% e~ (1—a?} a a(l—a?)™? (a*—1)%
sechz__._. (14a¥)—} a™! (1—a?? a(l+a?)? a a Y a*—1)}
cothe. . .. a a4 1)} a(a®-1)"t a™! (14a%? (1—a? 4 a
Tllustration: If sinh z=a, coth z=a"'(a’*+1)}
arcsech a=arccoth (1—a?
4.5.61 Special Values of the Hyparbolic Functions | 4.5.66
— __,2_ 2 4___6_1 6 E2n
, o " ml 3r : . sech z=1 2+24z 530 + . +(2n)‘z”+ e
2 2 T
(1ei<3)
sinh z_______ 0 ) 0 —1 © 4.5.67
1 2 22 2 2By, .-
cosh z_______ 1 0 —1 |0 ® coth z= +3 45+9_'4'5z -t (2n)2' 2
tanh z______ 0 w; |0 — @3 1 (|z|<1r)
where B, and F, are the nth Bernoulli and Euler
eschz.____.. © | —1 © 1 0 numbers, see chapter 23.
sech z_._____ 1 © —1 © 0 Infinite Produets
coth 2......- R I B 1 4.5.68 sinh 2=2 11 (1+ )
ke
Series Expansions 4.5.69 cosh 2= ﬁ [1+__422_]
B b 7 - k=1 (2k—1)*x?
4.5.62 sinh z=ztgteyteyt .. (lz|< ») Continued Fraction
2 4 6 Lz 22 2t oz
4.5.63  cosh z=1+%+%+%+ o (2l< ) | 4870 tanb =TT a ..
T . N
3 (z = zinm)
4.5.64 tanh z=z—z—+3 s L7 27 2
315 315 , —
. tn s 1)B Differentiation Formulas
2 i "— 2n 2,,_ .
Foot @)t e 4.5.71 L sinh z=cosh z
. dz
(Isi< 5) '
4.5.65 4.5.72 7 cosh z=sinh 2
1 z, 7
csch 2= + 24 .
360° 15120 4.5.73 (% tanh z=sech? z
_ 22" '—1)B,, Janel
emt - 4.5.74 — csch z=—csch z coth 2
(IZI<w) - dz

*See page II,
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L3 sech z=-—sech 2z tanh z

4.5.75 7

d 2
4,5.76 — coth 2=—csch? z

dz

Integration Formulas

4.5.77 fsinh z2dz=cosh z
4.5.78 fcosh zdz=sinh 2
4.5.79 ftanh 2dz=In cosh z
4.5.80 fcsch zdz=In tanh %
4.5.81 fsech zdz=arctan (sinh 2)
4.5.82 fcoth zdz=In sinh 2
4.5.83

fz” sinh zdz=2z" cosh z—nIz”“ cosh zdz

4.5.84
fz" cosh zdz=2" sinh z——nfz"“ sinh zdz

4.5.85
fsinh"' z cosh” zdz=

sinh™*! z cosh®! z

1
m-+n

n—1 i e
+mfsmh z cosh™ 2 z2dz

1
T m-+n

m—1

T mtn

sinh™-! z cosh®*! 2

sinh™~2 z cosh™ 2 dz

(m+n#0)

-1 1
4.5.86 fsinh”‘ z cosh® 2~ m—1 sinh™ ! z cosh”"! 2
_m+n—2 f dz

m—1 sinh™~2 z cosh” 2

(m#1)

1 1
" n—1 sinh™ ! z cosh™ ! 2

+m+n—2f . dz

n—1 sinh™ z cosh®~2 2

(n1)

4.5.87
ft&nh" z dz—--—t—anhh

+ftanh"‘2 zdz
(n#1)
4.5.88

fcoth" 2 dz—-—(-:Othn_

+fcoth” 2zdz
(n#1)

(See chapters 5 and 7 for other integrals in-
volving hyperbolic functions.)

4.6. Inverse Hyperbolic Functions

Definitions
4.6.1 arcsinh z=J; (Hd_—ttz)’ (z=z+1y)
o dt
4.6.2 arccosh z——fl &=
4.6.3 arctanh z—f i—p

The paths of integration must not cross the fol-
lowing cuts.

4.6.1 imaginary axis from —ie to —i and ¢
to oo

4.6.2 real axis from — » to +1

4.6.3 real axis from — o to —1 and +1 to
+ e

Inverse hyperbolic functions are also written
sinh™! 2, arsinh 2z, &/r sinh 2z, etc.

4.6.4 arcesch z==arcsinh 1/z
4.6.5 arcsech z==arccosh 1/z
4.6.6 arccoth z==arctanh 1/z
iy iy iy
+
X == +1 X X
0 0 -1 10 +l
=1
arcsinh z arccosh z arctanh z
iy Yy iy
H X —e +l + = =l | + X
0 - 0 X 0
arcesch z arcsech z arccothz

Ficure 4.7. Branch cuts for inverse hyperbolic
JSunctions.



4.6.7
(see 4.5.60)

arctanh z=arccoth 24 3¢
(according as fz=0)
Fundamental Property

The general solutions of the ecuations

z=sinh ¢
z=cosh t
z=tanh ¢

are respectively
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x+1
4.6.25 arccoth x—— In P (22>1)
y
4.5 I
of
354
30-\ !
254 \ ‘H *
201 \\ i
15 /' \ =
1.0+ >’ ;‘:\/
50 40 30 20 -0 56 ; D =
-_.—.._'.._..._;_,ém\cs(vn x o 20 3.0 20 50 °*

4.6.8
4.6.9

t=Arcsinh z=(—1)* arcsinh z-+kxi
t=Arccosh z= tarccosh 2+ 2kn:

4.6.10 t=Arctanh z=arctanh z+knt
(k, integer)

Functions of Negative Arguments

4.6.11 arcsinh (—z)=—arcsinh 2z
*4.6.12 arccosh (—z)=wi—uarccosh z
4.6.13 arctanh (—z)= —arctanh z

Relation to Inverse Circular Functions (see 4.4.20 to
4.4.25)

Hyperbolic identities can be derived from trig-
onometric identities by replacing z by iz.

4.6.14 Aresinh 2= —7 Arcsin 12
4.6.15 Arccosh z=+17 Arccos 2
4.6.16 Arctanh 2= —1 Arctan iz
4.6.17 Arcesch z=1 Arcesce 12
4.6.18 Arcsech z= 417 Arcsec 2
4.6.19 Arccoth z=17 Arccot 1z
Logarithmic Representations
4.6.20 arcsinh z=In [z+ (2?-+1)}
4.6.21 arccosh z=In {24 (x2--1)}] (>1)
4.6.22 arctabh =13 In i—{—z (0<L221)
4.6.23 arcesch x=In l: +<—-|-1) ] (z0)
1,/1 } .
4.6.24 arcsech z=In E+ 5;--1) (0<z<L1)

e
orccoth x NN, 7
> r—"ﬂ ——— Qrcsinh x
\ \ ----- arccoshx

L Rtk
/ v \ — . orctanh x
i 20 ——- orceschx

arcsinh x

\t-m —- — orccoth x

|

-3%

'
arctanh x

{ \bas arcsechx .
[
| L .40

]

|

|-as

Ficure 4.8. Inverse hyperbolic functions.

Addition and Subtraction of Two Inverse Hyperbolic
Functions

4.6.26
Arcsinh 2,4 Arcsinh z,

=Arcsinh [z;(1422) £ 2,(1+-23)1]

4.6.27
Arccosh z,4+Arccosh z,
=Arccosh {z,z,+[(z1—1) (23— 1)]}}

4.6.28

Arctanh z,4- Arctanh z,=Arctanh < 21 %2, )
1+=2 2129

4.6.29
Arcsinh z, 4+ Arccosh 2z,
=Aresinh{z,2,+[(1 422 (2i—1)]}}

=Arccosh {z;,(1+2D) £ 2, (2f—1)})
4.6.30

Arctanh z,4:- Arceoth z,=Arctanh ( 120k l)
2:t 21

- 2i21>
Arccoth( 2ok

*See page Il
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Series Expansions

4.6.31
arcsinh z= 2=573 z3+ 5
1.3.5
———————2_4_6.72—{"..
(J2|<1)
1.3
"1“22"‘"2 22 2.4.42
1-3-5
T i 662
([2[>1)
4.6.32
1 1-3
arccosh z=In 22-—2 TRy
—_1-8-5 _
2.4-6-62°
(121>1)
Py
4.6.33 arctanh z=o4 T+E4+T+ . (2l<D)
4.6.34 arccoth z=- +323+525+72,+
(J2|>1)

Continued Fractions

2 2 422 022

4.6.35 arctanh =1 sl

(z in the cut plane of Figure 4.7.)

4.6.36
arcsinh z_z 1. 2221.2223.4223 .42
JiFz2 1+ 34+ 54+ 7+ 9+
. Differentiation Formulas
4.6.37 Jd— arcsinh z=(1+42%"?
2
4,6.38 4 arccosh z=(z2~1)"%
e dz
4.6.39 d arctanh z=(1—22)"!
4.6. P
4.6.40 4 arcesch 2=¥-—1———
dz z2(1+422)}
(according as Zz=0)
d 1
4.6.41 T arcsech z=F A=

*See page 11,

4.6.42

4.6.43

4.6.44

4.6.45

4.6.46

4.6.47

4.6.48

4.6.49

4.6.50

f z" arcsinh 2dz=

4.6.51

4.6.52

fz" arccosh zdz==

Zi% arccoth z=(1—22)"!
Integration Formulas
farcsinh zdz=z arcsinh z—(14-22)}
fa,rccosh zdz==z arccosh z— (22—1)}
f arctanhzdz=z arctanh z+31n (1—22)
farccsch 2dz=z arccsch z+-arcsinhz  *
(according as Hz=0)
farcsech z dz=2 arcsech z 4 arcsin z *

farcéoth z dz=z arccoth z+3% In (22—1)

D2
fz arcsinh z dz="2 4+1 arcsinh 2—2 (z241)
2n+l h Zn+l
P arcsinhz— n+1 (1_*_22)*
(n#—1)
2.
fz arccosh z dz==224 1 arccosh z——Z(z?— 1)}
il h Zﬂ+l
7y arecoshz— n+l =1 dz
(n#—1)

4.6.53

4.6.54

22_
f z arctanh z dz=

L arctanh z+—;—

n h 1 2n+1 d
fz arctanh z dz- _Tﬁ arctanh z— h—:{—_lff———zi 2

4.6.55

(n#=—1)

fz arcesch z dg==— arccsh z:i: (14-2%)} *

4.6.56

2

(according as #2z=0)

n 2 *
fz arcesch z dz-~n+1 arccsch 2in+1f(zz+1)§

(n#—1)
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2
4.6.57 f 2 arcsech 2 dz=§2— arcsech z?% (1—2%}

(according as #z=0)
4.6.58
f" hzd —z—uﬂar hz:l-—l—-f—zz—dz
2" arcsech zdz= 1 arcsech z3: =

(n#=—1)

4.6.59
22—1
2

fz arccoth z dz= arccoth z+g

4.6.60
2u+1

. _zmh —1— n41
fz arccoth z dz—n_H arccoth Z+n+1f 7] dz

(h3t—1)

Numerical Methods

4.7. Use and Extension of the Tables

NotEe: In the examples given it is assumed that
the arguments are exact.

Example 1. Computation of Common Logarithms.

To compute common logarithms, the number
must be expressed in the form .10?, (1 <z<10,
— o <g< =), The common logarithm of z-.10°
consists of an integral part which is called the
characteristic and a decimal part which is called
the mantissa. Table 4.1 gives the common
logarithm of z.

z z.10¢ logyo - 107

.009836 9.836-10~° 3.99281 35=(—2.00718 15)
.09836 9.836.10"* 2.99281 85=(—1.00718 15)

9836  9.836.107! 1.99281 35=(—0.00718 15)
9.836  9.836-10° 0.99281 35
98.36 9.836.10°  1.99281 35
983.6 9.836-10*  2.99281 35

Interpolation in Table 4.1 between 983 and 984
gives .09281 85 as the mantissa of 9836.

Note that 3.99281 85=—3+-.99281 85. When
g is negative the common logarithm can be
expressed in the alternative forms

loguo (.009836) =3.99281 85=7.99281 85-10
=—2.00718 15.

The last form is convenient for conversion from
common logarithms to natural logarithms.

The inverse of logyz is called the antilogarithm
of z, and is written antilog z or log~! z. The
logarithm of the reciprocal of a number is called
the cologarithm, written colog.

*See page II

Example 2.

Compute z~%* for z=9.19826 to 10D using the
Table of Common Logarithms.

From Table 4.1, four-point Lagrangian interpola-
tion gives log, (9.19826)=.96370 56812. Then,

—g log,o (z) = —.72277 92609=9.27722 07391 — 10.

Linear inverse interpolation in Table 4.1 yields
antilog (1.27722)=.18933. For 10 place adcuracy
subtabulation with 4-point Lagrangian inter-
polants produces the table

N logio N A a?
.18933 27721 94350
229379
18934 27724 23729 2 29366 —-13
.18935 .27726 53095

By linear inverse interpolation

z~%4=.18933 05685.
Example 3.

Convert logy, z to In z for z=.009836.

Using 4.1.23 and Table 4.1, In (.009836)=
In 10 log,, (.009836)=2.30258 5093 (—2.00718 15)
=—4,62170 62,

Example 4.

Compute In z for z=.00278 to 6D.

Using 4.1.7, 4.1.11 and Table 4.2, In (.00278)=
In (278-107?)=In (.278)—2 In 10=—5.885304.

Linear interpolation between z=.002 and
£=.003 would give In(.00278)=—5.898. To
obtain 5 decimal place accuracy with linear
interpolaticn it is necessary that z>>.175.

Example 5.

Compute In z for z=1131.718 to 8D.
Using 4.1.7, 4.1.11 and Table 4.2

1131.718
In ll31.718=—lnl(-il—:-n—-— 1131)

1131718 .
:=]n T +In1.131 +In 10

:=1n (1.00063 4836)+In 1.13143 In 10.
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Then from 4.1.24

In 1131.718=(.00063 4836)—3(.00063 4836)

+In 1.131+3 In 10=.00063 4836—.00000 0202
+.12310 2197-+6.90775 5279=7.03149 211.

Example 6.

Compute In z working with 16D for
2=1.38967 12458 179231.
Since I—§8—9=1.00048 32583 282384=1-q, using
4.1.24 and Table 4.2 we compute successively

a= .00048 32583 282384

a2
—5=— 1167 693059
@ 76199
3= - 3761
a4
—5= 136
In (14+a)= .00048 31415 965388
In 1.389 = .32858 40637 722067
In 2= 32906 72053 687455.

Example 7.

Compute the principal value of In (£2+37).
From 4.1.2, 4.1.3 and Tables 4.2 and 4.14.

In (2+3i)=% In (2843?43 arctan g-

=1,282475-+1(.982794)
L 1 . 3
In (—2+4-34%) =3 In 1344 (-r\—arctan §>

=1.282475+1(2.158799)

In (——2—3'£)=% In 1341 (—1r+a.rcta.n g)

=1.282475—1(2.158799)

In (2——3i)=% In 1344 (—arctan g)
=1.282475—1(.982794).

Example 8.

Compute (.227)% to 7D.
Using 4.2.7 and Tables 4.2 and 4.4,

(.227)-89 =69 In (227) _ ,.60(~1.48280 5262)

=g~ 10B1 91— 35046 60).

Example 9.

Compute ¢* %73 ® tg 7S,
Using 4.2.18 and Table 4.4,

e4.99728 69:_:64.98.09728 69.

Linear interpolation gives ¢ %% %=110217 67
with an error of 11077,

9728 99— (134.28978)(1.10217 67)=148.0111.

Example 10.

Compute ¢° to 18D for
 2=.86725 13489 24685 12693.

Let a=z—.867. Using 4.2.1, compute succes-
sively
1.00000 00000 00000 00000
a= .00025 13489 24685 12693
aZ
o - 315 88140 97019
a3
3= - 2646 54842
a4
e 16630
e=1.00025 13805 15472 81184
e®=237976 08513 29496 863 from Table 4.4

e ¥=¢7=2.38035 90768 39006 089.
Example 11.
Compute e*® to 7S.

z . z
Let =75 and d=the decimal part of 1o
Then

eXp T=exp (ﬁ In 10>=exp [(n+d) In 10]

=exp (In 10™) exp (d In 10)
=10" exp (d In 10)
From Table 4.4
e =exp (16—4§ In 10>==exp (281.42282 42 In 10)
n 10
=10%" exp (.42282 42 In 10)=10%" exp .97358 87
—1021(2.647428) = (281)2.647428.

Example 12.

Compute ¢~* for z=.75 using the expansion in
Chebyshev polynomials.
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Following the procedure in [4.3] we have from
4.2.48

7
e"=k2_:,;AxT§(Z)

where T}(z) are the Chebyshev polynomials
defined in chapter 22. Assuming by=by=0 we
generate by, k=7,6,5,...0 from the recurrence
relation

by=(42—2)bpr1—brs1+ A
k b
7 —.00000 0015
6 .00000 0400
5 —.00000 9560
4 .00018 9959
3 —.00300 9164
2 .03550 4993
1 —.27432 7449
0 33520 2828

since f(zx)=>by— (2x—1)b,,

e~ "°=.33520 2828—(.5)(--.27432 7449)
=.47236 6553.

Example 13.
Express 38°42’32" in radians to 6D.

1°=.01745 32925 19943 29577 r
1/=.00029 08882 08665 72159 62 r
1’/=.00000 48481 36811 19535 9936 r

Therefore
38°=.66322 51 r
42'=01221 73 r
32""=.00015 51 r

38°42'32’' = 675598 r.

Example 14.

Express #=1.6789 radians in degrees, minutes
and seconds to the nearest tenth of a second.

From Table 1.1 giving the mathematical con-
stants we have

_180°

Ir - =57.29577 95130° . ..

1.6789 r=96.19388°
.19388°X 60=11.633"
.633'X60=38.0""
1.6789 r=96°11'38.0"".

*See page II

Example 15.

Compute sin ¢ and cos z for z=2.317 to 7D.
From 4.3.44 and Table 4.6

sin (2.317)=sin (r—2.317)=sin (.82450 2654)
—.73427 12
cos (2.317)=cos (r—2.317) = —cos (.82459 2654)
—— 67885 60.

Linear interpolation for z=.82459 2654 gives an
error of 9X1078,

Example 16.

Compute sin z for z=12.867 to 8D.
From 4.3.16 and Tables 4.6 and 4.8
sin (12.867) =sin 12 cos .867 4 cos 12 sin .867
=.20612 142,

The method of reduction to an angle in the first
quadrant which was given in Example 15 may
also be used.

Example 17.

Compute sin z to 19D for
r=.86725 13489 24685 12693.

Let o«=.867, From 4.3.16 and
Table 4.6

sin (a+8)=sin a cos 8+cos «a sin 8
sin a=.76239 10208 07866 22598
cos a=.64711 66288 94312 75010

B=z—a.

With the series expansions for sin 8 and cos 8 we
compute successively

1.00000 00000 00000 00000

—-g;=—- 315 88140 97019
B ‘
cos 8= .99999 99684 11859 19611

= .00025 13489 24685 12693
-—3—!=— 2646 54842

F_

5 1
sin 8= .00025 13489 22038 57852

sin « cos B=:.76239 09967 25351 31308
cos « sin B8==.00016 26520 67105 82436

sin £=.76255 36487 92457 1374
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This procedure is equivalent to interpolation with
Taylor’s formula 3.6.4.

Example 18.

In the plane triangle ABC, @¢=123, B=29°16’,
¢=321; find A4, b.

b*=a?+c?—2ac cos B=(123)2+(321)?
—2(123)(321) cos 29°16’

b=221.99934 00

asin B_ (123)(.48887 50196)
b 221.00034 00 -2/ 086 39918

A=15°42"56.469"".

sin 4

Example 19.

In the plane triangle ABC, a=4, b=7, ¢=9,
find A, B, and C.

c2+b2—a? 81-4+49—16
2be 2.:7-9 126

A= 43997 5954=25°12"31.6"’
sin A=.42591 7709

7(.42591 7709)
——'4 Y

114_ 90476 1905

cos A

B=.84106 8670
=48°11'22.9"/

sin B=

9(.42591 7709),

1 C=1.86054 803

=106°36"5.6""

sin C=

where the supplementary argle must be chosen for
C. As a check we get A+ B+ C=180°00".1"".

Example 20.

Compute cot z for =.4589 to 6D.

Since < .5, using Table 4.9 with interpolation
1

cot (.4589)=2.179124—

in (z'—cot z), we find

.155159. Therefore
.155159=2.023965.

Example 21.

Compute arcsin z for z=.99511.
. For 2>>.95, using Table 4.14 with interpolation
in the auxiliary function f(z) we find

aresin x=7§r— [20—o)f(x)

arcsin (.99511)=’-25—[2(.00489)]*]'(.99511)

=1.57079 6327 —(.09889 388252)

(1.00040 7951)
=1.47186 2100.

Example 22.

Compute arctan 20 and arccot 20 to 9D.
Using 4.4.5, 4.4.8, and Table 4.14 *

arctan 20=g-—arctan 1/20=1.52083 7931

arccot 20=’§’—arctan 20=arctan .05=.04995 8396.

Example 23.

Express z=3-+91 in polar form.

z=2z4iy=re", where r=(a2-+y)},

6=arctan %+2rk, k is an integer. For k=0,
r=(3249?)}= 400=9.486833

6=arctan 9/3=arctan 3=-1.24904 58.
Thus 349:=9.486833 exp (1.24904 581).

Example 24.

Compute arctan z for. z=1/3 to 12D.
From 4.4.34 and 4.4.42 we have

arctan z=arctan (zo-+h)

h
=arctan xo-}arctan ———————

1+zoh+ 23

h 1 h 3
=srotenanH( )~ rraia) o
We have

x=-:1):=.33333 33333 33 so that A=.00033 33333 33
and, from Table 4.14, arctan :co=arctz;bn .333
=.32145 05244 03 m=
.00030 00300 03 we get

Since

arctan x=.32145 05244 03-4.00030 00300 03
—.00000 00000 09
=.32175 05543 97.

If z is given in the form b/a it is convenient to
use 4.4.34 in the form

b—az,

a+bzx,

b
arctan (—i=arctun xo-arctan

In the present example we get

1 1
arctan 3= arctan .333+4-arctan 3333

*See page I1.
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Example 25.

Compute arcsec 2.8 to 5D.
Using 4.3.45 and Table 4.14

. (22--1)}
arcsec z=arcsin ~——=

7

2__ 114
arcsec 2.8=arcsin u2—§2)—8—1]

=arcsin .93404 97735
=1.20559

or using 4.3.45 and Table 4.14

arcsec z=arctan (22—1)}
arcsec 2.8=arctan 2.61533 9366

=’.25— arctan .38235 95564,

from 4.4.3 and 4.4.8
=1.570796—.365207

=1.20559.

Example 26.

Compute arctanh z for =.95035 to 6D.
From 4.6.22 and Table 4.2

1.96035

1+.96035_, |
103965

1—.96035 2
=11n 49.44136 191
=1(3.90078 7359) =1.950394.

arctanh .96035=% In

‘Example 27.

Compute arccosh z for z==1.5368 to 6D.
Using Table 4.17

arccosh x arccosh 1.5368
@—1F  [(1.5368)—1]t

arccosh 1.5368=(.852346)(1.361754)*
=(.852346)(1.166942)
=.994638.

=.852346

Example 28.

Compute arccosh z for £==31.2 to 5D.
Using Tables 4.2 and 4.17 with 1/z=1/31.2
=.03205 128205

arccosh 31.2—1n 31.2—=.692886
arccosh 31.2=.692886 1 3.440418=4.13330.

References

Texts

[4.1] B. Carlson, M. Goldstein, Rational approximation
of functions, Los Alamos Scientific Laboratory
LA-1943 (Los Alamos, N. Mex., 1955).

[4.2] C. W. Clenshaw, Polynomial approximations fo
elementary functions, Math. Tables Aids Comp.
8, 143-147 (1954).

[4.31 C. W. Clenshaw, A note cn the summation of
Chebyshev series, Math. Tables Aids Comp. 9,
118-120 (1955).

[4.4] G. H. Hardy, A course of pure mathematics, 9th ed.
(Cambridge Univ. Press, Cambridge, England,
and The Macmillan Co., New York, N.Y., 1947).

[4.5] C. Hastings, Jr., Approximations for digital com-
{)gstg;'s (Princeton Univ. Fress, Princeton, N.J.,

[4.6] C. Hastings, Jr., Note 143, Math. Tables Aids
Comp. 6, 68 (1953).

[4.71 E. W. Hobson, A treatise on plane trigonometry,
4th ed. (Cambridge Univ. Press, éambridge,
England, 1918).

[4.8] H. 8. Wall, Analytic theory of continued fractions
glg).s)Van Nostrand Co., Inc.,, New York, N.Y,,

48).

Tables

[4.9] E. P. Adams, Smithsonian rnathematical formulae
and tables of elliptic functions, 3d reprint (The
Smithsonian Institution, Washington, D.C.,

1957).
[4.10] H. Andoyer, Nouvelles tables trigonométriques
fondamentales (Hermann et fils, Paris, France,

1016).

[4.11] British Association for the Advancement of Science,
Mathematical Tables, vol. I. Circular and hyper-
bolic functions, exponential, sine and cosine
integrals, factorial function and allied functions,
Hermitian probability functions, 3d ed. (Cam-
bridge Univ. Press, Cambridge, England, 1951).

[4.12] Chemical Rubber Company, Standard mathematical
tables, 12th ed. (Chemical Rubber Publ. Co.,
Cleveland, Ohio, 1959).

' [4.13] L. J. Comrie, Chambers’ six-figure mathematical

tables, vol. 2 (W. R. Chambers, Ltd., London,
England, 1949).

[4.14] H. B. Dwight, Tables of integrals and other mathe-
matical data, 3d rev. ed. (The Macmillan Co.,
New York, N.Y., 1957).

[4.15] W. Grobner and N. Hofreiter, Integraltafel,
unbestimmte und bestimmte Integrale (Springer-
Verlag, Wien und Innsbruck, Austria, 1949-1950).

[4.16] Harvard Computation Laboratory, Tables of the
function aresin z (Harvard Univ., Press, Cam-
bridge, Mass.,, 1956). z=z-+iy, 0<Sr<475,
0 <y <475, 6D, varying intervals.

[4.17] Harvard Computation Laboratory, Tables of inverse
hyperbolic functions (Harvard Univ. Press,
Cambridge, Mass., 1949). arctanh z, 0<z2<1;
arcsinh z, 0<z<3.5; arccosh z, 1<Lz<3.5;
arcsinh z, arccosh z, 3.5 <x <22980, 9D, varying
intervals.

[4.18] National Bureau of Standards, Tables of 10%, Applied
Math. Series 27 (U.S. Government Printing
Office, Washington, D.C., 1953). z=0(.00001)1,
10 D. Radix table of 1071077 n=1(1)999,
p=3(3)15, 15D.



04 ELEMENTARY TRANSCENDENTAL FUNCTIONS

[4.19] National Bureau of Standards, Table of natural
logarithms for arguments between zero and five
to sixteen decimal places, 2d ed., Applied Math.
Series 31 (U.S. Government Printing office,
Washington, D.C., 1953). z=0(.0001)5, 16 D.

{4.20] National Bureau of Standards, Tables of the ex-
ponential function ez, 3d ed., Applied Math. Series
14 (U.S. Government Printing Office, Washing-
ton, D.C. 1951). z=—2.4999(.0001) .9999,
18D, z==1(.0001) 2.4999, 15D, 2=2.5(.001)4.999,
15D, 2=5(.01)9.99, 12D, z=—.000099(.000001)
.000099, 18D, z=-—100(1)100, 198, x=-—9X
10-7(10-™9X 10—, n=10, 9, 8, 7, 18D; values of
e and l/e, 2556D.

[4.21] National Bureau of Standards, Table of the de-
scending exponential, t=2.5 to x=10, Applied
Math. Series 46 (U.S. Government Printing
Oﬁli)ce, Washington, D.C., 1955). x=2.5(.001)10,
20

[4.22] National Bureau of Standards, Tables of sines and
cosines for radian arguments, 2d ed., Applied
Math. Series 43 (U.S. Government Printing
Office, Washingtor, D.C., 1955). sin z, cos z,
z=0(.001)25.2, 0(1)100, 8D, z=10"=(10-%9X
10-7, n=5, 4, 3, 2, 1, 15D, £=0(.00001) .01, 12D.

[4.23] National Bureau of Standards, Tables of circular
and hyperbolic sines and cosines for radian
arguments, 2d ed., Applied Math. Series 36 (U.S.
Government Printing Office, Washington, D.C,,
1953). sin z, cos z, sinh z, cosh z, z=0(.0001)
1.9999, 0(.1)10, 9D.

[4.24] National Bureau of Standards, Table of circular
and hyperbolic tangents and cotangents for radian
arguments, 2d printing (Columbia Univ. Press,

New York, N.Y., 1947). tan z, cot z, tanh z,
coth #, =z=0(.0001)2, 8D or 83, =z=0(1)10,

10D.

[4.25] National Bureau of Standards, Table of sines and
cosines to fifteen decimal places at hundredths of
a degree, Applied Math. Series 5 (U.8. Government,
Printing Office, Washington, D.C., 1949). sin z,
cos x, £=0°(.01°)90°, 15D; supplementary table
of sin z, cos x, z=1°(1°)89°, 30 D.

[4.26] National Bureau of Standards, Table of secants and
cosecants to nine significant figures at hundredths
of a degree, Applied Math. Series 40 (U.S. Gov-
ernment Printing Office, Washington, D.C., 1954).

[4.27] National Bureau of Standards, Tables of functions
and of zeros of functions, Collected short tables
of the Computation Laboratory, Applied Math.
Series 37 (U.S. Government Printing Office,
Washington, D.C., 1954).

[4.28] National Bureau of Standards, Table of arcsin z
(Columbia Univ. Press, New York, N.Y., 1945).
aresin r, £=0(.0001).989(.00001)1, 12D; auxil-
iary table of f(v)=[ir—arcsin (1—v)]/(20)%,
v=:0(.00001).0005, 13D.

[4.29] National Bureau of Standards, Tables of arctan z,
2d ed., Applied Math. Series 26 (U.S. Govern-
ment Printing Office, Washington D.C., 1953).
z=0(.001)7(.01)50(.1)300(1)2000(10)10000, 12D.

{4.30] National Bureau of Standards, Table of hyperbolic
sines and cosines, z=2 to x==10, Applied Math.
Series 45 (U.8. Government Printing Office,
Washington, D.C., 1955). z=2(.001)10, 98.

[4.31] B. O. Peirce, A short table of integrals, 4th ed.
(Ginn and Co., Boston, Mass., 1956).

[4.321 J. Peters, Ten-place logarithm table, vols. 1, 2
(together with an appendix of mathematical
tables), (Berlin, 1922; rev. ed., Frederick Ungar
Publ. Co., New York, N.Y,, 1957).

[4.33] J. Peters, Seven-place values of trigonometric
functions for every thousandth of a degree
(Berlin-Friedenau, 1918; D. Van Nostrand Co.,
Inc., New York, N.Y., 1942),

{4.34] L. W. Pollak, Rechentafein zur harmonischen
Analyse (Johann Ambrosius Barth, Leipzig,
Germany, 1926).

[4.35) A. J. Thompson, Standard table of logarithms to
twenty decimal places, Tracts for Computers, No.
22 (Cambridge Univ. Press, Cambridge, England,
and New York, N.Y., 1952).

[4.36] J. Todd, Table of arctangents of rational numbers,
NBS Applied Math. Series 11 (U.S. Government
Printing Office, Washington, D.C., 1951). arctan
m/n and arccot min, 0<m<n<100, 12D; re-
ductions of arctan mfn, 0<m<n<100; reduc-
tions of arctan n for reducible n <2089.

[4.37] U.S. Department of Commerce, Coast and Geodetic
Survey, Natural sines and cosines to eight decimal
places, Special Publication No. 231 (U.S. Gov-
ernment Printing Office, Washington, D.C., 1942).

[4.38] C. E, Van Ostrand, Tables of the exponential
function and of the circular sine and cosine to
radian arguments, Memoirs of the National
Academy of Sciences 14, 5th Memoir (U.S.
Government Printing Office, Washington, D.C,,
1921).

[4.39] B. V. Vega, Logarithmic tables of numbers and
trigonometrical functions (G. E. Stechert & Co.,
New York, N.Y., 1905); logyw x, z=1(1)100000;
logarithms of the trigonometrical functions for
every ten seconds.



5. Exponential Integral and Related Functions

Warter Gavrscal ! aND WirniaMm F. CaHILL 2
Contents

Mathematical Properties . . . . . . . . . . . . . . ... ...
5.1. Exponential Integral . . . . . . . . . . .. ... ...
5.2. Sine and Cosine Integrals . . . . . . . . . . ... ...

Table 5.1. Sine, Cosine and Exponential Integrals (0<2<10) . . . .
2 8i(x), 27 Ci(z)—In z2—~]
¢~ [Ei@@)—In z—v], 27 [E)(2)+1In z+v], z=0(.01).5, 108
Si(z), Ci(z), 10D; Ei(2), E (x), 9D;z=.5(.01)2
Si(z), Ci(z), 10D;ze* Ei(z), ze* Ei(z), 9D;x=2(.1)10

Table 5.2. Sine, Cosine and Exponential Integrals for Large Arguments
(L0SZ<®) o o v v,
zf(x), 9D;2%(z), 7D;ze*Ei(x), 8D;ze¢’E\(z), 10D
f(x)=—si(z) cos 2+ Ci(z) sin z, g(x)=—si(z) sin z—Ci(z) cos z
2~ 1=.1(—.005)0

Table 5.3. Sine and Cosine Integrals for Arguments =z (0<z<10) . . .

Si(xz), Cin(mz), 2=0(.1)10, 7D

Table 5.4. Exponential Integrals E,(z) (0<2<2) . . . . . . . . ..
Ey(z)—zIn 2, E,.(z), n=3, 4, 10, 20, z=0(.01).5
E.(z), n=2, 3, 4, 10, 20, 2=.5(.01)2, 7D

Table 5.5. Exponential Integrals E,(z) for Large Arguments 2 <z < ),
@+n)eEL(z), n=2, 3, 4, 10,20, 2 '=.5(—.05).1(—.01)0, 5D

Table 5.6. Exponential Integral for Complex Arguments (]z|<29)
2e’E\(2), z=z-+1y, 2=—19(1)20, y=0(1)20, 6D

Table 5.7. Exponential Integral for Small Complex Arguments (|2|<(5) .
e’E\(2), z=z+1y, x=—4(.5)—2, y=0(2)1, 6D
E\(2)+1n 2z, z=z+1y, a=—2(.5)2.5, y=0(.2)1, 6D

Page
228
228
231

233
233

235
238

243

244

245

248

249

251

The authors acknowledge the assistance of David S. Liepman in the preparation and
checking of the tables, Robert L. Durrah for the computation of Table 5.2, and Alfred E.

Beam for the computation of Table 5.6.

! Guest worker, National Bureau of Standards, from the American University. (Presently

Purdue University.)
? National Bureau of Standards. (Presently NASA.)

227



5. Exponential Integral and Related Functions

Mathematical Properties

5.1. Exponential Integral

Definitions

511 E\(2) =fw eT“ dt (jarg 2z|<m)

512 Ei@)=— e—t—' dt=jf_: ftidt (@>0)
5.1.3 li(z)=J—r =Eilnz) (>
5.1.4

E,,(z)=.,fl°° Ca 0=0,1,2,. . ; B>0)
5.1.5

a,,(z)=f: tre~tdt (0=0,1,2,...; B2>0)

5.1.6 B.(2)= f Ciendt (=0,1,2,...)
-1

In 5.1.1it is assumed that the path of integration
excludes the origin and does not cross the negative

real axis.
Analytic continuation of the functions in 5.1.1,

5.1.2, and 5.1.4 for n>0 yields multi-valued func-
tions with branch points at z=0 and z=.?
They are single-valued functions in the z-plane
cut along the negative real axis.* The function
li(z), the logarithmic integral, has an additional
branch point at z=1.

Interrelations
5.1.7
E,\(—z+i0)=—Ei(z) Fir,
—Ei@)=HE\(—z+i0) +E(—z—i0)]  (z>0)
8 Some authors [5.14], [5.16] use the entire function
J; ? (1—e-9di/t as the basic function and denote it by
Ein(z). We have Ein(z) =E(z) +1n 2+~.
4+ Various authors define the integral fz (et/t)ydt in the

z-plane cut along the positive real axis and denote it also
by Ei(z). For z=z>0 additional notations such as El(z)
(e.g., in [5.10], [5.25]), E*(z) (in [5.2]), Ei*(z) (in (5.6]) are
then used to designate the principal value of the integral.
Correspondingly, E;(z) is often denoted by — Ei(—=z).

228

Explicit Expressions for ax(2) and §,(2)
5.1.8 a,(z)=nlzg""*"le* (1+z+_zf+ +z_")

n . 21 PR P
5.1.9

Bn(2) =n!z"‘“{e‘[1—z+§—:— (= 1)"n’;]

+2)

et (et -

Ficure 5.1. y=Ei(z) and y=E(z).

Ficure 5.2. y=E,(r)
n=0,1,2,3, 5, 10
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[ MO Ml ne2 ne3 ned s nes
al
3}
2+
o
0 = x
Ficugre 5.3. y=an.(x)
n=0(1)6

Ficure 54. y=8,(z)
n=0,1,2,5, 10, 15

Series Expansions

5.1.10 Ei(ac)=v+1mc+i1 % (&>0)
5.1.11

E@)=—r-lne—3 ENT (ag z<m)
5.1.12

B =" n oy )=

n 1)' _(m n+1)m!

(Jarg 2/<x)

Y==y, ==+ S @>D

v=.57721 56649 . .. is Euler’s constant.
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Symmetry Relation

5.1.13 E.?)=E,(2)
Recurrence Relations
5.1.14
Bus ()= e~ —2Ea(2)] (1=1,2,3, .. )
5.1.15 za,(2)=e *+na,_,(2) (n=1,2,3,...)
5.1.16

zﬂn(z)z(—1)"@’—e‘z+nﬂn_l(2) (n=1,2;3’ o)

Inequalities [5.8], [5.4)
5.1.17

PR E@<En@<Ex) @>0m=1,23,..)

5.1.18
E:(x)<En_1(z)E,,+1(x) (x>0,n=1,2,3, cel)

5.1.19

z 1 . ———
z+n<e E, (x)<x+n—1 (x>0;n=1,2,3,...)

5.1.20
1o (142)<eE @< (1+1) @0
5.1.21

d [ E.(z) o
dz E,,_l(x):l>0 (=>0;n=1,2,3,...)

Continued Fraction

5.1.22
1 1 2
E@=e (s ) (larg 2<n)
Special Values
5.1.23 E,,(0)=7ﬁ m>1)
5.1.24 Eo(z)=e—;
- 2
5.1.25 ao(z) 7: Bo(z)——smhz
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Derivatives

dE,,(z)_____

_ =1,2,3,...
5.1.26 —2 (2 (n 3,..)

5.1.27
B (B e E)]
+ 0D m,2,3,.0)

Definite and Indefinite Integrals

(For more extensive tables of integrals see
[5.3], [6.6], [5.11], [5.12], [5.13]. For integrals
involving £,(z) see [5.9].)

T
5.1.28 L S A= Fy(ab)
5.1.29

o tat

L S dt=e B, (~iab)  (@>0,b>0)
5.1.30

b
fo L = Bah)  (@>0,5>0)

5.1.31

[ s emdt=e o Biad) +in)
0

(>0, 5>>0)
5.1.32 f i_t——:e_—bf dt=ln2
5.1.33 L " Et)dt=21n 2
5.1.34
fo T e E,(fdt=
S0 0o+ C0 @y

5.1.35

1 a1 o3
J; ¢ s;n bt dt=r—arctan 3 + SE (—a+1b)
(a>0,6>0)

EXPONENTIAL INTEGRAL AND RELATED FUNCTIONS

5.1.36

1 ,—at o3
L %ﬂdhmtmg-ma(aﬁb)

(@>0,b real)
5.1.37

1 gat(]— bt 1 :
[} emeom D gyt (145 4 Bi)

+RE\(—a+1b) (a>0,b real)
5.1.38

te(1—cos bt) ,, 1 b?
[remtmeoin gty (14 g

+ZE,(a--1b) (6>0,b real)

5.1.39 f’l_te'

: dt=FE;(z2)+1In z+v

5.1.40 f =Ei (¢)—ln z—v (z>0)
5.1.41
faﬁ—}-:c dz= —[e“‘El( a—1x)—e®E\(a—12)]
+const.
5.1.42
T dr= i [eEy(—a— i)+ By (a—10)]
a?+a?
~+const.
5.1.43

faz T2 dz= —é F(e"E\(—z+1a))+const. (a>>0)
5.1.44

[z

Relation to Incomplete Gamma Function (see 6.5)

5.1.45
5.1.46

—X(e*E\(—z+1a))-t-const. (a>0)
E,(2)=2""T(1—n, 2)
a,(2)=2"""T(n+1, 2)
5147 B,(2)=z""I'(n+1, —2)—T(n+1, 2)]

Relation to Spherical Bessel Functions (see 10.2)

5148 ea()=y) 2 KD, o=y i)

5140 @)=y 2 Kun(a), B=—y 2 Lonl2
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Number-Theoretic Significance of li (z)

(Assuming Riemann’s hypothesis that all non-
real zeros of {(2) have a real part of })

5.1.50 i (@)—=(x)=0KZ1n z)

x(z) is the number of primes less than or equal
to z.

()

y
A

200

150

100

50

- X

) 200 400 600 800 1000
Ficure 5.5. y=li() and y==(z)

Asymptotic Expansion

5.1.51
— 2
By~ S -ty et _nltodd )
(larg 2|<§r)
Representation of £.(z) for Large n
5.1.52
e * n n(n—2x)
E.() x-}-n{ 1+ (z+n)2+ (z+n)t
2__
RO R, )

——.36n“‘5R(n,x)s(l-{-x_*_;_l)n" @>0)

Polynomial and Rational Approximations ’
5.1.53 0<z<1

E\(2)+1n 2=ay+ a2+ axe*+ az® +azt + a4 e(z)
le(x)|<<2X1077

5 The approximation 5.1.53 is from E. E. Allen, Note
169, MTAC 8, 240 (1954); approximations 5.1.54 and
5.1.56 are from C. Hastings, Jr., Approximations for digital
computers, Princeton Univ. Press, Princeton, N.J., 1955;
approximation 5.1.55 is from C. Hastings, Jr., Note 143,
MTAC 7, 68 (1953) (with permission).
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ay=—.57721 566
a;= .99999 193
a;=—.24991 055

5.1.54

a;= .05519 968
a,= —.00976 004
.00107 857

as=
1<l

®’+azta,
122+ blx‘I‘ b2+ € (x)

le(z)[<<5X 108

a;=2.334733 b,=3.330657
a;= 250621 b,=1.681534

102

2 +a,z-ta,
$2+b1$+ b2

le(z)| <1077

a,=4.03640 b,=5.03637
a;=1.15198 b:=4.19160

1<z

o +a 2 +azitaz+as
2+ 0,28+ box? -+ byx+ by

{e(x)]<<2X 1078

ze’E\(x)=

5.1.55

ze’E\ (z)= +e(x)

5.1.56

ze’E,(z)=

+e(2)

a,= 8.57332 87401
a;=18.05901 69730
a;= 8.63476 08925

b= 9.57332 23454
b,=25.63295 61486
b;=21.09965 30827

a= 26777 37343 = 3.95849 69228
5.2. Sine and Cosine Integrals

Definitions

5.2.1 si()= [ "2 as

0
5.2.2%
Ci(z)=-y+lnz+f 0Ly (arg <)

0

5.2.37
5.2.47
Chi(z)=y+In z+f'

0

Shi(z) = f ’ Smth gt
0

cosh ¢—1

[=har (arg al<m)

6 Some authors [5.14], [5.16] use the entire function
f‘(l—cos t)dt/t as the basic function and denote it by
Q

Cin(z). We have
Cin(z)=—Ci(z) +1In z++.

" The notations Sih(z)= f ’ sinh ¢ difs,
JO
Cinh(z)=J"(cosh t—1)dt/t have also been proposed [5.14.]
[]
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. . T
5.2.5 51(2)=Sl(z)-—§
Auxiliary Functions
5.2.6 f(2)=Ci(2) sin 2—si(z) cos 2
5.2.7 g(2)=—Ci(2) cos z—si(z) sin 2
Sine and Cosine Integrals in Terms of Auxiliary
Functions
5.2.8 Si(z)=g—f(z) cos z—g(2) sin 2
5.2.9 Ci(z)#f(z) sin 2—g(2) cos 2
Integral Representations
2
5.2.10 si(z)=— [ e~ * %% cos (zsin t)dt
o D
7
5.2.11 Ci(2) +E1(z)=f ¢~%°% ¢ gin (zsin t)dt
Q
sin ¢
5212 f(o)= f L o f o Ty (@0
“ cos t ® e~
y
Si{x}

Ficure 5.6. y=Si(z) end y=Ci(z)

Series Expansions

5.2.14 Si()=3] _ (=D
- = @n+1)E2n+1)!
5.2.15 Si(z)=r 33 J24y (g)
n=0

*See page I1.

EXPONENTIAL INTEGRAL AND RELATED FUNCTIONS

5.2.16 Ci(z)=v+In z+2 (=1)re
' 2n(2n)!

5 21 Sh' _ ® zZ'H'l

217 (&) =23 Bn 1) @n 1)t

2n
5.2.18 Chi(2)=vy+In z+2 )]
Symmetry Relations

5.2.19 Si(—2)=—38i(z), Si(z)="Si(2)
5!2.20

Ci(—2)=Ci(z)—ir
Ci(z)=Ci(2)

(0<arg z<m)

Relation to Exponential Integral

5.2.21

Si(e) = (Eu(ia) ~Ei(—i) I+ (arg 2I<P)
5.2.22 Si(ix)=% [Ei(x)+E ()]  (2>0)
5.2.23

Ci(e)=—y [Ei(iz) +E(—i2)]  (arg 2|<D)

5.2.24 Ci(ix)=% [Ei@)—E@)l+iy >0

Value at Infinity

5.2.25 lim Si(x)= =3

PR
Integrals

(For more extensive tables of integrals see
[5.3], [5.6], [5.11], [5.12], [5.13].)

5.2.26 f

5.2.27 fm &:t dt=—Ci (2) (larg z|<7)

sint

— dt=—si(2) (|arg z|<m)

5.2.28 ﬁ "G (fdt=— In(Iha})  (A2>0)
5.2.29 fm e % si (t)dt=—}; arctan a (Ra>0)
0

5.2.30 fw cos t Ci (t)dt=f sin tsi (¢)dt=—=
0 0
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5.2.31 f " Cit (1) di= f it (0dt=]
0 0

5.2.32" f " Ci(t) si (t)dt=1In 2
0

5.2.33
fl (1—e™2) cos bt dt=lln (1+a_2> +Ci (b)
o t 2 b?

+RE,(a+1b) (areal, b>0)

Asymptotic Expansions

5.2.34
f@~g (=545 ) (ugal<n)
5.2.35

1 5171
9(2)~—21—2(1-—§§+-2—i—25+ . ) (larg 2|<x)

Rational Approximations $

5.2.36 1SIB< ©
IRYE: -I—a,z +a2
le(@)]<2X10™*
4, ="7.241163 b,=9.068580
1, =2.463936 b, ="7.157433
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5.2.37 1<2<

_1/z +a,2*+a,
0@ =5 (5T
le(@)] <107
a,=7.547478 b,=12.723684 *
a;=1.564072 =15.723606 *

5.2.38 1<z2< @

1= (L i rar g @
le(x)|<<5X 1077
a,= 38.027264 b= 40.021433
a;=265.187033 0,=2322.624911
a;=335.677320 b;=>570.236280
a,= 38.102495 b,=157.105423

152

5.2.39

o0 (S et ) o0
le(@)]<3X 107

o= 42.242855 b=
a,=302.757865
a,=352.018498
= 21.821899

48.196927
b= 482.485984
b;=1114.978885
b= 449.690326

Numerical Methods

5.3. Use and Extension of the Tables

Example 1. Compute Ci (.25) to 5D.
From Tables 5.1 and 4.2 we have

Ci (.25) — In(.25) —v
(.25)%

=—.249350,

Ci (.25)=(.25)*(—.249350) + (—1.38629)
+.577216 = —.82466.

Example 2. Compute Ei (8) to 5S.

From Table 5.1 we have z¢~“Ei (z) =1.18185 for
z=8. From Table 4.4, ¢#=2.98096<10°. Thus
Ei (8) =440.38.

*See page 1L

8 From C. Hastings, Jr., Approximations for digital
computers, Princeton Univ. Press, Princeton, N.J., 1955
(with permission).

Example 3. Compute Si (20) to 5D.

Since 1/20=.05 from Table 5.2 we find
£(20) =.049757, g(20)=.002464. From Table 4.8,
sin 20=.912945, cos 20=.408082. Using 5.2.8

Si(20)=1§'—f(20) cos 20—g(20) sin 20
=1.570796 —.022555=1.54824.

Example 4. Compute E,(z), n=1(1)N, to 58
for x=1.275, N=10.

If z is less than about five, the recurrence
relation 5.1.14 can be used in increasing order of n
without serious loss of accuracy.

By quadratic interpolation in Table 5.1 we get
E,(1.275)=.1408099, and from Table 4.4, e~'-¥'*
=.2794310. The recurrence formula 5.1.14 then
yields
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n  Ea.(1.275) E.(1.275)
1 .1408099 6 .0430168
2 .0998984 7 .0374307
3 .0760303 8 .0331009
4 .0608307 9 .0296534
5 .0504679 10 .0268469

Interpolating directly in Table 5.4 for n=10
we get F,(1.275)=.0268470 as a check.

Example 5. Compute E,(z), n=1(1)N, to 55
for z=10, N=10.

If, as in this example, z is appreciably larger
than five and N<z, then the recurrence relation
5.1.14 may be safely used in decreasing order of
n([5.5]). From Table 5.5 for z™'=.1 we get
(2 10)¢*Exo(x) =1.02436 so that E;y(10) =2.32529

X10~% Using this as the initial value we obtain
column (2).
10°E,(10)  10°E,(10)

n (1) 2
1 41570 41570
2 .38300 .38302
3 .35500  .35488
4 .33000 33041
5 .31000  .30898
6 .28800 29005
7 27667  .27325
8 25333  .25822
9 25084 24472
10 22573 23253

From Table 5.2 we get ze¢*E,(z)=.915633 so
that E,(10)=4.15697 <10 as a check. Forward
recurrence starting with E;(10)=4.1570X10"*
yields the values in column (1). The underlined
figures are in error.

Example 6. Compute E,(z), n=1(1)N, to 55
for z=12.3, N=20.

If N is appreciably larger than z, and = appre-
ciably larger than five, then the recurrence rela-
tion 5.1.14 should be used in the backward direc-
tion to generate K,(x) for n<(ny, and in the forward
direction to generate E,(x) for n’>n, where
ny={x).

From 5.1.52, with n,=12, x=12.3, we have

-12.3
Eno(@) =55 (102032 — 00043 — 00001)
: =1.91038 X107

Using the recurrence relation 5.1.14, as indicated,
we get

n 10°E,(12.3) 10%E,(12.3) n

12 . 191038 . 191038 12
11 . 199213 . 183498 13
10 . 208098 . 176516 14
9 . 217793 . 170042 15
8 . 228406 . 164015 16
7 . 240073 . 1568397 17
6 . 252951 . 153144 18
5 . 267234 . 148226 19
4 . 283155 . 143608 20
3 . 300998

2 . 321117

1 . 343953

From Tables 5.2 and 5.5 we find E;(12.3) =.343953

X 1078, E5(12.3)=.143609 X 107® as a check.
Example 7. Compute «,(2) to 6S for n=1(1)5.
The recurrence formula 5.1.15 can be used for

all 2>>0 in increasing order of n without loss of

accuracy. From 5.1.25 we have a0(2)=% e?

=.0676676, so we get

an(2)
0676676
.101501
.169169
321421
710510
5 1.84394

Independent calculation with 5.1.8 yields the
same result for as(2).

The functions oy(x) and «;(z) can be obtained
from Table 10.8 using 5.1.48, 5.1.49.

Example 8. Compute 8,(z), n=0(1)N to 6S
for z=1, N=5.

Use the recurrence relation 5.1.16 in increasing
order of n if

z>.368N+.184 In N+.821

and in decreasing order of n otherwise [5.5].
From 5.1.9 with n=5 we get 8;(1)=—.324297
correctly rounded to 6D. Using the recurrence
formula 5.1.16 in decreasing order of »n and
carrying 9D we get the values in column (2).

W= O3

Ba(D) BalD)
n ) ®
0 2.35040 2 2.35040 2389
1 —.73575 9269  —.73575 8880
2 .87888 3849 87888 4629
3 —.44950 9722  —.44950 7383
4 55236 3499 55237 2854
5 —.32434 3774  —.32429 7

Using forward recurrence instead, starting with
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Bo(1)=2 sinh 1=2.350402 and again carrying 9D,
we obtain column (1). The underlined figures
are in error. The above shows that three signifi-
cant figures are lost in forward recurrence, whereas
about three significant figures are gained in back-
ward recurrence!

An alternative procedure is to start with an
arbitrary value for n sufficiently large (see also

[5.1]). To illustrate, starting with the value
zero at n=11 we get
n B.(1) n 8(1)
11 0. 5 —.324297
10 .2805& 4 552373
9 —.206984 3 —.449507
8 .3199_(& 2 878885
7 —.253812 1 —.735759
6 404621 0 2.350402

The functions 8;(x) and B;(z) can be obtained
from Table 10.8 using 5.1.48, 5.1.49.

Example 9. Compute Z;(z) for 2=3.2578
+6.89431.
From Table 5.6 we have for z,=x4y,=3+71

206" Ey (25)=.934958 +.0955981,
e F; (25) = .059898 —.1078951.

From Taylor’s formula with f(z)=e*E,(2) we have

JO=flartad =)+ a2

+fL2(!21)_ (A2)2+ “ e
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with Az=2—2,=.2578—.1057s. 'Thus with 5.1.27
we get

k S (o) [k (82) K0 (20) [k
0 . 059898 —.107895: . 059808 —. 107895¢
1 . 008174 +.012795¢ . 003460 +.002435;
2| —.001859 +.000155: —.000094 -+.000110:
3 . 000088 —. 000212 —. 000003 ~—.000004:
f(2)==.063261 —.1053547
e *=:.031510 —.0220752
E,(2)=--.000332 —.0047161

Repeating the calculation with 2,=3+61 and
Az=.2578-.8943% we get the same result.

An alternative procedure is to perform bivariate
interpolation in the real and imaginary parts of
ze*E\(2).

Example 10. Compute E,(z) for z=—42

+12.74.
Using the formula at the bottom of Table 5.6
. _ 711093
B~ 3R riam
L 278518 | .010389

T —1.90572412.7¢ ' 2.0900+12.7%

=—.0184106—.0736698%
E(2) =~ —1.87133—4.70540z.
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6. Gamma Function and Related Functions

Mathematical Properties

6.1. Gamma (Factorial) Function

Euler’s Integral

611 T(z)— f " et dy (B2>0)
0

—k f Tptemar (RS0, BES0)
0

Euler’s Formula

6.1.2 \
. nln®
= -1,-2,...
T'(2) },1_1,2 z(z+1) ... (z+n) (270,~1,=2, )
Euler’s Infinite Product
1 — z n E -z/n ©
6.1.3 P_(Zj =ze" n1=11 [(1 +n) € ] (IZI< )

Y= lim 1+%+§+%+. . .+—17ﬂ—ln m]

mrw
=.57721 56649. . .

¥ is known as Euler’s constant and is given to 25
decimal places in chapter 1. T'(2) is single valued
and analytic over the entire complex plane, save
for the points z=—n(n=0, 1, 2, . . . ) where it
possesses simple poles with residue (—1)*/n!. Its
reciprocal 1/T' (2) is an entire function possessing
simple zeros at the points z=—n(n=0, 1, 2, . . .).

Hankel’s Contour Integral

6.1.4 I%%;L(—t)-'e-‘dt (Jzg|l< =)

* The path of integration C starts at + = on the

real axis, circles the origin in the counterclockwise
direction and returns to the starting point.

Factorial and I Notations
6.1.5 H(z)=2!=T(z+41)
Integer Values

616 TI'(n+1)=123...n—1)n=n!

6.1.7
. 1 1
hz—gun I‘(—Z)_O (—n—1)1 (n=0,1,2,...)
Fractional Values
6.1.8

r(&);zf’ e~ dt=—r}=1.77245 38500 . . .—(—})!

—/"‘\_

f

-5

Ficure 6.1. Gamma function. *
’ y=‘r(x)» =T T T, .1/=1/r(x)
6.1.9 I(3/2)=}r%=.88622 69254 ... =(})!
6.1.10 T(n43)=L5913. = 4n=3) 1)

I'($)=3.62560 99082 . . .

14710 . .. (3n—2)

6.1.11 T'(n+3) 5

r)
I'(})=2.67893 85347 . . .

6.1.12 r(n+¥)= r(%)

1-35:7...(2n—1)
21!

2.5811... (3n—1)

6.1.13 T'(n+3) 5

re)

T'($)=1.354117939%4 . . .

6.L.14 T(ntq)=371115 - Cid VP

I'(}) =1.22541 67024 . . .
*See page 11. 255
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Recurrence Formulas

6.1.15 T(z+1)=2zT(2)=2l=2z2(z—1)!
6.1.16
I'n+2)=m—1+2)(n—242) ... (14+2)T(1+2)
=(n—1+2)!
=(n—1+2)(n—2+2) ... (1+2)2!
Reflection Formula
6.1.17 T(2)T(1—2)=—2I'(—2)T(2)=% csc 7z
(ot
=)= 1+tdt 0<Z=2<1)
Duplication Formula
6.1.18 T(22)=2m) Y221 (2) I (2%
Triplication Formula
6.1.19 T(32)=(2m)"13%*~¥T(2)T(z+1T'(z+P)
Gauss’ Multiplication Formula
n—1 k
= Ya-mpne-1 hid
6.1.20 T(nz)=(2m)21~"p kI_IOI‘(z-{-n)
Binomial Coeflicient
2\ 2l T'(z+41)
6.1.21 ('w} wl(z—w)!” T(w+1)T(z—w+1)
Pochhammer’s Symbol
6.1.22
(z)0=17
@t DE+D) - . (a1 ="

Gamma Function in the Complex Plane

6.1.23 I‘('z')=f‘_(z—); In T'(Z)=In I'(2)
6.1.24 arg I'(z+1)=arg I‘(z)—}—arctan%
I'(z+wy)|? I:
6.1, =
5 et =k ah]
6.1.26 |T(z+3y) | <|T ()]
6.1.27
arg T'(z+1iy)= W(z)—l-z ——-arctan +n
(x+1y#0,—1,—2, . . .)
where Y(2)=T'(2)/T(2)
6.1.28 I'(1+iy) =1y T'(Gy)

GAMMA FUNCTION AND RELATED FUNCTIONS

. N c e T
6.1.29 T (w)I'(—w)=|T ()| 7 sinh ry

6.1.30 T@GF+iyY)TE—w)=|TF+iy|*=

™
cosh 7y

6.1.31 T(14iy)T(1—iy)=|T(1+iy)P=or?

sinh =y
Ty2

6.1.32  TR+W)T G—W)=g g T sk ry

Power Series

6.1.33
In T4 2)=—Iln(l+2)+2(1—9)
+33 (D=1l (12]<2)

{(n) is the Riemann Zeta Function (see chapter
23),

Series Expansion? for 1/T'(z)

6134 —i,—zzj=,§ckz” (|2]< )
g k Cx
o 1 1. 00000 00000 000000 N
o \“ 2 0.57721 56649 015329« ~ /
\ W\ 3  —0.65587 80715 202538« — - "
. -4 —0.04200 26350 340952 -
Vi 5 0.16653 86113 822015 -
’ 6  —0.04219 77345 555443

7  —0.00962 19715 278770 .

8 0.00721 89432 466630 -

9 —0.00116 51675 918591

10 —0.00021 52416 741149

11 0.00012 80502 823882

12 —0.00002 01348 547807 O

13 —0.00000 12504 934821 !

14 0. 00000 11330 272320 Z-

15  —0.00000 02056 338417 2

16 0. 00000 00061 160950 ‘f

17 0. 00000 00050 020075 =

18  —0.00000 00011 812746 (

19 0. 00000 00001 0434271

20 0. 00000 00000 077823%

21 —0. 00000 00000 036968

22 0. 00000 00000 005100

23 —0. 00000 00000 000206 Y.

24  —0.00000 00000 000054 (

25 0. 00000 00000 000014 C

26 0. 00000 00000 000001 ¢

2 The coefficients c; are from H. T. Davis, Tables of
higher mathematical functions, 2 vols., Principia Press,
Bloomington, Ind., 1933, 1935 (with permission); with
corrections due to H. E. Salzer.
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Polynomial Approximations?3

6.1.35 0<z<1
P(z+1)=z!=14a2+ a2+ a:2° + ax* + a2’ + e(x)
le(x)| <5X 1078
a,=—. 57486 46 o= .42455 49
a;= .95123 63 as;=—. 10106 78
az;=—. 69985 88
6.1.36 0<LzL1

z+1)=xl=1+hx+ b2+ . . .
e(@)| <3X10~7

+ b2t + e(2)

by=—. 57719 1652 bs=—. 75670 4078

b= .98820 5891  by= .48219 9394
by=—. 89705 6937  b,——. 19352 7818
by= .91820 6857  by= .03586 8343
Stirling’s Formula
6.1.37
e} 1 139
T(2) ~e™*2*~3(2m) [1+12z 138822 518407
571 .
T 248832054 T’ ] (e in |arg z|<r)
J‘@j_jr—‘—‘__ - "']
6.1.38 70451873023

rl=+/2r m‘**exp(-—x-{-%— (>0, 0<6<1)

Asymptotic Formulas

6.1.39
T'(az+b) ~+/2x ¢~ (az)%+2-} (|larg z| <=, a>0)
6.1.40
InI'(z) ~(z—$) In 2—244 In (27)
+> D (2= in Jarg 2|<m)

m=1 2m(2m—1)z?-1

For B, see chapter 23

6.1.41
A
L -
InT()~(z—34) Inz—z+41In (21r)+12z 55057
41 ) 1 ( .
"12602° 168027 z—>e in [arg 2|<w)

® From C. Hastings, Jr., Approximations for digital
computers, Princeton Umv Press, Princeton, N.J., 1955
(with permission).
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Error Term for Asymptotic Expansion

6.1.42

If
R, (2)=InT (2)—(2—%) In 2+2—} In (27)

2 BZm
_,,,Eﬂ 2m(2m—1)z -1

then

| B2l K (2)
(2n+1) 2n+-2)|z| 2r+!

an(z)l <
where
K(©)=upper pound 129

For z real and positive, B, is less in absolute value
than the first term neglected and has the same

sign.
6.1.43
ZIn T (ly)=ZIn T (—iy)

=1 ln(—.r'—>
y sinh ry

~%In (2r)—{ry—4ny, (y—+ =)
6.1.44
S1n T'(iy)=arg T (iy)=—arg T (—iy)
=—Sf1n I'(—1y)
© —1)*-1 B n
~ylny—y—ir—-2 27(1— 1)) B
(y—>+ )
6.1.45 llilm(21r)"*lI‘(z—I—iy)lei"lﬂl|y|i—==1
Vo=
1 d—a P(n+a)=
6.1.46 lim =2 ey
6.1.47
. I'(2+a) (a—b)(a+d—1)
e I(z+b) ~1+ 2z

+T§(";b> (3(a+b—1)2——a+b—1>§+ .

as z— along any curve joining z=0 and z=o,
providing z5¢ —a, —a—1, ... ; 2% —b, —b—1,
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Continued Fraction

6.1.48
In T(z)+2z—(2—3%) In 2—1n (27)

"+ttt eter... #2>0
% A\ ]
K al .1 53 195
L =19 U733 510’ B
0,22999 20044523 109535341009
702737 75T 19733142” M 48264275462
Wallis®> Formula 4
6.1.49
2 (Rfsin\** 1.3.5...(2n—1)
;I, (cos) rde=—5 1% . (2n)
2! 1 2n) T(n+3)
22"(n')2 22 mT(n+1)

S T -
,r%n% 8n ' 128n?

(n— )
Some Definite Integrals
6.1.50
_ dt
In P(z)= f [(z—l)e — ] (Hz>0)
=(@#—%)Inz—z+41In2r
+2 f arctan (¢/2) gy (B2>0)

6.2. Beta Function
6.2.1

Bz, w)—f 2t (1—¢)e- ‘dt—f (1:;),”(1::

=2f (sin ¢)#~1 (cos ¢)2»~1 d¢
(R2>0, Zw>0)

rTrw)

6.2.2 B(z,w)= Tz 10) =B(w,z)
6.3. Psi (Digamma) Function °
6.3.1 V(2)=d[In T (2)]/dz=T"'(2)/T'(2)

* Some authors employ the special double factorial nota-
tion as follows:

@2n) 11 =246 ... (2n)

Cn—-1 1! =1.85...

=2"n !
@n—1)=r4 2" T(n+})

8 Some authors write y(z) =diz InI'(2+41) and similarly for

the polygamma functions.
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Ficure 6.2. Psi function.

y=y(z)=dln I'(z)/dz

6.3.2 (| w)=-Av, ym)=—v+ gk—l (n>2)

Fractional Values

6.3.3

Y(F)=—7—21n 2=-—1.96351 00260 21423 . . .

6.3.4
1
Y(n+3)=—7r—21n 242 (1+ s+t
(n>1)
Recurrence Formulas
6.3.5 Yot D=¢()+ -
6.3.6
1 " 1 N
‘ll(n+2)_(n—1)+ZT(n—2)+z]
1
st )



Reflection Formula

6.3.7‘% Y(1—2)=y¢(2)+r cot =z
Duplication Formula
6.3.8 ¥(22)=34(2)+3¢¥ (2+3) +In 2
Psi Function in the Complex Plane
6.3.9 v(&)=¥()
6.3.10

%¢(zy)—%¢(—@y) R (1+1y) =Ry (1—1y)

6.3.11 fz[z(zy):%y"‘%——z- m coth =y
6.3.12 S tp(%—l—zy) =4 tanh =y
6313 sy +iy)=—%/+% x coth my

=y )

Series Expansions

6.3.14 Y(+2)=—7+3(~1)%@z  (2I<D)

6.3.15

v(14+2z)=32"'—}r cot mz— (1—2?) "1 4-1—%
—Slken+)—1 (<)

o
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6.3.19
1
R(t-tig) ~in g4 33 0 B
=In gt oo ot
T YT 2 T 120yt 252,
(y—> )
Extrema’of I'(x) — Zeros of ¢ ()
I’ (l‘n)=¢/(xn)=0
n Xy I‘(xn)
0 +1. 462 +0. 886 0
1 —0. 504 —3. 545
2 —1.573 +2. 302
3 —2.611 —0. 888
4 —3.635 +0. 245
5 —4. 653 -20. 053
6 —5. 667 +0. 009
7 —6.678 —o0.001 | WZEH1
A . 8L
- 2p=1.46163 21449 68362 g‘(*%
T'(x)= .88560 31944 10889
6.3.20 z;=—n+(1n n)"14o[(In n)~?
Definite Integrals
6.3.21

6.3.16

Y(1+z)=— 7+2 WH_Z) (2% —1,—2,—3, ...)

6.3.17
Ay(1+y)=1—v— 1‘|‘ p
+3 (DR @)1y
(ly1<2)
Y 21 nl(nt4y?)
(—o<ly< )
Asymptotic Formulas
6.3.18
= B2n
¥(2) ~In z——z—-——zl 2o
1 1 1

-4

%2z 1222712024 252z6+' e

(2> in |arg z|<w)

=Inz

(%#2>0)

o= T "~
-J, [e"‘m]?
52, wrd ey

(larg 21< )
6.3.22

(z)+’y—f Tt dt—-f11 —t 1
=], (=)
_f (F)%

6 From W. Sibagaki, Theory and applications of the
gamma function, Iwanami Syoten, Tokyo, Japan, 1952
(with permission).

=ln 2
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6.4. Polygamma Functions’

6.4.1

dn dn-H
lﬁ(")(Z) —_—‘(72—" ¢(2) =(IZTF] In F(Z)
n=123,...)
© gnp=zt

L == L [t (R2>0)

¥"(2),(n=0,1, . . .),is a single valued analytic
function over the entire complex plane save at
the points z=—m(m=0,1,2, . ) where it pos-
sesses poles of order (n+1).

4]
Integer Values
6.4.2¢
v () =(—D"le(n41) (n=1,2,3, . .)
6.4.3
V@@t )= (=1 mt [ —r(nt )41
1 1
+2T+"1+ - +77.‘.ﬁ]
Fractional Values
6.4.4 "7
vM @) = (="l — 1) (n+1)
n=12,...)
645  Y(nt+i=ir—4t ‘i‘{ (2k—1)-
Recurrence Formula
6.4.6 Y (2+1)=y™(2)+(—1)nle~"!
Reflection Formula
6.4.7

¢,(n)(1__z)+ (_1)u+1¢(u) (z)=(_1)ﬂ

du
rdz" cot xz

Multiplication Formula

6.4.8
* n J— 1 LS n k
VO (ma)=tin mt—z; 52 yeo (a+L)

6=1, n=0
=0, n>0

T ¢’ is known as the trigamma function. y¢’’, ¢®, y@ are
the tetra-, penta-, and hexagamma functions respectively.
Some authors write ¢(z) =d[ln T'(z+1))/dz, and similarly
for the polygamma functions.

*See page I1.
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Series Expansions

6.4.9 .
PP (L4 2) = (— 1)+ [nzmm

(n+ H! NG (n+ 2)!

B et 2)z+ 2T 2 e (ny 3)r ]

Yz|<1)
6.4.10 )

w(n)(2)=(_1)n+ln!g (z+k)—n-l
(2#0,—1,—2,...)

Asymptotic Formulas
6.4.11
n—1)! nl
o~ [

+Z Bﬂ%}j);'nu_g] (2> in|arg z | <w)

6.4.12

, 1L 1,1
VO~ gt o Tl
(z— in | arg z|<x)
6.4.13
"yl 1 1 J
() 22 2 2z‘+62 6z’+102’° 62”+
(z>win]arg z | <)
6.4.14
2 3 2
w(s)(z)~23+24+ 7+3z° zll+zl3

(2> in |arg z |<w)

6.5. Incomplete Gamma Function
(see also 26.4)

6.5.1
P, r)=%a) fo " emiem1 dy (Ra>0)
6.5.2
¥(a,2)=P(a, 2)[(a) = f “e-ta-1dt (Ra>0

6.5.3
I'(a, r) =T{a)—v(a, 1) =f et de

6.5.4 .
v*(@a, r)=1"P(a, r) =i%7 (@, 7)

v* is a single valued analytic function of a and
r possessing no finite singularities.
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Ficure 6.3. Incomplete gamma function.
,y* ( a, z) = I‘—-—x(—;) J.Oz e~ lta‘ldt

¥rom F. G. Tricomi, Sulla funzione gamma incompleta, Annali di Matematica, IV, 33, 1950 (with permission).
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6.5.5

Probability Integral of the x?-Distribution

=1 - f"’t*"‘e’%dt
bp(Z)JO
9 r(z)

Py

6.5.6
(Pearson’s Form of the Incomplete Gamma Function)
1 uy7F
o =ty [
D=t ),

=P(p+1, wp+1)

6.5.7 C’(x,a)=fwt““ cos ¢ dt (#a<)
658 S(a)= f " o1 sin ¢ dt (Ra<)
6.5.9
E, (x)=fwe"‘t"‘dt=x”'ll‘(1 —n,z)
1
6.5.10
a, (x)=fme"‘t"dt=x"""1‘(1+n,z)
1
6.5.11 =3
e @=2 7

Incomplete Gamma Function as a Confluent
Hypergeometric Function (see chapter 13)

6.5.12 vy(a,2)=a"'z%*M(1, 1+a,r)
=g 2¢ M(a, 14a,—2)
Special Values
6.5.13

P (nz)=1— (1+x+ L. +(—n£:—_1—l)!)e—z
=1—e,,_1(:c)e“’

6For relation to the Poisson distribution, see
26.4.

6.5.14 v*(—n, z)=1"

6.5.15 T (0, z)=fwe“‘t“dt=El €))

GAMMA FUNCTION AND RELATED FUNCTIONS

6.5.16 v (3, :452)=2J‘ze“2 dt=+merfz
0
6.5.17 I‘(%,x’)=2‘fme“2dt=\/7_r erfe x
6518  Wrzy*(G—1)= f et
0
__1)n —zn—l _1)!'!
6.519 TI'(—nx) =LZ!— [El(x)—e 2 ( x,ﬂ‘? ]
6.5.20 T (a,iz) =€t [C (z,0) —iS (z,a)]
Recurrence Formulas
x%e*
6.5.21 P(a+1, .’L')——P(d, x)—I‘—(a,—}——l)
6.5.22 y(a+1,z)=ay(a,z)—x%"°
6.5.23 y*a—1,z)=2xv*(a, x)+F (a)
Derivatives and Differential Equations
6.5.24
t
———) ——f —ﬂ—ln t=—EFE\(z)—Inz
6525 2@n_ OT@D) 0y
ox or
6.5.26
S T @dl=(=)" T (a+n,2)
(n=0,1,2,...)
6.5.27
—%'; [eay* (a,x)]=€2*""y*(a—n, T)
(n=0,1,2,...)
R
Series Developments
6.5.29
zn 1 © ( z)n
THe,2)=e" ,,Z,E, TaFnt D) T@ = @il
(2l< =)
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6.5.30
’Y(d, 'T+?/)—‘Y(ay 17)
* (a—1)(@a—2)...(a—
i P L e B )
(lyl<lal)
Continued Fraction
6.5.31
e 1 1m0 1 20 2
I'(a,z)=¢e x(x+ T 2F 1 25
(@>0,la|< =)
Asymptotic Expansions
6.5.32
T(a,2z)~2*le™* [1+a—-1+(a—1lga-—2)+. . ]

(z——>co in larg z|<32—7r>

. 1s the re-
Then if a,z

Suppose R,(a,2)=u,{a,2)+ . .
mainder after n terms in this series.
are real, we have for n>a—2

[[?,,(a,z)! S iun+l(a72)|

and sign R,(a,z)=sign u,4(a,z2).

—1 n,a+n
6.5.33  7(a,?) }_f = ﬁn)n, (gt )
0 for o>1
6.534  lim@_ L1 tor a1
e T for 0<a< 1
6.5.35

2) ~e"%z¥ ‘E% g~27r1 )
I'(z+1,2) ~e ~(\/22 +3+ 24 z*+

(z— o in | arg z|<4m)

Definite Integrals

6.5.36

f ~at (3, ct)dt-—r—(b)[ (a+c)°]

(A(a+e)>0,%b>—1)
6.5.37

fm oor b, ="
(#(a+b)>0, Ha>0)

6.6. Incomplete Beta Function

6.6.1 Bz(a’b)=fz 1571 (1~¢)°-dt
0

6.6.2 I.(a,b)=B(a,b)/B(a,b)
For statistical applications, see 26.5.
Symmetry
6.6.3 I(ab)=1—1I,_.(b,a)

Relation to Binomial Expansion

6.64 Lg,n—at)=3(")p'(1—p)"
@n—atn=3(5)ra-p

For binomial distribution, see 26.1.
Recurrence Formulas
6.6.5 I.(a,b)y=zxl,(a—1,b)+(1—2)I;(a,b—1)

6.6.6 (a-+b—ax)l.(a,b) *
=a(l—z);(a+1,b—1)+bl,(a,b+1)

6.6.7 (a+b)I.(ab)=al.(a+1,b)+bl,(a,b+1)
Relation to Hypergeoametric Function

6.6.8 B,(a,b)=a"%F(a,1—b; a+1; z)

Numerical Methods

6.7. Use and Extension of the Tables

Example 1. Compute T(6.38) to 83. Using
the recurrence relation 6.1.16 and Table 6.1 we
have,

T(6.38) =[(5.38)(4.38) (3.38)(2.38) (1.38)]T'(1.38)

=232.43671.

Example 2. Compute In I'(56.38), using Table
6.4 and lincar interpolation in f,,  We have

In I'(56.38) = (56.38—1) In (56.38) — (56.38)

+/:(56.38)

The error of linear interpolation in the table of
the function f; is smaller than 1077 in this region.
Hence, £,(56.38)=.92041 67 and In I(56.38)=
169.85497 42.

Dircet interpolation in Table 6.4 of log;, I'(n)
climinates the necessity of employing logarithms.
However, the error of linear interpolation is .002 so
that log,, I'(n) is obtained with a relative error
of 1078,

*See page I
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Example 3. Compute ¢(6.38) to 85. Using the
recurrence relation 6.3.6 and Table 6.1.

GAMMA FUNCTION AND

P bbb FU(L38)

U6.39) =535+ 338 72.38 1.38

5.38 ' 4.38
=1.77275 59.

Example 4. Compute ¢(56.38). Using Table
6.3 we have ¢(56.38)=In 56.38 —f;(56.38).

The error of linear interpolation in the table of
the function f; is smaller than 8X10~7 in this
region. Hence, £,(56.38) =.00889 53 and ¢(56.38) =
4.023219.

Example 5. Compute In T'(1—%). From the
reflection principle 6.1.23 and Table 6.7,
In T(1—1%)=In T'(1+4)=—.6509-.30164.

Example 6. Compute In T'(34+47). Taking

the logarithm of the recurrence relation 6.1.15 we
have,

In T(3+49)=In T§+349)—In G+49)
=—.23419-.034671
~— (3 1n 3-+1 arctan 1)

=.11239—.750731¢

The logarithms of complex numbers are found
from 4.1.2.

Example 7. Compute In T'(3+77) using the
duplication formula 6.1.18. Taking the logarithm
of 6.1.18, we have

—11In 2r=— .91894
(347i) In2= 1.73287-+ 4.852037
In T(§+3i)=—3.31598+ 2.325534
In T'(2+3i)=—2.66047+ 2.938694

In I'(3+746) =—5.16252+10.116254

Example 8. Compute In I'(3+477) to 5D using
the asymptotic formula 6.1.41. We have

In (3+71)=2.03022 15+1.16590 451.
Then,

(2.5-+7) In (3471)=—3. 0857779+417.1263119%
— (34 77)=—3. 0000000— 7. 0000000¢

3In (2r)= .9189385
(1234+7)]"'= .0043103— . 0100575

—[360(3+79)% 1= .0000050— . 0000022
In T(3+7i)=—>5.16252 +10. 11625

RELATED FUNCTIONS

6.8. Summation of Rational Series by Means
of Polygamma Functions

An infinite series whose general term is a ra-
tional function of the index may always be reduced
to a finite series of psi and polygamma functions.
The method will be illustrated by writing the ex-
plicit formula when the denominator contains a
triple root.

Let the general term of an infinite series have
the form

p(n)
"= di(n)dy(n)dy(n)
where
din)=m+ta)nta) . .. (ntam
do(n)=(n+B)*(n+B)% . . . (n+B)?
ds(m)=(n+y)*n+v)* . . . (n+7,)?

where p(n) is a polynomial of degree m+2r-43s—2
at most and where the constants «,, 8, and v, are
distinct. Expand u, in partial fractions as follows

u bix bax
=2 ey T i
Cix Cox C3k
+E (n+Y) (n+'vk)2+(n+v»)3

m

7 8
+27 byt 22 ew=0.
k=1 k=1
Then, we may express >, %, in terms of the
n=1

constants appearing in this partial fraction expan-
sion as follows

35 = =3 (1)
=3 bu¥(1+8)+ 3] bud/ (1+6)
=33 1)+ 35 e (147)
5_: 2y (14,).

Higher order repetitions in the denominator are
handled similarly. If the denominator contains
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only simple or double roots, omit the correspond-
ing lines,
Example 9. Find

ed 1
)@+ @En+1)

S=

Since

1 _ 1 1 + 2
@D @D @n+D) a+l nt} at+i

we have
a=1, =%, s=1, =%, &=—1, a3=1}.

Thus,

=—31(@)+¥(1}) —3p(11)=.047198.

Example 10.
Find s= 3 .
=i n*(8n+1)

Since n’<8n1+1>2= lernlf%Jf -t (n—:%)y
we have,

5120; 132:%; b11=—16, b12=16, b21=1, b22=1.

~MWe have,

'

v
265

Therefore
s=16¢(1) — 169 (13)+ ¢/ (1) +¢/ (13) =.013499.
Example 11.

® 1
Evaluate s=n§1 CESCETY (see also 6.3.13).

1 % ( 1 1
(n2+1)(nt+4)” 6 \n+i n—1

1 1 _ 1 )
12\n4+27: n—21

7 —1 ~1
Hence, g;=-) gy=— G="5" 04

_
6 6 12

=1, ay=—1, 0y=21, ay=—21,
and therefore
s= W) =P Dl+35 W(1+20)—p1—20).
By 6.3.9, this reduces to
1 o 1 .
§=3 f‘/’(l-H)—g S ¥(1+24).

From Table 6.8, s=.13876.
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Mathematical Properties

7.1. Error Function Series Expansions
Definitions _1 @ (_1)n22n+1
, o 7.1.5 erf z—ﬁgo @)
7.1.1 erf z=—2 f R
‘\/1‘- 0 7.1.6 =3 6_22 i _L_ g2+l
Vo a=1:3...@2n+1)

2 ® 9
7.1.2 erfc z=——f e Ydt=1—erf z
Vi Je

7.1.7 =2 go (= D" Lent12(2) = Lonsara(2%)]

7.1.3 w(z)=e‘=2<l+%£ e‘zdt)=e‘z2 erfc (—1iz) 7.1.8 w(z)=% ;éL-:l)

In 7.1.2 the path of integration is subject to the 2
restriction arg {—a with |0‘!<Z{ as {— « along the For I,,_4(x), see chapter 10.
path. (oz———ir is permissible if Z¢* remains bounded Symmetry Relations
to the left.) 7.1.9 erf (—z)=—erf z

Integral Representation 7.1.10 erf z=erf 2

7.1.4 7.1.11 w(—2)=2e""—w(z)

A

AT At 20z (™ etdt
w(z)_;f.,, —t TL A—p 220 | 1q10

w(z)=w(—2)

" L L 1 L s T
[+ 2 A4 .6 .8 1.0 12 14 16 1B 20 2.2 24

® _» - Z 49
Ficure 7.1. y=e’vf e Vdt. FiGgure 7.2. y=e I’J'o & dt.
z
P=2(1)6 p=2(1)6

297
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KRS 4
0L oM 0 5 00 60 R0 Zae° 20 600 00 60° 12t

Fraurg 7.3. Altitude Chart of w(z).

Inequalities (7.11], [7.17]
7113

1 ° 2 1
LT etas —— @20
2?42 2 a2 +;1_r

(For other inequalities see {7.2].)

Continued Fractions

s e e e ——— e 4

FRESNEL INTEGRALS

7.115
L feefat 1121 322
v

e 2—1

1 .. n H(n)
=;/~_ lim > £ (Sz#0)

ot now 523 2— W

xi” and H{® are the zeros and weight factors of
the Hermite polynomials. For numerical values
see chapter 25,

Value at Infinity

7.1.16 erf 2—>1 (2—->°° in |arg Z|<£>

Maximum and Inflection Points for Dawson’s
Integral [7.31]

Flz)=¢~ f * et

0

T.L1T  F(.92413 88730 .. .)==54104 42246 . . .
7.1.18 F(1.50197 52682 ...)=.42768 66160 . . .

Derivatives
7.1.19
dn+1 2
graeta=(-r =H,Ee? . @=0,12,..)
7.1.20
wmD (2) +- 2200 (2)+-2(n+-1)w™ (2) =0

(n=0,1,2,...)
WOE)=0(), W () =—2ew(s)+

(For the Hermite polynomials H,(z) see chapter
22.)

Relation to Confluent Hypergeometric Function (see
chapter 13)
7.1.21

225,013 2)_22,-2 ( 3 2)
erfz-—ﬁM(zyz, 2 —-ﬁe M 1,2;2

The Normal Distribution Function With Mean m and
Standard Deviation ¢ (see chapter 26)

{t—m)?

ml T e (e (5F))
7.1.22 oy f_m e dt—2 1+erf )
Asymptotic Expansion
7.1.23
Vaze? erfc z~1+3 (—1)™ LA 52:&_1)
m=1 (22 )

(z——>m, larg 2]< —?;1)
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If R,(z) is the remainder after n terms then

7.1.24
Ryte)= (-1 B2,
=J;we“ <1+2%)_n—5 dt <|arg z|<g>
ol<1 (Jarg 21<5)

For « real, R,(x) is less in absolute value than
the first neglected term and of the same sign.

Rational Approximations? (0 <z<{ )

7.1.25
erf 2=1— (a8 +aut?+ast?) e~ +¢ (x), t=
le(2)| <2.5X 10"

p=.47047 6;=.34802 42 a;=—.09587 98
a;=.74785 56
7‘1.26
erf z=1— (a1t +ast®+ast®*+adt+ast®e = +e(z),
1
t_l—{—px

le(z)| <1.5X10~7

p=.32759 11 a,;=.25482 9592
a,=—.28449 6736 a;=1.42141 3741
a,=——1.45315 2027 @;=1.06140 5429

7.1.27
erf z=1 1 +e(x)
T T et e e Faa T ¢
le(2)} <5107

a,=.278393 a,=.230389
a;=.000972 as=.078108

7.1.28

erf z=1 1

[1 +U/1$+G/2x2+ e +aex6]m‘+‘€(x)
le(z)| <3X1077
a,=.07052 30784

az=.00927 05272
a5=.00027 65672

a,=.04228 20123
a,=.00015 20143
ag=.00004 30638

? Approximations 7.1.25-7.1.28 are from C. Hastings, Jr.,
Approximations for digital computers. Princeton Univ.
Press, Princeton, N. J., 1955 (with permission).

FRESNEL INTEGRALS
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Infinite Series Approximation for Complex Error
Function [7.19]
7.1.29

e

erf (x+1iy)=erf x+2n [(1—cos 2zy) +1 sin 2zy]

2 2 gmin .
+2 e 2 s U@ 0) g, e, Y)
where
Ja(x,y)=22—22z cosh ny cos 2zy+n sinh ny sin 2zy
g.(%,y)=2x cosh ny sin 2zy+n sinh ny cos 2y
le(z, )| ~107] ext (2-+-i)]

7.2. Repeated Integrals of the Error Function

Definition

7.2.1
1" erfe z=f i"lerfct dt (n=0,1,2,...)

. 2
i“lerfc == ¢~ %

Vr

Differential Equation

, 1% erfc z=erfc 2

PY o0 W oy
7.2,2 ZZ?+22 dz—Zny—O

y=Ai* erfc z+ Bi* erfc (—z2)
(A and B are constants.)

Expression as a Single Integral

7.23 i® erfc z—-j;r f; (t—;!z)" e~*dt.
Power Series 3
7.2.4 i* erfc 2= 2 (—Dt!
k=0 gn-kpip (1+"—_2-’-‘c
7.8 Recurrence Relations

i* erfe z=—7—zb i*~1erfe z+%" 1*2 erfc 2
n=1,2,3,...)
7.2.6
2(n+1) (n+2)i"*? erfc 2
=(2n+14-22Hi" erfe z—% i"~2erfc 2z
n=1,2,3,...)

3 The terms in this series corresponding to k=n+2,
n+4, n+6, . . . are understood to be zero.
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Value at Zero
7.2.7
1

i* erfe 0=————  (=—1,0,1,2,..))
o (541)

Ficure 7.4. Repeated Integrals of the Error Function.
1/=2"I‘(%+1) inerfcz

n=0,1,2,4,8,14, 22

Derivatives
7.2.8 c% irerfec z=—i*"terfcz (®=0,1,2,...)
7.2.9
d* | . .
pa (e?* erfe 2)=(—1)"2"n! ¢*i" erfc 2
(n=0,1,2,...)
Relation to Hh .(z) (see 19.14)
7.2.10 i" erfc z= Hh,(V22)

(2" (2" ')}

Relation to Hermite Polynomials (see chapter 22)

7211 (—1)""erfc z+i*erfc (—2)= H,(iz)

g
2n~1p)

FRESNEL INTEGRALS

Relation to the Confluent Hypergeometric Function
(see chapter 13)
7.2.12

i* erfc z=e~
PALN <2+1>

grp n+1)M(2+1’2’ 2)

y)Z

n—{—ll >

Relation to Parabolic Cylinder Functions (see
chapter 19)

7.2.13 i* erfc 2= (2,, : )5 D_,_1(2v/2)
Asymptotic Expansion
7.2.14
2
in e’ (=D"(2m-+n)!
i erfo o~ 2 5em 32 S
(z—>°°, |arg zl<3f)
7.3. Fresnel Integrals
Definition
7.3.1 C’(z)=fz cos (g tz) dt
0
7.3:2 S(z)= f sin (’5’ tZ) dt
0

The following functions are also in use:

133
O,(x)—J f cos t2dt, Cx(x)= 1/27rf %i‘t ¢
7.3.4

2 (" 1 (*sint
Sl(w)=J7'rJ; sin t2dt,S2(1)=‘/'2:ﬂ_J‘0 Tt—d

Auxiliary Functions

7.3.5

f(z)——[ S(z)] cos (2 ) 0(2)] sin (2
7.3.6
g(z)=[%—0(z)] cos (g 22)+[%—S(z)] sin (g 22>

Interrelations

Clx)=C, (ng):Cg (g a:“)

7.3.7
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7.3.8 S(x)=8; (z\/g)z S, (’2—’ z2>
139 C()=1+/(2)sin (’2-' z"’)— 4(2) cos (g 22)
7.3.10 S(z)=%—f(z) cos (g 22)—9(2) sin (g 22>

Series Expansions

1)*(x/2)2" n
7311 O(z)= Z@,(—ing—)l) +1
7.3.12
n 2n
O(z)—cos<2 > (4 +1)z4"+1
@ )n 2n+1 n
sin (3 )Z e
a‘\-—’
7313 S(z)— 2( DY @/2)"7 s

0 (2n+1)!(4n+3)

Loy
) .6 2 1.8 24 3.0 3.6
Ficure 7.5. Fresnel Integrals.

y=C(@), y=8()

301
7.3.14
S(z)——-cos< 22)2 (= 1)"(42;:3) tn+3
( 1)" 2n n
+oin (52) 2 g gy 2

1.3.15 Cu(2)=dy:(2) +ds5(2) FTgp(z)+ ...
7.3.16 Sy(2)=d3(2) +Jr2(2)+Jupz)+ ...

For Bessel functions JJ,,,2(2) see chapter 10.

Symmetry Relations

13.17 CO(—2)=—0C(z), S(—z2)=-—8(2)
73.18 CO(iz)=iC(2), S(iz)=—18(z)
7.3.19 C(2)=0C(), S(z)=8(z)

Value at Infinity

7.3.20 C() %, S(z)—%— (@)
Derivatives
7.3.21 (%E-)-—:-—ng(x), @(—)— rxf(z)—

Relation to Error Function (see 7.1.1, 7.1.3)

7.3.22
b er fl:‘/_ (1—@)2]

U(Z)+'LS(Z)—
_1+’I; 1;23 -\/-7? .
—T{l— s (1—{—7,)2]}

7.3.23 g(x) =ﬂ{17+@ w [%;r (1-+—i)x:|}
7.3.24  f(x)= j{“” [— (1—{—)x]}

Relation to Confluent Hypergeometric Function (see
chapter 13)
7.3.25

; = 13 .7
C@z)+1S(z)=2zM (2; 9 g% >
——zei%z2M (1, §;

I
2 7’2'2)

Relation to Spherical Bessel Functions (see chapter 10)

7.3.26 Cy(z) =% ﬁ ZJ_,(t)dt,Sg(z)=-;- fo ") dt
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Asymptotic Expansions

7.3.27
ref()~ 1435, (-1 S )
(s, lorg 2< F)
7.3.28
regle)~ 35 (—iym L G

(e, g 1<)
If R (2), R (z) aretheremainders after n terms

in 7.3.27, 7.3.28, respectively, then

7.3.29

Ry (@)= (-1l =g,

( 22)271

R 1 e igand
"(f=r<2n+%>f ED; st (Jare =1<])
7.3.30
() e ( 1\ L . (4n4-1) @
Ru )(~Z~)_( 1) ( 22)27. 0

1 = gmigtntd

9® — T 1+< >dt<largzl<;—r>

(Iarg ds’é)

For r real, R{(z) and R (z) are less in absolute
value than the first neglected term and of the
same sign.

7.3.31 [89|<1, [69]<1

Rational Approximations ¢ (0 <z < )

7.3.32
f@)=

7.3.33

14.9262
57 1792:+3.10d2 T ¢@

le(z)| <2X 10~

1
9@ =3 g Tazs 134002 166700 T <@

le(z)| <2103

(For more accurate approximations see [7.1].)
7.4. Definite and Indefinite Integrals

For a more extensive list of integrals see [7.5],
{7 8], [7.15].

7.4.1

f e~tdt="—
0

¢ Approximations 7.3.32, 7.3.33 are based on those given
in C. Hastings, Jr., Approximations for calculating Fresnel
integrals, Approximation Newsletter, April 1956, Note 10.
[See also MTAC 10, 173, 1956.}

ERROR FUNCTION AND FRESNEL INTEGRALS

7.4.2
i e—<ﬂ¢“r2b‘+°><1lt=l ie = erfc L Ra>0
. AP Va (Z#a>0)
7.4.3
® b
f ¢ 0 dt=%\/§ ¢2Vab (Aa>0, Zb>0)
0
7.4.4
® rony—a .(2n—1)
fo tomg—atiqt — —————2,, n .
Féz,if) (#a>0;7n=0,1,2,...)
7.4.5
> 1
fo t2"+1e—ﬂ”dt=% (Ha>0;n=0,1,2,...)
7.4.6
® 22
J; e~u! cos (2xt)dt=%\/§ e o (Ha>0)
7.4.7 v
fo " e-att sin (2at)dt =%E ¢-atla L IV gy
(Ra>0)
7.4. 8
) \%ﬁi_tz ~ \/7_’ e erfoyaz (a0, Bz>>0)
0 - 2 a
7.4.9
® et
az f
0 Vi(t42) x/_e erfo oz
(Ra>0, 270 |arg z|<m)
7.4.10
f Ter ‘“ ¢~ [f f edt—L El(a:cz)] *
0
(@>0,2>0)
7.4.11
gt x o
f I 2 e erfc vaz (>0, 2>0)
0
7.4.12 f eedt_= T ell—(rfyD)Y  (@>0)
o o BBF1
7.4.13
°  yetdt .
f ey Rw(z+1y) (z real,y>0)

*See page 1L
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7.4.14

© (e o= dt .

7.4.15

fw [$2— (22— le " w(z+iy)
o B=2(@— )t (2 +y2) y—w

(z real, y>0)
7.4.16

w(z+1y)

y—iz

® 2xye~t'dt
L 2@ — P+ @+
(x real, y>0)
7.4.17

@ a2
e~ erf bt dt=l %t erfe 2
o a 25

(a0, arg b<F)
7.4.18

f “sin (2at) erfc bt alt:z—ldE [1—e~@](a>>0,25>>0)
0
7.4.19
b
L[ (@ath>0
J;e ‘ot (Bldt=iy[ 0y (RFH>0)
7.4.20

fw e~ erfe \/—f- dt=é etV (Ra>0, Zb>0)
o

7.4.21

J; e@"* erfc (1/at+\/’>d —‘/bzi;/——:_j;-))

(R6>0, He>0)
7.4.22

[ e @ { s GyD)]=(5)
LGV (D)} oo

J7 e e 1o sy e (5
S ETENETENG) ST
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7.4.24

[zl o(e 1

#[msGVI)] o
1.4.25 »

o
——S (‘/ 206)] sin (ab) } (Ra>0, Zb>0)

7.4.26
e~ %dt

th(t o b‘\/' {[ (\/2ab>:lcos (ab)
__[5_0(\/2_:9)] sin (ab)} (Ra>0, R>0)

7.4.27

J;Q e“”C(t)dt=}z {[%-—S (?r)] cos (%)
—B—o(f—:)] sin (g—;)} (Ra>0)
7.4.28

j:b e~ S (t)dt =§ {[%——U <%):| cos (g;r)
+i-s (g)] sin (‘;a:r)} (Ra>0)
7.4.29

N e"‘"(’(\/ ) d*=za(¢miawm

(Ra>0)
7.4.30
f « S(\/ 2a(\/a +1 +a)5\/a2+1
(Ha>0)

7.4.31 f{[%—c(t)]2+[%—8(t)]2}dt:}r

7.4.32

1 [7 bl
—(az24-20z+0) Jp==" | L a
fe dz 2Vae erf (\/_x-l—\[_)-l-const
(a#0)
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7.4.33

e ARl )
fe 7 dx—z& [e”‘"’ erf ax+x

+e~% erf (ax—%)]-}—const. (a7#0)

7.4.34
+w (——g+ iaz)]+const. (a#0)

7.4.35 ferf zdz=1 erf x+% e~**+const.

7.4.36
1 ﬂ, a
fe‘“ erf brde==| ¢* erf bx—e** erf | bx—+
a 2b
+const. (@a##0)
7.4.37

fe“ erf Jg dx=%{e“ erf \/g
+5 e w(Va+i /S o (—vaz+i ‘/g)]}

~+ const. (a0)
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7.4.38

fcos (ax*+2bx+-c)dz
Va {5 E ]
+sin <62;M> S [\/a_?-:r (ax+ b)]} + const.

7.4.39

fsin (ax?+2bz--c)dx
-V {oos (P5%)s [\/}; (ax+b>]
—sgin (bz%a,c) C[\/% (ax-!—b)]} -+ const.

7.4.40 fO(:c)dx=zC (x) —}r sin (g x2)+ const.

7.4.41 fS (x)dz=28 () +11—r cos (g x’)+ const.

Numerical Methods

7.5. Use and Extension of the Tables
Example 1. Compute erf .745 and e=¢™*
using Taylor’s series.
With the aid of Taylor’s theorem and 7.1.19
it can be shown that

erf (2ot ph)=erf x,
+%_ e~%ph [1 —tho'i% PR (2x5— 1):|+e
o~ atom? — ,—2% [1—2Phxo+1’2h2 (225—1)
2
-3 p3h3%(2x§—3)]+17

where [¢/<1.2X1077, |4|<3.2X107% if Ah=10"%,
|p|£%. With z,=.74, p=.5 and using Table 7.1

erf .745=.70467 80779+ (.5)(.00652 58247) X
[1 —(.005)(.74) + (.00000 83333)(.0952)]
=.70792 8920

e—(-745)’=‘/?; (.65258 24665) [1—.0074
+(.000025) (.0952) + (.00000 00833)(.74) (1.9048)]

=.57405 7910.

As a check the computation was repeated with
2o=.75, p=—.5.
Example 2. Compute erfc 2 to 5S for 2=4.8.
We have 1/2=.0434028. With Table 7.2 and
linear interpolation in Table 7.3, we obtain

erfc 4'8=4_13 (1.11253) (10-) (.552669) ‘Lz;

=(1.1352)10~.
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Example 3. Compute e"’f edt to 5S for
0
£=6.5.

With 1/2?=.0236686 and linear interpolation
in Table 7.5

8.5
6.5 f ¢"dt = (.506143)/(6.5) = .077868.
0

Example 4. Compute i erfc 1.72 using the
recurrence relation and Table 7.1.

By 7.2.1, using Table 7.1,
i~lerfc 1.72=.05856 50.
Using the recurrence relation 7.2.5 and Table 7.1

i erfc 1.72=—(1.72)(.01499 72)+(.5)(.05856 50)
=.0034873

i? erfc 1.72=—(.86)(.0034873)+ (.25)(.01499 72)
=.0007502.

Note the loss of two significant digits.

Example 5. Compute i* erfc 1.72 for k=1, 2, 3
by backward recurrence.

Let the sequence wii(z) (u=m, m—1, . . ,, 1, 0,
—1) be generated by backward use of the recur-
rence relation 7.2.5 starting with wi...=0, Wiy, =1.
Then, for any fixed &, (see [7.7]),

. owtME) Ar .

lim =2 —L="— ¢=%* erfc >0).

mowo Wy (ZE) 2 ( )
With 2=1.72, m=15 we obtain
s wBA7) || k]| W20 | s]| 0P || s | w72
17 0 2] @zl 7| mazssmel 2| a1 1m0
16 1 11 (4) 1.3831 6 (8) 1.5569 1 (11) 6.0064
15 3.44 10 (4) 9.8005 5 (8) 8.9787 0 12) 2. 5830
| mise|’S Gonall s & Lemw(-1| a3 1o
13 (2) 2.5399 8 (6) 4.1666 3 (10) 2.6031

FRESNEL INTEGRALS 305

From Table 7.1 we h&ve% e~ 11’ — 058565.
Thus,

i erfe 1.72 =~ (.058565) (6.0064 X 10')/1.0087 X 10*

—3.4873X 1073

i2 erfe 1.72 ~(.058565) (1.2920 X 101)/1.0087 X 103
=7.5013X 10"+

i erfc 1.72 ~ (.058565)(2.6031 X 10')/1.0087 X 10*
=1.5114 X104,

Example 6. Compute ((8.65) using Table 7.8.
With z=8.65, 1/z=.115607 we have from Table
7.8 by linear interpolation

F(8.65)=.036797, ¢(8.65)=.000159.
From Table 4.6

sin (’5' x2)=—.961382, cos (’5' z2>=—.275218.

Using 7.3.9

(C(8.65)=.5+(.036797)(—.961382)
—(.000159)(—.275218) =.46467.

Example 7. Compute S,(1.1) to 10D.
- Using 7.3.8 and 7.3.10 we obtain by 6-pt inter-
polation in Table 7.8

Si(1.1)=S (1.1 \/g)

=9(.87767 30169)=.31865 57172.

Example 8. Compute S;(5.24) to 6D.
Enter Table 7.7 in the column headed by u-
Using Aitken’s scheme of interpolation

u Sa(u)
5.20310 58 |. 43280 06 .03689 42
5.31808 80 [. 41573 97 —. 07808 80 |. 42732 63
5.08938 01 |.45093 88 .15061 99 691 63 |. 42718 63
5.43432 70 |.30099 44 —~.19432 70 756 60 6 52 |.42717 71
4.97601 11 [. 46090 94 . 26308 89 674 79 9 38 61 [ .42717 67

Sy(5.24) = 427177

Example 9. Compute S;(5.24) using Taylor’s
series and Table 7.8.
Using 7.3.21 we can write Taylor’s series for f; (u)

=f <J?) and g, (w)=g (\/?) in the form
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f,(u)=c0+c1(u—uo)+—;—2! (u—uo)2+—§1! (u—up)®+ ..,

g2(u)=— 1z (u—1uy) _
+5 —u % ('t |

where
co=12 (o), e1=—g (1),
SO B iy 25
" * V2ruo(2uo)*

(k=0,1,2, .. .).

Consulting Table 7.8 we chose u,=1/.185638
=5.386819, thus having u—u,=5.24—5.386819
=—.146819. From Table 7.8

F2(10) =.168270, ga(uo) =.014483.
Hence, applying the series above,
£2(5.24)=.170436, g,(5.24)=.015030.
Using the 4th formula at the bottom of Table 7.8

S:(5.24) = .5— (.170436) (.503471)
—(.015030) (—.864012) = .42718.

Example 10. Compute S,;(2) using 7.3.16.
Generating the values of ,.4(2) as described
in chapter 10 we find

82(2) =J32(2) + J12(2) +J112(2) + J152(2) + .
=.49129+4-.06852 4 .00297 4 .00006=.56284.

Example 11. Computef X@ dt by numerical
1
integration using Tables 9.1 and 7.8. [Y(¢) is the

Bessel function of thesecond kind defined in 9.1.16.]
We decompose the integral into three parts

[Trm

—Crm 2+ [T - %

+[ P e
where
Yo(t) (1 1988 81n§t4>
_(1 75 cos(t—£>
1282/ 8t/3mt

represents the first two terms of the asymptotic
expansion 9.2.2.

By numerical integration, using Table 9.1,
ro
fl ¥(t) %= 41526 00.
Using the fact that the remainder terms of the

asymptotic expansion are less in absolute value
than the first neglected terms, we can estimate

3%.52. 7
(t)—Yo(t)]_ \/—f [212 4| —-11/2
2.52.72.9
+ 5 | a7 3310~
Finally,

[RTEL X

5953819 cos 10—sin 10

—(5(10) —8,(10)]

72688000 /107
23107 cos 104-sin10
5150400 = =—.02208 78,

using Tables 7.8 and 4.8. Hence
f Yo(t) 7= 41826 00—.02298 78=.39527 22.

The answer correct to 8D is .39527 290 (Table
11.2).

Example 12. Compute w(.444-.67¢) using bi-
variate linear interpolation.

By linear interpolation in Table 7.9 along the
z-direction at y=.6 and y=.7

w(.44+-.6t) ~.6(.522246 +.1678807) +.4(.498591
+.202666:)=.512784 4 .181794;

w(.44+.77) =.6(487556+.1479751) 4.4 (467521
+.1791234)= 479542+ .160434.

By linear interpolation along the y-direction at
r=.44

w(.44-.671) =.3(.5127844.1817947) +.7 (479542
+.1604347) = 489515+ .166842+.

The correct answer is .489557+.1668891.

Example 13. Compute Zw(z) for 2=.44+ .6114.

Bivariate linear interpolation, as described in
Example 12, is most accurate if z lies near the
center or along a diagonal of one of the squares
of the tabular grid [7.6]. It is not as accurate for
z near the midpoint of a side of a square, as in this
example. However, we may introduce an auxil-
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iary square (see diagram) which contains z close
to its center. Bivariate linear interpolation can
then be applied within this auxiliary square.

The values of w(z) needed at z=¢;, and z=¢,
are easily approximated by the average of the four
neighboring tabular values. Furthermore the
parts to be used are given by

|20— N lzo Al
IZo 61l [20— &

=P+ Po, =D1— P2
9

Zy| Z O)
A2

L

where 2=2,+.1(p;+ip:). Thus, with z,=.4+ .61,
§1=.45-+.651, {,=.454.551, p;=.4, p,=.1, we get
from Table 7.9

Rw($) ~3(.522246 +.498591 + 487556 +.467521)

=.493979

Aw(sy) =~1(.522246 + 498591+ .561252 +.533157)

=.528812

Rw(z) ~[1—(4+.D]{[1—(4—.1)].522246
+(.4—.1).528812} 4 (4 +.1) X

{[1—(4—.1)] .493979+4(.4—.1).498591}=.509789.

The correct answer is .509756. Straightforward
bivariate interpolation gives .509460.

Example 14. Compute fw(.39+4.613) to 6D
using Taylor’s series.

Let 2=.39+.617, z,=.4-.6i.
and using Table 7.9, we have

w(2)=.522246--.1678801

W’ (20) =—.21634+.367381, z2—2,=(—1-+1)10~2
W'’ (2) = —.215—.1854, (2—25)?=—2iX 10~*

From 7.1.20,

Jw(z)=.167880—.0021634 —.0036738
+.0000430=.162086.

Example 15. Compute w(.4—1.37).
From 7.1.11, 7.1.12

w(4—1.30) =w(—.4—1.35)=2¢ (4-1.30°
—w(.4+1.37).
Using Tables 7.9, 4.4 and 4.6

w(.4—1.37)=4.33342 18.042015.

Example 16. Compute w(7-23).
Using the second formula at the end of Table 7.9

. . 5124242
w(7+21)=(—2+79) (m
05176536

15,9755 108

)=.021853+.075010i.
Example 17. Compute erf (2-4-13).
From 7.1.3, 7.1.12 we have

w(iz)=1 —e*~2(cos 2y

erf z=1—¢™*
—1 sin 2zy)w(y+iz)

Using Tables 7.9, 4.4, 4.6

(z=z+1y).

erf (2+14)=1—e"? (cos 4—1 sin 4)w(1+23)
=1.003606—.01125901.

Example 18. Compute S, ((%—-}-@) \/5)
From 7.3.22, 7.3.8, 7.3.18 we have

| a+i) ]
—LE ey, I:(i—l) j_g]

Setting z =(%+i) v2 and making use of 7.1.11,
7.1.12, and Table 7.9

() )
i1 e (oo 2 i 8) o (3121)
+1+Q' 2 (cos§+i sin 5) w (—2—+§ z)

=—.990734—.6816191.

Sx(Z)—

Example 19, Computef e~ W9 =3t 00g (2¢)dt
]

using Table 7.9.
Setting b=y-+ix, ¢=0 in 7.4.2 and using 7.1.3,
7.1.12 we find

J; e~ oo (21t)dt=% \/g Rw (.’t;/i—d?,y

(a>0, z,y real).

Hence from Table 7.9

f e~ VOB o8 (2t)dt= v Bw(2+31) = 231761,
0
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z=0(.01)1, n=0(1)3, 9, 10, 8D
Table 8.4. Derivative of the Legendre Function-Second Kind @,(z)
@<1) e o e 348
2=0(.01)1, n=0(1)3, 9, 10, 6-8D
Table 8.5. Legendre Function-First Kind P,() *>1) . . . . . . . 350
2=1(.2)10, n=0(1)5, 9, 10, exact or 65
Table 8.6. Derivative of the Legendre Function-First Kind P, (z)
@) . o e e 351
2=1(.2)10, n=1(1)5, 9, 10, 6S
Table 8.7. Legendre Function-Second Kind @,.(z) (x>1) . . . . . . 352

z=1(.2)10, n=0(1)3, 9, 10, 6S
Table 8.8. Derivative of the Legendre Function-Second Kind @,(2)
2 353
z=1(.2)10, n=0(1)3, 9, 10, 68
The author acknowledges the assistance of Ruth E. Capuano, Elizabeth F. Godefroy,

David S. Liepman, and Bertha H. Walter in the preparation and checking of the tables
and examples.
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8. Legendre Functions

Mathematical Properties

Notation 8.1. Differential Equation
. . 8.1.1
The conventions used are z=r-+1y, z, ¥ real,
and in particular, z always means a real number (1-——22) yr 2 22 +r+1)—
in the interval —1<z< 41 with cos §=z where
6 is likewise a real number; n and m are positive Solutions

integers or zero; v and p are unrestricted except
where otherwise indicated.
Other notations are:

(Degree v and order u with singularities at
z==1, » as ordinary branch points—gu, » arbi-
trary complex constants.)

P, (x)

(2 nn Pi(z2), @4(z) —Associated Legendre Functions (Spher-
ical Harmonics) of the First and Second Kinds 2
Py (x) for (—1)"P7(z)

larg (z£1)|<w, |arg 2|<mw
1R for (7R (A== (2—1)k(z+ 1)k

P (x) for — =

Bl fr (_ 1y | C0F1) (—m)! (For P“(2), u=0, Legendre polynomials, see
P2() for (=1) J 2(n+m)! P @) chapter 22.) g
PBe(z) for PE(z), Q4(z) for Q4(2) (H#=z>1) 8.1.2
® Ari)s " 241 i
Q(2) for o™ Q4(2) PO~ #)[ ]F( by 15 1—p; 2)
Q*(2) for Sl_“_(l‘i‘l’l' Q*(2) (1—2|<2)

Various other definitions of the functions occur (For F(a, b; ¢; ) see chapter 15.)

as well as mixing of definitions.

I — TP —y— P(y+“+1) P ikt — 1] Z El ?. E‘ g'l
BL3 Qie)=em2—rin LML (22 1)*F<1+2+2,2+2+2,v+2,z2> (12[>1)

Alternate Forms

(Additional forms may be obtained by means of the transformation formulas of the hyper-
geometric function, see [8.1].)

_r wloy pmloN gl ke # 3
F 2 22+2 22’z> F(z 2 2’1+2 2’2"2)
______ 1,v Ve
2 575 (1+2 2) r(2+2 2>F( 2 2)
2-r—lg=ip(—f—p)g et 1,9 p v op 3.,
(Z—1)**T (—v—p) F <2+'2"§’1+§_§’ vty 2 )

2T(3+v)ert v w1l v ul - -2
+(22—1)“/2P(1+y—#) F( b ‘2"2 9 2§ v; 2 2) (IZ |<1)

— — 1) —iu —_
2

+3 T EADe—1) F (=5, 145 1 5 ) (1—zl<2)

8.1.4 Pr(z)=2i(z2—1) ¥ (J3<D)

8.1.5 P¥(z2) =

008 m¢}

2 The functions Y9, p)= sin P=(cos 6) called surface harmonics of the first kind, tesseral for m<n and sectoral

for m=n. With 0<0<x, 0<¢ <2, they are everywhere one valued and continuous functions on the surface of the
unit sphere 224 y?4- £2=1 where z=sin ¢ cos ¢, y=s8in 8 8in ¢ and z=cos 0.
*See page 1L
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‘1
P(§+%+§ v w1,
8.1.7 ¢~ Qr(z)=al2x(z2—1) "B { — " b "”F(—i—i 13t~ 35 z*)
[
2r (1+§——2)
2T (1+K+E> ot
' 272 1 v u v p3. 2) )
+ oy F(5—5—5 14555 (127<1)
2°'2 2
8.1.8 Wronskian (Upper and lower signs according as #22:0.)

£ HTOHT (v+;+2) r (v+;+l)

oo (S5 (557
W{P,,(z), Qn(z)}z—(g2_1)--1

8.2. Relations Between Legendre Functions

W{Pi(2), Q(2) }=

8.1.9

Negative Degree

8.2.1 P, (2)=P%(2)
8.2.2
Q4,1 (2)={—me*" cos vrP(2)
+@(2) sin [7(v+u)]} fsin [r(v—p)]
Negative Argument (F2=0)
8.2.3

PY(—2) =™ Pr(z)~2 =" sin [x(v-+1) 1Q¥(2)

8.2.4 Qi(—2)=—ex""Qu(2)
Negative Order
8.2.5
T(v—u+1 2 .

Pio(e) =it [Pre) =2 e sin (m)@2(@) |

() g-tiur L=BFD) o
8.2.6 Q4 (2)=e T Fat]) Q(2)

Degree .+ % and Order v+ % *

A2>0

_(F=)ienge(e)

-} a £ " Y2
8.2.7 ( 21r)"2l‘(v+p.+ 1) *

I\ Eym )~
8.2.8
e
--\opm)
——i(m) VAT (—r—) (*—1) Ve~ P (2)
8.3. Values on the Cut
(—1<2<1)
8.3.1
Py (z)=4{ed» Py (z+10) + e 4% P4 (x—10)]

*See page I

8.3.2
Pr(x)=extievPr(x£10) =
8.3.3 o,
=in~le—tum[e T Ql (2 +10)
— ¥ Qa(z—i0)] +
8.3.4

Qi () =3¢ e ¥ Qi (z+10) e+ Q¥ (z—10))

(Formulas for P#(z) and Q%(z) are obtained with
the replacement of z—1 by (1 —z)e*'r, (#—1) by
(1—aex'r, 241 by z+1 for z=2410.)

8.4. Explicit Expressions

(x=cos 6)
8.4.1 Py(z)=1 Py(x)=1
8.4.2
W@=3n () a@=3in(1X3)
=2F(3,1;%; )
8.4.3 P(2)=2 P,(z)=x=cos 0
8.4.4
=t (-1 e@=5i (1)1
8.4.5

Py(2)=3B7—1)  Pa(@)=31@2"-1)

=1(3 cos 20+1)
8.4.6

G@=P@ W ()@=

3z (3:2 1) (1 3x
2

8.5. Recurrence Relations

(Both P* and @* satisfy the same recurrence
relations.)
8.5.1
Peti(z)=(2"—1) " { (v—p) 2Ps(2) — (v + ) Pt (2) }

Varying Order
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8.5.2

(1) LD ) ot 1) (2 1P )
—uzP4(2)

Varying Degree

8.5.3

(—u+ 1) P21 (2) = (2+1) 2PE(2) — (r-H i) Py (2)

854 (1) T —yopy(o)— (4w P2i(2)

Varying Order and Degree
855 Piy(2)=Pi_y()+@v+1)(2—1)Pi1(2)

8.6. Special Values

x=0
8.6.1

P3(0)

=274 cos [3r(v+w)]T (3v+ 3+ 5)/T (Bv—3p+1)
8.6.2
0=

—27 ' sin [3r(+)]T(3v+
8.6.3

I:dP“ (x)l _

2;“# ¥sin 3r(v+u)) T(3v+3u+1)/T(3v—3u+3)
8.6.4
a7 _

dx =0

2ewt cos (3m(v+w)] T(v+3u-+1)/T(3v—3u+3)
8.6.5

W{P(x),@(x) } =0

ut3)/T(Bv—3u+1)

2T Gr+3u+1)T (v +-3u+d)
P(v—3u+ )T (Gyr—iu+3)

#=m=1, 2’ 3, .
8.6.6
Pr(z)=(2—1)im ‘%,
8.6.7
@ (2)=(2—1)i" %’
QT(m):(_l)m(l—xQ)}m %
p==}%
8.6.8

PY() =(—1)~42r) ~¥5{ [+ (22—
et (=1}

1)vz]p+

*See page 11.

FUNCTIONS
8.6.9
PR@=(2)" Ek ety
—lz+(2—1)V7~r4}
8.6.10
Q}(2) =i () V2(2—1) " V4[24 (2 —1) V2]~
8.6.11
Qi (2)=—1(2m)"? (22 +11) " (24 (2—1)12)-r1 %

8.6.12
P}(cos 6)=(4n)~* (sin 6)~* cos [(v+3)6]
8.6.13
Qi(cos §)=—(Fm)? (sin )~ sin [(++3)6]
8.6.14
P;¥(cos 6)=(3m) ~H(v+3)~*(sin 6)~? sin [(v+1)6]
8.6.15
Q;}(cos 6)=(2m) }(2v+1)~*(sin 6)~* cos [(w+1)8] "

p=—v
oy 272 -1)Y
8.6.16 P; (z)———~——r(v+l)
- __27*(sin 6)”
8.6.17 P;*(cos 0)————F D
p=0, v=n
(Rodrigues’ Formula)
1 dr(z>—1)"
8.6.18 P.(2) =g i
8.619  Qux)=5 Pu(a) In 1 T2y, (2)
where
2
W@ =T Pars@+350y Pacs(@
2n—9
+5(n—__27Pn—s(x)+ BN
201
—’mz-l Epm—l(x)Pn—m(z)
W_1(3)=0
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=0, 1

8.6.20 @%‘f’—”—) _=2n(cos $)

-y pP-1
8.6.21 &_é(i_os_ﬁ) =-—tan $§—2 cot 36 In (cos 36)

L y=0

NP1
8.6.22 %_a(:c’o_so_) =—1 tan 36 sin® 10+sin 6 In (cos 26)

L. y=1

8.7. Trigonometric Expansions (0<8<r)

8.7.1 P*(cos )=~ "22w+1(sin p)» 1 (F"(‘::_j)l) :20 (“”L]f')‘('i”ja‘;“)“ sin [(v+u+2k-+1)8)
2 $= . 2/k

8.7.2  Q(cos §) =722u(sin ) Tr+ut1) & (wt+Pe+ut1),

T3 & ket 8 [(v+u+2k-+1)6]

_2mER(phE L . i n+1 . 1-3 (n+1)(n+2) . .
8.7.3 P,(cos 0>—w———(2n+1)! sin (n+1)8+2n+3sm (n+3)0+7~———(2n+3> ©nt5) sin (n+5)84 . . :]
_2mti(p)? n+1 1-3 (n+1)(n+2)
8.7.4 Q,(cos 0)————(2n+1)! I:cos (n+1)0+2——n+300s (n+3)6+ T @nt3)(2nt5) cos (n+5)8+ .. ]
8.8. Integral Representations
(z not on the real axis between —1 and — =) *
27 (22 —1) ks

8.8.1 Pi(a)=

H{——@To+D) J;m (z-+cosh t)4=7~1 (sinh t)&*d¢ (P (—p) >GHv>—1)

e 27 T(v+p+1)
[(p+3) Tr—utl)

8.8.2 @(z)— (2—1) M f “le (22— 1)} cosh £]++\(sinh )%t (Bly+ut1)>0) *

883 Quo)=3 [ (=0 Palhydt=(=D)*"Qu(=2)

(For other integral representations see [8.2].)

8.9. Summation Formulas

8.9.1 (E—Z)M":'/_J; @m+1)Pr(2)Pn() = (n+1)[Pr41(§) Pa(2) = Pa(§) Pasi (2)]

8.9.2 (E—Z)m}:)(2m+1)Pm(2)Qm(£)=1-—(n+1)[Pn+1(2)Qn(E)—P..(e)Q..H(&)]
8.10. Asymptotic Expansions

For fixed z and » and Zu—w, 8.10.1-8.10.3 are asymptotic expansions if z is not on the real
axis between —o and —1 and + and +1. (Upper or lower signs according as #2=0.)

— fu
8.10.1 P:(z):””t:‘rzlfl()“ 2 “E0) " sin ur [:F(—-u, v+1; 14w b e)

sin ynr
sin um

e¥hr (%)M F(—v,v+1; 144 %—%2)]

) u
8.10.2 Qi(z)=3e™" F;V(_L-i_;l) Zii) I'(u—v) I:F(—V, v+1; 144; 3+32)

—eFhr (i;})ﬁ F(—v, v+1; 144; %—%z)]

*See page II.
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—tur — —4u
8103 Qr(e) = oot e (SEY™ (s, 15 14 4 12)

z2—1\"t

—(2) " Pl vt 1 14 —%+%z)]

With p replaced by —u, 8.1.2 is an asymptotic expansion for P;*(2) for fixed z and » and # u—w
if z is not on the real axis between —e and —1.

For fixed z and p and #v—», 8.10.4 and 8.10.6 are asymptotic expansions if z is not on the real
axis between —» and —1 and 4+« and +1; 8.10.5 if z is not on the real axis between — and +1.

v 2__1)4
8104 Pra=n 4@ FEEEED Lo b, b D)
—1)}
Fie e (R DF G bt et
— 2__1)4
8.10.5 Q¢(z)=em (Am)H(z2—1)~V4 F(Il‘,(_::j}_)l) [2— (22— HF (3+u, 3—u; 3+ ;E;(il):) )
8.10.6 Q'—‘v(z)=em(%7r)*(22_1)_m Plut) [ o vz (2= (343w %+v;2+(22_1) i)

sin [r(u—»)]  T(3—u) 2(22—1)t

—1)
+1e?" cos pr{z— (2—1) " F (5+u, 3—u; 3 +v; ;(tz(z 1):) )}

The related asymptotic expansion for P*,(z) may be derived from 8.10.4 together with 8.2.1.

8.10.7 P%(cos 0)=-I—‘(I‘V(_i—+;_)l)(%1r sin )" cos [(v-+) —F+22]+ 06

8.10.8 Q*(cos 0>—F¥2Li+l)<2sn 0) cos [+ 1B+ T+214-067) (e<O<n—e, €0)

For other asymptotic expansions, see [8.7] and [8.9].

8.11. Toroidal Functions (or Ring Functions)

(Only special properties are given; other properties and representations follow from the earlier
sections.)

8.11.1 P¢ ,(cosh n)=[T(1—pu)] '2%(1—e " 2n)"we=OtPrF (L —p 3+v—p; 1—2p; 1—¢ 2

__T(ntm+3)(sinh 9™ (sin ¢)™dp
8.11.2  P7y(cosh ")_F(n—m+%)2"'\/ﬂ‘(m+%) o (cosh p+cos ¢ sinh 5)*+m+#

8.11.3 @*_;(cosh n)—[I‘(l—H)] Lxew T (A v+ p)(1—e e~ P13 +p, 3 +v+u; 14v; e) *

. _(=D"r(n+3}) f“’ cosh mt dt
8.11.4 Q74 (coshn)= I'(n—m+}%) (cosh n—+cosh ¢ sinh 7"+t ¥ (n>m)

*See page 1I.
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8.12.
(P%y4:ix(cos ), @) 4ix(cos 6))

(Only special properties are given as other
properties and representations follow from earlier
sections with v=—3441x (A, a real parameter) and
2=cos 8.)

8.12.1

Conical Functions

2
P_ieo (cos =1+ 257 sint
+(4>\2+1;)2i;1>\’+3’) sin 2+ . (0L6<7)

8.12.2 P_; . n(cos 8)=P_;_n(cos §)

cosh Mdt
72 (cos t—cos 6)

']
8.12.3 P_, n(cos )= f
8.12.4

Q-+ (cos 8)= £ sinh )wrf /__Cfﬂt_({t___
o 4 2(cosh t+cos 6)

f"’ cosh Atdt
+ —_—
o v/2(cosh t—cos 6)

8.12.5
P_;_H)‘(—COS 0)
cosh Ar

[Q 1+n{cos 0)+Q - o{cos 6)]

8.13. Relation to Elliptic Integrals
(see chapter 17) (#n>0)
2 2—1
D ——
8.13.1 I ,(z)—- 1 K( 2+1)

337

-1
8.13.2 P_;(cosh n)=[g c/osh g] K (t anh g)

- -5
8.13.3 Q.,(z)=\/m K(\/Zfl>
8.13.4  Q_j(cosh n)=2¢~"?K (e~
8.13.5

ia=% i (V)

8.13.6  Py(cosh n)=§ e’E (V1—¢)
8137 -
)= \/2~2H K(J%)
_ 2 .
R(z+D)PE ( i) el
8.13.8 P @)=2K (\/ 12;’)
8.13.9 P_y(cos 6) =§ K (sin g)
8.13.10 Q_,@)=K (@) .

8.13.11 Py(r)=> [2E (\/ :)‘K (\/1_1)]
lil)—zE( 1225) ’

8.13.12 Q,(x)= K(

8.14. Integrals

8.14.1 Jl’P.(z)Q,(z)dz=[(p—v)(p+v+1)]"

842 [ 0.Q@dz=(—n (ot r+ DI Wo+ 1) g+ )]

8.14.3 fl " Q@ Pdz= @+ 1) (v +1)
8.14.4

—2(sin m)2 Y (v+1) »
(v+1)

8.14.5 f _l (P.(@)Pdz=""

(Rp>Av>0)

(Z(p+v)>—1, p+v+15#0;
v, p#E—1, —2, =3, .. )
(Rv>—1)

| P@Pu@da=Z ((o=1) (oHr-+ 1)1 (2 sin v sin xolg -+ 1) =y o 1)) w5in (xp— )}

(p+v+10)

8.14.6 f _‘, Q@ Q@) dz=[(p—») (p+ v+ DI {[¥w+ 1) —¢(p+ D][1 +cos pr cos vr]— kr sin (vr— pm)} *

8.14.7

*Sec page 11.

[ (@@= @r1) (h—v 6+ )11+ (cos a1}

(p+v+1#0; v, p#=—1, -2, -3, .. 2
(v#E—1,—-2,=3,...)
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8.14.8 f_llP,(l‘)Qp(x)dz=[(v——p) (pt+v+1)]! {1—005 (pr—vm) —% sin 7v cos w[\ﬁ(v+1)—1//(p+1)]}
(-%V>O’ -@P>O’ p?fy)

8.14.9 f ' P.(@&)@ ()da=—1 (2v-+1)"* sin 2oy (-+1) (v>0)
-1
(m, n,  positive integers)
8.14.10 8.14.13 f_ll[PZ,"(:c)]2dx=(n+%)"(n—I—m)!/(n—m)!
1 w  1—(=1)""(nd-m)!
| e e e oy B LR PRY
1
8.14.11 fl Pr@)Pr(2)dz=0 (I n) f _, A=) PR(@)Pda=(nt-m)!/m(n—m)!
-1
fl 8.14.15
8.14.12 Pr(x)Pi(x) (1 —z%) ~'dz=0 (I#m) 1 e m2-°-10 (14 p)
) J, P RS (R y ) ¢ v vy
(Z#p>—1)
8.14.16
i Na—1Den 2 #rT (Jat3w)T (Ja—3u)
[ tsin o B vt R ey (>0
8.14.17
Prn(@)=(2—1)im fl L fl "P.2)d2)"
L‘x)
8.14.18 / T
Gr@==Dm@-) [ [ [Q@ @ i .
f f, 2.0 ./. \
For other integrals, see [8.2], [8.4] and chapter / \
22, 1.5 T Ny
| P "7 N |
-, . \
Pnl cosg) 7 / \\ .\

0° 10° 30° 50° 70° 20° . /

Froure 8.1. P,(cos 6). n=0(1)3. Figure 8.2. Pi(z). a=1(1)3,z<1.
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Ppix} - QX
v
Py~ \
103 {— "
— /7
— /
— /
— /
L /
/
|°2 : / P’z""t
: / ’a’
I / I"
— / "’
A
| / ’,// 10 E\ \\\ \\
[/ SRR ~
/ /’ — \ \\ ~_ Q
o' - / P - \ ~
- AR
-/ ¢ |- ! N\
/ N
! 10 E \\ \\\
!
/ — ~
e =\ N
! - \ \\\
S TS U N N N RO N R — \ s
I 2 3 4 5 6 7 8 9 10 - \ S
S Q
<
\ 2
Figure 8.3. P,(x). n=0(1)3,z>1. 104 \
= \
— N
Qqp(x) | N
[} \\ Q,
15 1o E N N S DR RS N N S A
, I 2 3 4 5 6 T 8 9 0
Q .
y I FiGURE 8.5. Qu(). n=0(1)3,z>1.
10 |- ;
!
o, /!
~ o
) Numerical Methods
o) J \k J L'/ l“!_l -
N .4‘\ 6 7 ) /' 0 " 8.15. Use and Extension of the Tables
\ .
\\\Q2 \\ ./ /// / Computation of P,(z)
-5 - RS / // / . .
° \\ /\\ S/ For all values of z there is very little loss of
Tl Rl significant figures (except at zeros) in using the
Py T recurrence relation 8.5.3 for increasing values of n.
' Examplel. Compute P,(z) for z=.31415 92654
FIeure 8.4. Q.(z). n=0(1)3,z<1. and z=2.6 for n=2(1)8.
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n P,(.31415 92654) P,(2.6)

0 1 1

1 .31415 92654 2.6

2 —. 35195 59340 9. 64

3 —. 39372 32064 40. 04

4 . 04750 63122 174. 952

5 . 34184 27517 786. 74336
6 . 15729 86975 3604. 350016
7 —. 20123 39354 16729. 51005
8 —. 25617 29328 78402. 55522

Computing Ps(x) using Table 22.9 carrying ten
significant figures, Pg(.31415 92654)=— 25617 2933
and P;(2.6)=78402.55526.

Computation of Q,(z)

For 2<{1, use of 8.5.3 for increasing values of n
leads to very little loss of significant figures.
However, for 2>>1, the recurrence relation 8.5.3
should be used only for decreasing values of n,
after having first obtained @, using the formulas
in terms of hypergeometric functions.

Example 2. Compute @,(x) for z=.31415 92654

and n=0(1)4.
With the aid of 8.4.2 and 8.4.4 we obtai.
n Qa(.31415 92654)
0 . 32515 34813
1 —. 89785 00212
2 —. 58567 85953
3 . 29190 60854
4 . 59974 26989

Using the results of Example 1 together with
8.6.19. we find Qu(¢)=1P,(z)In G—i;)—Wa(z)

where W3=£ P3+% Py, giving Q,(.31415 92654)=
.59974 26989,

LEGENDRE FUNCTIONS

Compute @;(x) for z=2.6.
V+2 V+1 1)
)V+ '3

Example 3.
Ten terms in the series for F' (

of 8.1.3 are necessary to obtain nine s1gn1ﬁcant
figures giving Qs(2.6)=4.8182 4468 X10~°. Using
8.5.3 with increasing values of n carrying ten
significant figures we obtain

Qn(2.6)
. 40546 51081
. 05420 928
. 00868 364
. 00148 95
. 00026 49
5 . 00004 81

WK - O3

where @, and @, are obtained using 8.4.2 and 8.4.4.
Computation of P.i(z), Qii(z) '

For all values of z, Py3(x) and Q4;(x) are most
easily computed by means of 8.13.

Example 4. Compute @Q_;(x) for z=2.6.

Using 8.13.3 and interpolating in Table 17.1 for

K(.5), we find

Q-4(2.6)= \/z-l-l < aHz—l)

=(.74535 59925)(1.90424 1417)
=1.41933 7751.

On the other hand, at least nine terms in the
v+2 V-H, v+3 1) of 8.1.3 are

expansion of F' (

necessary to obtain comparable accuracy.
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9. Bessel Functions of Integer Order

Mathematical Properties

Notation

The tables in this chapter are for Bessel func-
tions of integer order; the text treats general
orders. The conventions used are:

z=x-+1y; x, y real.

n is a positive integer or zero.

v, p are unrestricted except where otherwise
indicated ; » is supposed real in the sections devoted
to Kelvin functions 9.9, 9.10, and 9.11.

The notation used for the Bessel functions is
that of Watson [9.15] and the British Association
and Royal Society Mathematical Tables. The
function Y,(z) is often denoted N,(z) by physicists
and European workers.

Other notations are those of:

Aldis, Airey:

Gn(2) for —37Y.(2), Ka(2) for (—)"K.(2).
Clifford:
O, () for 2~ 4J,(2V7).
Gray, Mathews and MacRobert [9.9]:
Ya(2) for 37 Ya(2)+ (In 2—7)J(2),
?,(z) for we’™* sec(vr)Y,(2),
G,(2) for §miHP (2).
Jahnke, Emde and Losch [9.32]:
A,(2) for T(v4-1)(32) "/, (2).
Jeffreys:
Hs,(2) for HX(2), Hi,(2) for H® (2),
Kh,(2) for 2/m)K,(2).
Heine:
K,(2) for—3mY (2).
Neumann:
Y*(2) for 3w Y (2)+ (In 2—v)J,(2).
Whittaker and Watson [9.18]:

K, (2) for cos(vm)K,(2).
358

Bessel Functions Jand Y
9.1. Definitions and Elementary Properties

Differential Equation

. .
9.1.1 22 %;—f+z %—:—{- (2 —vHw=0

Solutions are the Bessel functions of the first kind
Ji(2), of the second kind Y,(z) (also called
Weber’s function) and of the third kind H (), H® ()
(also called the Hankel functions). Each is a
regular (holomorphic) function of z throughout
the z-plane cut along the negative real axis, and
for fixed 2(#0) each is an entire (integral) func-
tion of ». When »= 4, J,(2) has no branch point
and is an entire (integral) function of z.

Important features of the various solutions are
as follows: J,(2)(#v>0) is bounded as z—0 in
any bounded range of arg z. J,(2) and J_,(2)
are linearly independent except when » is an
integer. J,(2) and Y,(z) are linearly independent
for all values of ».

H"(z) tends to zero as |z|—>« in the sector
0<arg 2<r; H® (2) tends to zero as |z|—>» in the
sector —r< arg 2<{0. For all values of v, HV (z)
and H?(z) are linearly independent.

Relations Between Solutions

J(2) cos (vr)—J _,(2)

sin (pr)

9,1.2 Y, (2)=

The right of this equation is replaced by its
limiting value if v is an integer or zero.
9.1.3

HP (2)=d,(2) +1Y,(2)

=1 cscvm) {e "™, (2) —J _,(2)}
9.14

H2(2)=dJ,(2)—1Y,(2)
=1 esc(rm){J_,(2)—e™%],(2) }

915 J_.(@)=(—)Vu2) Y_u(&)=(—)Ya(2)
916 HY)=e"HOE) HB()=eHP(2)
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Limiting Forms for Small Arguments

When v is fixed and 2—0

9.1.7
JD(Z)N(%Z)y/I‘(V-I_l) —3; .o )

9.1.8  Yy(2) ~—iHP (2) ~iHP (2) ~(2/) In 2
9.1.9

Y,(2) ~—iH;P (2) ~iHP (2) ~— (1/m)T(v)(32)*
(%#v>0)

(";é—l) —2)

Ascending Series
—i2)*
J,(2)=(32)" ; k‘F(v+k+1)
n—1

(%2)"‘2

™ k=0

9.1.10
9.1.11

Y.(2)=

(n— k 1) Az 2yt

+21n (o), (2)

(—322*

CLS S
B WD He+D]) it

where ¢(n) is given by 6.3.2.

9.1.12 Jy(z)=1 5;2;_*_ ((%22]?22_ ((21;32;;)23-‘_ e
9.1.13
Yo(z)—- {In (32)+v}Jo(2)+= {(iﬁ)z
—a+d G apep G20 )
9.1.14
J,(2)Ju(z)=
) ()T (r+p+2k+1) (327)*
(32)* kz.or<y+k+1>r<n+k+1)r(v+u+k+1) R
Wronskians
9.1.15

W{J.(2), J_.(2)} =d,i(2)J_,(2) +J,(2)J - 41y (2)

0.1.16 =—2 sin (vr)/(x2)

W{ Jv(z), Y,(Z) } =Jv+l (2) Y,(Z) —J,,(Z) Yr+l (2)
=2/(x2)
9.1.17
W{H*(2), H®(2)}=HRQ:(H (2)— H () H?(2)
=—41/(w2)

OF INTEGER ORDER.

Integral Representations

9.1.18
Jo(2) =1 fr cos {z sin 0)d0=l ff cos (2 cos 6)df
T Jo T Jo
9.1.19
ir
Yo(2) =7% f cos (z cos 0) {y+1In (22 sin? 6) } 9
0

9.1.20

(%‘Z)' v in2v
J.(2) cos(z cos ) sin® 6df

A+ hJ

2 1 )' ! PAY 2
=1*P((ii%)ﬁ (1—t%*~tcos (zt)dt (Zv>—1)

9.1.21

Ju() = ﬁ " cos (zsin 8—nf) df

i—n L ]
=——f e'2°°8% cos (n)do
0

T

9.1.22
J,(2) 1 f’ cos(z sin 6—vh)d8
TJo

_s__in_i_”)fg e=tom =gy (|arg 2|< )
0
Y,(2) =1lr J;' sin(z sin 6—»8)d8

—-}r L " (e 4o cos (vr) Je~* U gt (|arg 2|<}r)

9.1.23
Js (z)=1gr f sin(z cosh £)dt (z>>0)
0

Yoa)=—2 f " cos(z cosh £)dt (z>0)
9.1.24 ’
B [ 10
POt ey (9 I<h>0
9.1.25

* e*mb -ty (larg 2| <3m)

1 (ot
a2 @)= [

mp@=—% [
9.1.26
J(a:)—

xi
o vk 1=t (arg 2| i)

= D= t) ()
%) v TOHEHD
In the last integral the path of integration must
lie to the left of the points ¢=0, 1,2, . . .

dt (Zv>0,2>0)
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Recurrence Relations

9.1.27
€+, (=2 %, ()
G 1@ = F () =2F1(2)
€ (@) =%-2)— €>(2)

CUD)=—F 11D+ 6,(2)

% denotes J, Y, HY, H® or any linear combina-
tion of these functions, the coefficients in which
are independent of z and ».

9.1.28 Jy(z2)=—J(2) Yo(2)=—Y(2)
If f,(2)=
of », then
9.1.29
Joaa(@) +frna(2) = 2v/N) 27 %.(2)
(2499 fo-1(2) + (P —v9) frra(2) = 2¥/N) 271 (2)
z2f.(2) =Agz* f,1(2) + (p—v9) f,(2)
2f,(2) =—Ng2%, 1 (2) + (p+29) £.(2)

Formulas for Derivatives

2% ,(A\z") where p, g, \ are independent

9.1.30
(G4) 2e.@1=%402)

(Zdz) {(e7C ()} =(—)2"*C ()

(k=0,1,2,...)
9.1.31

EP(2) =% (€_i(2) _(Ilc) € r-rt2(2)

+(’2‘) Crria(@)— - . . ()2}
(k=0,1,2,...)

Recurrence Relations for Cross-Products

If
9.1.32
2=J,(@)Y,(b)—J.(0)Y ,(a)
¢&=J,(@)Y,(b)—J,(5)Y ,(a)
ry=J,(@)Y,(b)—J (b)Y, (a)
8=dJ,(@)Y,(b)—J, (b)Y ,(a)
then
9.1.33
2v
Pr+1"'Pv—1=“ .‘lw T v
Goartr =2 py— "-Ib_lpm
r.+1+q. bp. + — DPr1

2
8r=§ P:+1+§ pv—l_a_b' y 3

and

9.1.34 D8 — o=z

Analytic Continuation
In 9.1.35 to 9.1.38, m is an integer.,
9.1.35
9.1.36
Y, (ze™ ) =e"™"1Y,(2)+2i sin(myr) cot(vr) J,(2)
9.1.37

J,(ze"‘") =emwt Jy(Z)

sin(va)H;" (2¢™*) = —sin { (m—1)vwr } H P (2)

—e "t sin(mym)H P (2)

9.1.38
sin(m) H P (2¢™ ) =sin { (m+1)vr } H (2)
+ et sin(myr) HV (2)
9.1.39
H,('l) (zeri) — _e—vriH'(F) (2)
H£2) (Ze—tl) — _evrtH’(’l) (2)
9.1.40

Y.3)=1.¢)
H®@)=HD"(z)

J,(Z)=J,(z)
HO@E)=H2()

(v real)
Generating Function and Associated Series

9.1.41 e*z<t—1/t>=kﬁ‘, (2  (¢3=0)

9.1.42 cos (z sin §)=J(2) +2 kZ“l Ju(2) cos (2k6)

9.1.43 sin (2 sin 6)=2 é} Jos1(2) sin {(2k-1)6)
9.1.44

cos (z cos 8) =Jo(2) +2 gl) (—)*Tu(z) cos (2kf)
9.1.45

sin (2 008 0)=2 33 (—)"Jaxs1(2) cos {(2k+1)0)
9.1.46  1=4Jy(2)+2J:(2) +-2Ju(2) +-2J5(2)+ . . .

9.1.47
. cos 2=Jy(2) —2J,(2) +2J.(2) —2J5(2) + .

9.1.48 sin z2=2J,(2)—2J;(2)+2J5(2)— . . .
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Other Differential Equations

_1
9.1.49 w"+(x2— 2‘)w=0, w=2%, (\2)
9.1.50 "+(52— 52—11) w=0, w=2}F,(\)
e w 4z 422 - ey
9.1.51 w'’'4-AN%2?"2w=0, w=2}Y¢,,(2\z4?/p)
9.1.52

=1 w’ +Nw=0, w=2"¢,(\z)
9.1.53

2w’ + (1—2p)zw’ + (V@222 p* — ¢ )w=0,
w=2%€ ,(\27)
9.1.54

w4+ (N> — 1) w=0, w=%,(\e*)
9.1.55
22—’ +2(22— 3w’

+ {(# =)= (& ++") }w=0,
9.1.56

w=%,(2)

WE = (— )"\, w=2z"%¥ ,(2\az?)

where « is any of the 2n roots of unity.
Differential Equations for Products

In the following #=2 gg and €,(2), 2.(z) are any

cylinder functions of orders », u respectively.

9'1.57

(=207 + )9+ (P — )
+H2O+DE D=0,  W=%F,(2)D4(2)
9.1.58

(P — 4 w+422(0+1)w=0, w=%,(2)2.(2)

9.1.59
2w’’’ +2(42° 41— 4w’ + (4P — 1)w=0,

w= Z%r(z)gv(z)
Upper Bounds

9.1.60 |J,(2)|<1 (20, |J,@)|<1V2 (1)
2t
9.1.61 0<J, (ll) <§W (P>0)
3z lrel S
9.1.62 IJ'(z)le(y—}—_l) v2—9% *

*S8ee page 1I.

2" exp {ny(1—27)}
(I+va-=p

Derivatives With Respect to Order

9.1.63  |J,(2)|<

9.1.64

% J.(2)=J,(2) In (32)

= e YHEED) (29
G2 2 OV rodEr) R

9.1.65
6% Y, (2) =cot (vr) {Ba_y J, (2) =77, (2))

—ese (vr) —% J (@)=, (2)
(50, £1,+2,...)

9.1.66

T nl (’12) "ol (32)%e(2)
[a.m)] e+ SESN0
9.1.67

T n(%Z) "l (32)'Y,(2)
[b Y, (z)] =TT+ paf ZEL -
9.1.68

[% J, (z)]__o=’§' Yo(2), [a% Y, (z)],_o=—’§'Jo(z)

Expressions in Terms of Hypergeometric Functions

9.1.69

J,(z)—r((*il)om(m —327)

v iz
e MO+3, 21, 2i2)
9.1.70
J.(z)—rg +)1) hmF(x,,,, b1 4)‘)

as A, u—>o through real or complex values; z, »
being fixed.

(oF is the generalized hypergeometric function.
For M(a, b, z) and F(a, b; ¢; 2) see chapters 13 and
15.)

Connection With Legendre Functions

If u and z are fixed and »—> through real
positive values

9.1.71

lim {»*P;* (cos 1:) J=du(@)  @>0)
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9.1.72
lim (#Qr* (cos )} =4 Tl >0)

For P;* and @Q;*, see chapter 8.

Continued Fractions

9.1.73
J,(2) 1 1 1
J,-:(2) T 2v+1) 27— 2(»4-2)271—

el 3D BN 6D)
1— I—

Multiplication Theorem
9.1.74

k!
(IN—1]<1)

If € =J and the upper signs are taken, the restric-
tion on N is unnecessary.

This theorem will furnish expansions of &, (re'?)
in terms of &,..(r).

& 00)mer 35 (ELE
k=0

Addition Theorems
Neumann’s

ILTS Buto)=3 Cm@h®  (W<lu)

The restriction |o|<|u| is unnecessary when
% =¢J and v is an integer or zero. Special cases are

9.1.76 1= J3(2) +2 kzi'; J2(2)

9.1.77
0=23 (PTans (D +2 2 T Tau®) (21)
9.1.78
u(20)=23 Si(&) Fur (D42 23 (DD Jaia(2)

Graf’s
9.1.79

cos

Colw) vx= Z %+k(u)Jk(v) ka(lve*'“l<lul)

Gegenbauer’s

9.1.80

(g (w) 1+k(u) Jv

=2'T(») E( +k)

(v?fO,— R L S L))

+" () C%?(cos a)

' 9.1.86

In 9.1.79 and 9.1.80,
w=v (W?+v2—2up cos a),
U%—v COS = €08 X, ¥ 8ln a=w sin X
the branches being chosen so that w—su and x—0

as v—0. CP(cos a) is Gegenbauer’s polynomial
(see chapter 22).

/

)

v

Gegenbauer’'s addition theorem.

If u, v are real and positive and 0 <a <, then w, x
are real and non-negative, and the geometrical
relationship of the variables is shown in the dia-

gram.
The restrictions [ve*=|< |u| are unnecessary in

9.1.79 when ¥=¢J and v is an integer or zero, and
in 9.1.80 when ¥=/.

Degenerate Form (u= »):

9.1.81

ot =) (1) 33 (BT, 0)CF (cos o)
(»=#0,—1,...)

Neumann’s Expansion of an Arbitrary Function in a
Series of Bessel Functions

9.1.82 f(z):aJo(z)+zéadk(z) (l2l<e)

where ¢ is the distance of the nearest singularity
of f(z) from 2=0,

9.1.83 = 21 f FO00d (0<e'<e)

and O.(f) is Neumann’s polynomial. The latter
is defined by the generating function
9.1.84

L=T@00+2 2 L0 (al<Ith

0,(t) is a polynomial of degree n+11in 1/t; Op(t) =1/t,
9.1. 85

0 (t) =0 ’n(’"/ k 1)'( )n—2k+l (’Ib 1,2,. )

The more general form of expansion

f(2)=an]s(2) +2 ,,2 e 1x(2)
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also called & Neumann expansion, is investigated
in [9.7] and [9.15] together with further generaliza-
tions. Examples of Neumann expansions are
9.1.41 t0 9.1.48 and the Addition Theorems. Other
examples are

9.1.87
® (y4-2E)T(v+k
(%Z)v=k§0 gi__)k!(—__l__.). J’+2k(z)
(0, —1,—2,...)
9.1.88
__nlG2) "= (32)7a(2)
G =
+2 {In (G9)—¢a+1)}J.(2)
2 yn+-2k)J o1 2(2)
2 O kath
where y(n) is given by 6.3.2.
9.1.89
JZk(Z)

Yo(Z)—— {In (22)+71Jo(2)——2 (=) ——

9.2; Asymptotic Expansions for Large
Arguments

Principal Asymptotic Forms

When v is fixed and |z|—>«

9.2.1

J(2)=+2](x2) {cos (z—Yr—1im)+e'F0(|2[ 1))
(larg 2/<n)

9.2.2 )

Y.(2)=v2[(x2) {sin (z—}pr—1im)+e70(2| )
(Jarg z[<w)

9.2.3

HP () ~V2[(re)e'ebr=t0 (—p<larg 2<2n)

9.2.4

H® (@) ~2fmae 0 (—2x<arge<n)

Hankel’s Asymptotic Expansions

When » is fixed and |z|—>w

9.2.5
J(2)=v2/(x2) {P(», 2) cos X—Q(», 2) sin X}
(|larg z|<w)

9.2.6
Y.(2)=v2/(x2){P(», 2) sin X+ Q(», z) cos X}

(larg z|<w)
9.2.7
H (2)=+2[(x2){P(v, 2) +iQ(y, 2) } ™

(—r<arg 2<27)
9.2.8

HP (2)=+2[(x2){ P(v, 2)—iQy, 2)}e™*

(—2x<arg z<=)
where X=2—(3v+1)r and, with 4» denoted by g,

9.2.9

< k (V,ZIC)_ ( _1)( _9)
Py, 2)~f§) (=) @z -+ 2'(8:)2
(n—l)(n—9)(u—25)(n—49)
41(82)*

9.2.10
Qb ~g (- LD

_u—1  (p—1)(u—9)(p—25) +
8z 3!(82)* T

If » is real and non-negative and zis positive, the
remainder after £ terms in the expansion of P(», 2)
does not exceed the (k+1)th term in absolute
value and is of the same sign, provided that
k>%v—1. The same is true of Q(v,2) provided
that £ >3v—3.

Asymptotic Expansions of Derivatives

With the conditions and notation of the pre-
ceding subsection

9.2.11
Ji(2)=v2/(x2){ —R(», 2) sinx—S(», 2) cos x}
(larg z[<w)
- 9.2.12

Yi(2) =+2/(x2) {R (v, 2) cos x— S(», 2) sin x}
(|arg z|<w)

9.2.13
H® (2)=+2](x2){iR(y, 2)—8(y, 2)}e*

(—r<arg z<27)
9.2.14
H®' (2)=v2[(x2){ —iR(y, 2)—8(v, 2)}e™

(—2x<arg 2<r)
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9,2.15
. 4v2+16k2 1 (v,2k)
R(V Z)NZ( ) (4](? 1)2 (zz)zk

(u—l)(u+15)

==t
9.2.16
® k4v2+4(2k+1)2—1 (v, 2k+1)
S, 2)""2 (=) 47— (k1 1)? (22)+1
_et3 (=1 (u—9) (#+35)
T 82 3!(8z2)*

Modulus and Phase

For real v and positive z

9.2.17

M,=|H}» @)|=v{J}(2)+ Y} (z)}
6,=arg H® (zy=arctan { Y,(x)/J,(x)}

9.2.18

N,=HP' @) |=v{J, (&) + T, (x)}
gy=arg HM' (z)=arctan { Y, (x)/J,(z)}

9.2,19 J,(x)=M, cos 6,, Y, (x)=M, sin 6,,
9.2.20 J,(x)=N, cos ¢,, Y,(x)=N, sin ¢,.

In the following relations, primes denote differ-
entiations with respect to z.

9.2.21 M?36,=2/(rx) Nigy=2(2*—1?)[(x2?)
9.2.22 N}=Mp2+M:0,>=M,*+4/(mxM,)*
9.2.23 (MM, +2)N,N,+aN?=0
9.2.24

tan (¢y_0y) :MVG:/M;
M,N, sin (p,—

0 9.2.25 M +aM,+ (22—
9.2.26
?w'’ +ed?+ 11— + (P —Dw=0, w=zM?

1 01// 3( n)z

I2+ =
Asymptotic Expansions of Modulus and Phase

=2/(waM,M,)
8,)=2/(wrx)

)M, —4/(x2M3) =0

9.2.27

When v is fixed, « is large and positive, and u=4?
9.2.28
2 (2:0)2T2 1 (2x)4

1-3-5 (p—1)(p—9) (p—25) |
T3 i6 @2y to

365
9.2.29

0 ~IT— (2V+ )7I'+2(4 )

(p—1)(u—25) |
T 6@ T

(r—1) (u*—114p+1073)
5(4x)®

(1) (54— 15354%+-54708u— 375733)
14(4z)7

N3~2{1 1u—3

1 _1-1 (u=1)(u—45)
T 2 (2r)? 2.4

T )

The general term in the last expansion is given by

1.1-3...(2k—3)
2-4.6...(2k)
><(u—1) (r—=9).. . {u—(2k—3)*} {u— (2k+1) (2k—1)2} *
. (2z)%
9.,2.31
pt3 | w+46u—63
¢~r—(3v—1) 7r+2(4x)+——€—3?4x)3—
w+185u—2053u-+1899
+ S +...

If » >0, the remainder after £ terms in 9.2.28 does
not exceed the (k+1)th term in absolute value
and is of the same sign, provided that ¥ >»—1%.

9.3. Asymptotic Expansions for Large Orders
Principal Asymptotic Forms

In the following equations it is supposed that
y—o through real positive values, the other vari-
ables being fixed.

9.3.1
€z
72 (2) \/21ru 2”)
2 [ez\™’
Y”(Z)N—\/;r; (2‘;)
9.3.2
J h ) ev(tanh a—a)
(v sech o ~\/21rv tanh o (>0)
»(a—tanh o)
Yy (V SeCh a) ~— e————____.—— (a>0)

Vimy tanh

*See page II.



366 BESSEL FUNCTIONS OF INTEGER ORDER

9.3.3
J, (v sec B)=
v2/(xrv tan B) {cos (»tanf—yB—3im)+0 (v}

(0 B<3m)
Y.,(vsec B)=

V2] (xv tan @) {sin (v tan B—vB—3m)+0(~ ")}
(0<<3m)
9.3.4
J, (v 2p¥)=2%,"% Ai(—2%2)+0(")
Y, (v+ 2= —2%%,7% Bi(—2%2)+-0(™)
_2% 1
3HI(3) v

2 1
SRT(3) v

9.3.5 Jy(v) ~

Y, (o)~—
9.3.6

Tv2) =<1 i?)% (ALE)

+e‘(1p+(—%,;|§:) (,,;;,) (Jarg 2|<r)
P 25,) B
IR i

In the last two equations ¢ is given by 9.3.38 and
9.3.39 below.

Debye’s Asymptotic Expansions

(1) If « is fixed and positive and » is large and
positive

9.3.7

y(tanh g—a)

@ th
T (v sech o)~ o 1 kg C(: )y
9.3.8
Y.,(» sech o) ~
_ gfattema Uy (coth a)

Ve tanh o} +Z( Yo

where

9.3.9
Uy(t)=1
uy ()= (3t—56)/24
Uy (1) = (814 —462¢*+3851%) /1152
us(t)= (303752 —3 696032 +7 6576517
—4 254251%)/4 14720
u, (1) = (44 65125tt—941 21676t5+3499 224307
—4461 8574060+ 1859 10725¢2)/398 13120

For us(t) and ue(t) see [9.4] or [9.21].
9.3.10

Uy (=30~ s (O)+ f " (1—5ttyu,ndt

(k=0,1,...)
Also

9.3.11
J, (v sech a) ~

sinh 2a g (tant a-) v (coth @)
NEEZP e ba,

9.3.12
Y ,(» sech a)

\/smh 2a - "“‘""){1+Z( e O (coth a)}

Ty
where

9.3.13
(1) =1
v (V= (—9t+78)/24
0, (8) = (— 1358 - 59414 — 4551%) /1152
v(8) = (—4252568+4 5173765—8 83575¢7
+4 75475t% /4 14720
9.3.14
vk(t):uk(t)+t(t2_1){%uk-1(t)+tullc—l(t)}
k=1,2, ..
(i) If g is fixed, 0<B<§w and » is large and

positive

9.3.15
J,(v sec B= v2/(zv tan B){ L(», B) cos ¥

+M(», B) sin ¥}
9.3.16
Y, (v sec B)=+/2/(xv tan B){L(», B) sin ¥

—M(», B) cos ¥}
where ¥=y(tan —B) —ir

9.3.17
L("’ B) Z

k=0

uzxc(’b COt 8)

81 cot? B+462 cot* 84385 cot® ﬁL N
11524% -

=1—
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9.3.18
U, ot
M, p)~—i 33 a0t §
3 cot ﬁ+5 cot® B
- 24y
Also
9.3.19

J,(v sec B)=+/(sin 28)/(m»){ —N(», B) sin ¥

—O0(v, B) cos ¥}

9.3.20

Y, (v sec B)=+/(sin 28)/(mv){ N (v, B) cos ¥
—O0(», B) sin ¥}

where
9.3.21
NG, B~ 2 i)

k=0 v
lL135 cot? 84594 cot* B+455 cot® B
115252

9.3.22
? ot 9 cot 7 cot?
00,9 i 53 sl 0L Dot BT col §_

Asymptotic Expansions in the Transition Regions
When zis fixed, |»| is large and |arg »|<3r
9.3.23

J, (V+Zvl/3)"' 7 Al( 21/32){1+Zf755“‘)}
+ 25 Av (2 gL 0(2)
9.3.24
Y (y+2D1/a)~—_ Bl( 21/32){1+Z f (2)}

p2ki3

—-—Bl (—2v3z) Z a(2)

pki3

where
9.3.25
fl(2)=—-lz

______ 5 il

_957 o 173 , 1
F32)=7506 2"~ 3150 ' 225

23573 5903 947
10 7 4

Ji(e)= 20000 127000 ° 1138600 % T 346500 2

9.3.26
m@——ﬁ
1 3
91(2)=——2+~
9 61, a7
92(2)=—1500 *'+3150 ¢ 3150 ¢
_ 549 . 110767 ., 79
95(2)=55000 2"~ 593000 ° T 12375 2

The corresponding expansions for H® (v+ 2»'/3)
and H®(v+2»'"%) are obtained by use of 9.1.3
and 9.1.4; they are valid for —}r<arg »<3r and
—3§n<arg v<jm, respectively.

9.3.27

J;(v-|-2v1/3)~——— Ai’ (— 21/32){1_*_2 hk(z)}

2k/3

] |
+;4,—3 Ai (—23p) ;} :2(,52

9.3.28

—2v) (143 13y
= lk(Z)
2k/3

22/3
Y, o+ 2%~ i Bi’ (

218 |
‘—m B (—21/32)

k=0 V
where
9.3.29
h1(2)=_é2
hz(Z)_—m 25+— 2
(899, 2617
ha(2)=3550 2*—3150 +3150
27 ., 46631 , 3889 , 1159
k() =350006 **~ 127000 > T 1620 * 115500 °
9.3.30
lo(Z) —23‘—*51‘
131

—— . 4
ll (2) 140 + 2
5437 . 593
8 5 2
Lx)= 500 #+7500 3150 2

o)< 300 o 999443 , 31727 , 947
3#)7000 ° 693000 ° T 173250 © ' 346500
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: ) b o s
9331 J,0)~xm (142 nh —m 2 y_;k

1/2 ©
Y (V ~—31/3a{1+zak}

k=1 V

9.3.32

9.3.33 J,(n)~

9.3.34 Vi)~ m{l+2 %)+

where
21/3
32/31‘\(%)

22/3

a== =.44730 73184, Jta=.77475 90021

3tb=.71161 34101

d0=1,
a,=.00069 3735 . . ., a;=—.00035 38 . .

Bo—ri= 01428 57143 . . .,

70
1213
31-—_m-—— .00118 48596 .
B,=.00043 78 . . ., B8;=—.00038 . ..
=1 —‘—2-3—— 00730 15873
Yo—1, 71—3150'— . e ey
v,=—.00093 7300 . . ., v;=.00044 40 . ..
1 947
60——-5; 61——3—m—— 00273 30447 .
=.00060 47 .. ., 8;=—.00038 . . .

Uniform Asymptotic Expansions

These are more powerful than the previous ex-
pansions of this section, save for 9.3.31 and 9.3.32,
but their coefficients are more complicated. They
reduce to 9.3.31 and 9.3.32 when the argument
equals the order.

9.3.35
4¢ \V AI(V"”{) = ak(s“)
J,(yz)N(l PRk
AP’ (23) @, bl
4D 5 D),
9.3.36
1/4 B 2/3 @
Y, (VZ)’”"'( l(]1,/:«3 0 &= oa:gf)
LB = b
8 5 )y

OF INTEGER ORDER
9.3.37

HY (v2) ~2e—n/3(14—§22 1/4{Ai(e2m3y2/3§.) = a,(t)

1/3 2%

v k=0 V
62”/3Ai'(62”/31!2/3§') © bk(f)
+ V5/3 = y2k }

When v—-+ =, these expansions hold uniformly
with respect to z in the sector |arg z2|<n—¢, where
e is an arbitrary positive number. The corre-
sponding expansion for H®(vz) is obtained by
changing the sign of ¢ in 9.3.37.

Here

9.3.38
o8
3 4

equivalently,

9.3.39
2 ] 2__
% (_§)3/2=f _t_t_l dt=+/z2—1—arccos (%)
1

the branches being chosen so that { is real when
z is positive. The coefficients are given by

9.3.40

2k
ak({)=§ pl T3 g { (1—22) 74}

241
b()=—¢"4 § N g {(1—2)7H)

where u is given by 9.3.9 and 9.3.10, A=pe=1
and

9.3.41
_ (2s4+1)(2s+3) ... (6s—1) __6s+1 N
A= s1(144)° PORT T
Thus a,() =1,
9.3.42
5 1 5 1
bo($)= 48§2+-§‘3{24(1—22)3’2 8(1—22)‘}
5 1

5
=g o Baga—n tsE—Y
Tables of the early coefficients are given below.
For more extensive tables of the coefficients and
for bounds on the remainder terms in 9.3.35 and
9.3.36 see [9.38).
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Uniform Expansions of the Derivatives

With the conditions of the preceding subsection

9.3.43
— 2 2/3 o
J;(VZ)"’—— 1 2) Al (Z/a g‘) ck(g‘)
Al (V”“’s“) = dk(s“)}
+ 213 = »
9.3.44
, 2 /1—22\} Bl(”a) (¢
Fiea~2 (1) B 5 el
Bi/ ( 2/3 ) d (g-
+ y;;a g-) kZ-—-o kyik)}
9.3.45
46211/3/1__22 t Ai (6211/3y2/3§-) o Ck(g')
(D7 () ~
H.,‘) (VZ) - \ 4{ { YE] % pE
_Lezu/a Ai’ (e2r1/3V2/3§-) ® dk(i')}
. B 213 = 2k
wihere
9.3.46
2k+1
a(H)=—7¢ g ped ™3 oy g {(1—-2%) 7}
2k
dk(g‘):"g )\Sg-—3a/2@2k_3{(1_22)—}}

and o is given by 9.3.13 and 9.3.14. For bounds
on the remainder terms in 9.3.43 and 9.3.44 see
[9.38].

¢ bo(£) o (6) al?) di($)
01} 00180 [—0.004 | 0. 1587 0. 007
1 . 0278 | —. 004 . 1785 . 009
2 . 0351 | —.001 . 1862 . 007
3 . 0366 | +. 002 . 1927 . 005
4 . 0352 . 003 . 2031 . 004
5 . 0331 . 004 . 2155 . 003
6 . 0311 . 004 . 2284 . 003
7 . 0294 . 004 . 2413 . 003
8 . 0278 . 004 . 2539 . 003
9 . 0265 . 004 . 2662 . 003
10 . 0253 . 004 . 2781 . 003
=& | b(®) a:($) co($) di(¢)
00 0180 |—0.004 | 0. 1587 0. 007
1 . 0109 | —. 003 . 1323 . 004
2 . 0067 | —. 002 . 1087 . 002
3 . 0044 | —. 001 . 0903 . 001
4 . 0031 | —. 001 . 0764 . 001
5 . 0022 | —. 000 . 0658 . 000
6 . 0017 | —. 000 . 0576 . 000
7 . 0013 | —. 000 . 0511 . 000
8 . 0011 | —. 000 . 0459 . 000
9 . 0009 | —. 000 . 0415 . 000
10 . 0007 | —. 000 . 0379 . 000

369
For {10 use

bo(s“)~ g 7104072 ay($)=.003,

at)~ g P66 dy(6) =003,

For {<—10 use

b()~ 15 5" () =.000,

a(®)~ =g E133(= D)7, dy(3)=.000,

Maximum values of higher coefficients:
[8:(£)]=.003,  [a;(£)[=.0008,  [dy({)]|=.001
len($)]=.008 (§<<10), ¢,(§)~—.003F as ~>+ .

9.4. Polynomial Approximations ?
9.4.1 —-3<L2<3

Jo(x) =1—2.24999 97 (2/3)*+ 1.26562 08(x/3)*
—.31638 66(x/3)%4.04444 79(z/3)"
—.00394 44(x/3)"°+.00021 00(x/3)**+¢

] <5X10-3
0<z<3

Yo@) = (2/r) In(3x)Jy(x) + 36746 691
+.60559 366 (z/3)2—.74350 384(z/3)*
+.25300 117(z/3)8—.04261 214 (x/3)*
400427 916(z/3)"— 00024 846(z/3)!2+e

9.4.2

le]<1.4X10®
3<i< ™
Jo(z) =x_*fo cos 6 Yo(x) =2?~v0 sin 0

Jo=.79788 456—.00000 077(3/z) —.00552 740(3/z)?
—.00009 512(3/z)*+.00137 237(3/x)*
—.00072 805(3/2)°+.00014 476(3/x)"+e

9.4.3

(] <1.6X107®

2 Equations 9.4.1 to 9.4.6 and 9.8.1 to 9.8.8 are taken
from E. E. Allen, Analytical approximations, Math. Tables
Aids Comp. 8, 240-241 (1954), and Polynomial approxi-
mations to some modified Bessel functions, Math. Tables
Aids Comp. 10, 162-164 (1956) (with permission). They
were checked at the National Physical Laboratory by
systematic tabulation; new bounds for the errurs, €, given
here were obtained as a result.
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6o=2—.78539 816—.04166 397(3/x)
—.00003 954 (3/x)2+.00262 573(3/x)*
—.00054 125(3/x)*—.00029 333(3/x)°

+.00013 558(3/x)°+e
le|<7X 1078
9.4.4 —3<2<3

27! J,(x) =3 —.56249 985(x/3)2+.21093 573 (x/3)*
—.03954 289(x/3)%-+.00443 319(2/3)?

—.00031 761(x/3)+.00001 109(x/3)2+e
€|<<1.3¢10™®
0<z<3

Y (x)=(2/m)x In(3z)J,(x) —.63661 98
+.22120 91(x/3)2+2.16827 09(x/3)*
—1.31648 27(x/3)%+.31239 51(z/3)®
— 04009 76(z/3)+.00278 73 (2/3)2+¢

le|<< 1.1 10~
3l
Ji &)=z, cos 6, Y, (z)=2"%, sin 6,

£,=.79788 456-+.00000 156(3/x)+.01659 667(3/z)*
+.00017 105(3/z)*—.00249 511(3/x)*
+.00113 653(3/2)°—.00020 033(3/z)%+¢

|| <4107

6=2—2.35619 449-.12499 612(3/x)
+.00005 650(3/2)?—.00637 879(3/x)?
+.00074 348(3/x)*+.00079 824(3/x)°
—.00029 166(3/x)%+

|| <910~

For expansions of Jy(z), Yo(z), Ji(z), and Y,(x)
in series of Chebyshev polynomials for the ranges
0<z<8 and 0<8/z<1, see [9.37].

9.4.5

9.4.6

9.5. Zeros

Real Zeros

When » is real, the functions J,(2), J,(2), Y,(2)
and Y,(z) each have an infinite number of real
zeros, all of which are simple with the possible
exception of z=0. For non-negative » the sth
positive zeros of these functions are denoted by

BESSEL FUNCTIONS OF INTEGER ORDER

Jv.0r Jv. sy Yv.s a0d ¥, , Tespectively, except that z=0

is counted as the first zero of J;(2). Since
Jo(2)=—dJ,(2), it follows that
9.5.1 _7.(/)_1=O; j(’),s—_—jl,s—l (-S‘=2, 3! [ )

The zeros interlace according to the inequalities
9.5.2
Br 1ot 1<, 2o, 2G5+ -
Yo 1Yo, 1<y 2Yo1, 2 <Wy, 3+ -
v <Gy 1 <o 1<y 1 <Jp 1<Js.2
<Y, 2<Ys, 2,20, 3< -

The positive zeros of any two real distinct cylinder
functions of the same order are interlaced, as are
the positive zeros of any real cylinder function
&,(2), defined as in 9.1.27, and the contiguous
function €,.4.(2).

If p, is a zero of the cylinder function

9.5.3 &,(2)=dJ,(2) cos(wt)+ Y,(2) sin(wt)
where ¢ is a parameter, then

9.5.4 E1(09) =% r-1(ps) =—C »1(p))
If o, is a zero of €, (2) then

9.5.5 % (0',, = r 1(0' )—" %r+l(°’v)
The parameter ¢ may be regarded as a continuous
variable and p,, o, as functions p,(t), o,(t) of £. If

these functions are fixed by

9.5.6 0,(0)=0, a,(0)=7, 1
then
9.5.7
Frs=p(8),  Ws=p(s—%)  (=1,2,..))
9.5.8

]:,szdv(s—l); y:,s=0v(8—%) (8=172: .. )

2 vdv v dl’ —*
9.5.9 %.(o)=(5 d‘;) ) E o (a)= "26" d‘;

Infinite Products

)= (32)” —
9.5.10 J"(" I‘(y+1) =1 (1 Jv l>

o511 Jo=120 11 (1-5)

(»>0)
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McMahon’s Expansions for Large Zeros

When » is fixed, s> >» and u=4s2

9.5.12
p—1_ 4(—1)(7u—31)

32(u—1) (83u2—982u—+3779)

]v.s;yv.s'\’ﬁ 88 3(86)3

15(88)°

_64(u—1) (69498 —1 538554415 85743u—62 77237)

where 8= (s+3v—1)= for j, ,, B=(s+3r—2)x for y, ..

asymptotic expansion of p,(t) for large ¢.

9.5.13

105(88)"
With 8= (¢4 3jv—3%)m, the right of 9.5.12 is the

p+3_ 4(7u*+82u—9) 32(83u°4-2075u>—3039u+3537)

InssYns~B' — SB/ - 3(8[3')3

15(88)°

_ 64(69494*+2 964924°—12 4800242474 14380u—58 53627)

where 8'=(s+3v—32)x for j, ,, B’'=(s+%v—1)x for y, ,, B’=(t+ v+1)7 for o,(t).

9.5.12 and 9.5.13 see [9.4] or [9.40].

Asymptotic Expansions of Zeros
and Associated Values for Large Orders

9.5.14
Jva~v+1.85575 T1,3+1.03315 0p~V3
—.00397»1—.0908y5/3 4 .043," 734 , . .

9.5.15
Yo ~v+ 93157 68575+ 26035 1y~/2
+.01198y~1—.0060y~%*— 001y~ "3+ . | .

9.5.16
Jr1~v+.80861 65513+,07249 0p1/3
—.05097y14-.0094y-%2 4 |

9.5.17
Y 1~v-+1.82109 805134 .94000 7,1/
—.05808y"1— 05405534 . |

9.5.18
J1(G1) ~—1.11310 285~2/3/(141.48460 652/
+.43204p~43— 1943724+ 019,55+ . . )

9.5.19
Y (4, 1) ~.95554 86,™3/(1-+.74526 1,723
+.10910»~43— .0185,~2— 003,53+ . . .)

9.5.20
J () 1) ~ 67488 51y™1/3(1— 16172 3,23
+.02918,™¥3— 0068y~2+ . . .)

9.5.21
Y, (y, ) ~.57319 40,"1/3(1 — .36422 0p2/3
+.09077y"43++.0237v 2+ . . )

Corresponding expansions for =2, 3 are given
in [9.40]. These expansions become progressively
weaker as s increases; those which follow do not
suffer from this defect.

105(88")7

For higher terms in

Uniform Asymptotic Expansions of Zeros and
Associated Values for Large Orders

9.5.22 j, s~uz(§)+2f (I ——

=1
9.5.23

0 2 AY (g,
Jv(jV.S)N ! (a)

_2 Fi(s)
ZEGIGRRP

k=1

with {=»"%3g,

9.5.24 .7v s"”’z(g‘)'i'z gzk(‘(l) with .(=V‘2/30.,
9.5.25

'(]v s)"’AI ((I/) hg/&;) { +,§ Gk(g')

L2} with ¢=»~*%)

where a,, a, are the sth negative zeros of Ai(z),
Ai’(2) (see 10.4), z=2z({) is the inverse function
defined implicitly by 9.3.39, and

9.5.26
h(O)={45/1 -2}
Si©)=32() {R() }%o(5)
g1(§) =312 {h () Yoeo($)

where bo(¢), ¢(f) appear in 9.3.42 and 9.3.46.
Tables of the leading coefficients follow. More ex-
tensive tables are given in [9.40].

The expansions of ¥, 5, Y, (¥s,s), ¥ s 8nd Yy, 5)
corresponding to 9.5.22 to 9.5.25 are obtained by
changing the symbols j, J, Ai, Ai’, a, and a, to
v, Y, —Bi, —BY’, b, and b; respectively.
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- z(¢) LE) L) () (~=q®) (=) | (=2GQ)
0.0 1. 000000 1. 25892 0. 0143 —0. 007 —0. 1260 —0. 010 0. 000
0.2 1166284 1. 22076 . 0142 —. 005 —. 1335 —~. 010 . 002
0.4 | 1 347557 1. 18337 . 0139 —. 004 —. 1399 ~. 009 . 004
0.6 1. 543615 1. 14780 . 0135 —~. 003 —. 1453 -—. 009 . 005
0.8 | 1754187 1. 11409 . 0131 —. 003 —. 1498 —. 008 . 006
1.0 1. 978963 1. 08220 0. 0126 —0. 002 —0. 1533 —0. 008 0. 006
-{ z(%) R(E) L) Fi$) n(s) 7(3) Gi(¢)
1.0 1. 978963 1. 08220 0. 0126 —0. 002 —0. 1533 —0. 008 0. 006
1.2 2. 217607 1. 05208 . 0121 —. 002 —. 1301 —. 004 . 004
1.4 2. 469770 1. 02367 . 0115 —. 001 -—. 1130 —. 002 . 003
16| 2 735103 0. 99687 . 0110 —. 001 —. 0998 —. 001 . 002
1.8 3. 013256 . 97159 . 0105 —. 001 —. 0893 —. 001 . 002
2.0 3. 303889 0. 94775 0. 0100 —~0. 001 —0. 0807 —0. 001 0. 001
2.2 3. 606673 . 92524 . 0095 -0. 001 —. 0734 . 001
2.4 3. 921292 . 90397 . 0091 —. 0673 . 001
2. 6 4. 247441 . 88387 . 0086 —. 0619 . 001
2.8 4. 584833 . 86484 . 0082 —. 0573 0. 001
3.0 4. 933192 0. 84681 0. 0078 —0. 0533
3.2 5.292257 . 82972 . 0075 —. 0497
3.4 5. 661780 . 81348 . 0071 —. 0464
3.6 6. 041525 . 79806 . 0068 —. 0436
3.8 6. 431269 . 78338 . 0065 ~. 0410
40 6. 830800 0. 76939 0. 0062 —0. 0386
4 2 7. 239917 . 75605 . 0060 —. 0365
44| 7 658427 . 74332 . 0057 —. 0345
46| 8086150 . 73115 . 0055 —. 0328
48 8. 522912 . 71951 . 0052 —. 0311
50 8. 968548 0. 70836 0. 0050 —0. 0296
5.2 9 422900 . 69768 . 0048 —. 0282
5.4 9. 885820 . 68742 . 0047 —. 0270
5.6 10. 357162 . 67758 . 0045 —. 0258
5.8 | 10.836791 . 66811 . 0043 —. 0246
6.0 11. 324575 0. 65901 0. 0042 ~0. 0236
6. 2 11. 820388 . 65024 . 0040 —. 0227
6. 4 12. 324111 . 64180 . 0039 —. 0218
6. 6 12. 835627 . 63366 . 0037 —. 0209
6.8 13, 354826 . 62580 . 0036 —. 0201
7.0 13. 881601 0. 61821 0. 0035 —0. 0194
R Complex Zeros of J,(z)
(=071 2 —H=07F | (=D H) 71($)
When »> —1 the zeros of J,(z) are all real. If
0. 40 1. 528015 | 1.62026 | 00040 |—0. 0224 | »<<—1 and »is not an integer the number of com-
.35 1. 541532 1. 65351 . 0029 | —. 0158 1 [ i ] i
130 U210y | Leseer | 10020 | — oioa | Plox zetos of Ji(2) is twice the integer part of
.25 1559490 | 1.70146 | .0012 | — 0062 | (—2»); if the integer part of (—») is odd two of
.20 1. 564907 1. 71607 . 0006 | —. 0033 these zeros lie on the imaginary axis.
0. 15 1. 568285 | 1.72523 |  0.0003 |—0. 0014 If v>0, all zeros of J,(z) are real.
.10 1. 570048 1. 73002 . 0001 | —. 0004
.05 1. 570703 1. 73180 . 0000 |} —. 0001
. 00 1. 570796 1. 73205 . 0000 | —. 0000
Maximum Values of Higher Qoeﬁicients Complex Zeros of Y,(3)
[£()|=.001, |F2(¢)|=.0004 (0L~¢(< ™) When visreal the pattern of the complex zeros of
lga(£)|=.001, [G(£)[=.0007 (1<—{< =) Y,(2) and Y,(z) depends on the non-integer part
[(—)ga($)]=.002, {(—{)*G,(¢)|=.0007 of v. Attention is confined here to the case v=n,
(0£—¢<1) | a positive integer or zero.
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FiaguRre 9.5. Zeros of Y,(2) and T(2) . . .
|arg 2| <.

Figure 9.5 shows the approximate distribution
of the complex zeros of Y,(z) in the region
|arg z| <. The figure is symmetrical about the
real axis. The two curves on the left extend to
infinity, having the asymptotes

Fz=+4%ln3=4.54931 . . .

There are an infinite number of zeros near each of
these curves.

The two curves extending from z=—n to z=n
and bounding an eye-shaped domain intersect
the imaginary axis at the points +1i(na--b),

where
a=+t}—1=.66274 . . .
b=34v1—t%In 2=.19146 . . .
and £,=1.19968 . . . is the positive root of coth ¢

={. There are n zeros near each of these curves.
Asymptotic expansions of these zeros for large n
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are given by the right of 9.5.22 with v=n and

{=n"238, or n~%38,, where 8,, 8, are the complex
zeros of Bi(z) (see 10.4).

Figure 9.5 is also applicable to the zeros of
Y,(2). There are again an infinite number near
the infinite curves, and n near each of the finite
curves. Asymptotic expansions of the latter for
large n are given by the right of 9.5.24 with
v=n and {=n"%3g, or n~*°,; where 5, and B, are
the complex zeros of Bi’(z).

Numerical values of the three smallest com-
plex zeros of Yy(z), Y,(2) and Y{(2) in the region
0< arg 2<m are given below.

For further details see [9.36] and [9.13].
latter reference
computation.

The
includes tables to facilitate

Complex Zeros of the Hankel Functions
The approximate distribution of the zeros of
H{’(z) and its derivative in the region |arg z|<=
is indicated in a similar manner on Figure 9.6.

cuT oy o

P {
e 3

n
/3 ?7
)

--'!-ilnz
N Ve
~ P

-‘_‘r_,r

-ino

F1GURE 9.6. Zeros of H (2) and HM'(2) . . .
|arg 2| <.
The asymptote of the solitary infinite curve is
given by
SFe=—%In2=—34657 . . .

Zeros of Yo(2) and Values of Y1(2) at the Zeros®

Zero Y,

Real Imag. Real Imag.
—2.40301 6632 +.53988 2313 +.10074 7689 —.88196 7710
—5.51987 6702 +.54718 0011 —.02924 6418 -. 58716 9503
—8. 65367 2403 --. 54841 2067 ° +.01490 8063 —.46945 8752

Zeros of Y1(2) and Values of Yo(2) at the Zeros
Zero Yo

Real Imag. Real Imag.

—0. 50274 3273 +.78624 3714 —.45952 7684 +1.31710 1937

—3.83353 5193 +.56235 6538
—7.01590 3683 +.55339 3046

+.04830 1909 —0.69251 2884
—. 02012 6949 +0.51864 2833

Zeros of Y1(2) and Values of Y1(2) at the Zeros

Zero i
Real Imag. Real Imag.
+40. 57678 5129 -}.90398 4792 —. 76349 7088 -+-. 58924 4865
—1.94047 7342 +.72118 5919 +.16206 4006 —. 95202 7886
—5.33347 8617 +.56721 9637 —.03179 4008 -+. 59685 3673

8 From National Bureau of Standards, Tables of the Bessel functions Y,(3) and Y,(2) for complex arguments,
Columbia Univ. Press, New York, N.Y., 1950 (with permission).
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There are n zeros of each function near the
finite curve extending from z=—n to z=n; the
asymptotic expansions of these zeros for large n
are given by the right side of 9.5.22 or 9.5.24
with v=n and {=e~2*"3n~%3q, or {=¢ 270 "2/%,,

Zeros of Cross-Products

If » is real and M is positive, the zeros of the
function
9.5.27 J(2Y,(\2)—J,(\2) Y.,(2)

are real and simple. If A1, the asymptotic
expansion of the sth zero is

- - 273
9.5.28 ,3+%’+q P roipet?

83 s 55
where with 4»* denoted by p,
9.5.29
B=sm/(\—1)
_u—l1 (p—1) (k—25)(N°—1)
=N 6@ (A —1)

— (u—1) (u2—114p+1073) N5 —1)

T 5@NO—1)

The asymptotic expansion of the large positive
zeros (not necessarily the sth) of the function

9.5.30 JU(2 Y, (\2) ~J,(A2) Y, (2) (A>1)

is given by 9.5.28 with the same value of 8, but
instead of 9.5.29 we have

9.5.31
_pt3 (1 +46p—63)(\*—1)
=\ 6(AN (A —1)

(441852 — 2053+ 1899) (\—1)
5@N(—1)

The asymptotic expansion of the large positive
zeros of the function

9.5.32 JL(Y,\)~Y.(2)J,(\2)
is given by 9.5.28 with
9.5.33
B=(s—Pm/(A\—1)
p___(u+3)7\— (r—1)

A(—1)

(W 1-46p—63)N°— (u—1) (1 —25)
6(4N)2(A—1)

5(4N)° (\—1)r= (13- 18542 —2053u-+1809)\®
—(u—1) (u¥—114u+-1073)
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Modified Bessel Functions I and K
9.6. Definitions and Properties

Differential Equation

9.6.1 22 %—i—z %—v— (22 4v*)w=0

Solutions are [.,(z) and K,(z). Each is a regular
function of z throughout the z-plane cut along the
negative real axis, and for fixed z(%0) each is an
entire function of ». When v=+n, I,(2) is an
cutire function of z.

1,(2) (9 >0) is bounded as z—0 in any bounded
range of arg z. I,(2) and I_,(z) are linearly inde-
pendent except when v is an integer. K,(z) tends
to zero as |z|—>« in the sector |arg z|<%m,
and for all values of », I,(2) and K,(2) arelinearly
independent. I[,(2), K,(z) are real and positive
when v >—1 and z>0.

Ficure 9.7. Iy(2), Ko(2), I,(x) and K,(z).
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Ficure 9.8. ¢ 21o(z),e %1 (2), s Ko(x) and €K, (z).
1,(5) Ky (5)
7 .8
30
.7
25
.6
20 1.5
.4
i5
—1.3
10
.2
5¢
.1
(0] L —dmdemZ g 3 L 4]
o} 2 4 6 8 10
-5L

Fieure 9.9. I,(5) end K,(5).

Relations Between Solutions

%’ﬂ' I—r(z) —I,(Z)

9.6.2 K, (2)= s (vm)

The right of this equation is replaced by its
limiting value if » is an integer or zero.

9.6.3
I,(z)=e Y*iJ,(2e¥") (—r<larg 2<3}r7)
I,(2)=¢€*""2J ,(ze~3"42) (3r<larg 2<7)

9.6.4
K,(z)=3wie? H® (2¢4) (—w<arg z<3m)
K,(z)=—3}mie ¥" H® (ze ¥ (—prlarg 2<r)

9.6.5
Y, (zet™t) =t tori], (z)— @/m)e P K, (2)

(—n<arg 2<4n)
I_,,(Z) =In(z) ’ K-,(Z) =K7(z) '

Most of the properties of modified Bessel
functions can be deduced immediately from those

of ordinary Bessel functions by application of
these relations.

9.6.6

Limiting Forms for Small Arguments

When » is fixed and z—0

9.6.7
1,(2)~(32)"/T (»+1) (v*—1,—-2,..))
9.6.8 Ky(z2)~~—In z
9.6.9 K,(2)~3T (»)(32)~ (Zv>0)
Ascending Series
9.610  I,(2)=(}2)’ z ]CTF%;—H-)
9.6.11

K, () =303 5 Pr D (g
+ (=)™ In (191(2)

+(— (az)"Z {WEk+1)+yn+k+1)} kvgii—)k)v

where y(n) is given by 6.3.2.

2 1 2)2 (1 2)3
9.6.12 Io(z)=1+éf)z+ ((Zzzz)2 + (132;)2 T

9.6.13
Ko@)=—{ln 32+ 1} 1)+

+ap) B8 arp B0+

Wronskians

9.6.14
W{ I,,(Z), I_,(z) } =I,(Z)I_(.+1)(Z) —I,._H(Z)I_,(Z)

=—2 sin (yr)/(72)
9.,6.15

W{K,(2), L,(2)}=1,(2) K11 (2) + L1 (2) K. (2) =1/2
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Integral Representations

9.6.16

10(2)=% f' e*? "°"’dl)=11—r f' cosh (z cos 6)d8
0 ¢

9.6.17 Kyz)=— J; T g1 o080 (44 In (22 sin? 6) }df

9.6.18
L=t [ e emasiat o do
i) Ot (@>—h
9619  I()= f ¢ 9 cos (nf)ds
9.6.20

I(2)= L 2 c080 005 (48)d0

.._§}n_(_VL) ° —z cosh t~pt

T J:, ¢ dt (larg 2|<3)

9.6.21

Ko(z)=J;“ cos (z sinh t)dt=£° %dt
(x>0)

9.6.22

K, (x)=sec (Jvr) J;’ cos (z sinh t) cosh (vt)dt

=csc (drr) f" sin (z sinh ¢) sinh (vt)dt
0

(12v[<1, z>0)
9.6.23
K.z )—;’((ﬁ) " g seoshs ginhavg gt
_2A2)" (", -app_qy-
Tre+p J, I

. (Fv>—1}, larg 2|<}r)
9.6.24 K.,(z)=j; e~ cogh (vt)dt (|arg 2| <3r)

9.6.25

KT [
(RBv>—1%, >0, |arg z[<§r)*
Recurrence Relations
9.6.26

Z0 s =2 @) =2 2,(2)
ZW)=Z,- ()= Z.(2)
Z @)+ 2 ra(2)=22(2)
ZO=Z ()5 Z.()

*See page I
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% .denotes I,, "' K, or any linear combination of
these functions, the coefficients in which are
independent of z and v.

9.6.27 I(2)=1,(2), Ky(2)=—K,(2)

Formulas for Derivatives

9.6.28

(z dz) (2Z,@)} =272,

(z dz {27Z@)} =272z (k=0,1,2,..))
9.6.29

F®(2) =§1; {Q",_k(z)-;-(ll")y,_kﬂ(z)

+(§) Z (Dt .+ Za(2)}
(k=0,1,2,...)

Analytic Continuation

9.6.30 I,(ze™*)=¢™*1,(2)
9.6.31

K, (ze™ ") =e"™"K,(2) —7isin (mym) cse (vr) ], (2)
(m an integer)

(m an integer)

9.632 LG)=L(z), KE=K(@

(v real)

Generating Function and Associated Series

9.6.33 eaf<t+1/'>=ki #I(z)  (0)
0.6.34 ¢ 0—],(2)+2 g I(2) cos(kf)
9.6.35

0T (2)+2 g (=) 3e41(2) sin{ (2k+1)6}

+2 kz (—)u(2) cos(2kb)

9.6.36 1=I0(2)—212(Z)+2I4(Z)"2I°(2)+ .
9.6.37 e:=Ip(2)+21,(2)+21,(2)+21;(2)+ .
9.6.38 - e~*=Iy(2)—21,(2)+2L,(2)—21,(2)+ . . .

9.6.39
cosh z=1Iy(2) +21,(2)+21,(2) +2L,(z)+ . . .

9.6.40 sinh 2=21,(2) +21,(2) +2I5(2)+ . . .
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Other Differential Equations

The quantity M in equations 9.1.49 to 9.1.54
and 9.1.56 can be replaced by —\? if at the same
time the symbol % in the given solutions is
replaced by Z.

9.6.41

2w’ +2(1 £22)w' + (£z—Mw=0, w=e%,(2)

Differential equations for products may be
obtained from 9.1.57 to 9.1.59 by replacing z by
i2.

Derivatives With Respect to Order
9.6.42

o 19 =1,(2) In (b)— ey 33 $EHed s G

9.6.43
% K,(z)=%= csc(vm) {% I_,(2) —% I(2)}

—x cot(pm) K, (2) (v#0,+1,4£2,..))

9.6.44

~yr[2r@]
MO ) G0
Ky () R (e BN

_n@ 2)‘""“1( 2)*K(2)
[b (2 )] : = 7(’rz —k)k!

9.6.46

[%I,(Z)l_o= —K,y(2), [% Ky(z)]'w:

Expressions in Terms of Hypergeometric Functions

9.6.47
L(z) =32 5 oF: G-+ 429

(1
_(32)re” _27WM, ,(22)
F(V+1)M (l’+%, 2V+1 22) ém‘#—r—o(m

9.6.48 K.(z)=(%)*Wo,y(2z)

(oFy is the generalized hypergeometric function.
For M(a, b, 2), M,,.(z) and W, ,(2) see chapter 13.)
Connection With Legendre Functions

If 4 and 2 are fixed, #2>>0, and »—>= through
real positive values

9.6.49  Lim{#P (cOSh §)} —L(2)
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9.6.50 lim {y—re-sri Qs (cosh f—)} =K.,(2)
For the definition of P;* and @%, see chapter 8.

Multiplication Theorems

9.6.51
2002 BB g re—yi<y)

If Z=I and the upper signs are taken, the re-
striction on A is unnecessary.

9.6.52

LO=55m@,  LEO=3 () 5 L)

Neumann Series for K.(z)

9.6.53
K. (2)=(=)"""{In (32) —¢(n+1) } I(2)

1(32)=" % . 32)",
n(az) Z( ) (E};) k)(lf')

n s (0+28) ] 0 40 (2)
+(=) Z‘,———W h

9.6.54 Ky(z)=—{In (§2)+v}1o(2)+2 Z I2k(2)

Zeros

Properties of the zeros of I,(z) and K,(2) may
be deduced from those of J,(2) and H (z) respec-
tively, by application of the transformations
9.6.3 and 9.6.4.

For example, if » is real the zeros of I,(2) are all
complex unless —2k<y<—(2k—1) for some posi-
tive integer k, in which event I,(z) has two real
Zeros.

The approximate distribution of the zeros of
K, (2) in the region —§r <arg z<}x is obtained on
rotating Figure 9.6 through an angle —j so that
the cut lies along the positive imaginary axis.
The zeros in the region —jr <arg z<3r are their
conjugates. K,(z) has no zeros in the region
|arg 2| <3r; this result remains true when 7 is
replaced by any real number ».

9.7. Asymptotic Expansions
Asymptotic Expansions for Large Arguments
When » is fixed, |2| is large and p=4»?

> (p—1) (u—9)
p—1) (u—
L (z)~¢ -2+ ey

—1D(p—9(u—25 i
~Gm e SE=B 1 (agel <t
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9.7.2

9
K(z)~\/ e~ {1+E 1+("2.1()§;‘)2 )

(;4—1) (—9) (u— 25)
31(82)3

.} (larg 2| <§n)
9.7.3

L) et (13 =D Gt 19)

B 8 T 28

_{u—1)(x—9) (#+35)+
31(82)3

.} (larg 2| <3m)
9.7.4

K/(Z)N__\/‘ -z 1+I‘+3

, (p=1) (u—9) (u+35)
h 31(82)3

(p—1) (p+15)
2! (8.2)2

+ .1 (larg 2|<gm)

The general terms in the last two expansions
can be written down by inspection of 9.2.15 and
9.2.16.

If » is real and non-negative and z is positive
the remainder after % terms in the expansion
9.7.2 does not exceed the (k+1)th term in absolute
value and is of the same sign, provided that
k>v—13.

9.7.5
LK)~ (1~ %
1-3 (u—1) (u—9)
+E‘4“_‘—‘” G
(larg 2| <3m)
9.7.6
’ 1 1 ll 3
I,(Z)K,(Z)N {1+2 (22)2
1-1 (u—1)(u—45)
54 @t Tood
(larg 2| <}w)

The general terms can be written down by
inspection of 9.2.28 and 9.2.30.

Uniform Asymptotic Expansions for Large Orders

1 us(t)
977 I,(vz2) \/ (sz)m{wz )y
9.7.8

Y R TP NG
K. (v2) J;(1+22)”4{1+k2_1(_) EVT}

OF INTEGER ORDER

1 (1+22)m

9.79 IL,(pz)~ ‘/

o143 %)
143, 20,
9.7.10 _
By 62) ~ 1 S iy 4 3 20,

When »—+ o, these expansions hold uniformly
with respect to z in the sector |arg z| <ir—e¢,

where ¢ is an arbitrary positive number. Here
9.7.11 t=1/y1+22, 1 In ————
N1+2 =viltzi+n o T \/1 =

and u;(t), v(t) are given by 9.3.9, 9.3.10, 9.3.13
and 9.3.14. See [9.38] for tables of 7, w(t),
(), and also for bounds on the remainder
terms in 9.7.7 to 9.7.10.

9.8. Polynomial Approximations *
In equations 9.8.1 to 9.8.4, t=1/3.75.

9.8.1 —3.75<x<£3.75

Iy(x) =1+3.51562 29¢74-3.08994 24t' +-1.20674 92¢°
+.26597 32t8+.03607 68¢'°.00458 13t2+¢

[e]<1.6X107

9.8.2 3751

rre~Iy(x)=.39894 2281 .01328 592t~
+.00225 319¢t~2—.00157 565¢~3
4.00916 281¢4—.02057 706¢°
+.02635 537t°—.01647 633¢~7
+.00392 377¢84-¢

€< 1.9X10~
9.3.3 —3.75<2<3.75

zU (x) =% 87890 594124-.51498 869t
+.15084 9341 +.02658 733t}
+.00301 532¢°+.00032 411¢24-¢

le|<<8X10-?

9.8.4 3.75 L2

xhe~"] (2) =.39894 228 —.03988 024¢~!
—.00362 018¢724-.00163 8012
—.01031 555¢t*+-.02282 967¢~°
—.02895 312¢7%4.01787 654¢~7
—.00420 059¢8 ¢

le|<2.2X10~7

4 See footnote 2, section 9.4.
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9.8.5 0<x<2

Ky(z)=—In (2/2)I,(x)—.57721 566
+.42278 420(x/2)%4.23069 756(x/2)*
-.03488 590(x/2)%+.00262 698(x/2)®
+4.00010- 750(2/2)1°4.00000 740(x/2)12+¢

|| <110~
9.8.6 2<a<l

21K, (z)=1.25331 414—.07832 358(2/x)
+.02189 568(2/x):—.01062 446(2/x)®
+.00587 872(2/z)*—.00251 540(2/x)®

+.00053 208(2/z)%+e

l<1.9%1077
9.8.7 0<z<2

2K (z)=3 In (2/2)1,(z) +1+.15443 144(z/2)?
— 67278 579(z/2)*—.18156 897(z/2)®
—.01919 402(x/2)*—.00110 404 (x/2)%
—.00004 686(x/2)*+¢

|| <8 10-°
9.8.8 2<e<

P’ K, (¢)=1.25331 414+ .23498 619(2/z)
—.03655 620(2/z)*+.01504 268(2/z)?
—.00780 353(2/z)*+.00325 614(2/x)°
—.00068 245(2/2)%+e

ld<2.2X10~7

For expansions of I,(z), Ko(z), I (), and K;(x)
in series of Chebyshev polynomials for the ranges
0<z<8 and 0<L8/z<1, see [9.37].

Kelvin Functions

9.9. Definitions and Properties

In this and the following section v is real, » is
real and non-negative, and n is again a positive
integer or zero.

Definitions

9.9.1

ber, z-+1 bei, 2=, (2e*" ) =¢""J, (z¢”"**)
=e§yr{Iy (ze‘ri/4) =e3p‘l’1/2Iy(xe—3‘ri/4)
9.9.2
ker, 41 kei, z=¢~¥" K, (ze"*)
— %T’L.H,Sl) (xe3‘l'i/4) —— %W{e—vriH'?) (ze—‘ri/'i)

When »=0, suffices are usually suppressed.
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Differential Equations
9.9.3

*w"’ +aw’ — (ix*+ ¥ )w=0,
w=Dber, 2+1 bei, z,
ker, 241 kei, z,

ber_, z+1 bei_, z,
ker_, 241 kei_,
9.9.4
' +22%0"" — (14+20%) (s*w’’ —aw’)

+ (v — 4+ )w=0,

w=Dbery, z, beiy, z, kery, x, keiy, z

Relations Between Solutions

9.9.5
ber_, t=cos(v7) ber, z-+-sin(yr) bei, z
+(2/x) sin(y7) ker,
bei_, = —sin(vx) ber, x+cos(yr) bei, z
+ (2/7) sin(vx) kei, 2
9.9.6
ker_, z=cos(vr) ker, z—sin(vr) kei, v
kei_, x=sin(yx) ker, 2-+cos(v7) kei, z
9.9.7 ber_, 3=(—)"ber, 2, bei_, r=(—)" bei, z

9.9.8 ker_, 2=(—)" ker, z, kei_, x=(—)" kei, z

Ascending Series

9.9.9

. , sin { (3v+3k)x} 1,2\%
beb 2=( 2 TGy )

9.9.10
(3#H? | (3=»*
ber z=1— (42!)2 (44!)2 —
. 1) | Ga)°
bei z=}a?— (43!))2 +((45!))2 -
9.9.11
n—1
ker, z=3(32)"" kX_g cos {(§n+3k)x}
X(n;lli,:l—)! (32)*—In (4z) ber, z-+%m bei, z

+33)" ?o cos { (dn+4k)r)

Y+ Fen+k+D} o o
X AlCEWAY (1)
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kel 2=—~}(32) " 32 sin {(bn-+3)7)

(n—lc H!
jA]

+44)* 3 sin {(bn-t By}
{Y(e+1)+n+Ek+1)} (a2

(32®)*—In () bei, z—ir ber,

X IR
where ¢(n) is given by 6.3.2.
9.9.12
ker z=—In (3z) ber 2437 bei z

2 HE) e

kei 2=—In (4z) bei 2—}x ber =
= YRR o
+kZ_()) (“) {(2k-|—1)!}2 (Ixz)zk+

Functions of Negative Argument

In general Kelvin functions have a branch
point at =0 and individual functions with argu-
ments ze*™* are complex. The branch point is
absent however in the case of ber, and bei, when »
is an integer, and

9.9.13
ber,(—z)=(—)" ber, x, bei,(—z) =(—)" bei, z
Recurrence Relations
9.9.14

fv+l+fv—1=—1x@ (fv"'gr)
ﬂ=21ﬁ ot garfr-1—9-1)
, v 1
fv‘;fv=7§ (Frs1t+gr41)

v ¥ _____1_
fv"l";,fv—" '\/—2— (fv—l+gv-l)

fr=ber, z fr=Dbei, x
g»=Dbei, g,=—Dber, x

fr=Kker, z fr=kei, x
gv=keiv T g.,=——ker, T

where

909.15

BESSEL FUNCTIONS OF INTEGER ORDER

9.9.16
v2 ber’ z=ber, z+bei, z

0.0.17 V2 bei’ z=—ber, z+bei, z

v2 ker’ z=ker, z-+kei; z
V2 kei’ x=-ker, z-+kei, z

Recurrence Relations for Cross-Products

If
9.9.18

py=ber} z+bei} x

¢»=ber, z bei, x—ber; z bei, z

ry=ber, z ber, z-+bei, z bei, x

s,=ber,? z+bei)? z
then
9.9.19

. -/
Pr+1=Pr1 o Ty
Qv+1="'l ptr=—¢_1+2r,
1
rv+l=—'( vt ) pv+1+Qv
1 v
8D=§ pv+l+§ pv—l—';j y

and
9.9.20 PS=n1¢

The same relations hold with ber, bei replaced
throughout by ker, kei, respectively.

Indefinite Integrals

In the following f,, g, are any one of the pairs
given by equations 9.9.15 and f¥, g5 are either the
same pair or any other pair.

9.9.21
14y v ,
f$1+71d1=—% (fra—gp)=—2'*" (; 9-"9.)
9.9.22
le_ffvdx=ail/; (fr-1—g-r)=2""" (% gr+g:)
9.9.23
[ =0 D= (o 0o
—(frr1i—Gp)—F» (f*+1+9v+1)+9.(fv+1 —g¥a)}
=1 s~ gt

99"
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9.9.24
[ttt tasie= 2010~ sgtn

- y+lg'$_1+29yf’t—g.-1ff+1—gv+1f*_1)
9.9.25

[s(ptiz=atrgi—s0)
=— (33/w/§) (f»f'+1 +99v+1— 1190 +1 -I-f.+lg.)
9.9.26 '

1
fx ug,d27=z x2(2j',g.—-f._1g.+x— .+xg._1)
9,9,27
1
fz(ff—gf)dx=§ 2(fi—~fr1fori— G+ -19041)

Ascending Series for Cross-Products

9‘9.28
ber? z-+bei? z=
, [ 1 (ixﬂ)zk
&) 2 T FEF DT kT B
9.9.29

ber, = bei, z—ber, z bei, =

P 1 G=™
= TR DTO 21D B

9.9.30

ber, z ber, z-+bei, z bei, 2

R 1 42
=" R oo M

9.9.31

ber)? z+beit z

= (Ap)Ir-2 S @ +-20k+3)  (2H*
=0 X SR DT 612+ A

Expansions in Series of Bessel Functions

9.9.32

. ® 8(3'+k)”’4ka,+k(z‘)
ber, z-+1 bei, x—a T
e(3v+3k)ri/4IkIv+k(x)

=2 T

9.9.33 )
ber, (x@ =;§e(_)”+kJ w26 (2) ] 24(2)

beiy(z+2) =Fﬁ_ﬁ(‘)"“t’ n+ae+1(@0) 241(2)
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Zeros of Functions of Order Zero *

ber z bei z ker z kei z
1st zero 2. 84892 5. 02622 1. 71854 3. 91467
2nd zero 7. 23883 9. 45541 6. 12728 8. 34422
3rd zero 11. 67396 | 13. 89349 | 10. 56294 12, 78256
4th zero 16. 11356 | 18. 33398 | 15. 00269 17. 22314
5th zero 20. 55463 | 22. 77544 | 19. 44381 21. 66464

ber’ z bei’ z ker’ z kei’ z
1st zero 6. 03871 3. 77320 2. 66584 4, 93181
2nd zero 10. 51364 8. 28099 7. 17212 9. 40405
3rd zero 14. 96844 | 12, 74215 | 11. 63218 13. 85827
4th zero 19. 41758 | 17, 19343 | 16, 08312 18. 30717
5th zero 23. 86430 | 21. 64114 | 20. 53068 22. 75379

9.10. Asymptotic Expansions
Asymptotic Expansions for Large Arguments

When » is fixed and z is large
9.10.1

eviv2 .
ber, z=——={f,(z) cos a+g.(x) sina}
Vorz

—%_ {sin (2v7) ker, z+cos (2v7) kei, 2}

9,10.2

bei. z— &l .
ei, x——m{f,(x) sin a— g,(x) cos o}

+1%_ {cos (2v7) ker, z—sin (2v7) kei, z}

9.10.3
ker, 2=+/(22)e—*V2{ f,(—2) cos B—¢.(—z) sin B}
9.10.4
kei, z=+/7/(2x)e~*¥2{ —f,(—2) sin —g,(—7x) cos S}
where
9.10.5

a=(z/y2)+Fv—r, B=@EVD)+H+Hr=atir
and, with 4»? denoted by g,

9.10.6
S(£2)

= =) () ..y @k—1)?}
~l+k2-1(:F) # £ k|(8$)’: UOS(4)

5 From British Association for the Advancement of
Science, Annual Report (J. R. Airey), 254 (1927) with
permission. This reference also gives 5-decimal values of
the next five zeros of each function.
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9.10.7
g(L2)
» , =D (—9) .. {s—Qk—1)*} . (kr

The terms? in ker, z and kei, z in equations 9.10.1
and 9.10.2 are asymptotically negligible compared
with the other terms, but their inclusion in numeri-
cal calculations yields improved accuracy.

The corresponding series for ber, z, bei, z, ker,z
and kei,z can be derived from 9.2.11 and 9.2.13
with z=x¢%*/4; the extra terms in the expansions
of ber, 2 and bei, z are respectively

~— (1/7) {sin(2vm)ker; z-+cos(2vw)kei, }
and
(1/7) {cos(2vx)ker, x—sin(2vm)kei, z}.

Modulus and Phase
9.10.8

M,=+/(ber? z-+bei} z),
9.10.9 ber,z=2M, cos 4,,
9.10.10 M_.=M,,

8,=arctan (bei, z/ber, r)
bei, 2=M, sin 6,
0_,=68,—nr

9.10.11

ber, =% M,,, cos (8,;.,—3m)—% M,_; cos (8,.,—}x)
= (vj2) M, cos 0,+ M, cos (8,4, —1r)
=—(v/x) M, cos 6,—M,_, cos (6,-,—}~)

9,10.12

bei, 2=3M,,, sin (0,41 — %) —3M,_, sin (6,_, — i)
= (y/x) M, sin 8,4+ M, sin (8,,,—37)
=—(v/x)M,sin §,—M,_; sin (8,_;—}~)

9.10.13

ber’ =M, cos (6,—3r), bel’ a=M,sin (6,—3m)

9.10.14
M= (v2) M,+ M, cos (8,,,—0,—})
= — (v/®) M,— M,_, cos (6,_,—08,—}m)
9.10.15 |
8,= (M, /M,) sin (8,41—0,~—m)
=—(M,-/M,) sin (6,_,—8,~}r)

® The coefficients of these terms given in [9.17] are in-
correct. The present results are due to Mr. G. F. Miller.
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9.10.16
My=M, cos (§,—0—3%m)
bo=(M,/M,) sin (6,—6,— 1)
9.10.17
d@eM?26) jde=aM?, M) +aM,—v*M,=2*M,0;?
9.10.18

N,=vVker;s+kei}z),
9.10.19 ker,z=N, cos ¢,,

¢,=arctan (kei, x/ker, z)

kei,z=N, sin ¢,

berx ond bei x
ker x and kei x

In Mo, 85 in radians
n N.,,¢, in radions

Ficure 9.11. In My(z), 6(z), In Ny(z) and o(x).

Equations 9.10.11 to 9.10.17 hold with the symbols
b, M, 6 replaced throughout by k, N, ¢, respectively.
In place of 9.10.10

9.10.20 N_,=N,,

¢‘-v=¢v+ T
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Asymptotic Expansions of Modulus and Phase

When » is fixed, 2 is large and p=44*

9.10.21
M- i i
i o ()
9.10.22
In M n are)—4 5 - g0 &
- wo(3)

9.10.23
p—11 p—1
¢2+(2 8) tsm T e :c’

= o)

9.10.24

11 (k—1)2 1
_1/ e~iVE{14E— =2 -
A 8v2 ¢ 256 z?

+(ﬂ—l)(u +14.—399) 1+0< >

61442
9.10.25
_ p— 11 (p—1)(p—25) 1
InN=—-5+iln (2x)+ 8v2 =T 3842 1P
_w—DE—13) 1
s #t? (ﬁ)
9.10.26
______ _p—11 p—l_l_
2 2"+8) 2z 2
(b— 1)(# 25) 1
T 38em 38442 3+0 (z5)

Asymptotic Expansions of Cross-Products

If z is large

9.10.27
, , ~__ 11
ber? z+bei? z (1 4\/2 x+64 po
33 1 17971 )
2562 28 8192 24"
9.10.28

1 11
V2+8x

9 301 75 1
64y2 x2+512 2tamepat )

£2V2
ber z bei’ z—ber’ zbelx~ (

+-——

383
9.10.29
ber z ber’ z+4bei 2 bei’ x~e i ‘/12 S;
15 1 45 1 315
T64y2 7 512 27 T 810272 :c‘+ e )
9.10.30
ber’? 2+ bei’? x~—— (1_ + 91
4w/2 z ' 64 2
2475 1
9,10.31
2 12 ~_1r_ —-Iv2 _._1_ _1_ _1_ l
ker? z+kei? z 97¢ z (1 4"/2%-{-64 p
L, 33 1 1797 1+ )
1 256v22% 819247 C
9.10.32
ker x kei’ 2 —ker’ z kei z~ ——— ¢=2V2 111
2z V2 8%
1 391 75 1
+64\/2 22 512 x3+8192\/2 x‘+ )
9.10.33
ker z ker’ z+ kel z kei’ x~—1 e TVe (%-{-_
15 1, 451 315 1
A A e )
9.10.34

1
+64z2

2475 1
256\/2 x3+8192 =t )

2 2 ~_ -zy2
ker’? z+kei”? e <1+4\/2x

Asymptotic Expansions of Large Zeros
Let '
9.10.35

(k—1)(5p+19) | 3(u—1)*
15368° + 5128* + -

@)= 166 +3252+

where u=4%. 'Then if s is a large positive integer

9.10.36

Zeros of ber, z~+/2{5—(5)}, d=(—4—P)=
Zeros of bei, z~~2{5—f(3)}, d=(s—p+H~=
Zeros of ker, a~+2{8+f(—0)}, o=(s——H)r
Zeros of kei, z~+2{5+7(—d)}, =(s—p—{)r
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For »=0 these expressions give the sth zero of
each function; for other values of » the zeros
represented may not be the sth.

Uniform Asymptotic Expansions for Large Orders

When » is large and positive

9.10.37
ber,(»x) +1 bei,(vz)~
et (zet ux(E )
21rv 1 +£ E }
9.10.38

ker, (vz)+1 kei, (vz)

N \/T " (:ce3 Y4
2v¢ 14-¢
9.10.39
ber, (vz) 1+ bei, (vx)

it vk(ﬁ )
V21rv T 1+£) +Z }
9.10.40

ker, (vz)+1 kei, (vz)

2 kuk(s_l)
REES O =)

ﬂ. vg 311/4 I vx(E-l)
where
9.10.41 =41+

and u(t), 1:(f) are given by 9.3.9 and 9.3.13. All
fractional powers take their principal values.

9.11. Polynomial Approximations

9.11.1 —8<z<8
ber z=1—64(z/8)*+113.77777 T74(z/8)*
—32.36345 652(z/8)12+42.64191 397 (x/8)*
— 08349 609(2/8)®+.00122 552(z/8)
—.00000 901(z/8)%®+¢
led<1X10~°

9.11.2 ~—8<LzL8
bel 2=16(x/8)*—113.77777 774(x/8)"
+72.81777 742(2/8)°—10.56765 779(z/8)™"
+.52185 615(2/8)*—.01103 667 (2/8)%*
+.00011 346(z/8)% ¢
le]<6X107°
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9.11.3 0<z<8
ker z=—In (4z) ber x+3}r bei z—.57721 566
—59.05819 744(x/8)*4171.36272 133(z/8)"
—60.60977 451(x/8)2+5.65539 121(x/8)'*
—.19636 347 (2/8)3°1-.00309 699(x/8)%
—.00002 458(x/8)%® ¢

lef<<1 X108

9.11.4 0<z<8

kei 2=—In(3z)bei z—ix ber 146.76454 936(x/8)*
—142.91827 687(2/8)"+124.23560 650(z/8)°
—21.30060 904(x/8)*-+1.17509 064 (x/8)*
—.02695 875(z/8)% +.00029 532(x/8)%® +¢

[]<<3<10~*

9.11.5 —8<zL8
ber’ z=a[—4(2/8)*+14.22222 222(z/8)*
—6.06814 810(x/8)1°4.66047 849(x/8)*
—.02609 253 (x/8)*+.00045 957 (/8)*
—.00000 394(z/8)*+¢

le|<2.1X 10

9.11.6 —8<Lz<8
bei’ z=x{$—10.66666 666 (x/8)*
+11.37777 772(/8)—2.31167 514(z/8)"
+.14677 204(z/8)1*—.00379 386(z/8)%
+.00004 609(x/8)*]+¢

<7107

9.11.7 0<z<8
ker’ x=—In (§x) ber’ x—z~! ber z+1x bei’ =
+2[—3.69113 734(x/8)+-21.42034 017 (z/8)°
—11.36433 272(z/8)1°+1.41384 780(x/8)™
—.06136 358(x/8)'*+.00116 137 (2/8)*
—.00001 075(z/8)*]+¢

le|<<8% 10~
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9.11.8 0<z2<8
kei’ z=—In (3z) bei’ z—2~! bei z—ir ber’ 2
+2[.21139 217—13.39858 846(x/8)*
1+19.41182 758(x/8)8—4.65950 823 (x/8)"
1.33049 424(2/8)*— 00926 707 (z/8)%
+.00011 997 (z/8)*]+¢

le|] <7108

9.11.9 8Lzl

ker z41 kei 2=F(z) 1 +¢)
J@=J T exp [~ E oo |

ler] <1 1077

ber xz-+1 bei :c-—% (ker z+1 kei z)=g(x) (1+¢,)

g(z) \/2’15; exp [1‘7; w+0(x):|
|€2|<3X10_7
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where
9.11.11
() = (.00000 00—.39269 917)

+(.01104 86—.01104 857)(8/x)

+(.00000 00—.00097 653) (8/x)*

-+ (~-.00009 06—.00009 017) (8/z)*

=+ (—.00002 52-.00000 00%)(8/x)*

+ (—.00000 344.00000 514) (8/x)®
+(.00000 064-.00000 197)(8/x)®

9.11.12 8l
ker’ z+i kei’ r=—f(2)¢(—2z) (1+€)

les] <2107

9.11.13 . 8%

ber’ z-+1 bei’ :c——}r (ker’ z+1i kel’ x) =g(x)pix) (1+e)
les] <3X 1077

where

9.11.14

é(z)=(.70710 68+.70710 681)
+(—.06250 01—.00000 013)(8/)
+(—.00138 134.00138 114)(8/7)?
+(.00000 054.00024 523)(8/z)®
+(.00003 46-+.00003 385) (8/x)*
+(.00001 17—.00000 241) (8/x)* |
+(.00000 16—.00000 323) (8/2)®

Numerical Methods

9.12. Use and Extension of the Tables

Example 1. To evaluate J,(1.55), n=0, 1, 2,
. ., each to 5 decimals. '
The recurrence relation

Jn—l (z) +Jn+1 (x) = (2’";/37)0],;(3)

can be used to compute Jy(z), Ji(z), Jalz), . . .,
successively provided that n<x, otherwise severe
accumulation of rounding errors will occur.
Since, however, J,(z) is a decreasing function of n
when n >z, recurrence can always be carried out
in the direction of decreasing n.

Inepection of Table 9.2 shows that J,(1.55)
vanishes to 5 decimals when »>>7. Taking arbi-
trary values zero for J, and unity for J;, we compute
by recurrence the entries in the second column of
the following table, rounding off to the nearest
integer at each step.

n Trial values Jn(1.56)
9 0 . 00000
8 1 . 00000
7 10 . 00003
6 89 . 00028
5 679 . 00211
4 4292 . 01331
3 21473 . 06661
2 78829 . 24453
1 181957 . 56442
0 155954 . 48376

We normalize the results by use of the equation
9.1.46, namely

Jo(@) +2J5(x) +2J(x)+ . . . =1

This yields the normalization factor

1/322376=.00000 31019 7
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and multiplying the trial values by this factor we
obtain the required results, given in the third
column. As a check we may verify the value of
Jo(1.55) by interpolation in Table 9.1.

Remarks. (i) In this example it was possible
to estimate immediately the value of n=2N, say,
at which to begin the recurrence. This may not
always be the case and an arbitrary value of Nmay
have to be taken. The number of correct signifi-
cant figures in the final values is the same as the
number of digits in the respective trial values.
1f the chosen N is too small the trial values will
have too few digits and insufficient accuracy is
obtained in the results. The calculation must
then be repeated taking a higher value. On the
other hand if N were too large unnecessary effort
would be expended. This could be offset to some
extent by discarding significant figures in the trial
values which are in excess of the number of
decimals required in /.

(ii) If we had required, say, J,(1.55), J,(1.55),
.+« ., J(1.55), each to 5 significant figures, we
would have found the values of Jy(1.55) and
Ju(1.55) to 5 significant figures by interpolation
in Table 9.3 and then computed by recurrence
Jo, Js, . . ., Jo, no normalization being required.

Alternatively, we could begin the recurrence at
a higher value of N and retain only 5 significant
figures in the trial values for n<10.

(i) Exactly similar methods can be used to
compute the modified Bessel function I,(z) by
means of the relations 9.6.26 and 9.6.36. If x is
large, however, considerable cancellation will
take place in using the latter equation, and it is
preferable to normalize by means of 9.6.37.

Example 2. To evaluate Y,(1.55), n=0, 1, 2,
. . ., 10, each to 5 significant figures.

The recurrence relation

Ya1(@) + Y1 (z) = (2n/2) Y a(2)
can be used to compute Y,(2) in the direction of
increasing n both for n<z and n >z, because in

the latter event Y,(x) is a numerically increasing
function of =.

We therefore compute Y,(1.55) and Y,(1.55) by
interpolation in Table 9.1, generate Y,(1.55),

Y5(1.55), . . ., Y34,(1.55) by recurrence and check
Y,4(1.55) by interpolation in Table 9.3.

n Ya(1.66) n Y. (1.66)

0 +0.40225 6 —1.9917X10?

1 —0.37970 7 —1.5100%X10?

2  —0. 89218 8 —1.3440X10*

3 —1. 9227 9 —1.3722X105

4 —6. 5505 10 —1.5801x10¢

5 —31, 886

BESSEL FUNCTIONS OF INTEGER ORDER

Remarks. (i) An alternative way of computing
Yy(x), should Jo(z), Jx(2), Ju(x), . . ., be avail-
able (see Example 1), is to use formula 9.1.89.
The other starting value for the recurrence,
Yi(z), can then be found from the Wronskian
relation J,(z) Yo(x) —Jo(x) Yi(x) =2/(zx). Thisis a
convenient procedure for use with an automatic
computer.

(il) Similar methods can be used to compute the
modified Bessel function K,{x) by means of the
recurrence relation 9.6.26 and the relation 9.6.54,
except that if z is large severe cancellation will
occur in the use of 9.6.54 and other methods for
evaluating Ky(z) may be preferable, for example,
use of the asymptotic expansion 9.7.2 or the poly-
nomial approximation 9.8.6.

Example 3. To evaluate J;(.36) and Y,(.36)
each to 5 decimals, using the multiplication
theorem.

From 9.1.74 we have

@ Y. 75 ¢ A 1 k
Zo(\2) =§ak(€k(z), Whereak=( )" 7 D*Ge)*,
We take z=.4. Then \=.9, (\*—1)(3z)=—.038,
and extracting the necessary values of J;(.4) and
Y (4) from Tables 9.1 and 9.2, we compute the
required results as follows:

k a ar w(4) arY(.4)
0 +1.0 -+.96040 —.60602
1 -0.038 +.00745 —.06767
2 +40.7220X10°2 +.00001 —.00599
3 +0.914%10-5 —.00074
4 +0.87X1077 —.00011
5 +0.7X10~* —.00002

Jo(.36)=+.96786  Y,(.36) = —.68055
Remark. This procedure is equivalent to inter-
polating by means of the Taylor series

«© k
Gole+h) =33 | € ()

at z=.4, and expressing the derivatives Z{¥ (z) in
terms of % :(z) by means of the recurrence rela-
tions and differential equation for the Bessel
functions.

Example 4. To evaluate J,(z), J,(x), Y,(x)
and Y, (x) for v=50, x=75, each to 6 decimals.
We use the asymptotic expansions 9.3.35, 9.3.36,

9.3.43, and 9.3.44. Here z=z/v=3/2. From 9.3.39
we find

g (— f)m:% vJ5—arecos g-—“ +.2769653.
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Hence

4¢ \4
¢=—.5567724 and (Tj.;z) =-1.155332.

Next,
»'/3=3.684031,

V3= —7.556562.
Interpolating in Table 10.11, we find that
Ai(¥%) = +.200953,

Bi(v%3) = —.160565,

Ai’ (%) =+ 451441,
Bi’ (»¥/3¢) = +.819542.

As a check on the interpolation, we may verify
that Ai Bi’— Ai'Bi=1/r.

Interpolating in the table following 9.3.46 we
obtain

bo(£)=—4.0136,  co(¢)=-+.1442.

The contributions of the terms involving a,(})
and d;(¢) are negligible, and substituting in the
asymptotic expansions we find that

Jeo(75)=+1.155332(50~ 17 .299953
+50758 451441 X .0136) = +.094077,

Jo(75)=—(4/3)(1.155332) ~1(50~ 43 .299953
X .14424-50727% .451441) = —.038658,

Y5(75)=—1.155332(—50"17X .160565
+50753.819542 X .0136) = -.050335,

50(75) = (4/3)(1.155332)~1(—50~*7<.160565
X.14424- 50727 .819542) = 4-.069543.

As a check we may verify that
JY'—J'Y=2/(75x).

Remarks. This example may also be computed
using the Debye expansions 9.3.15, 9.3.16, 9.3.19,
and 9.3.20. Four terms of each of these series are
required, compared with two in the computations
above. The closer the argument-order ratio is to
unity, the less effective the Debye expansions
become. In the neighborhood of unity the expan-
sions 9.3.23, 9.3.24, 9.3.27, and 9.3.28 will furnish
results of moderate accuracy; for high-accuracy
work the uniform expansions should again be used.

Example 5. To evaluate the 5th positive zero
of Jyo(x) and the corresponding value of Ji,(x),
each to 5 decimals.

We use the asymptotic expansions 9.5.22 and
9.5.23 setting »=10, s=5. From Table 10.11

we find
as=—7.944134, Ai'(a;)=-1.947336.

Hence

§=10"%Rg,=.21544347a¢;=—1.7115118.

Interpolating in the table following 9.5.26 we
obtain

2(¢)=12.888631,
Si(§)=+.0107,

k()= +.98259,

The bounds given at the foot of the table show
that the contributions of higher terms to the
asymptotic series are negligible. Hence

F10,5—=28.886314+.00107+ . . . =28.88738,

2 947336
10°7* 2.888631 X.98259

X (1—.00001+4 . . .)=—.14381.

J;o(].xo, 5=

Example 6. To evaluate the first root of
Jo(@) Yo(A2) — Yo(z)Jo(Az)=0 for A=} to 4 signifi-
cant figures.

Let oY denote the root. Direct interpolation
in Table 9.7 is impracticable owing to the
divergence of the differences. Inspection of
9.5.28 suggests that a smoother function is

(A—1)a. Using Table 9.7 we compute the fol-
lowing values
1Y (A—Daf? ) 8
0.4 3.110
+21
0.6 3.131 —12
+9
0.8 3. 140 —7
+2

1.0 3. 142(7)

Interpolating for 1/A=.667, we obtain
(A—1)af? =3.134 and thence the required root
afl}=6.268.

Example 7. To evaluate ber, 1.55, bei, 1.55,
n=0,1,2, . . ., each to 5 decimals.

We use the recurrence relation

S u1(ze®™ ) FoJ nyr (2%
= V2 (1 L4y, (e,

x

taking arbitrary values zero for Jy(2ze®*/*) and
14-0s for Js(xe**¥*) (see Example 1).
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n Real Imag. ber .z beiqz
trial valuesjtrial values

9 0 0 . 00000 . 00000
8 +1 0 . 00000 . 00000
7 -7 —7 | —. 00002 —. 00003
6 -1 +89 | —. 00003 -+. 00030
5 +500 —475 | +.00181 —. 00148
4 —4447 —203 | —.01494 —. 00180
3 + 14989 417446 | 4. 04614 +. 06258
2 +11172 —88578 | 4. 05994 —. 29580
1 { —197012 | 4123804 | —. 69531 +. 36781
0| +281539 | +185373 | +. 91004 +. 59461
> | 4106734 | +207449 | 4. 30763 +. 72619

The values of ber,z and bei,z are computed by
multiplication of the trial values by the normal-
izing factor

BESSEL FUNCTIONS OF INTEGER ORDER

1/(294989—22011¢)=(.337119+ .0251552) X 1078,
obtained from the relation

Jo (26?4 + 2, (ze¥ %) +2J, () + . .. =1.

Adequate checks are furnished by interpolating
in Table 9.12 for ber 1.55 and bei 1.55, and the
use of a simple sum check on the normalization.

Should ker,z and kei,z be required they can be
computed by forward recurrence using formulas
9.9.14, taking the required starting values for
n=0 and 1 from Table 9.12 (see Example 2). If
an independent check on the recurrence is required
the asymptotic expansion 9.10.38 can be used.
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10. Bessel Functions of Fractional Order
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Fable 10.9. Modified Spherical Bessel Functions—Orders 9 and 10
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n=9, 10; z=0(.1)5, 7-8S
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z=1, 2, 5, 10, 50, 100, 10S
Table 10.11. Airy Functions (0<z<=>) . . . . . . . . .. . ... 475
Ai(z), Ai’(z), Bi(z), Bi’(z)
z=0(.01)1, 8D
Ai(—2), Ai’(—2), Bi(—2), Bi’(—z)
z=0(.01)1(.1)10, 8D
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Ai(z) =327 Me"H(—§); Bi(z)=z""ef(£)
Ai’(z)=—a'e~tg(—£); Bi'(z)=z"etg(¢)
J(£8), 9(£8); =37, £1=1.5(—.1).5(—.05)0, 6D
Auxiliary Functions for Large Negative Arguments
Ai(—z)=a""[£1(§) cos £+£2(¢) sin ¢]
Bi(—a2)=2""4[f:(£) cos £—£i(¢) sin £
Ai’(—2)=2"4[g,(£) sin £—g,(£) cos ¢
Bi’(—z)=2"4[g:(£) sin £+¢1(£) cos ¢
Ji(8), £:(8), 91(8), g(§); §=32""
£1=.05(—.01)0, 6-7D
Table 10.12. Integrals of Airy Functions (0<z<10). . . . . . . . . 478

fo * Ai()dt, 2=0(1)7.5; f " Ai(—t)dt, e=0(.1)10, 7D
0

fo " Bi()dt, 2=0(.1)2; fo * Bi(~t)dt, z=0(.1)10, 7D

Table 10.13. Zeros and Associated Values of Airy Functions and Their
Derivatives (1<s<10) . . . . . . . . . . . .. .. ... .. 478
Zeros a,, a,, b,, b, of Ai(z), Ai’(x), Bi(z), Bi’(z) and values of Ai’(a,),
Ai(a,), Bi’(b,), Bi(h;) s=1(1)10, 8D
Complex Zeros and Associated Values of Bi(z) and Bi’(2)
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Modulus and Phase of e~*/38,, e=**/38;, Bi’(8,), Bi(8}) s=1(1)5, 3D
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10. Bessel Functions of Fractional Order

Mathematical Properties

10.1. Spherical Bessel Functions
Definitions

Differential Equation
10.1.1

2w’ 22w’ +[2—n(nd-1)jw=0
n=0,2+1, +£2,...)

Particular solutions are the Spherical Bessel
Junctions of the first kind

jn(z)_—— \ i"’/z'ju+l(2)’
the Spherical Bessel functions of the second kind
Ya(2)=v47/2Y n14(2),
and the Spherical Bessel functions of the third
kind
ki (2)=ju(2) +1ya(2) =V ix/2H24(2),
R (2)=ja(2) —iya(2) =+ 4n/2H 24 (2).

The pairs 7,(2), ¥a(2) and AL (2), h®(2) are
linearly independent solutions for every n. For
general properties see the remarks after 9.1.1.

Ascending Series (See 9.1.2, 9.1.10)
10.1.2

WO T

N (322 _
To@nt+3)@nts) }

10.1.3
1-3 2n—1 2
va(a)= ”*‘( : ){ 1'(?i2n)
(322)?
toi—2mG—2mn }
(n=0,1,2,..))
Limiting Values as 2—0
1014 2 ()i 1 Bt
10.1.5
(2n—1) n=0,1,2,...)

2"y, (2)»—1.3:5. ..

Wronskians

10.1.6 W{in(2), yn(2) } =273
10.1.7

W{kP(2), ¥ (2)}=—2i2"* (n=0,1,2,...)

Representations by Elementary Functions

10.1.8
In(2)=2""[P(n+3}, 2) sin (z—}nr)

+Q(n+14, 2) cos (z—nr))

10.1.9
Ya(2)=(—1)**'27"[P(n+14, 2) cos (z+}nw)
—Q(n+43, 2) sin (z+4nr)]

_(+2)!

P (n+% 2)=1— ST (—T)

) (22)7

(n+4)! _
N3 22"

=3 (1t 2020

+

(n41)! (n+3)!

Q(n+14, z)_1|11(,n) (22)'— 3T (n—2) (22)-*
e L
=8 C1pmts, 2kt @)
(n=0,1,2,...)

__ (ntk)!
(n+4, O =T k1)

\\k 1 2 3 4 5
n

1 2

2 6 12

3 12 60 120

4 20 180 840 | 1680

5 30 420 | 3360 | 15120 | 30240
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10.1.10
Jn(D)=Fa(2) sin 2+ (—1)™1f_,_(2) cos 2
f(@)=2"Y,  fi(e)=2?
Ja1(2) +fas1 ()= 2n+1)2" Y, (2)
(n=0, £1, +2,...)

The Functions j.(2), y.(2) for n=0, 1, 2

10.1.11 jo(z)=SlI; 2
. sinz cosz
.71(2): 22 - 2z
7(2) =(§—-l) sin z—i cos 2 *
2 2 z 2?
10.1.12

Cos 2

Yo(e)=—j1()=—

cos z sin z

22 2

3/1(3) =j—2(2)=—
Y(2)=—7_4(2) =(—%+%) cos z—% sinz *

Inlx)

F1Gure 10.1. j,(2).

n=0(1)3.

*See page IL

BESSEL FUNCTIONS OF FRACTIONAL ORDER

¥ (x}

FIGURE 10.2. y,(z). n=0(1)3.

z=10.

F1aure 10.3. ja(z), yalz).

Poisgon’s Integral and Gegenbauer’s Generalization
n L
10.1.13 j"(z)=2_"%1?f cos (z cos 6) sin?"*10 dg
*Jo
(See 9.1.20.)
10.1.14

=% (——i)"J;1r ¢ 8P (cos 6) sin 8 db
(n=0,1,2,...)



BESSEL FUNCTIONS OF FRACTIONAL ORDER 439

Spherical Bessel Functions of the Second and Third

Kind
10.1.15
Yo(2)=(=1)""_,1(z2) (n=0, £1, £2,..))
10.1.16

h‘,f’(z)=’£‘""z"‘e"$ (n+3, k) (—2iz)~*

10.1.17
hf’(z):inﬂz-*e-izz:; (n+b k) (2i2)*

10.1.18
A1 () =i(~1)"hP(2)
MaE@=—i(-D"PE)  (0=0,1,2,..)

Elementary Properties
Recurrence Relations

Ja(2) 13012}, Ya(2), RO (2), B2 (2)
n=0, +1, +2,..))

10.1.19  faoi(2) +fut1(2)=(2n+1)2" YA (2)

10.1.20  nfu_(2)— (+1)fri(2)=(2n+1) a% f2(2)

10.1.21 ’%1 Ta(2) +d% Ja(@)=fr-1(2)
(See 10.1.23.)

10.1.22 ’;‘f,. (2) —a‘lizf,, (@) =fur1(2)
(See 10.1.24.)

Differentiation Formulas
Ja(2)13a(2), ya(2), B (2), B2 (2)
(n=0, +£1, £2,...)
10.1.23 (% gz-)'"[zn+1f,,(z)]=z"-m+1f,,_m(z)

10.1.24 (%g;)m[z“"fn(z)]=(—l)”‘z"“"'fn+m(z)
(m=1,2,3,...)

Rayleigh’s Formulas

10.1.25
cen_af 1 d\*sinz
In(2)=2 ( zdz 2
10.1.26
1 d\"co
yn(2)=_2" (—'Ed—z C_ZS_'Z (n=0, 1,2, .. )

*See page 1.

Modulus and Phase

In(2)=vin/eMo14(2) cos 0,,4(2),

Yn(2) =+ %T/ZMn+l(z) sin 9,,.,.;(2)
(See 9.2.17.)

10.1.27

(2n—k)!(2n—2k)!
k[ (n—Fk)1]?

(4 7/2) Miny(@)=5 3 (22)%-1n

(See 9.2.28.)
10.1.28  (dn/2)M3,5(2)=j¥(2) +v3(z) =22
10.1.29
(m/2)M3,2(2) =3 (2) +yi (2) =242

10.1.30

(m/2)M3)2(2)=j3(2) +y3(2) = 2724324492~

Cross Products

10.1.31
10.1.32

jn(z)yn-l(z) —jn-l(z)yn(z) =z?

jn+l(z)yn—l(z) _jn—l(z)yn+l(z) = (2n+1)2—3
10.1.33

jo(z)jn(z) +y0(z)yn(2)

(n=0,1,2,...)

Analytic Continuation

10.1.34 Jn(zem™™ ) =e™*14, (2)
10.1.35 Yn(2e™ )= (—1)mem 1y, (2)
10.1.36 AP (2e@m V)= (—1)® (2)
10.1.37 AP (ze®™t0m)=(—1)"a{P(2)
10.1.38 b (2™ ) =hP (2)
(I=1,2; m,n=0,1,2,...)
Generating Functions
10.1.39
Soine Zi=3 Ey ) @lti<l)

@ n
10.1.40 % cos \/z’—2zt=¥ 7t_z—' Jn1(2)
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Derivatives With Respect to Order
10.1.41

[%j.(x)] — (3/2) {Ci(22) sin z—Si(2z) cos z)
10.1.42
—% j,(:z)] _ =(3r/x) {Ci(22) cos z+Si(2z) sin z}

10.1.43

-aa—vy.,(x)] =(}n/x) { Ci(2z) cos z-+[Si(22)— 7] sin z}
10.1.44

2w =
(3n/2) {Ci(22) sin x—[Si(2z) —] cos z}

Addition Theorems and Degenerate Forms
r, p, 8, \ arbitrary complex; R=-+/(r*+ p?—2rp cos 6)

sin AR

10.1.45 22 _ﬁ*, (@n+1) 4 (\F) 5. (0 p) Pa(cos 6)

co)s\;R_i (2n+1)]n()\r)yn(>\P)P (COS 9)

[re=«|<|o|
et oM0=3 (2n+1)ed™™ j,(2) Pa(cos 6)

*10.1.46 —

10.1.47
10.1.48
Jofesin 0)=3" (n-+1) g ju(@)Pan(c030)

Duplication Formula

10.1.49
Jn(22)=
B 9n—2k+1 |
— n+ ——
* ’n!Z 1 ; k!(zn_k+ 1)! Jn—k(z)yn—k (2)

Some Infinite Series Involving j3(2)

10.1.50 }Zj @n+1) j2(2)=1
10151 3 (—1"@nt1)i )_S"‘zz
10.1.52 2 2(2)_3‘(2’7)

*See page II.

BESSEL FUNCTIONS OF FRACTIONAL ORDER

Fresnel Integrals
10.1.53

C(2z/r) =% J; ’ J_y(t)dt
=Zleos § 35 (—1)"anus(Bo)

+sin 3z $ (—1)*J2ns3/2(32)]
10.1.54

S22 =) J; Tyt
=V2sin 2 33 (—1)"an2)

—cos iz $ (—1)*J 20432(32)].

(See also 11.1.1, 11.1.2.)

Zeros and Their Asymptotic Expansions

The zeros of 7,(z) and y,(z) are the same as the
zeros of Jy,.4(z) and Y,.4(2) and the formulas for
j»s and w,, given in 9.5 are applicable with
v=n-+%. There are, however, no simple relations
connecting the zeros of the derivatives. Ac-
cordingly, we now give formulas for a, ,, b, ,, the
s-th positive zero of j,(2), ¥.(2), respectively;
z=0 is counted as the first zero of j;(2).

(Tables of ay,,,, b,.., J

a(@r.0), yn(by,,) are given in
[10.31].)

Elementary Relations

fa(2)=j(2) cos xt+y.(2) sin =t

(¢ a real parameter, 0 <t<1)
If 7, is a zero of f,(2) then

10.1.55 f.(7.)=[ra/(n+1)] fui(74)

(See 10.1.21.)

10.1.56
(See 10.1.22.)

= ("'n/n)fn+l (ra)

—{ [A—n(n+1)] dr”}

10.1.57
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McMahon’s Expansions for n Fixed and s Large
10.1.58
@n 1 bu~B— (1 +7)(88)7

_‘é (712+154+95) (86)

—:% (851 +3535u*+3561,-+6133)(86)~°

b4
105

49046780, —5075147) (88)"— . . .

p=n(s+4n—13) for a, ,, B=mn(s+%n) for b, ,;
u=(2n+1)?

(6949*+474908,° + 3306382

Asymptotic Expansions of Zeros and Associated Values
for n Large

10.1.59
@n 1~ (n+%) +.8086165(n+3)*—.236680(n+3) ~17

—.20736(n+3)"1+.0233(n+3) "534 . ..
10.1.60

b, .~ (n+3)+1.8210980(n+%)'”
+.802728(n+-3) ~1A—.11740(n+3) !

+.0249(n+3) =%+ . . .
10.1.61

Fulal ) ~.8458430(n+3) ~%° {1—.566032(n+3)~2/*
+.38081(n+3)~**—.2203(n+3)*+ . . .}
10.1.62
Yn(bs, ) ~.7183921(n+4)~%8{1—1.274769(n+})~**
+1.23038 (n+ %) ~¥3—1.0070 (n+3) 2+ . . .}

See [10.31] for corresponding expansions for
§=2, 3.

441

Uniform Asymptotic Expansions of Zeros and
Associated Values for n Large

10.1.63
o~ (1) {2[(n+3) ]

+kz h(n+1) "0 (n+3)~*}
10.1.64
b...~(n+3) {zl(n+1)~2°b]]

+3 hl(n+ Db+ %)
10.1.65

Jn(an, o) ~yiwAi(a]) (n+3)-¥°
hl(n+3) ~*%a)] (2[(n+3) ~*%a)]) ~ 12

(1435 B+ ) a1 )
10.1.66

Yalbs,.) ~ —V37Bi(B]) (n+3) %
h{(n+%) %20} ([ (n+ %) ~23b.]) ~ 2

(1433 Hl(n+H 8] (n )%}

h(¢), 2(¢) are defined as in 9.5.26, 9.3.38, 9.3.39.
a,, b, s-th (negative) real zero of Ai’(2), Bi’(z)
(see 10.4.95, 10.4.99.)

Complex Zeros of h'(2), kY (2)

L9 (2) and AP (2¢2™*), m any integer, have the
same Zzeros.

L (2) has n zeros, symmetrically distributed with
respect to the imaginary axis and lying approxi-
mately on the finite arc joining z=—n and z=n
shown in Figure 9.6. If n is odd, one zero lies on
the imaginary axis.

h®’(2) has n+1 zeros lying approximately on the
same curve. If m is even, one zero lies on the
imaginary axis.
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—-¢ (=) (=D he(2) (—8)hs(t) (—0:H () (=0 Hs(¢) (=) Hy(2)
0.0 —. 4409724 —. 122500 —. 06806 . 000000 . 00000 . 0000
0.2 —. 4572444 —. 114201 —. 05986 . 027518 . 00575 . 0023
0.4 —. 4702250 —. 107243 —. 05279 . 049069 . 01118 . 0043
0.6 —. 4802184 —. 101318 —. 04674 . 065677 . 01592 . 0061
0.8 —. 4875705 —. 096159 —. 04160 . 078255 . 01983 . 0075
1.0 —. 4926355 —. 091561 —. 03725 . 087587 . 02290 . 0085

=< hi(8) ha(2) hs(4) Hy(¢) Hy(¢)
1.0 —. 4926355 —. 09156 —. 037 . 087587 . 0229
1.2 —. 4131280 —. 05056 —. 014 . 065507 . 0121
1.4 —. 3551700 —. 03043 —. 006 . 050524 . 0070
1.6 —. 3108548 —. 01950 —. 003 . 039890 . 0042
1.8 —. 2757704 —. 01310 —. 001 . 032085 . 0027
2.0 —. 2472521 —. 00914 . 026206 . 0018
2.2 —. 2235898 —. 00658 . 021682 . 0012
2. 4 —. 2036314 —. 00485 . 018141 . 0008
2.6 —. 1865701 —. 00366 . 015326 . 0006
2.8 —. 1718217 —. 00280 . 013061 . 0004
3.0 —. 1589519 —. 00219 . 011217 . 0003
3.2 —. 1476304 —. 00173 . 009701 . 0002
3.4 —. 1376005 —. 00138 . 008443 . 0002
3.6 —. 1286601 —. 00112 . 007391 . 0001
3.8 —. 1206469 —. 00091 . 006505 . 0001
4.0 —. 1134296 —. 00075 . 005753
4 2 —. 1069004 —. 00062 . 005111
4.4 —. 1009699 —. 00052 . 004560
4.6 —. 0955634 —. 00044 . 004085
4.8 —. 0906180 —. 00037 . 003672
5.0 —. 0860804 —. 00032 . 003313
5.2 —. 0819049 —. 00027 . 002998
5.4 —. 0780523 —. 00023 . 002722
5.6 —. 0744888 —. 00020 . 002478
5 8 —. 0711850 —. 00018 . 002262
6.0 —. 0681152 —. 00015 . 002070
6. 2 —. 0652570 —. 00013 . 001899
6. 4 —. 0625905 —. 00012 . 001746
6.6 —. 0600985 —. 00010 . 001609
6.8 —. 0577653 —. 00009 . 001486
7.0 —. 0555773 —. 00008 . 001375

(-t k() ha () Hi (%)

0. 40 —. 0645731 —. 00013 . 001859
. 36 —. 0487592 —. 00005 . 001056
.32 ~. 0352949 —. 00002 . 000551
. 28 —. 0242415 —. 00001 . 000259
.24 —. 0155683 . 000106
.20 —. 0091416 . 000037
.16 —. 0047276 . 000010
.12 —. 0020068 . 000002
.08 —. 0005965
.04 —. 0000747
.00 —. 0000000
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10.2. Modified Spherical Bessel Functions
Definitions

Differential Equation

10.2.1

2w’ 422w’ —[224+nm+1) Jw=0
(n=0, +1, +£2,...)

Particular solutions are the Modified Spherical
Bessel functions of the first kind,

10.2.2

VT L() = e, (0™
— i, (zg=974%)

of the second kind,

10.2.3

'\/%"r?[—n—f(z) — e"""“"”zy,,(ze'”z)
(—r<arg z<}m)

==t DTy (5p—sri/2)

(—n<arg z<}m)
(}r<larg z<m)

(3r<arg z<m)

of the third kind,

10.2.4

ViR a(@) =4n(— 1) Vil L ss(2) —I oy (2)]
The pairs

'} %W/ZIn+i(z); \} %W/ZI—n—i(Z)
Vir/2l14(2), Vim/2Ka14(2)

are linearly independent solutions for every n.

Most properties of the Modified Spherical
Bessel functions can be derived from those of the
Spherical Bessel functions by use of the above
relations.

and

Ascending Series

10.2.5
1 _— 2”
Vinle L) =13 5 T
o (32%)?
{1+1!(2n—|—3)+2!(2n+3)(2n+5)+ o }
10.2.6
VIR Loy =1 25 En)
322 (32%)*
{1T1v(1 o) T A —2m)@—2m) T " }
(n=0,1,2,.

443

Wronskians

10.2.7
WiVin/2lny(2), Vin/zl a-y(2) } =(—1)"*1272
10.2.8

W{VEn/2L14(2), VT2 Ky (2) } =— e

Representations by Elementary Functions

10.2.9

Vir/zL4(2)=(22) " [R(n+},—2)e
—(—1)"Bn+3,2)e7]

10.2.10

Vinjzl_,_4(2)=(22) {R(n+},—2) e’
+(—=1)"B(n+3,2)e~’]

10.2.11
R(n+3, 2)= 1+(17:if(;)) (22)7!
ot @i
=33 v+, B 2)
n=0,1,2,...)

(See 10.1.9.)
10.2.12
Vir/zl,13(2)=g.(2) sinh z2+g_,_,(2) cosh 2z
go(2)=2"1, gi(z)=—272

In-1(2) = gn41(2) = (2n+1)27'g.(2)
(n=0, £1,+2,..))

The Functions \/%T/Zl;g(nﬂ) (2),n=0,1,2
10.2.13

VErTeliple) =2 2

\/T Ton(2)= s1nh z cosh z
g 3/2

2

Vin/215(2) =(§+E> sinh z-—-% cosh z
10.2.14

\/'2771'/3]—1/2(2) =

sinh 2z cosh 2z
Vim/el _ys(2)= z 2

2

cosh z

. 1
Virm/e _5,2(z)=—% sinh 24 %-'—E) cosh 2

*See page II
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Modified Spherical Bessel Functions of the Third Kind
10.2.15
) /%,,./ZK"H(z) = Lrigt DFZRD (gbet)
(—r<larg 2<3m)
—=—3mie~ HHURIIE® (5odrt)

(Fr<arg z<m)
=(m/2)e™ 32 (v, @)

10.2.16
K. 3(2)=K_,_4(2) (n=0,1,2,...)
The Functions Vir/zKa14(2),n=0, 1, 2
10.2.17 37/2K,2(2) = (37/2)e™*
Vin[zKyn(2)=(3n/2)e*(1+27")
Vin/zKys(2) = (3m/2)e~* (1432743277

Elementary Properties

Recurrence Relations

T2(2): Vidw/aly(2), (—1)* P in/2K, .4(2)
(n=0, £1, £2,...)

10.2.18 f,_i(2)—fur1(2)=(2n+1)27f.(2)

10219 nfu s+ D) fa(D=Cnt ) L 1,0

10.2.20 n+1 fn( )+d fn(z) fn 1(2)
(See 10.2. 22.)

10221 ~2£,@+L £,@) =@
(See 10.2.23.)
Differentiation Formulas
fn(z) Vi, InH(z) (- l)nHV ZKnH(z)
(n=0, £1, £2,...)
1 d\™ -
10.2.22 ;_ [Z”+yn(z)]—z" m+yu—m(z)
10.2.23 (-i—% m[z"ffn(z)]=z~n—mfn+m(z)
(m=1,2,3,...)

[

é_xlh'l'é—(l) ﬁ n+l(x)
2 2

F i

8 hid e

- 2x K - /]

s 2 e

sh BH

4 j -A|o~4
3l EE

~
T
1

~

W 4
sE Js
s e
si- s
sf Ha10-8
3k -3
2| e
15

1| 2x1p 4+ L0 4

- 2 ]

of Js

. | ) ! ] | 1 | ) !

o ] 2 3 ) s s 7 s 9 0

F1GURE 10.5. \/2% Lui(@), \/2—’; Knri(@). z=10.
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Formulas of Rayleigh’s Type

10.2.24  Injel,y(2)=2" (1 d) sinh 2

zdz 2
10.2.25
S L 4\ cosh
Vinjzl __y(z)=2" (_?: Zi_z) cosz 2

n=0,1,2,...)
Formulas for I544(2) —1% -4 (2)
10.2.26
(3/2) T3 +3(2) —124-4(2)]

L 3 (qyen @n=h) ! @n—2k)!
2 0

kN (n—k) ]2
(n=07 L2,.. ~)

(3m/2)[[3p(2) — 12 5(2)]=—272
10.2.28 (37/2) (13 (2) — 124 (2)]=2"2—2"*

(2z)%—2"

10.2.27

10.2.29
(/25 (2) 1252 (2)|=—27"+327—927°

Generating Functions

10.2.30

% sinh+/22—212 =$ (—ni!t)" (Vin/zl_,.4(2)]
@ltI<l=l)

10.2.31

! cosh V25t~ % WITal_4(2)]

Derivatives With Respect to Order
10.2.32

(5 1@ hmi=—s [Ei(22)e~— Ey(~20)e7]

10.2.33

[g‘-y-z,@)],__

10.2.34 I:E—%K,(a:)] = TR (—22)e

=ﬁ (Ei(22) e+ Ey (—22)¢7]

For E(z) and Ei(z), see 5.1.1, 5.1.2.

*See page II.

Addition Theorems and Degenerate Forms

7, p, 0, A arbitrary complex; R=+/r2+ p2—2rp cos 6

10.2.35

e‘m 2

1I'

Z:: @n+1) [VE 13 ()]

[Vir/Ae K 44(Mp) 1 Ps (cos 6)
10.2.36

e 0=33 (2n+1) [VErT2L014(2)IPa(cos 6)

- 10.2.37

e_mso=§;, (=1)*@n+1)[V3n/2l,43(2) |P.(cos 6)

Duplication Formula
10.2.38

Kn+}(2z)=

- WH;( DHen—2k+1) 5,

k(2n—k+41)!

A-n+3(2)

10.3. Riccati-Bessel Functions
Differential Equation
10.3.1
2w’ +[Z2—n(n+1)]w=0
(n=0, £1, +2, . . )
Pairs of linearly independent solutions are
Zja(2), 2ya(2)
zh (2), 2hiP (2)

All properties of these functions follow directly
from those of the Spherical Bessel functions.

The Functions zj,(2), 2zya(2), n=0, 1, 2
10.3.2

Zjo(2)=sin 2z, z(2)=2z""sin z2—cos 2

Zj2(2)=(382"2—1) sin 2—3z 7' cos z *
10.3.3
zyp(2)=—cos 2, 2y1(2)=—sin z—z"' cos 2z
2y5(z)= —38z"' sin 2—(3272—1) cos 2z *
Wronskians
10.3.4 W{zja.(2), 2ya(2)} =1
10.3.5 W{zh(2), 2h®(2)} =—21

n=0,1,2, ...
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10.4. Airy Functions

Definitions and Elementary Properties
Differential Equation
10.4.1 W' —2zw==0
Pairs of linearly independent solutions are
Ai (2), Bi (2),
Al (2), Al (ze?),
Ai (2), Al (ze72%).
Ascending Series

Ai (2)=¢,f(2)—c.9(2)
Bi (2)=+3lef(2) +¢29(2)]
f(2)=1+§lj 23+-16'{§ z°+f1—'&1 24 ...
© . 1 zak
=32(3), om
2.5.8

2 2.5
g(z)=z+;—! 24+_ﬂ_ Z7+W 210+ e

10.4.2
10.4.3

) 2 z3k+1

1 =2.%3), @
(“+§)0=1

3 (a-l—%)k: Ba+1)(Ba+4) ... Bat+3k—2)

(o arbitrary; k=1, 2,3,...)
(See 6.1.22.)

10.4.4
a=Ai (0)=Bi (0)/v/3=3"27/T (2/3)

=.35502 80538 87817
10.4.5

e;=—Ai’ (0)=Bi’ (0)/v3=3"14/T(1/3)
=.25881 94037 92807
Relations Between Solutions
10.4.6 Bi(2)=e*® Ai (2e?*5)J-¢7 1/ Al (¢~ 2'5)
10.4.7
Al (z)+e2"/3 Al (2e?17) +-¢7rtB Al (2¢~2'B) =0
10.4.8
Bi (2) -+ Bi (2e’5) 7212 Bi (26~ R) =0
10.4.9 Ai (zex ') =4e=""3[ Al (z) T4 Bi (2)]
Wronskians
10.4.10 W{Ai (2), Bi (2)} =="!
10.4.11 W{Ai (2), Al (z¢?¥/3) } =}x~1e~ 4/

BESSEL FUNCTIONS OF FRACTIONAL ORDER

10.4.12 W{Ai (2), Ai (ze~ %) } =§n~le™V/"
10.4.13 W{Ai (2¢**3), Al (z¢72"%) } =%ir !

Ficure 10.6. Ai (£2), Ai’ (£2).

Figurr 10.7. Bi (+z), Bi’ (£z).
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Representations in Terms of Bessel Functions
r=32"1
10.4.14
Ai (2) =2l 1) — L) ]=7"V2[3K 15(¢)
10.4.15
Ai (—2)=3V2[J1n(8) +T_1(5)]
=z[3[e "/ H{} () +e~ " HIA ()]
10.4.16
* — Al (@) =3AI_2(§) — L)) =7 (2143) Kus (%)
10.4.17
A’ (—2)=—12J_1(§) —Jan($)]
=1(2/V3) e " HIA () + e "HIA ()]

10.4.18  Bi (2)=+z3I_1s() +115(0)]
10.4.19
Bi (—2)=v23[J-15(8) = J1a($)]

=$iVeBler "H{} (1) —e " HH ()]
10.4.20 Bi’ (2)=(2/V3)[I_21s(¢) + Loss($)]
10.4.21

Bi’ (—2)=(2/vV3)lJ-21s(8) +2ss(8))
=4i(2/v3)le " "H{() —er *HIR()]

Representations of Bessel Functions in Terms of Airy
Functions

p— (g g.)2/3

10422 J.,5(8) =3+3/2[+3 Ai (—2) FBi (—2)]
"10.4.23  HY5(¢) =e+/*3]2[Ai (—2)—i Bi (—2)]
10.4.24 HZ) () =e*"/*/3[z[Ai (—2)+1 Bi (—2)]
10.4.25  I.15(0)=1v3/2[F ¥3 Ai (2) +Bi (2)]
10.4.26 K.\ n(t)=7+/3/z Ai (2)

10.4.27  J425(8)=(V3/22)[£ V3 Ai’ (—2)+Bi’ (—2)]
10.4.28

H{} () =e"*HY5(¢)
=e"/*(y3/2)[Ai’ (—2)—i Bi’ (—2)]
10.4.29
HE()=e* " H%,(¢)
=e¢""(V3/2)[Ai’ (—2)+1i Bi’ (—2)]

*See page 11

10.4.30 I..5(5)=(V3/22)[+V3 Ai’ (2)+Bi’ (2)]
10431  Kiy5(0)=—n(v3/2) Al’ (2)

Integral Representations

10.4.32

(3a)™'%x Ai (£ (3a)‘”“z]=J: cos (at®+xt)dt
10.4.33
(3a)~'”x Bi [+ (3a)~1R2]

=fw [exp (—at® L at) +sin (at® L ut)ldt
V]
The Integrals fo Al (&0dt, .[o "Bi(+ddt
r=ge
10.4.34 f " Ai (de=1 f U oa® — Lua(O)dt
0

10.4.35 J'o‘ Al (— t)dt——f [J-1a(t) + s () )dt
10.4.36 fo "Bi (t)dt=;/—g fo (Lo (O)+ T, ()1t

10.4.37 fo “Bi (-—t)dt=71-3 j: [J —13(t) = 1a(2) 1dt

Ascending Series for L " AL (£0d, L "Bi(0d
10.4.38 fo " Ai (Hdt=e,F(2) ~c,G(2)
(See 10.4.2.)
10.4.39 ﬁ ’ A (—f)dt=—e,F(—2) +e,6(—2)

10.4.40 J; “Bi (0)dt=131c.F(2) +6,0(2)]

(See 10.4.3.)
10.4.41

f *Bi (—t)dt=—y3[e.F(—2) +e:G(—2)]

F(2)=z+ 2‘+ 7, ’+1 13,7 204 ..

=Z:7 (3) (323:;)'

S DSl

zax+z
w2k (3) [N
The constants ¢;, ¢; are given in 10.4.4, 10.4.5.

a(2)=
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Tbe Functions Gi(z), Hi(z)
10.4.42

Gi ()=7- J; " sin (% t”-}—zt) dt
=§ Bi (2)+ f ‘[Ai (2) Bi ()—Ai () Bi (2)ldt
0
10.4.43
Gi’ (2) =%Bi’ )+ J; "TAI"(2) Bi () —Ai (¢) Bi’ (2)}dt

10.4.44
Hi(z)= r‘lﬁa exp (—-% A zt) dt
=2Bi ()+ f [Ai (t) Bi (2)—Ai() Bi(8)dt
10.4.45
HY' (=2 B (o) + f (Al (&) Bi’ (2)—Ai’ (2) Bi (8) Jdt
10446  Gi(z)+Hi (5)=Bi (2)

Representations ofJ;' Ai(+0)dk, _L "Bi(0)dt

by Gi (+2), Hi (+2)
10.4.47

ﬁ “Ai ()dt=3-+n{Al’ ()Gi(2)—Ai (:)Gi'(2)]
10.4.48
=_§_T[Ai' (2) Hi (2)—Ai (2) Hi’ (2)]
10.4.49
J:’ "Ai (—f)dt=—3—{AV (—2) Gi (—2)

—Ai (—2) Gi’ (—2)]
10.4.50
=§+W[Ai' (—2) Hi (—2)

—Ai (—2)Hi’(—2)]
10.4.51
ﬁ "Bi (t)dt=n{Bi’ () Gi (2)—Bi (2) Gi’ (2)]
10.4.52
10.4.53

=—a[Bi’ (z) Hi (2)—Bi (2) Hi’(2)]

ﬁ " Bi (—t)dt=—n[Bi’ (—2) Gi (—2)

—Bi (—2) Gi’ (—2)]
—x{Bi’ (—2) Hi (—2)

—Bi (—2) Hi’ (—2)]

10.4.54

Differential Equations for Gi (2), Hi (2)
10.4.55 W’ —zw=—r""
1

(0) =-:1,; Bi (0) =75 Ai (0)=.20497 55424 78

w'(0)=% Bi’ (0)=——

V3
w(z)=Gi(2)

W' —zw=7""1

A’ (0)=.14942 94524 49

10.4.56
w(0) =§ Bi (0) =% Ai (0)=.40995 10849 56

2
V3
w(z)=Hi (2)

w' (0) =§ Bi’ (0)=—-2 Ai’ (0)=.29885 89048 98

Differential Equation for Products of Airy Functions

10.4.57 w'’’ 42w’ —2w=0

Linearly independent solutions are Ai* (2),
Ai (2) Bi (2), Bi® (2).

Wronskian for Products of Airy Functions
10.4.58 W{Ai? (2), Ai (2) Bi (¢), Bi? () } =22

Asymptotic Expansions for |z] Large

ol o L@EED) _ (2k41)(2k+3) ... (6k—1)
0T AT (k+-3) 31691 ’
d0=1,dk=—g],z—i}ck *=1,2,3,..))

2
g‘=§ 23/2

10.4.59

Ai () ~g 7V 3 (<1~ (arg 2l<n)
10.4.60
Al (—2)~qV2g- 14 I:sin (§‘+£) $ (=D*cyt~2
—cos (3"‘{') i (—1)"czx+:r‘““]
(larg 2| <% m)

10.4.61
Ai’ (Z) N_h—llzzlﬂe—f ? (_1)kdkg-—k

(larg 2| <7)
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10.4.62 _
A (=) ~—mri [cos (;+§> 3 (— 1)t
+sin(£45) 2 (~0unt]
(larg z[<3m)
10.4.63

Bi () ~7tz-tef zz_“, ot (larg 2|<3m)

10.4.64
Bi (—2)~wizt [cos (f+;) ? (—1*eui™*

oin (145) 25 (- Voensat =" |

(larg 2|<3m)
10.4.65
Bl (26*"”3)

~ 2/1re**"°z”*|}in ({'-l-%‘F%ln 2) Z::_‘, (—1)Feus

—cos (H‘E?% In 2) 2:3 (—1)"sz+1§"2"'1:|
(Jarg 2|<3}m)
10.4.66
Bi’ (z) ~w—iztet 2?, dis™* (larg 2|<}m)
10.4.67
Bi’ (—z)~7izt [sin (;+’Z’) 3 (1t

—cos (f+‘£‘) ? (—1)*da 41 3"2"*1]
(larg 2|[<} )
10.4.68

Bil (26*“/3)
~ 2] TeT 405t [cos (;+Z¢% In 2) ;' (— 1)yt

+sin (i"f'g:F% In 2) Z:) ("l)kduﬂﬂ'—zk-l]
(larg 2|1<}m)

Modulus and Phase
10.4.69

Al (—2)=M(z) cos 6(z), Bi (—z)=M(x) sin 0(z)
M(@)=+[Ai? (—z)+Bi? (—2)],
0(z)=arctan [Bi (—z)/Ai (—2)]

*See page II.
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10.4.70

Al (—z2)=N(z) cos ¢(z), Bi’ (—z)=N(z) sin ¢(z)

N(z)=+[Ai"? (~2)+Bi” (—2)],
¢(z)=arctan [Bi’ (—z)/Al’ (—2z)]

Differential Equations for Modulus and Phase

Primes denote differentiation with respect to z

10.4.71 MW =—x"1, N*¢/=—a""z

10.4.72 Ni=M"4+MW?=M"*+m2:M-2 *
10.4.73 NN'=—azMM’

10.4.74

tan (¢—08)=M¢'/M’'=—(xMM')"},
MN sin (¢—0)==""

10.4.75 M’ 4 zM—x"M-3=0
10.4.76 (M?2)!"! +42(M?) —2M?2=0
10.4.77  0"24-3(87""/6")—3(0""[8") =2

Asymptotic Expansions of Modulus and Phase for
Large z

10478 M)~ > (2,}12, o (2)u(2x)‘“

10.4.79

0@ ~gr—3 27| 1-3 @+ 15 @y
82825 12820 31525 -
o8 o)t Tgmgg - @7 ]
10.4.80
(—1)*+16k+1
~ et k -3k
M@~ 3 e 2 (5), 0o
10.4.81
7 1463
s@~3r—2o [14] o212 )~
495271 2065 30429 —
~640" (2z) °— T YT (%) "+...]

Asymptotic Forms ofJ;:Ai €3] dt,J;’Bi (£ tdtfor Largez
e 1Y e —an 2 a2
10.4.82 Ai (t)dt~5—5 V=3 exp ( —52°
0 3 2 3
10.4.83

T AL (— ~_2___ —1/2,,—3/4 (2 3/2 I)
J;Al( t)dt 3~ 2™ cos 31 +4
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10.4.84 fz Bi (#)dt~w—V%~%* exp (g x“)
0

10.4.85 fz Bi (—t)dt~m—Y2%~%"* sin <§ 2:3’2—}-%)
0

Asymptotic Forms of Gi (+2), Gi’ (+2), Hi (+z), Hi’ (£ x)
for Large z

10.4.86 Gi (z) ~7~1g™?
10.4.87 Gi ( z)~m~ V2=V cos ( 24— 4)
10.4.88 G’ (a:)~-7— v

o 96

. _ . {2 T

10.4.89 Gi’ (—z)~7~1%¢* sin (§ x3/2+‘1)
10.4.90  Hi (z) ~7~ V2%~V exp (32%?)
10.4.91 Hi(—z)~7"1z!
10.4.92 Hi’ (2) ~m~Y2%V* exp (32%%)
10.4.93 Hi' (—2)~—gn~lo~"

Zeros and Their Asymptotic Expansions

Ai (2), AV’ (2) have zeros on the negative real
axis only. Bi (2), Bi’ (2) have zeros on the nega-
tive real axis and in the sector §r<| arg z|<}w.
a,, @,: b, b, s-th (real) negative zero of Ai (2),
A’ (2); Bi (2), B’ (2), respectively. ,, 6.; B, B.
s-th complex zero of Bi (z), Bi’ (2) in the sectors

In<larg 2<3m, —jr<arg z<—1%m, respectively.
10.4.94 a,=—f[3r(4s—1)/8]
10.4.95 a,=—g[3r(4s—3)/8]

10.4.96 A’ (a,)=(—1)""Y,[37(4s—1)/8]

10.4.97  Ai (a))=(—1)""'g,[37(4s—3)/8]

10.4.98 b,=—f[3w(4s—3)/8]
b,=—g[37(4s—1)/8]

Bi’ (b,)=(—1)""Yi[37(4s—3)/8]

Bi (b)) =(—1)’q:[37(4s—1)/8]

B,=e"3f [%r (4s—l)+3zi In 2]

! — oxt/3 §I —_— 3_?: ]
B.=e 9[8(48 3)+4ln2

*See page 1I.

10.4.99
10.4.100
10.4.101

10.4.102

10.4.103

10.4.104
Bi’ (8,)=(—1)2¢ "%, [—— (4s —1)+ ln 2]

10.4.105
Bi (8) = (—1)*~1yZer'%, [‘%’ (45~3)+ 5 In 2]

|z| sufficiently large
5 5 4y 77125
~ 2213 = oa=2__ Y —6
f)~z (1+482 362 182044 2
_ 1080 56875 _,
69 67296 °

1623755 96875 _,, )
3344 30208 e

y2q 35 . 181228

ottt -
glo)~2 (l 288 ° 307360

186 83371 __,
12 44160

911458 84361
1911 02976

£1(2) ~— V2518 (1 +% 2_2_1525 -

+

2~104 )
4608

23 97875 _, )

63552 °

1673

—_ —2 "4
o144 2

843 94709

" 265 42080

gl(z)Nr—llzz—l/O(l

278 .. )

Formal and Asymptotic Solutions of Ordinary Differ-
ential Equations of Second Order With Turning
Points

An equation
10.4.106 W'’ +a(z, NW’'+b(z, VW=0
in which M\ is a real or complex parameter and,
for fixed A, a(z, \) is analytic in z and b(z, \) is

continuous in z in some region of the z-plane, may
be reduced by the transformation

10.4.107 W(2)=w(z) exp (—— za(t, )\)dt)

to the equation

10.4.108
'’ +o(z, Nw=0

ole, N=b(z, N =3 a*(z, V=3 2 a2, V.
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If o(z, N) can be written in the form

o(z, )=Np(2)+q(z, )

where ¢(z, \) is bounded in a region R of the =
plane, then the zeros of p(z) in R are said to be
turning points of the equation 10.4.108.

10.4.109

The Special Case w'’/ +[\*z4¢(2, \)]Jw=0

Let A=|\|e'« vary over a sectorial domain S:
[N >N (>0), oy Lw<w;, and suppose that ¢(z, N) is
continuous in z for |z|<{r and X in 8, and ¢(z, N)

~3 gu(\ " a8 A in 8.
0

Formal Series Solution

10.4.110

w(z)=u(2) EOJ en(2A" N1 (2) ? Ya(A"
u'’ N zu=0

eo(2)=¢r, Y(2)=27%;, ¢, ¢, constants

oun@ =545 [ 35 ausOt

@=g = [ [ O+ ottt | a
n=0,1,2,..))
Uniform Asymptotic Expansions of Solutions
For zreal, i.e. for the equation
10.4.111 Y+ [Nx+g(z, Nly=0

where z varies in a bounded interval ¢ <z <) that
includes the origin and where, for each fixed A in S,
q(z, \) is continuous in z for ¢ <z <b, the following
asymptotic representations hold.

(i) If A is real and positive, there are solutions
Yo(x), ¥1(x) such that, uniformly in z on ¢ <z<0,

10.4.112
Yo(@) = Ai (—N22)[1+0(\)]
%1(@)=Bi (—X"g)[1+ 0]
and, uniformly in z on 0<z<b
10.4.113
Yo(2) =Ai (—=M"2)[14+0(A)]+Bi (—N7z) O\,
¥1(2)=Bi (—NA2)[1+ 0\ )]+ Ai (—MAz)O(A1)
(A—>w)

(i) If #Zr>0, SA#0, there are solutions
Yo(z), 1(x) such that, uniformly in z on ¢ <z <3},

(A=)

*See page I

10.4.114
Yo(@)=Ai (—N2)[1+ 0]

$n@=Bi (=N%)[1+00)]  (\-w)

For further representations and details, we refer
to [10.4].

When z is complex (bounded or unbounded),
conditions under which the formal series 10.4.110
yields a uniform asymptotic expansion of a solu-
tion are given in [10.12] if ¢(z, ) is independent
of A and |A\| >« with fixed w, and in [10.14] if A
lies in any region of the complex plane. Further
references are [10.2; 10.9; 10.10].

The General Case v’/ +[Np(2) +¢(z, A\)Jw=0
Let A=|\|e*® where [A|[>2(>0) and —r <w <7
suppose that p(2) is analytic in a region R and has
a zero z=z in R, and that, for fixed A, g(z, A) is
analytic in 2z for z in R. The transformation

t=£(2), v=[p(2)/£]""w(z), where ¢ is defined as
the (unique) solution of the equation

£ (%)2=p(2),

yields the special case

10.4.115

1 dz’U 2 _ *
0.4.116 WJ“ NE+Sf(E N]v=0,

o) w8 S8

Ezample:
Consider the equation

10.4.117  y”/ +[N—(2—}) z72ly=0

for which the points =0, » are singular points
and z=1 is a turning point. It has the functions
2 \(\z), Y (\r) as particular solutions (see
9.1.49).

The equation 10.4.115 becomes

dE\?_a2?—1
E(d_a: T

whence

§ (—9¥1=—T=F+1n 27 (1-41=F)

(0<z<L1)
3 3= /g’ —1—arccos 27!  (1<z< ™).
Thus
12_1 174
10.4.118 v(E)= —z_? y(@)
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satisfies the equation

5  g£2@ -+, _,
682" 4 (@—1° 1"

. dw )
10.4.119 (Ez-*-[)\ E—l

which is of the form 10.4.111 with z replaced by ¢
and ¢(¢, \) independent of A.

Suppose ZA>0, FA#0. By the first equation
of 10.4.114 there is a solution »,(¢) of 10.4.119,
i.e., a solution y,(z) of 10.4.117 for which the
representation

10.4.120
P Y :
w®—(55") %@ =Ai=r")[1+00)]
holds uniformly in z on 0<z<e as |A|>=.
To identify y,(x) in terms of atJi(Ax), 2*Y\(Ax),
restrict z to 0<{2<bh<1 so that by 10.4.118 £ is

negative, and replace the Airy function by its
asymptotic representation 10.4.59. This yields

10.4.121
Yo(@)

2__ ~1/4
~(ZF) e e (a—0)
[1+00-]

=% 12\~ 1/8 (1 ;2;,;2)—1/4 exp (g )\(_5)3/2)
[14+0(Y]

Let now A be fixed and z—0 in 10.4.121. There
results

10.4.122  yo(2) ~F 7~ VAN~ V0%22 (3 2)> €M

On the other hand, y,(z) is 2 solution of 10.4.117
and therefore it can be written in the form

10.4.123 Yo (x) =$1/2[Cl A ()\x) +02Y)‘ ()\Z) ]

where, from 9.1.7 for A fixed and z—0

()
Jx()\x)’\'ra_*_l)}
Y’(M)NF((%-_T-% cot Ar— I(‘%()l‘ﬂ;\: cse A

Thus, letting 2—0 in 10.4.123 and comparing the
resulting relation with 10.4.122 one finds that
¢;=0 and

10.4.124 yo(2)= 3n~ YA VSAT N+ 1) 22 (\T).
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It follows from 10.4.120 that uniformly in z on
0<z<l
10.4.125
J A ()\I)

271/2

“TOFD)

SR =y PSRRI
(A=)

Numerical Methods
10.5. Use and Extension of the Tables

.Spherical Bessel Functions

To compute 7,(x), ¥.(), n=0, 1, 2, for values of
z outside the range of Table 10.1, use formulas
10.1.11, 10.1.12 and obtain values for the circular
functions from Tables 4.6—4.8.

Example 1. Compute j,(x) for z=11.425.

From 10.1.11, j,(z) =2 9B Z,

=
Tables 4.6 and 4.8,

Hence, using

.90920 500 .41634 873

K (1425) =— ey — T 11.425
=—.00696 54535—.03644 1902
=—.04340 7356.

To compute j,(x), 11<n<20, for a value of z
within the range of Table 10.3, obtain from Table
10.3, directly or possibly by linear interpolation,
Ja1(z), 720(x) and use these as starting values in the
recurrence relation 10.1.19 for decreasing n.

An alternative procedure which often yields
better accuracy and which also applies to compu-
tations of j,(x) when both n and z are outside the
range of Table 10.1 is the following device essen-
tially due to J. C. P. Miller [9.20}.

At some value N larger than the desired value
n, assume tentatively Fy,,=0, Fy=1 and use

- recurrence relation 10,1.19 for decreasing N to

obtain the sequence Fy_,, . . ., Fo. If N was
chosen large enough, each term of this sequence
up to F, is proportional, to a certain number of
significant figures, to the corresponding term in
the sequence jy_i(z), . . ., jo(z) of true values.
The factor of proportionality, p, may be obtained
by comparing, say, F, with the true value jy(z)
computed separately. The terms in the sequence
pFy, . . . pF, are then accurate to the number
of significant figures present in the tentative
values. If the accuracy obtained is not sufficient,
the process may be repeated by starting from a
larger value N.
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Example 2. Compute jis(x) for =24.6.
Interpolation in Table 10.3 yields for 2=24.6
2 Mg, (1) = (—28)3.934616
082, () = (—27)9.48683
whence

J2(24.6)=.05604 29, j;(24.6)=.03896 98.

From the recurrence relation 10.1.19 there
results

710(24.6)=.00890 67660 [.00890 70]
715(24.6)=—.02484 93173  [—.02485 90]
711(24.6)=—.04628 17554 - [—.04628 16}
716(24.6)=—.04099 87086  [—.04099 88]
715(24.6)=—.00871 65122  [—.00871 67]

For comparison, the correct values are shown in
brackets.

To compute 7i5(z) for x=24.6 by Miller’s de-
vice, take, for example, N=39 and assume
Fu=0, Fyy=1. Using 10.1.19 with decreasing N,
i.e., FN_1=[(2N—{—1)/:E]FN—FN+1, N:39, 38, ey
1, 0, generate the sequence Fy, Fy, . . ., Fy, F,
compute from Table 4.6, j,(24.6) = (sin 24.6)/24.6
=—.,02064 620296, and obtain the factor of pro-
portionality

Pp=750(24.6)/Fy=.00000 03839 17642.

The value pFys equals 7,5(24.6) to 8 decimals,
The final part of the computations is shown in
the following table, in which the correct values
are given for comparison.

N Fy pFx jn(24.6)
15 | —22704. 71107 |—. 00871 67391 |—. 00871 674
14 | 4-78178. 88236 |+. 03001 42522 |4. 03001 425
13 {4+ 114866. 80811 |+. 04409 93941 |+. 04409 939
12 | +47894. 44353 |+. 01838 75218 |4. 01838 752
11 | —66193. 59317 |—. 02541 28882 |—. 02541 289
10 |—109782. 76234 |—. 04214 75392 |—. 04214 754
9 | —27523. 39903 |—. 01056 67185 [—. 01056 672
8 | +88524. 85252 (+. 03398 62526 |+. 03398 625
7 { +88699. 11017 |+. 03405 31532 |4.03405 315
6 | —34440. 02929 (—. 01322 21348 |—. 01322 213
5 |—106899. 12565 |—. 04104 04602 |—. 04104 046
4 | —13360. 39272 |—. 00512 92905 |—. 00512 929
3 [+102011. 17704 (4. 03916 38905 |+.03916 389
2 | -+42387. 96341 |+.01627 34870 (4. 01627 349
1| —93395. 73728 |—. 03585 62712 |—. 03585 627
0 | —53777. 68747 |—. 02064 62030 |—. 02064 620

It may be observed that the normalization of the
sequence Fy, Fy_1, . . ., F, can also be obtained
from formula 10.1.50 by computing the sum

a=$ @k+1)F? and finding p=1/vo. This

yields, in the case of the example, p=1/yo=
.00000 03839 177.
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To compute 3/xl,4(@), Vir/zK,(x), n=0,
1,2, ... for values of x outside the range of
Table 10.8, use formulas 10.2.13, 10.2.14 together
with 10.2.4 and obtain values for the hyperbolic
and exponential functions from Tables 4.4 and
4.15. In those cases when +3r/zl,,(z) and
Virzjzl_,4(z) are nearly equal, ie., when z is
sufficiently large, compute +3r/aK,(x) from
formula 10.2.15, for which the coefficients (n—+ 3, k)
are given in 10,1.9.

Example 3. Compute v3x/z1l;(x), Vin/zKs2(z)
for 2=16.2.

From 10.2.13, v}n/2];(z)=(3+2% sinh a/a®—
3 cosh z/x?; from Table 4.4, cosh 16.2=(6)5.4267
59950 and this equals the value of sinh 16.2 to the
same number of significant figures. Hence

Vin/16.215,2(16.2) = (.06243 402371
—.01143 118427)[(6)5.4267 50950]
=338814.4594 — 62034.29298
=276780.1664.

To compute v§x/16.2K;,(16.2) use 10.2.17 and
obtain

i Ty 1 6 |, 12
V71l'/16.2K5/2(16.2)—7l'6 162[32.4'*‘(32.4)2- (324);

=(—7)2.8945 38069(.036932 60400]
=(—8)1.0690 28283.

To compute vin/zl,+1(x), 3<n<8, for a
value of x within the range of Table 10.9, obtain
from Table 10.9, vix/zl,p(z), x/%]m,g(x) for
the desired value of x and use these as starting
values in the recwrrence relation 10.2.18 for
decreasing n.

To compute +in/zK,.4(z) for some integer n
outside the range of Table 10.9, obtain from
10.2.15 or from Table 10.8, ir/zK;(x),
vim/zK;:(z) for the desired value of z and use
these as starting values in the recurrence relation
10.2.18 for increasing n. If z lies within the
range of Table 10.9 and 7n>>10, the recurrence
may be started with vin/zKiep(x), Vin /2K »(x)
obtained from Table 10.9.

Example 4. Compute v37/aK,, z(x) for 2=3.6.

Obtain from Table 10.8 for z=3.6

Vir/zK, p(2)=.01192 222
V32K, n(z)=.01523 3952



454

The recurrence relation 10.2.18 yields successively
—V37/3.6K;2(3.6)=—.01192 222

3
—57 (01523 3952)
——.02461 718

VET/3.6K; 5(3.6)=.01523 3952

5
+?7(—5 (.02461 718)
=.04942 4480

—v37/3.6K,,(3.6)=—.02461 718

7
~36 (.04942 1480)
=—.12072 034

V37/3.6K}, 2(3.6) =.04942 4480

9
+§~,é (.12072 034)
=.35122 533.

As a check, the recurrence can be carried out until
n=9 and the value of y3/3.6K52(3.6) so obtained
can be compared with the corresponding value
from Table 10.9.

To compute +3x/zl,.4(x) when both n and z
are outside the range of Table 10.9, use the device
described in [9.20].

Airy Functions

To compute Ai(z), Bi(z) for values of z beyond
1, use auxiliary functions from Table 10.11,

Example 5. Compute Ai(z) for =4.5.

First, for x=4.5,

=229/2=6.36396 1029, £'=.15713 48403.

Hence, from Table 10.11, f(—£)=.55848 24 and

thus

Ai(4.5)
=3(4.5)"V*(.55848 24) exp (—6.36396 1029)
=3(.68658 905)(.55848 24)(.00172 25302)
=.00033 02503.

To compute the zeros ¢, ¢’ of a solution y(x) of
the equation y”’—xy=0 and of its derivative
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y'(z), respectively, the following formulas may be
used, in which d, d’ denote approximations to ¢, ¢’
and u=y(d)/y’(d), v=y'(d")/d*y(d’).

u? ut ub
u® s
+88d g3 — (8847204°)
8 9
+ 585642 %—-(16640d+40320d4)%+ ..
o' =d' { 1—0—0 — (3420 — (1541049
2! 3! 4!
5
- (105—|—76d’3+24d"‘)%
[
—(945+756d'3+272d’“)%— . }
2 3 4 8
¥ (©)=y'{d) { 1—d %+%—3d2 %+14d ;i,
,uG u7
— (44458 5+ 4718

8
—(1432d+1575d4)g—,+ .. }

)=y@){ 1-a2 L —a ¥ 35 30"
Y=y a1 %" 37~ BT +3d0 g

b
—(15d/° 4 14d'%) %
5!
[
—(105d’3+101d’°+45d’4)%— .. }

Example 6. Compute the zero of y(x)=Ai(z)
—Bi(z) near d=— 4.
From Table 10.11,

y(—.4)=.02420 467, y'(—.4)=—.71276 627

whence u=y(—.4)/y’(—.4)=—.03395 8776. From
the above formulas

¢=—.4+.03395 8776—.00000 5221
+.00000 01114.00000 0001
=—.36604 6333.
¥ (€)=(—.71276 627){1+.00023 0640
—.00000 6527 —.00000 0027 +.00000 0002}
=(—.71276 627)(1.00022 4088)
=—.71292 599.
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11. Integralsl of Bessel Functions

Mathema ‘ical Properties

11.1. Simple Integrals of Bessel Functions

L ", () dt
11.1.1
] op v+u+l
| tuJ,(t>dt=f-P<Lv_—g%§>

o (24T (E:%il_,_k)

T ()

Y TR C)] ‘

|
|
|

(Z (n+v+1)>0)

11.1.2
L J,(t)dt=2 > Jusnna(2) (>—1)

11.1.3 fo Ton(B)dt= fo Jot)dt—2 kz‘; Ton(2)

11.1.4 ﬁ o (t)dt=1—Jo(z) —2 k}:l Ju(2)

Recurrence Relations

11.1.5

[(ruawa= f Ve Odi—20,2)  (@>0)
1LL6 fo "D dt=1—J,(2)

f Jo(0)dt, f Yo(t)dt, f Lo(@)dt, f Ko(t)dt

11.1.7
[[awa=ra@+3mB@a0-BoGE)
€ (x) =AdJ,(z)+ BY ,(x) y=0,1

A and B are constants.

480

1.1.8
j:Zo(t)dt= TACRE IR REYACES NOYICY
Z,(2)= AT (@) + B K, () y=0,1

A and B are constants.

H,z) and L,(z) are Struve functions (see
chapter 12).

11,19
o (1 B\ 2 @)
LKoG)dt— Wlng)x,,_o )2 2ET1) »
> @)™
& W

it (2/2)% 1 1
423 ke (et )

v (Euler’s constant)=.57721 56649 . . .

In this and all other integrals of 11.1, z is real
and positive although all the results remain valid
for extended portions of the complex plane unless
stated to the contrary.

11.1.10

~iz N v
f Ky(t)di=] f Jo(t)dt+z§f Yo(t)dt
0 0 0
Asymptotic Expansions

11.1.11

f: [Jo(®) +iY0(t)]dt~(1r__2w)5‘ T
X[kZi% (—)agp~*" 141 kz:o (—)kag,,x‘”]

_Lk+d) 5 NG ))

11.1.12 B=TTR) = 2%6T@R)

11.1.13
2(k+1)ap1=3 (k'l";') (’H‘%) ay

_(k.%)z ( —5) tus
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11.1.14 z‘e"fz I(t)dt~(2m)~? kzno axt
0 -

where the g, are defined as in 11.1.12.

1L1L15 e f ) Ko(t)dt~<’2—')* kZ::,, (—)az*

where the a, are defined as in 11.1.12.

Polynomial Approximations?

11.1.16 8<z<m
[ o+
—zmsereriof S (—)ay(af8) >
i3 (—) b)) |

[e(x)| <2X10~°

k g b k

0 . 06233 47304 | . 79788 45600
1 . 00404 03539 . 01256 42405
2 . 00100 89872 . 00178 70944
3 . 00053 66169 . 00067 40148
4 . 00039 92825 | .00041 00676
b . 00027 55037 | .00025 43955
6 . 00012 70039 . 00011 07299
7 . 00002 68482 . 00002 26238

11.1.17 8L

e~ ﬁ ’ Io(t)dt=é dy(2/8)~*+e(x)

le(z)] <2107
ds
. 39894 23
. 03117 34
. 00591 91
. 00559 56
—. 01148 58
. 01774 40
—. 00739 95

3 Approximation 11.1.16 is from A. J. M. Hitcheock.
Polynomial approximations to Bessel functions of order
zero and one and to related functions, Math. Tables Aids
Comp. 11, 86-88 (1957) (with permission).

[~ = - S I -
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11.1.18 7<z<o

e f ) K,,(t)dtr_kz:)] (=)en(a/7)*+€(2)

le(z)] <2107

€x
1. 25331 414
0.11190 289
. 02576 646
. 00933 994
. 00417 454
. 00163 271
. 00033 934

fJo(t)dt’fYo(t)dt,fKo(t)dt
¢ ¢ ?
11.1.19

0 t

=21 g @k+3) Y (k+2) —¢(1)] Tapss(a)

=1—2z71J,(2)

SO W -=OF

+207 35 @k+5) W+~ (D) — 1 ass(a)

For ¢(z2), see 6.3.
11.1.20

= Jo(t)dt _ (*[1—=Jo(®)]dt
L '—t—+‘Y+ln §—-J; —

. )
="§1 2k(kD)?
11.1.21

J R 02 2 )

YA
25 (Ti(%?— {¢(k+1)+2lk—ln ”2—”}

+
11.1.22

= Kyt)dt 1/, 2\ z, = 7
Jo R () +rm Gt g

)

1 z

11.1.23
f_t” Ko(t)dt_éz fm JO(t)dt—Ef” Yo(t)dt
t  2J), ot 2). t

-z
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Asymptotic Expansions

® o)t _29:(2) %) _g(2) € (2)
11.1.24L = Lo e

where

s~ (5)
s@~ ) (3) Hle+D!

11.1.25 go(@)= wf gl(t)d‘

11.1.26 xmeffmw~(§)}i(—)*ckx"‘
z t k=0

where

11.1.27 o——l 01—183

3
2(k+1)cm=[3 (k+1)2+§] c,,—(k%) et
1L128 o f L 11 (90) 535 cra~t
k=0

where ¢, is defined as in 11.1.27.
Polynomial Approximations

11.1.29 §<zLl®

J‘ ® G)dt_20:(2)% @) _g(@)%i(2)
.t

z? z
where
D=3 (—)ay(as) > +e(2),

5@=33 (—by(af5) > +(2)

e(z)| <2X10-7

k a bk

010 1.0

1| 0.15999 2815 | 0.31998 5629
2 . 10161 9385 . 30485 8155
3 . 13081 1585 . 52324 6341
4 | .20740 4022 1. 03702 0112
5| .28330 0508 1. 69980 3050
6| .27902 9488 | 1.95320 6413
7| .17891 5710 | 1.43132 5684
8 . 06622 8328 0. 59605 4956
9| .01070 2234 . 10702 2336

11.1.30 4<zr<
JoKdt & ()
Ao [T BB ya,(§) +e@

le(2)]| <610

k e
0 1. 25331 41
1 0. 50913 39
2 . 32191 84
3 . 26214 46
4 . 20601 26
5 .11103 96
6 . 02724 00

11.1.31 , 5{zl »

:c%e"Lz—————[I"(t)t_l]dt 10 () +e(x)

le()] <1.1X10-5

Jr
0.39893 14
. 13320 55
—. 04938 43
1.47800 44
—8. 65560 13
28.12214 78
—48. 05241 15
40. 39473 40
—11.90943 95
—3. 51950 09
10 2.19454 64

11.2. Repeated Integrals of J,(2) and K(2)

Repeated Integrals of J .(2)

O WIO O WN=O W

Let
11.2.1

fo,n(z) =J,,(Z),
fon(e)= J; Tt . . fon(e) = fo LAt

11.2.2 Feral2) =‘%, Ja(2)
Then
11.2.3

Fer@ =535 f =ty )it (Fr>0)

11.2.4 f, ,.(z)—r @ 1 z‘, r("+’) S ntrial(2)
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Recurrence Relations

11.2.5
7‘(7'— 1)fr+l, n(z) =2(7"— l)Zf,. ,,(2)
- [(1 —T)2—n2+ ZZ]fr—l, n(z)

+@2r—3)ef;—2,4(2)— 23, n(2)
11.2.6

fr11,0(2) =21, 0(2) — (r—1)f,1,0(2) + 2fr-2,0(2)

11.2.7 Frar s (@) =frs1, na(8)— 2f:, x(2)
Repeated Integrals of Ky(z)
Let
11.2.8

Kiy(2) =Kq(2),

Ki, ()= f " K, .. . Ki ()= f " Ki,_,(t)dt

11.2.9 Ki_,(2)=(— ) Ko(z)
Then
11.2.10
(3?220, Rr>0, Z2>0, r=0)
11.2.11
Ki, () =F%5 f T (t—2) K () dt
(#2220, Ar>0)
. _I(nr®
11.2.12 Klz,(O) —W (9?7'>0)
| T L+
11213 Kip 1 (0) = (z)r =5y (gzr> 2)

11.2.14
rKi,41(2) = — 2Ki,(2) + (r— D) Ki,_1(2) +2Ki,_2(2)

11.3. Reduction Formulas for Indefinite
Integrals

Let

11.3.1 G ()= f T Z,(b)dt

where Z,(z) represents any of the Bessel functions
of the first three kinds or the modified Bessel
functions. The parameters ¢ and b appearing in
the reduction formulae are associated with the

particular type of Bessel function as delineated
in the following table.
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11.3.2 Z,(2) a b
Ju(2), Y.(2), HY (2), H® (2) 1 1
I,(2) —1 1
K,(2) 1 —1
11.3.3

Pgu, (2)=—e"""2Z,(2)
+ (I"!"V)gu—l. v(z)_agu,v+1(2)

11.3.4
Pgu, r1(2)=—e"?*2"Z,,,(2)

+ (p—v—1)gu-1,41(2) +bg, . (2)
11.3.5

(p*+ab)gu.(2)=ae~?*2Z,,:(2)
+(p—v—1)e 225717, (2) —pe 728 Z,(2)
+2QCu—1)gu-1,(2) + [P — (4—1)%gu_2..(2)
11.3.6
a(v—p)gu r1(2)=—2ve""2*Z,(2) —2vpgy »(2)
+o(p+v)gu-1(2)

p4ab=0, v==4 (u—1)
v+1(2)}

—p2—v+1
o { 2@z }

[J,,(Z)

Case 1:

e Py

11.3.7 gy,y(Z)—-z—_l_i“{Z (2)

11.3.8 g¢_,,(2)=—

11.3.9

J; e'tvd, (t)dt— 1e541(2)]

(%v>—1)
11.3.10

z eitz—H-l
ity—v ——
L et dt=—C

(@) +idss(2)]

1

ooty ¢
11.3.11
[ ey at=520 V@)= iT i)

27T (1) 3

_—m)— (e%”>_7)
11.3.12

L eI ()l = +1 L@F L)
(Av>—1)
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11.3.13
[ ernuat=ze-us)+1(2] 3

Tl To(&)—11+2e~ 53 (1—BL(2)
11.3.14

z +zy=p+l1
fe*'t-"l,(t)dt=—"’2f_1 L(2)F1,-1(2))
0

1
Fo15,—DTe) %)
11.3.15
L K, (t)dt——2 +1 B (2) £ Ky n(2)]
2T (v+1) _
T (Bv>—1%)
King’s integral (seé [11.5])
11.3.16 f K1) dt=2e Ko (2)+ Ky (2)]—1
0
11.3.17
f T et (1)t
¢ ezz—v+1 1
=K (D+Ka()] (@)
Case 2: p=0,p=2»
11.3.18 bgr,»-1(2)=2"Z,(2)
11.3.19 ag_,11(2)=—2""2,(2)

11.3.20 f Cod,(Odt=2d, ()  (B>0)

‘L A S
11.3.21 fo Ot =g =2 (2)
11.3.22
2J2n(t)dt__ _g n _
o [ LA 233 k1) a(2)
=2 5 @-DIuald >0
k=n-+1
11.3.23

(2n+1) J; "&i‘iﬁ%= L ’ Jo(t)dt

— (@)% 30T (2)
11.3.24

27 I‘(v)

f vY, O dt=2Y,()+222  (@>0)

11.3.25 f ‘L (Odt=2I) (B0

. o, 1
11.3.26 Lt L., ()dt=2""1,(2) 2'T(»+1)
11.3.27

fo VK, () dt=—2K (&) +27T6)  (Br>0)

11.3.28 f T K, () dt= 2K (2)

Indefinite Integrals of Products of Bessel Functions

Let 4.(z) and 9,(2) denote any two cylinder
functions of orders p and » respectively.

11.3.29

f { (kz—za)t—(i"%"3 }%(kt)%(lt)dt
=2{kCu1(k2) D (1) 1€, (k2) D, (I2) } *
—(u—r)C.(k2)D,(l2)
11.3.30

fz £ G () Do (D d2

AL
=5y (6D 2O+ 6 (D (2))
11.3.31
f " g ) Db dt
st (O +En (DB}
11.3.32
f LBLOU=2 3 6+ Ton(z)  (BD0)
11.3.33
[(an.0-gaou=256  (@>0
11.3.34 f thﬁ(t)dt=§[J§(z)+J?(2)]
o
11.3.35
[T ar=g 1- T~ T3

= 3 Ji2)
k=n+1

*See page II.
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11.3.36
i) [ g0 a0
— ety 2m) [ 1Gn ) Bsa )i
=G D) +Gern(D Do) +2 5 Gots (D Dora(?)

Convolution Type Integrals
11.3.37

JREAGRACIYESS E L AE)

(Fu>—1, Fv>—1)
11.3.38

[(ROR = tdt=—cosz (—1<B<)
11.3.39 ‘

- [r0re-nd=sin: (i<
11.3.40 |

f "1 00, (— ) dt =L (D)
0 p

(Hu>0, Hv>—1)
11.3.41

[ OG04
0 t(z—t) uvz

(Hu>0, Hv>0)

11.4. Definite Integrals

Orthogonality Properties of Bessel Functions

Let %.(z) be a cylinder function of order .

In particular, let
11.4.1 % (2)=AJ,(2)+ BY ,(2)
where A and B are real constants. Then

11.4.2

f bt%()\mt)%()\,.t)dt=0 (m #=n)

=[§ tz{ (132"_”;) GH0nt) +E20t) }l
(m=n)(0<a<b)

provided the following two conditions hold:
1. A\, is areal zero of

11.4.3 h A 1 (ND) — R, (\D) =0
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2. There must exist numbers &, and #k, (both
not zero) so that for all n

11.4.4 kl)\n%_,_l()\na)—kz%()\na):()

In connection with these formulae, see 11.3.29.
If a=0, the above is valid provided B=0. This
case is covered by the following result.

11.4.5

L U ant) T (at)dt =0 (mrn, v >—1)
=4{J(e,)]?
(m=n,b=0,r>—1)
—5mz [ bt (e
(m=n, b0, v>—1)
ay, &g, . . . are the positive zeros of

aJ,(x) +bxJ,(x)=0, where ¢ and b are real con-
stants.

11.4.6

ﬁ W sam s (Do (D=0 (m n)

1
T2@ntr D)

(m=n)(p-+n+m>~1)

Definite Integrals Over a Finite Range

11.4.7 f ? Jo(22 sin tdt=5 Ji(2)
1]

11.4.8 f’r Jo(22 sin 1) cos 2ntdt=nJ%(2)
0

11.4.9 J‘E Y (22 sin t) cos 2ntdt=7§r J o (2)Y . (2)
0

11.4.10

fz J.(z sin t) sin*T't cos®*! tdt
0

=2"P(v+l) J

e wrrt1(2)

(Ru>—1, Rv>—1)
11.4.11

J’E J (2 sin? t)J,(z cos? t) csc 2tdt
0

(pt»)
4uy

J,,_,_,,(Z) (Z#u>0, Hv>0)
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Infinite Integrals
Integrals of the Form f e P Z,(t)dt
0

11.4.12

F P () T(—)

r(@2T(r—u+1)

(.@ﬂ<%» Z(u+ V)>0)

f T et () de="
0

11.4.13

fm e"t"‘ll,,(t)dt= P(”'-*_V)F(%_M)

T'($2T(v—p+1)

(Pu<y B tn>0)
11.4.14
ﬁm 008 btKo(t)dt=ﬁ (|S81<1)
11.4.15
L " sin b Ko(t)dt=% (| #bI<1)
ouT <v+u+1

11.4.16 J; t“Jy(t)dt=I‘<v_ﬁ#_}_l)
2

(B0 >—1, 20<3)

11.4.17 ﬁ " J()dt=1 (By>—1)
11.4.18 N
p=1\ [ (3=

0“’ 1= o(t) ) F2“({2P ();)2}) (1< Ru<3)
11.4.19
ft,,y (t)dt= <u+v+1) <n~v+1)

X sin T (u=) (Bt >—1, Bu<3)
11.4.20 L mY,(t)dt=——tan% (1 <1)
11.4.21 f "V (8)dt=0
11.4.22 ’

f K, (t)dt= 2»—1P(#+v+1) (#_y+1

(Z(p£v)>-1)

® T
11.4.23 ﬁ Ey(t)dt=]
11.4.24 f o=t ], (t)dt_z—((—”—{)fﬂ (<)
—0(w?>1)

where T,(w) is the Chebyshev polynomial of the
first kind (see chapter 22).

11.4.25

f _°° 1=l 1ot ], (£)dt
=%} (—)"(1— ), -1 (w) (w?<1)
=0(w?>1)

where U,(w) is the Chebyshev polynomial of the
second kind (see chapter 22).

11.4.26

f et (D= (— i) @mP () (<)
=0(w?>1)

where P,(w) is the Legendre polynomial (see
chapter 22).

11.4.27

f T TeNa="%2  (ga>0, #:>0)
0

where v(a, z) is the incomplete gamma function
(see chapter 6).

Integrals of the Form J;w ez, (bt)dt
11.4.28

f T T g (b
[}]

(g++34) (33)

20T (v-+1)

2
M (ot mrtl, =)
(R (49 >0, RaP>0)

where the notation M(a, b, 2) stands for the con-
fluent hypergeometric function (see chapter 13).

11.4.29
f e T (be)dt
0 "

oo
“gape v

(Bv>—1, Za*>0)
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11.4.30
b2
8a [I y (éb(—;) tan »r
1 b* 1 2
+1_r K, (—&—‘;) sec mr] (I.@v]<§’ Ra >O)
11.4.31

ﬂ e, (bt)dt—

® —g2t2 __ﬁ
L R Y

I*" (8@2)

(ABv>—1, Ba*>0)
11.4.32

52
° —an —ﬁ ] li) 2
L MR GU=], ¢ Ko(g3) (a0
Weber-Schafheitlin Type Integrals

- (p+v-;)\+1)
u—v+)\+1)

11.4.33

J‘ J,.(at)J (bt)dt _

2xav-x+1r(v+1)r

pty— )\+1 y—pu— )\+1 b2
X2F1( 2 2 +1

T (u-i-vEH-l)

2Xbu—)‘+lr(“+1) T (M)

XaF (y.-{»-u 2)\+1 B 2)‘+1’ ut1; bz)
(2 (u+r—2+1)>0, ZN>—1, 0<a<b)

For ,F), see chapter 15.

11.4.34

f‘” J(at)J,(bt)dt
A

Special Cases of the Discontinuous Weber-Schafheitlin

Integral
11.4.35
" Joap)sinbrdt_ ~Lsin [,.msing] (0<b<a)
a/‘sm?"
=TT (62a>0)
Ru>—1
11.4.36 > !
ﬂt)_tLdt %cos[,,msm ] (0<b<a)
W'cos?“
(b=a>0)

b F—a)ip
' (Zu>0)
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11.4.37
© cos I:y arc sin Q]
J; Ju(at) cos bt dt=———— @ (0<b<a)
—a* sin 5’—‘
(b*—a?)3[b-+- (b*—a?)t}
(6>a>0)  (Ru>—1)
11.4.38
o . sin [p, are sin a]
j; Ju(at) sin bt di= = (0<b<a)
@ cos 7r—2"
~ (P —a) b+ FP—a)F
(6>a>0) (Bu>—2)
® k123 — 1
11.4.39 ﬁ e T@t)dt= s (0<b<0)
=ag%;p (0<a<b)
11.4.40
fo Y o (at)dt= @ bz) — 573y Arc sin 2 0<Li<a)

— i
=Tt
XIn {b(b—a)} (0<a<b)

11.4.41
f "ot (af) ), (bt)dt =0 (0<b<a)
0
_ umrtign(hi—g?)rr-!
- BT (v—uw)
(b>a>0)
(Bv>Ru>—1)
11.4.42 f " @) bdt=2  (0<b<a)
0 a ‘

1
= (0<b=a)

0 (6>a>>0)
(Zp>0)

11.4.43 f °'@ (1—do(bt) }dt=0  (0<b<a)

—In g (b>a>0)
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Hankel-Nicholson Type Integrals

11.4.44

= ¢+ J,(at)dt
ﬁ (t2+22)n+1

arzr
T 2T(u+1)

(a>0, .%z>0,j—l<.%v<2.%’u+g)

K, _,(a2)

11.4.45

® J(at)dt

0 t(t’-}-z?) =322 ,,+,[I (az)—

(a>0, R0, B> —

L,(az)]

11.4.46

“Yo(at)dt _  Ko(az)

. Ara = . (@>0, Z2>0)

INTEGRALS OF BESSEL FUNCTIONS

11.4.47

*K)dt_ m
o U(2+2%) 4zt cos vr

[H,(az)—Y,(az)]
(.@a>0, .@2>0, -%V<i)

11.4.48
|7 A1, Gea Ko
(@>0, Z#2>0, Bv>—1)
11.4.49
2ay
® = ) TO+1)
[t GITED

(G/>O, .%Z>O, -%V>_ })

- Numerical Methods

11.5. Use and Extension of the Tables

J: Jo(t)dt,J: Yo(t)dt, L ’ Io(t)dt,f: Ko(t)dt

For moderate values of z, use 11.1.2 and 11.1.7-
11.1.10 as appropriate. For z sufficiently large,
use the asymptotic expansions or the polynomial
approximations 11.1.11-11.1.18.

3.08
Example 1. Compute f Jo(t)dt to 5D.
0

Using 11.1.2 and interpolating in Tables 9.1 and
9.2, we have

3.06
f Jo(t)dt=2[.32019 094-.31783 69+-.04611 52
0

<. 00283 19+-.00009 72--.00000 21]
=1.37415

3.05
Example 2. Computef Jo(t)dt to 5D by
0

interpolation of Table 11.1 using Taylor’s formula.
We have

z4+h z hz
[T o= [ g+ hdoe—5 gi6a
0 R 0 .
+5 @~ D@ e B, @)~ T+

Then with 2=3.0 and A=.05,

3.
f * Jo)dt=1.387567+(.05) (— .260052)
0
— (.00125)(.339059)
+(.000010)(.746143) =1.37415

This value is readily checked using z=:3.1 and
h=—.05. Now |Jy(x)|<1 for all & and |J,(z)|
<274 n2>1 for all z. In Table 11.1, we can
always choose |#| <.05. Thusif all terms of O(h*)
and higher are neglected, then a bound for the
absolute error is 21h%/48<.2.10~° for all z if |Al
<.05. Similarly, the absolute error for quadratic
interpolation does not exceed

B3(24+2)/24< 2107,

Example 3. Interpolation of f Jo(t)dt using

Simpson’s rule. We have

Jotde= [ Jowat+ [ Tt
[ = e

f Jo(t)dt= [Jo(z)+4J0(x+2)+Jo(x+h)]

R=—ias JOQ),

Now
T @) =3 1 u(2) —4J() +3J(2)]

T )|<6+5‘/_< 82
and with |h| <.05, it follows that
IB|<.9- 10710
Thus if #=3.0 and A=.05
f Jo(t)dt=1.38756 72520+( -05) [ __ 26005 19549

+4(—.26841 13883)— 27653 49599]
=1.37414 86481
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which is correct to 10D. The above procedure
gives high accuracy though it may be necessary to
interpolate twice in Jy(z) to compute J, (z—}-g)

and Jy(a+h). A similar technique based on the
trapezoidal rule is less accurate, but at most only
one interpolation of Jy(z) is required.

3 3
Example 4. Computef Jo(t)dt a.ndf Y (t)dt
0 0

to 5D using the representation in terms of Struve
functions and the tables in chapters 9 and 12.
For z=3, from Tables 9.1 and 12.1

Jo=—. 260052 Ji= . 339059
Y= .376850 Y,= .324674
H,= .574306 H,;=1. 020110

Using 11.1.7, we have

fa Jo(2)dt=3(—.260052) +?%’ [(.574306) (.339059)
0

—(1.020110) (—.260052)]
=1.38757

Similarly, \
f Yo(t)dt=.19766
0

Using 11.1.8 and Tables 9.8 and 12.1, one can
compute f " Io()dt and f "Ry ()dt.
0 0

L“’ Jo(:)dt,f” Yo(t)dt’f" [Io(t)t—l]dt,f“’ Ko(tt)dt

For moderate values of 2, use 11.1.19-11.1.23.
For 2 sufficiently large, use the asymptotic ex-
pansions or the polynomial approximations
11.1.24-11.1.31.

Repeated Integrals of J(z)

For moderate values of z# and r, use 11.2.4.
If r=1, see Example 1. For moderate values of
z, use the recurrence formula 11.2.5. If z is large
and z=>r, see the discussion below.

Example 5. Compute f,, o(z)=f,(x) to 5D for
z=2 and r=0(1)5 using 11.2.6. We have

7:fr+1(x) =$fr($) - (T— l)fr—l(x) +xfr—2 ((6)
Fi@ == i(@), ful@) =i(a), )= [ hat

and the terms on this last line are tabulated. Thus
for 2=2,

fo1=—.57672 48, f,—.22389 08, f,=1.42577 03
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The recurrence formula gives

=2(fi+f-1)=1.69809 10
Similarly, =20t

F3=1.20909 66, f,=.62451 73, f;=.25448 17

~ When x>>r, it is convenient to use the auxil-
iary function

gr(@)=(r—Dlz~"*!f, ()
This satisfies the recurrence relation
8°gr11(x) =2°g,— (r—1)%g,_,(2)
+(r—1)(r—2)g,_2(x), r2>3
5@ =" IO, 6@)=00)~1@
95(2) =[2¢: () — 1 () -+ 2o (2) ] /a?

Example 6. Compute g¢,(x) to 5D for z=10
and r=0(1)6. We have for =10,

o=—.24593 58, J,=.04347 27, ¢,=1.06701 13

Thus
g.=1.02353 86, g;=.98827 49

and the forward recurrence formula gives
g:=.96867 36, g5=.94114 12, g,=.90474 64
For tables of 2-7f,(x), see [11.16].

Repeated Integrals of Kj(x)

For moderate values of x, use the recurrence
formula 11.2.14 for all ». )

Example 7. Compute Ki,(z) to 5D for z=2
and r=0(1)5. We have

rKi, (@) =—aXKi, (@) + r— 1D Ki, ., () +2Ki, (%)

Ki_y(2) =Ky(2), Kio(n) =Ko(x), Kiy(@)= f Ko(t)dt

and the functions on this last line are tabulated
Thus for z=2,

K,=.11389 39, K,=.13986 59, Ki,=.09712 06

and
Ki,=—2Kj,;+2K,=.08549 06

Similarly,
Ki;=.07696 36, Ki,=.07043 17, Ki;=.06525 22

If z/r is not large the formula can still be used

provided that the starting values are sufficiently

accurate to offset the growth of rounding error.
For tables of Ki,(2), see [11.11].
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fo@) =" ﬁ " (t)dt

Now ]
fol)= f Ko()dt, fy(2)=[1 2K, ()}

the latter following from 11.3.27 with »=1. In
11.3.5, put e=1, b=—1, p=0 and »=0. Let
u=m., Then

@) =[(m—1)fn_s(2) —2*K1(x)

—z(m— DK@/ (m>1)

Using tabular values of f; and f;, one can compute
in succession f;, f;, . . . provided that m/z is not
large.

Example 8. Compute f,,(z) to 5D for z=5 and
m=0(1)6. We have, retaining two additional
decimals

K,= .00369 11
fo=1.56738 74

K,=.00404 46

fi=.19595 54
Thus

Fr=.05791 27, f,=.01458 93, f,=.00685 36

Similarly starting with f,, we can compute f; and f;.
If m>z, employ the recurrence formula in
backward form and write

Sn-2(@)=[2fn(z) +2°Ki(2) +-2(m— 1) Ky (2)]/(m—1)?

In the latter expression, replace f,, by gn. Fix 2.
Take »>m and assume ¢,=0. Compute g,_,,
gr—s, etc. Then

Hm g,_5(2) =Fn(z), m=r—2k
r—o
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12. Struve Functions and Related Functions

Mathematical Properties

12.1. Struve Function H,(z)

Differential Equation and General Solution

12.1.1
4(5)"+!

e AL ey

dz2
The general solution is
12.1.2 w=aJ,(2)+bY.(2)+H,(2) (a,b, constants)

where 2~"H,(z) is an entire function of z.
Power Series Expansion
12.1.3

. (=D*(32)*
H,()=0"™" 2 s p it 17D

12.14 Hy())==| 2 1232‘*123252

12.1.5

2 22 2 P
Hi(2)=C [1'23“12-32-5+ 1gesey ]

Integral Representations

If #v>—%,
12.1.6
—_ 2(%'2)” ! —_ v—} 1
B, (=39 L (1—2)~}sin (21) dt
12.1.7 —\/:I(‘tfj_%) sin (2 cos §) sin? §dé
12.1.8 =Y, (2) ‘
_2G2 (* = 3
tETGp o ¢ AHE) e

(lorg 2i<F)

Recurrence Relations

12.19 H, ,+H, 1—- v (32)°
¥ +I T(+§)

1210  H,_,—H, =20 — 32"
o VAT

496

12.1.11

12.1.12

12.1.13

B, 2/r)— H,
% (»H,)=2H,_,

d 1

Les Y

Ve 2T (v+3)

"

v+l

Ficure 12.1. Struve functions.

Ficure 12.2. Struve functions.

H,(z), —n=1(1)3




STRUVE FUNCTIONS AND RELATED FUNCTIONS 497

Struve’s Integral

12.1.25
4 (e 2 -
: f e H (=2 B (2) 42 f £ Hy(t)dt
12.1.26
2 (7,4 A, 2
2 e moa=1-4] i

25
tagms ]

Ha(3)

e /X\ 12.1.27
' - ® et _T(3w2* " tan (3ru)
e | L e
\X/Ifi (1BuI<1, 5> Ru—)
: If f,(2)= L H,(t)tdt
12.1.28
Ficure 12.3. Struve functions. o=@+ 1)f,(2)—2""H,(2)
2742
Ha@),2=3,5 torDrrrmreTy @D

Special Properties Asymptotic Expansions for Large |z}

12.1.14  H,(2)>0 (z>0and »>3%) | 12.1.29
1 7=l Ik
12.1.15 H,(Z)—Y.(2)=; g riv+ (k+§3 —r+1+Rm
H_ i (2)=(—1)"Juss(2) (nan integer>0) Ot )(‘Z’)
2\ (Jarg z|<)
12.1.16 HKZ):(E) (1—cos 2) where R,=0(z'"*"). If » is real, z positive *
and m+45—»>0, the remainder after m terms is
12.1.17 of the same sign and numerically less than the
H;(Z)=( 2% )’ (1 + ) ( ) ( 008 z) first term neglected.
12.1.30
mriy __ ,m(» L4 ] 1 12-32 1%2.3%2.52
12.1.18 H,(zem™')=¢m+V* H,(2) (m an integer) H,(2)— Yo(2)~— E_z“ e +.. ]
_t<aJun(2)
12.1.19 llo(z)—-"r ,‘Z_:,) SET1 12,131 (larg z|<¥)
1.3 3 12.3%.5
12.1.20 H1(2)=—__Jo( )+ 2 ‘-{kz:(z) H,(2)—Y\(2)~= [1+—— ) .. ]
(larg z|<n)
12.1.21 H.(z)=‘% F, (1;-2-+v, -2-;—%’ 12.1.32 )
14 z
" [ Y o1ae—2 i 22+
Integrals (See chapter 11) 0 . |
® L2 (=D)M(2R)1(2k—1)
12.1.22 [ e B3 E T @y (A<
0
12.1.23 where v=.57721 56649 . . . is Euler’s constant.
: o[22 2 A 12.1.33
J;HO(t)dt—-;—r[Z—13-3’-4T1’-3’-5’-6 :l : ® (—1)M(2k)
12128 [ (=t H,(2) J. o -vowa~E 2 gyt e
TV = TN ) S (larg 2/<x)

*See page It.
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Asymptotic Expansions for Large Orders
12.1.34

H,(2)—Y, () ~—232 s kb

TG & AT

(larg 2|<#m,[¥|<]2])
Bo=1, bi=2v/2, by—6(s/2Y—}, by—20(v/2) —4(v/2)
12.1.35

H,()+id,~ 220 Sk

Virep e (P21

12.2. Modified Struve Function L,(z)

Power Series Expansion

i
12.2.1 L,(2)=—1ie 2 H,(i2)

—_ v+t S (2/2)2k
=G R DTGRP

Integral Representations

12.2.2 L,(2) =‘/—_2I(‘?/2—_+)_;) ?sinh (2 cos 6) sin? 6d
T v 0
(Bv>—1%)
12.2.3
I_.(x)—L.(x)=J% 0” sin (tz)(142)- dt
(Fv<},22>0)
Recurrence Relations
(2/2)"
12.2.4 L,.:—L,.:
e +I T+
, (2/2)"
12.2.5 L, +L,,=2L, -2
1L \/;r_ To+3)
Lnt)
g
| [T
sk 4
3 I \\

: //l ] A

Fieure 12.4. Modified Struve functions.

La(z), £n=0(1)5

*See page I1.

STRUVE FUNCTIONS AND RELATED FUNCTIONS

Asymptotic Expansion for Large | 5 |

1226 L(2)—I_(2)
S —ETEED  arg et <)
S P+ 3—k) (2)
Integrals
12.2.7

zt 28
f Lo(t)dt— 2T12 3Z. 4T12 32.52. 6+ v ']
12.2.8 f "Lt~ Lo(®))dt—2 [In 22)+1]
0 T

(2k)! (2k—1)!

T ,‘Z TEE2D)® (larg z|<<3w)

H
12.2.9 f Li()dt=La(2)—2 2
0

Relation to Modified Spherical Bessel Function
12.2.10 L_(m4y (2)=1 »+$)(2)  (n an integer >0)

12.3. Anger and Weber Functions

Anger’s Function

12.3.1 3.(2) ———-i—f' cos (v6—z sin 6) do
[}
12.3.2 3.(2)=J,(2) (n an integer)
Weber’s Funection
1233 E ()= f " sin (v0— 2 sin 6) d8
0

Relations Between Anger’s and Weber’s Function
12.3.4 sin (vr) J,(2)=cos (vr) E,(2) —E_,(2)
12.3.5 sin (vr) E,(2)=J_,(2)—cos (vr) I,(2)

Relations Between Weber’s Function and Struve’s
Function

If n is a positive integer or zero,

(Tl @oro-
12.3.6 En(z)=1lr§'r(k;;¥§? k)” H,(2) *

12.3.7

(==L" vl 2ty o)-mron
- = N (G%)

H_,(2) *
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12.3.8 Eo(2)=—Hy(2)

12.3.9 E\(2) =727“H‘(Z)

499

12.3.10 Ez(Z)f—“g—:_—Hz(Z)

Numerical Methods

12.4. Use and Extension of the Tables

Example 1. Compute L4(2) to 6D. From
Table 12.1 7,(2) —Ly(2)==.342152; from Table 9.11
we have [;(2)=2.279585 so that Ly(2)=1.937433.

Example 2, Compute H,(10) to 6D. From
Table 12.2 for z~'=.1, Hy(10)— Y,(10)=.063072;
from Table 9.1 we have Y,(10)=.055671. Thus,
H,(10)=.118743.

Example 3. Computef Hy(t)dt for z=6 to
0
5D. Using Tables 12.2, 11.1 and 4.2, we have

) “H,(t)dt= ] "Yo(0dt+2 1 6446

=—.125951+(.636620) (1.791759)
+.816764

=1.83148

Example 4. Compute H,(x) for =4, —n=
0(1)8 to 6S. From Table 12.1 we have Hy(4) =
1350146, H,(4)=1.0697267. Using 12.1.9 we find

H_,(4)=—.433107 H_j(4)= .689652
H_,(4)= .240694 H_,(4)=—1.21906
H_;4)= .15262¢4 H_,(4)= 2.82066

H_,(4)=—.439789 H_;(4)=—8.24933

Example 5. Compute H,(x) for z=4, n=
0(1)10 to 7S. Starting with the values of Hy(4)
and H,(4) and ugsing 12.1.9 with forward recur-
rence, we get

H,(4)= .13501 46
H,(4)=1.06972 67
H,(4)=1.24867 51
H,(4)= .85800 95
H,(4)= .42637 41
H,(4)= .16719 87

Hq(4) =.05433 54
H;(4) =.01510 37
H,(4) =.00367 33
H,(4) =.00080 02
H,,(4) =.00018 25

We note that for n>>6 there is a rapid loss of
significant figures. On the other hand using 12.1.3
for z=4 we find H,(4)=.0007935729, H,;(4)=
.00015447630 and backward recurrence with 12.1.9
gives

H,(4)=.00367 1495
H,(4)=.01510 315
H,(4)=.05433 519
H,(4)=.16719 87
H,(4)=.42637 43

H,(4)= .85800 94
H,(4)=1.24867 6
H,(4)=1.06972 7
H,(4)= .13501 4

Example 6. Compute L,(.5) for n=0(1)5 to
8S. From 12.2.1 we find L;(.5) =9.6307462 X 1077,
L,(.5)=2.1212342X107% Then, with 12.2.4 we
get

Ls(.5)=3.82465 031074
L;(.5)=5.36867 3410~%

L,(.5)=.05394 2181
Lo(.5)=.32724 068

Example 7. Compute L,(.5) for —n=0(1)5
to 6S. From Tables 12.1 and 9.8 we find Ly(.5)=
.327240, L;(.5)=.053942. Then employing 12.2.4
with backward recurrence we get

L.(5)= .690562 L_,(.5)=—75.1418
L_,(.5)=—1.16177 L_,(.5)=1056.92
L (5)= 7.43824

Example 8. Compute L,(z) for z=6 and
—n=0(1)6 to 8S. From Tables 12.2 and 9.8
we find Lo(6)=67.124454, L,(6)=60.725011.
Using 12.2.4 we get

L_,(6)=61.361631
L_,(6) =46.776680
L_,(6) =30.159494

L_.(6)=16.626028
L_,(6)= 7.984089
L_,(6)= 3.32780

We note that there is no essential loss of accuracy
until n=—6. However, if further values were
necessary the recurrence procedure becomes un-
stable. To avoid the instability use the methods
described in Examples 5 and 6.
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Table 12.2
z™! Ho(x) - Yo(x)

0.20 0.123301
0.19 0.117449
0,18 0. 111556
0.17 0. 105625
0.16 0. 099655
0,15 0. 093647
0.14 0. 087602
0,13 0. 081521
0.12 0, 075404
0.11 0, 069254
0,10 0.063072
0, 09 0. 056860
0,08 0. 050620
0. 07 0. 044354
0, 06 0. 038064
0, 05 0.031753
0. 04 0. 025425
0.03 0. 019082
0, 02 0.012727
0,01 0. 006366
0.00 0. 000000

[

STRUVE FUNCTIONS AND RELATED FUNCTIONS

STRUVE FUNCTIONS FOR LARGE ARGUMENTS

H,(x)—Y.(z)

0. 659949
0.657819
0. 655774
0. 653818
0. 651952

0. 650180
0. 648504
0, 646927
0. 645452
0. 644081

0. 642817
0. 641663
0. 640622
0. 639696
0. 638888

0. 638200
0. 637634
0. 637191
0. 636874
0. 636683

0. 636620

(47

Si=z)

0. 819924
0. 818935
0, 817981
0. 817062
0, 816182

0.815341
0. 814541
0, 813785
0. 813074
0. 812411

0. 811796
0. 811232
0, 810722
0. 810266
0. 809866

0. 809525
0. 809244
0. 809023
0. 808865
0. 808770

0.808738

[

1y(z) ~ Lo(x)

0.133955
0.126683
0.119468
0.112319
0.105242

0, 098241
0.091318
0. 084474
0. 077706
0. 071010

0. 064379
0. 057805
0. 051279
0. 044793
0. 038340

0.031912
0. 025506
0. 019116
0.012738
0, 006367

0. 000000

&1

L(z)—Ly(z)

0. 607426
0. 610467
0.613348
0. 616060
0. 618598

0. 620955
0. 623129
0. 625119
0. 626927
0. 628558

0.630018
0. 631315
0. 632457
0. 633450
0. 634302

0. 635016
0. 635596
0. 636045
0. 636365
0. 636556

0. 636620

i

[ ma0 - Yot =2 I a-+1i(e)

[[ a1 =2 1n2+10)

[ [wg(t,)] dt=f,(@)

<z > =nearest integer to z.

J#)

0. 793280
0. 794902
0. 796448
0.797919
0.799279

0. 800551
0,801721
0.802787
0. 803750
0. 804611

0.805374
0. 806047
0. 806634
0.807140
0.807572

0. 807933
0. 808225
0. 808450
0.808611
0. 808706

0.808738

[

fa(z) <z>
0.125868 5
0.119694 5
0.113505 6
0.107299 6
0,101079 6
0.094843 7
0. 088593 7
0. 082328 8
0, 076051 8
0. 069761 9
0. 063460 10
0. 057147 11
0, 050824 13
0. 044492 14
0.038152 17
0, 031805 20
0.025451 25
0. 019093 33
0.012731 50
0. 006366 100
0. 000000 ©

[

Starting with Hy(z) and H,(z), recurrence formula 12.1.9 may be used to generate H,(z) for n<0. Aslongas n<z/2

(approx.), H,(z) may be generated by forward recurrence. When n>z/2, forward recurrence is unstable. To avoid the
and then use backward recurrence with 12.1.9.

Hn>QLmﬂmmt%gmmmwbym&wmdmmnmm.Hn<QL$ﬂmmﬂmgmm%ﬁby&ﬂwudmwnmm
as long as L,(z) increages. If n<0 and L.(z) is decreasing, forward recurrence should be used.

See Examples 4-8.

instability, choose n> >z, compute H,(z) and H,,,(z) with 12.1.3,
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to eight significant figures.

1 University Mathematical Laboratory, Cambridge. (Prepared under contract with the

National Bureau of Standards.)



13. Confluent Hypergeometric Functions

Mathematical Properties

13.1. Definitions of Kummer and Whittaker
Functions

Kummer’s Equation

dw dw _
13.1.1 z E-Z_—,+(6—~z) A w=0
It has a regular singularity at z=0 and an irregular
singularity at «.
Independent solutions are

Kummer’s Function

13.1.2
(@)n2"

(@),2
2!+ ce +(b),.n!+ ..

(b2

M(a,b, z):l—}—%?——}-
where

(@,=ale+1)(a+2) ... (@a+n—1),(@)=1,

and
13.1.3

x Ma,b,2)
Uieb, =g (FatabT )

s M(Q+a—b,2-b, z)}
@ T(@)T(2—b)

M(a, b, 2)
a convergent series for
all values of a, b and =
a polynomial of degree m
in 2

Parameters
(m, n positive integers)

b#—n azx—m
b¥—n a=-—m
b=—n ax—m

b=—n a=-—m,

m>n

a simple pole at b=—n

b=—n a=-m, undefined
m<n
Ul(a, b, 2) is defined even when 6—>+n

As |z|>w,

13.1.4
M(a, b, z)=-lf—% e 140(2")]  (R2>0)
and
13.L5
r(b)

M(a,b, 2)="f‘(—b:—a,—) (=2)711+0(2")] (R=<0)
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Ula, b, 2) is & many-valued function. Its princi-
pal branch is given by —r<arg z< .

Logarithmic Solution
13.1.6

Ula,n+1,2) =ﬁ§—l?(ia)_n_——;:~)

(W)~ (1049 ]

(n—1)!
T'(a)

[M(a,n-H, 2)Inz

2 (a).z’
+2 o

z"M{a—n,1—n, 2),

+

for n=0, 1, 2, . . ., where the last function is the
sum to n terms. It is to be interpreted as zero
when n=0, and ¥(a)=TI"'()/T (a).

13.1.7 Ula, 1—n, 2)=2"U(e+n, 1-+n, 2)
As B2
13.1.8 Ula, b, z2)=2z"{1+0(|z|*)]

Analytic Continuation

13.1.9
Ula, b, ze*™) ==

T -+ M(b—a,b,2)
sinwb ¢ (T(1+a—b)T(d)

_ eﬂ:ri(\—b) z“"M(l —a, 2__b’ 2) }
T{e)T(2—0)

where either upper or lower signs are to be taken
throughout.

13.1.10
riny (1_ —2riony _ L (1—b)
Ua,b,ze¥ ") =[1—¢ 2% IWP(I—I—a—b) Ma, b, 2)

eI (g b, 2)
Alternative Notations
1Fi(a; b; 2) or ®(a; b; 2) for M(a, b, 2)
2 %Fy(a, 1+a—b; ;—1/2) or ¥(a; b; 2) for Ula, b, 2)
Complete Solution

y=AM(e, b, 2)+BU(a, b, 2)

where 4 and B are arbitrary constants, b —n.

13.1.11

Eight Solutions
13.1.12 y,=M(a, b, 2)
13.1.33 y=2"M(1+a—>b, 2, 2)
13.1.14 y,=e'M(b—a, b, —2)
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13.1.15
13.1.16
13.1.17
13.1.18
13.1.19

Y=2"%M(1—a, 2—b, —2)
ys=Ula, b, 2)
Ye=2"""U(1+a—b, 2—b, 2)
n=eU(b—a, b, —2)
ys=2"%U(l—a, 2—b, —2)
Wronskians

If W{m, n}=ynyr—Ysyn and
e=sgn (JF2)=1if £2>0,
=-—11if f2<0
13.1,20

Wi, 2}=W{3, 4}=W{1, 4})=—W{2, 3}

=(1—b)z %"
13.1.21

Wi1,3}=
13.1.22
13.1.23
13.1.24
13.1.25
13.1.26

2,4}=W{5, 6}=W{7, 8}=0
=—T(b)z"%*/T(a)
=T(b)e**?2~%*/T(b—a)
—I(2—b)z"%?*/T(1+a—h)
—T(2—-b)z %*T(1—a)

W11, 5
1,7

=

=

)

2,5
2,7
5,7

S

L4
{1, 5}
(1,7}
{2, 5}
{2,7)
{ , } gtri(b—a) 5— bgt

Kummer Transformations
13.1.27 M(a, b, z)=e*M(b—a, b, —2)
13.1.28
2°M(1+a—b, 2—b, 2)=2'"%*M(1—a, 2—b, —2)
13.1.29 Ul(a, b, 2)=2""2U(1+a—b, 2—0, 2)
13.1.30
e*U(b—a, b, —z)=emtDe21=0[](1 —a, 2—b, —2)

Whittaker’s Equation

d*w 1ok, G—=s),,

Solutions:
Whittaker’s Functions
13.1.32 M, ,(2)=e ¥t M (§+u—x, 1424, 2)
13.1.33
Weu(2)=e ¥2dml (34 p—«, 1424, 2)
(—r<larg z<m, k=%b—a, u=3%b—1)

*See page II.
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13.1.34

I'(—2u) I'(2u)
Ta—s—n L@ T 5 -0

General Confluent Equation

W u(2)= MK. _,.(2)

13.1.35

w42y

H(E w50 (G5 )+ 4572

2Af f” f/ﬂ ah ]w_o

Solutions:
13.1.36
13.1.37

Z™4e¢~ "4 M(a, b, h(2Z))
Z™ e~ ®U(a, b, h(2))
13.2. Integral Representations

Ro>Ra>0
13.2.1

I'(b—a)T'(a)

O] M(a,b,2)

1
=f eztta-l(l_t)b—a-ldt
0
13.2.2
+1
=21-0ghe f e=45 (1 £)P-9-1(1— )1
-1
13.2.3

=21—°ei‘ffe‘9‘ cosgin®~1g cot®~* (46)df
0

13.2.4

B
=e—Azf ezl(t_A)a—l(B_,_t)b—a—ldt
A

(A=B—1)
Ra>0, Z2>0
13.2.5

r'(@)U(e, b, 2)=Lme“‘t““(1+t)°—a-1dt
13.2.6

=ezf e—zz(t_l)c-ltb—a-th
1

13.2.7
—1-0i: f * =42 comn 0 Ginh=19 coth?~2 (36)d *
0



506
13.2.8 r(a)U(a,bd, 2)
—_ eAzfu e—n(t_A)a-l(t+B)b—a—ldt
* (A=1—B)

Similar integrals for M, ,(z) and W,,.(z) can
be deduced with the help of 13.1.32 and 13.1.33.

Barnes-type Contour Integrals

13.2.9
I'(a) _1 " T(=9T@+s) _ .,
T M,b, =gy [ FG G (oas

for |arg (—z2)|<3r, a, b0, —1, —2, .. .. The
contour must separate the poles of I'(—s) from
those of I'(a+s); ¢ is finite.

13.2.10
T'(e)T(1+a—b)z2U(a, b, 2)

— f* I'(—8)I'(a+8)T(1+a—b+8)z"ds

for |arg z|<37", a0, —1, =2, . . ., b—a=1, 2,

3, . . . . The contour must separate the poles of
I'(—s) from those of I'(a+s) and I'(14+-a—b+s).

13.3. Connections With Bessel Functions
(see chapters 9 and 10)

Bessel Functions as Limiting Cases

If b and z are fixed,

13.3.1 Lim{M(a, b, 2/a)/T(b)} =2V"PI,_,(2VZ)
13.3.2 Lm{M(a, b,—2/a)/T(b)} =24~PJ,_,(2V7)
13.3.3

lim {T(1+4+a—>b) U(a, b, z/a) } =24—PK,_,(2Vz)

13.3.4
Em{r{14a—5b)U(a, b, —z/a)}

=—gie"PA-PH (2y2) (S2>0)
13.3.5 —mie-TOAREHD (245)  (S2<0)
Expansions in Series
13.3.6

M(a,b, 2)=e¥"T (b—a—1})(2)*~*
= (20—2a—1),(b—2a),(b—a—3+n)
2 IR
(—1)" Ib-a-—i+n(%z) (b;éoy—l)_z’ . )

*

*See page II.
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13.3.7

M(a, b, 2)

T(5) =e¥(bz—az)-¥

: 2 A (32)"(b—20) ", _ 1 ( P26 —420))

where
Ao= 1, A1=0, A2='}b,

n+1)Ap=n+d—1)A,_,+(2a—b)A4,-,,

(@ real)
13.3.8
M(a,b, 2)
r)
=M nZ“o C,,z"(-—az)*“"""’Jo_1+u(2J(—az))
where

Co=1, Cy=—bh, C3=—3(2h—1)a+3b(b+1)H,
(n+1)Cpa=[(1—2h)n—bR]C,
+{(1—2h)a—h(h—1)(b+n—1)]C\-,

—h(h—1)aC,_s (b real)
13.39 M, b, z)=i00,,(a, 5 1.(2)
where

Co=1, Ci(a, b)=2a/b,
Crir(a, 8)=2aC,(a+1, b+1)/b—C,_i(a, b)
13.4. Recurrence Relations and Differential
Properties
13.4.1
(b—a)M(a—1, b, 2)+ (2a—b+2)M(a, b, 2)
—aM(a+1, b, 2)=0
13.4.2
b(b—1)M(a, b—1, 2)+b(1—b—2)M(a, b, 2)
+z2(b—a)M(a, b+1, 2)=0
13.4.3
(1+a—b)M(a, b, 2)—aM(a+1, b, 2)
+®b—1)M(a, b—1, 2)=0
13.4.4
bM(a, b, 2)—bM(a—1, b, 2)—2M(a, b+1, 2)=0
13.4.5
bla+2)M(a, b, 2)+2(a—bd)M(a, b+1, 2)
—abM(a+1, b, 2)=0
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13.4.6

(a—1+2)M(a, b, 2)+(b—a)M(a—1, b, 2)
+({1—b)M(a, b—1, 2)=0

13.4.7

b(1—b+2)M(a, b, 2)+b(b—1)M(a—1, b—1, 2)
—azM(a+1, b+1, 2)=0

13.4.8 M'(a, b, z)=% M(a+1, b+1, 2)

13.4.9 gz—",; {M(a, b, z)}=gg: M(a+n, b+n, 2)

13.4.10 aM(a-+1,b, 2)=aM(a, b, 2)+2M’(a, b, 2)

13.4.11
(b—a)M@a—1, b, 2)=0b—a—2)M(a, b, 2)
+zM'(a, b, 2)
13.4.12
(b—a)M(a, b+1, 2)=bM(a, b, 2)—bM’(a, b, 2)

13.4.13
G—1)M(a, b—1, 2)=(0—1)M(a, b, 2)
+2zM'(a, b, 2)
13.4.14
b—1)M(a—1,b—1, 2)=(b—1—2)M(a, b, 2)
+2zM'(a, b, 2)
13.4.15
Ul—1, b, 2)+(0—2¢—2)U(a, b, 2)
+a(1+a—bd)U(a+1, b, 2)=0
13.4.16
(b—a—1)U(a, b—1, 2)+(1—b—2)Ula, b, 2)
+2U(a, b+1, 2)=0
13.4.17
Ua, b, 2)—aU(a+1, b, 2)—Ula, b—1, 2)=0

13.4.18
(b—d) U(d, b; z)+U(a—1, b; Z)
—zUfa, b4-1, 2)=0

13.4.19

(a+2)U(a, b, 2)—2U(a, b+1, 2)
Fad—a—1)Ua+1, b, 2)=0

13.4.20

(a+2—1)U(a, b, 2)—U(a—1, b, 2)
+1+4+a—b)U(a, b—1, 2)=0

13.4.21 U'(a, b, 2)=—aU(a+1, b+1, 2)

13.4.22

L (Ua,b,9)=(=17@U atn, bin, 2)

13.4.23
a(l1+a—b)U(a+1, b, 2)=aUl(a, b, 2)

+2U'(a, b, 2)
13.4.24

(14+a—b)U(e, b—1, 2)=(1—b)U(a, b, 2)

—zU'(a, b, 2)
13.4.25 Ula, b+1, 2)=Ul(a, b, 2)—U’(a, b, 2)
13.4.26
Ua—1,b, 2)=(a—b+2)U(a, b, 2)—2U"(a, b, 2) .
13.4.27
Ua—1, b—1, 2)=(1—b+2)U(a, b, 2)

—2U(a, b, 2)

13.4.28  2uM, 4, 4(2) =22 M, u(2)=2uM. 14 4 3(2)
13.4.29
(1 +2M+2K)Mx+l,u(2) —( +2p—20) M, _y, (2)
=2(2x—2) M, 4(2)
13.4.30
Wi, u(2) — 2 We pr3(2) 4 (k- 0) Wiy, u(2) =0
13.4.31

(2"_ Z)Wx, ,,(Z) +Wx+1, ,‘(Z)
=(p—x+ P pte—HNW,_1.(2)

13.4.32
eM . (2) =(32— ) Mo u(2) + (3t pt ) Meyr,u(2)

13.4.33 W, (2)=(32—)W, 4(2) — W1, 4(?)
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13.5. Asymptotic Expansions and Limiting
Forms

For |z| large, (e, b fixed)

13.5.1
M(a,b,2)_
re)
exirey—e¢ R-—1 (a,),,(l-}-a,—b)n o _
Tooais (A0}
, €72%7? 231 (b—a).(1—a),. - s
Tr(a) n=0 n! +0([2| )}

the upper sign being taken if —§r<larg 2<§m, the
lower sign if —3r<arg z<—43w.

13.5.2
UG, b )=z, LallEe=Ds (-

+0(|z|=®)} (-%r<arg z<§m)

Converging Factors for the Remainders

13.5.3
0(,2,_R)=(“)_R(1_:L“_&e( z)~R

[%+(E+}b—%02+12‘"%R)+ 0(|Zl‘2)]
and
13.5.4
0(,2|-3)=(b“‘1)s(1'—a')s 258

S! |
[4—b-+2a-+2—S+0(|2|Y)]

where the R’th and S’th terms are the smallest in
the expansions 13.5.1 and 13.5.2.

For small z (a, b fixed)

13.5.5 As|z|]—>0,M(a,b, 0)=1,b7—n
13.5.6 Ul(a,b, )—P(lf‘( )1) - °+0(lzl‘% 9
(#b22,b%2)
13.5.7 =To-1) (I,b( )1) 1=4-0(|In 2|)
(b=2)
13.5.8 —r(rb( )1) =04 0(1)
(1< 2b<L2)
13.5.9 F@ (In 24+y¢(a)}4+0(|21n 2|)
(b=1)

CONFLUENT HYPERGEOMETRIC FUNCTIONS

13.5.10 U(a, b, z)=%—l+;——f)b) +0(z]- £
0L Zb<1)
13.5.11 —Ta + )+0(lzln z)  (b=0)
_ T(1-b)
13.5.12 =TiFa=b) b)+0(lzl)
(#6<0,b70)
For large a (b, » fixed)
13.5.13
M(a,b,z)=

T (b)et(3bz—az)d 1], (v(2bz—4a2))
[1+0(30—a| )]

where

1zl=\% b—a|” and o=min (1—p, 3—3p), 0<p<3.

13.5.14
M(a, b, x)=T(b)e¥(3bz—ax)t—¥rt
' cos (V(2br—4axr)—¥br+in)
[1+0(|14b—a| )]

as a—>— for b bounded, x real.

13.5.15
Ula, b, 2)=
T(3b—a+ et ¥cos (ar)d,1(V(2bz—4a2))
—sin (am) V,(v(2bz—4a2)] [1+0(4b—a|™)]
where o is defined in 13.5.13.

13.5.16
Ue, b, ) =T(}b—a-+3) rdedat—1
cos (v(2bz—4az)—Ybr+ar+ir)
(1+0(|30—al™H)]

as a—— for b bounded, x real.

For large real a, b, x
If cosh? =z/(2b—4a) so that £>2b—a>1,
13.5.17
M(a, b, 2)=T(b) sin (ax)
exp [(b—2a)(} sinh 26—6+-cosh? 6)]
[(b—2a) cosh 6] x(3b—a) sinh 26]%
[1+0(|30—a|™)]
13.5.18

Ula, b, x)=exp [(b—2a) (} sinh 26—0-} cosh? 6)]
[(6—2a) cosh 6]~ [(}b—a) sinh 2]}
{(1+0(14b—a|™]
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If = (2b—4a)[14t/(b—2a)1, so that

13.5.19

M(a, b, x)=e¥*(b—2a)1~°T'(b)[ Ai(t) cos (aw)

13.5.20

x~2b—4a

+Bi(f) sin (ax)+0(3b

Ua, b, z)=e*t* T (}) r 6~

{1—tr}) (bz—2az) 134w+ O(|§b—al™h) }
If cos?0=2x/(2b—4a) so that 2b—4a>z>>0,

13.5.21

—a|]
13.5.22

13.6. Special Cases

M(a, b, z)=T(b) exp {(b—2a) cos? 6}
[(b—2a) cos 6]'~*[x(3b—a) sin 28]}
[sin (@x)+sin {(36—a)(26—sin 26) +}r}
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+0(13b—a|™)]

Ula, b, z) =exp [(b—2a) cos? 6][(b—2a) cos 6]'~°

[(3b—a) sin 26)#{sin [(3b—a)
(20—sin 26) +1x]+0(|3b—a| )}

M(e, b, 2)
Relation Function
a b z
13.6.1 v+-4 2v+1 2z T(1+v)eis(d2)—J,(2) Bessel
13.6.2 —v+3 —2»+1 2iz T(1—»)ei*(32)"[cos (vr)J,(2) —sin (»x) Y,(2)] | Bessel
13.6.3 v+1 2v+1 22 T(1+v)er(42)~r1,(2) Modified Bessel
13.6.4 n+1 2n+2 2%z T'(3+n)e(32) ™ 4Jps1(2) Spherical Bessel
13.6.5 —-n —2n 2iz T3—n)es(d2)r*J_-3(2) Spherical Bessel
13.6.6 n+1 2n+2 2z L(§+n)er(32) 4 4(2) * Spherical Bessel
13.6.7 n+4 2n+1 —2viz T'(14n)e-3*(dizx) ~(bera z-+1 bei, 1) Kelvin
13.6.8 L+1—iy 2L42 2ix e=F1(n, 2)2~%1/C1(n) Coulomb Wave
n! (@
13.6.9 —n a+1 z @tD. L'} (=) Laguerre
13.6.10 a a+1 —z az~y(a, z) Incomplete Gamma,
i
13.6.11 -n 14+v—n z (% pa(v, Z) Poisson-Charlier
13.6.12 [ a z e* Exponential
13.6.13 1 2 — 2z —;: sin z Trigonometric
13.614 |1 2 22 "—;sinh P Hyperbolic
13615 | —i» 3 32 27 exp (12%) E® (2)
Weber
3 or
13.616 | 1—b 3 }ot =P (42) g s) Parabolic Cylinder
n! .
13.6.17 —n Y iz @n)i (=P Hew(z) Hermite
1
13.6.18 —n 3 Y @;T_—lﬂ (—=§)-n T Hegpii(z) * Hermite
13.6.19 3} 3 -2z %5 erf z Error Integral
13.620 | im+3 1+ A it ey * | Toront
.6. n FaAmED e T(m, n,r) oronto

*See page 11,




510

CONFLUENT HYPERGEOMETRIC FUNCTIONS

13.6. Special Cases—Continued

Uta, b, 2 Relation Function

a b 2
13.6.21 v+4 ov+1 2z n~le*(22) 7' K, (2) Modified Bessel
13.622 | »+3 241 ~2iz e llm Gt —2l (25— H® (o) Hankel
13.6.23 | »+} 2v+1 2iz yrte— (v +H) —2) 25)—HP (off Hankel
13.6.24 n+1 2n+2 2z xdet(22) 1K, ,1(2) Spherical Bessel
13.6.25 4 $ $28/2 xiz—t exp ($2%/2)2-2/335/8 Af (2) Airy
13.6.26 | n+} 2n+1 Viz irx—4eV#(2viz) "[ker, z-+i kei, 2] Kelvin
13.627 | —n atl z (=1)*!Ls (2) Laguerre
13.6.28 1—a 1—a z e*T'(a, 7) Incomplete Gamma
13.6.29 1 1 —z —e=* Ei (z) Exponential Integral
13.6.30 1 1 z e E(z) Exponential Integral
13.6.31 1 1 —Inz - i li () Logarithmic Integral
13.6.32 tm—n 1+m z T(14n—im)er-rilkm-ny, _(z) Cunningham
13.6.33 — 4 0 2z I'{1+3v)erk,(z) for z>0 Bateman
13.6.34 1 1 iz e[ —dxi+1 8i (2)—Ci ()} Sine and Cosine Integral
13.6.35 1 1 —ix e z[ixi—1 Si (z) —Ci (@)] Sine and Cosine Integral
13.6.36 | —i» } 32 2-¥es*/4D,(2) | Weber
13.6.37 | i—1» 3 }a? 2 iD, (2)/z Parabolic Cylinder
13.6.38 i—in 3 z 2 *H,(x)/x * Hermite
13.6.39 3 3 x? V& exp (z%) erfcx Error Integral

13.7. Zeros and Turning Values
If 75—, is the r’th positive zero of J,_,(x), then

a first approximation X, to the r’th positive zero
of M(a, b, ) is

1371 Xo=3}-.,{1/@2b—~4a)+0(1/3b—0a)*}

2 1 3\2
13.7.2 ~ T3y
Xo 2b—4a
A closer approximation is given by

13.7.3 X1=X0—M(a, b, XO)/M, (a/, b, Xo)

*See page I,

For the derivative,

13.7.4

M/(a; b: X1)=

M’ (a, b, Xo) {1+ (b—Xo) M(a, b, Xo)

M@ b Xy

If X; is the first approximation to a turning value

“of M(a, b, z), that is, to a zero of M’(a, b, ) then

a better approximation is

XM’ (a, b, Xy)

13.7.5 oM, b, X))

X=X;—
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The self-adjoint equation 13.1.1 can also be
written

d b—z@

hadl g b=1,=2
13.7.6 dz[ze dz] a2’ le™*w

The Sonine-Polya Theorem

The maxima and minima of |w| form an in-
creasing or decreasing sequence according as

_axzo—lé—zz
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is an increasing or decreasing function of z, that is,
they form an increasing sequence for M(a, b, )
if a>0, 2<<b—3 orif a<C0, >>b—1%, and a decreas-
ing sequence if ¢ >0 and z>b—% or if a<{0 and
2<b—1%.

The turning values of |w| lie near the curves
13.7.7

w=+T(b)r~2e**(3bz—ax)t P {1—z/(2b—4a) } ~/*

Numerical Methods

13.8. Use and Extension of the Tables
Calculation of M(a, b, x)
Kummer’s Transformation

Example 1. Compute M(.3, .2, —.1) to 7S.
Using 13.1.27 and Tables 4.4 and 13.1 we have
a=.3, b=.2 so that

M(.3, 2, —1)=e'M(—.1, 2, .1)
=.85784 90.

Thus 13.1.27 can be used to extend Table 13.1 to

negative values of z. Kummer’s transformation

should also be used when @ and b are large and

nearly equal, for z large or small.

Example 2. Compute M(17,16,1) to 7S.
Here a=17, =16, and
M(17, 16, 1)=e'M(—1, 16, —1)

=2.71828 183<1.06250 00
=2.88817 44.

Recurrence Relations

Example 3. Compute M(—1.3, 1.2, .1) to 7S.
Using 13.4.1 and Table 13.1 we have a=—.3,
b=.2 so that

M(—13,.2, 1)=2[.7 M(—.3, .2, 1)—.3 M(.7,.2,.1)]
=.35821 23.
By 13.4.5 when ¢=—1.3 and =2,

M(—13,1.2,.1)=[26 M(—.3, .2, .1)
—.24 M(—13, .2, .1))/.15

=.,89241 08.
Similarly when ¢=—.3 and =.2
M(—3, 12, .1)=.97459 52.
Check, by 13.4.6,

M(—13,12, .1)=[2 M(—.3, .2, .1)
+1.2 M(—.3,1.2, .1))/1.5
=.89241 08.

In this way 13.4.1-13.4.7 can be used together
with 13.1.27 to extend Table 13.1 to the range

—10<a<10, —10<b<10, —10<z<10.

This extension of ten units in any direction is
possible with the loss of about 1S. All the re-
currence relations are stable except i) if <0, 5<0
and [a|>]b], >0, or ii) b<a, 6<0, |b—al>[b],
<0, when the oscillations may become large,
especially if x| also is large.

Neither interpolation nor the use of recurrence
relations should be attempted in the strips

=—n+.1 where the function is very large nu-
merically. In particular M(a, b, ) cannot be
evaluated in the neighborhood of the points
a=—m, b=—n, m<n, as near these points
small changes in a, b or z can produce very large
changes in the numerical value of M(a, b, x).

Example 4. At the point (—1, —1,2), M(a, b, z)
1s undefined.

When a=—1, M(—1, b, z)=1—%f0r all z.
Henceblim M(—1, b,z)=1+z. ButM(b,b,2)=¢
->—1
for all z, when a=b. HencebLim M, b, x)=¢".
-1

In the first case 5—>—1 along the line a=—1, and
in the second case b—>—1 along the line a==).

Derivatives

Example 5. To evaluate M’'(—.7, —.6, .5) to
7S. By 13.4.8, when a=—.7 and b= —.6, we have

M'(—.7, —.8, .5)=§%M(.3, 4, .5)

=1.724128.
Asymptotic Formulas

For z>10, ¢ and b small, M(a, b, z) should be
evaluated by 13.5.1 using converging factors
13.5.3 and 13.5.4 to improve the accuracy if
necessary.
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Example 6. Calculate M(9, .1, 10) to 7S,

using 13.5.1.

T grip-.0 <n (9)4(1.8)s
T—g¢ 10 ,.z.%n'( 10)"

r(.1) (—.8)al.1)n -
+5(9) wlos,'%:?, —attor +0a0™)
— — 108(.869)+-1237253(.99100 285)
+0(1)

M(.9,.1,10)=

=1227235.23—.17+0(1)
=122723540(1)
Check, from Table 13.1, M(.9, .1, 10)=1227235.

To evaluate M(a, b, ) with a large, x small and b
small or large 13.5.13~14 should be used.

Example 7. Compute M(—52.5, .1, 1) to 38,
using 13.5.14.

M(—52.5, .1, 1)=T(.1)e’*(.05 +52.5)- 2%
.5642 cos [(.2—4(—52.5)):5—.057+ .257]
[1+0((.05+52.5)%)}=—16.3440(.2)

By direct application of a recurrence relation,
M(—52.5, .1, 1) has been calculated as —16.447.
To evaluate M(a, b, z) with z, a and/or b large,
13.5.17, 19 or 21 should be tried.

Example 8. Compute M(—52.5,
13.5.21 to 3S, cos §=+/1/210.2.
M(—52.5,.1,1)

=T(.1)e®1 (1051 cos 6]'~-1.5641
52.55~% sin 26~#[sin (—52.57)
+sin {52.55(20—sin 26) +3r}
+0((52.55)~1)] = —16.47+ 0(.02)

.1, 1) using

A full range of asymptotic formulas to cover all
possible cases is not yet known.

Calculation of U(a, b, z)

For —10<z<10, —10<a<10, —10<b6<10
this is possible by 13.1.3, using Table 13.1 and the
recurrence relations 13.4.15~-20.

Example 9. Compute U(1.1, .2, 1) to 5S.
Using Tables 13.1, 4.12 and 6.1 and 13.1.3, we
have

U1, .2, 1)=
T {M(.l,.2, 1)  M(9,18, 1)}.
sin (2r) 'T(9T(2) T(1)r(1.8)
But M(.9, 1.8, 1)=.8[M(.9, .8, 1)—~M(—.1, .8, 1)]
=1.72329, using 13.4.4.

U, .1, 100)=—

Hence
U(.1, 2,1)=5.344799(.371765—.194486)
=.94752,
Similarly
U(-9, 2, 1)=.91272,
Hence by 13.4.15
UQ., 2, 1)=[U(1, 2, 1)=U(-.9, .2, 1)}/.09

=.38664.

Example 10. To compute U'(—.9, —.8, 1) to
5. By 13.4.21
U'(—.9, —.8, 1)=9U(1, 2, 1)
=(.9)(.94752)
=.85276.
Asymptotic Formulas

Example 11,
By 13.5.2

To compute U(1, .1, 100) to 5S.

100{1 1 o+100
3.9 N
2839 +00079).

=.01{1-.0194-.000551 —.000021

+0(1079)},
=.00981 53.

Example 12, To evaluate U(.1, .2, .01). For
z small, 13.5.6~12 should be used.

UL, 2, 0D =gt D 0(( 01
r(s) 8
~E8 ooy

=1.09 to 3, by 13.5.10.

To evaluate U(a, b, z) with a large,  small and
b small or large 13.5.15 or 16 should be used.

To evaluate Ula, b, z) with z, a and/or b large
13.5.18, 20 or 22 should be tried. In all these
cases the size of the remainder term is the guide to
the number of significant figures obtainable.

Calculation of the Whittaker Functions

Example 13. Compute M, _ ,(1) and W, _ ,(1)
to 58. By formulas 13.1.32 and 13.1.33 and
Tables 13.1, 4.4

M.o_ __4(1) =€—'5M(.1, -2, 1) =110622,
Wo - 4()=e—3U(1, 2, 1)=.57460.
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Thus the values of M, .(x) and W, .(x) can
always be found if the values of M(a, b, ) and
Ula, b, z) are known.

13.9. Calculation of Zeros and Turning Points

Example 14. Compute the smallest positive
zero of M(—4, .6, ). This is outside the range of

Table 13.2. Using 13.7.2 we have, as a first
approximation
__(.Bbm)?
Xo= 17.9 =.174,

Using 13.7.3 we have
X\=X,—M(—4, 6, Xo)/M'(—4, 6, Xp).
But, by 13.4.8, |
M'(—4, .6, X;)=—(.15)"'M(-3, 1.6, X,)
Hence
Xi=X,+.156M(—4, .6, X;)/M(—3,1.6, X),
=.174+ (.15)(.030004)
=.17850 as a second approximation.
If we repeat this calculation, we find that
X,=X;+.00002 99=.17852 99 to 78S.

Calculation of Maxima and Minima

Example 15. Compute the value of z at which
M(—1.8, —.2,2) has a turning value. Using 13.4.8
and Table 13.2, we find that M’'(—1.8, —.2,2)
=9M(—.8, .8 z)=0 when =.94201 59.
Also M"'(—1.8, —.2, z)=9M'(—.8, 8, z)=
—9M(2, 1.8, z) and M(.2, 1.8, .94291 59)>0.
Hence M(—1.8, —.2, z) has & maximum in z when
£=.94291 59. .

Example 16. Compute the smallest positive
value of z for which M(—3, .6, z) has a turning
value, Xi. Thisis outside the range of Table 13.2,
Using 13.4.8 we have

M'(—3, .6, x)=—3M(—2, 1.6, z)/.6.
By 13.7.2 for M(—2, 1.6, z),
Xo=(1.057)%(11.2)=.9715.
This is a first approximation to X for M(—3, .6, z).

Using 13.7.5 and 13.4.8 we find a second approxi-
mation
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M,(_3) -6’ X(,)) ]
—3M(=3,.6 X))

=X, [1-M(—2,1.6, X;)/.6M(—3, .6, X;)]
=.9715X1.0163=.9873 to 4S.

Xi=X;[1—

This process can be repeated to give as many
significant figures as are required.
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Fiaure 13.1.

Figure 13.1 shows the curves on which M(a, b, 2)
=0 in the @, b plane when z=1. The function is
positive in the unshaded areas, and negative in the
shaded areas. The number in each square gives
the number of real positive zeros of M(a, b, 2) as a
function of z in that square. The vertical
boundaries to the left are to be included in each
square,

13.10. Graphing M(a, b, x)

Example 17. Sketch M(—4.5, 1, ). Firstly,
from Figure 13.1 we see that the function has
five: real positive zeros. From 13.5.1, we find
that M >—o, M'—>—o as z—+o and that
M-+, M-+ as z—>—o., By 13.7.2 we
have 4s first approximations to the zeros, .3,1.5,3.7,
6.9, 10.6, and by 13.7.2 and 13.4.8 we find as first
approximations to the turning values .9, 2.8, 5.8,
9.9. From 13.7.7, we see that these must lie near
the curves

y= e (52) ~H(1—g/11)~tr 1,

From these facts we can form a rough graph of
the behavior of the function, Figure 13.2.
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Figure 13.2. M(—45, 1, z). 0 5 | 1.5

(From F. G. Tricomi, Funzioni, ipergeometriche confluenti, Edizioni.
Cremonese, Rome, Italy, 1854, with permission.) .
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Ficure 13.4. M(a, .5, 2).
(From E. Jahnke and F. Emde, Tables of functions, Dover Publications,
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M' Inc., New York, N.Y., 1945, with permission.)
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Mathematical Properties

14.1. Differential Equation, Series Expansions
Differential Equation
14.1.1
d*w 2y L(L+1
r 2+[1___’1_¢]

(>0, — o <9< », L a non-negative integer)

The Coulomb wave equation has a regular
singularity at p=0 with indices L+1 and —L;
it has an irregular singularity at p= .

General Solution

14.1.2
'w=01FL(11, P)+020L(77; P)

where Fip(n, p) is the regular Coulomb wave
function and Gr(», p) is the irregular (logarithmic)
Coulomb wave func_tion.

(Cy, O, constants)

Regular Coulomb Wave Function F(», p)
14.1.3
Fo(n, p)=Cr(n) p* e~ *M (L+1—1n, 2L+2, 2ip)

14.1.4
=Cy(n) p**'®1(n, p)

14.1.5 ®.(n, p)= i) Ax(n) gt
k=L+1
14.1.6
Al =1, Afn?’ﬁ’
(k+L)(k—L—1)Az =294%_,— A%,  (k>L+2)
™
_ 2872 |T(L4-1+17)|
14.1.7 Cw(m) T@LT2)
(See chapter 6.)
14.1.8 Ci(n)=2mq(e?™n—1) !
_2(n)Ci(n)
14.1.9 HORY: o} Ay
_ (L7}
14.1.10 OL<n)—L(2—L+1—) Cr_1(n)
14.1.11 pu(n) (47 @+2) .. . (L+49)2*

2y 2L+ 1)[(2L) e
538

d

14.1.12 F£=d—p Fi(n, p)=CL(n) o*®%(n, p)

Pt(n, p)= 25 kAL(n)ptE!
k=L+1

14.1.13

Irregular Coulomb Wave Function G.(n, p)

14.1.14

6o, =gty Fuln, OlIn 20+ 2501165,

14.1.15 8.(n, p)=Dy(n)p~™pr(n, )
14.1.16 Dy(n)Cr(n) =2L%
14.1.17 ¥i(n, p) =k2~L az(n) "
14.1.18

L __ L
a_l,—l, aL+1—0,

(k—L—1) (k+ L)az=2na}_,—af_,— (2k—1) py(n) AL

14.1.19
!lL(ﬂ) %z
p(n) = s”-l—n é
T/ (1414n) 7y (n)
T2 5ot T 0w
(See Table 6.8.)
14.1.20
_ (=1 2(in-13)
n="Gnr ¥ {2L+1 L
2*(in—L) (19— L+1)
t—Ger-neEy T
22(iy—L)(in—L+1) . .. (i9+L—1)
+ D! J
14.1.21
/___d_GL 2"7 QL(’)) -1
GL_' dp ){FL[]-n 2 + ( )]+P FL("’;P)}
+6L(n, p)
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14.1.23
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BL(n, p)=Dy(n) p~ = Y (n,

VE(n, p)= 32 kak(n) "

1)

 Fieure 14.1. Fy(n, p), Gu(n, p).

M WD e N @
T T T

=1, p=10

1 L L ) 1 1 i
] 2 4 6 8 10 12

Figure 14.2. F;, F}, Gy, and Gi.

7=10, p=20

14.2. Recurrence and Wronskian Relations
Recurrence Relations

If uL=FL(7h P) or GL(”; P),

1421 L duL—(Lz—i-nZ)*uL 1"—'(_+77)uL

14.2.2
(L+1) D “'“L [(L“)

+alur—[(L+1) 249" Pug 4

14.2.3 ‘
L[(L+1>“’+nzl*uL+1=<2L+1)[n+—L(L,,+1)]uL

— (LD LP47"Tug
Wronskian Relations |
14.2.4 FiG,—F,G1=1
14.2.5  Fy_,G,—FiGy_,=L(L*+n®)}

14.3. Integral Representations
14.3.1

ie~tep~L ®

P S —tyL— > \NL+
Fr 44, LTI ). e HET(tF210) T indE
14.3.2

FL_’L.GL=

e—n,pL+1 —1®

@—Lm » e~ (1—)b=t(1 4 t) L+ indg
14.3.3
FL’*‘?;GL:

e~ mmpl+t1

CL+1)1C(n)
L " {(1—tanh? £)5+! exp [—i(p tanh t—2n1)]
+1(1+t)% exp [—pt+27 arctan ¢]}dt
14.4. Bessel Function Expansions
Expansion in Terms of Bessel-Clifford Functions

14.4.1

Fuln, )=Culm) St o7 35 b h 2D

(t=2np, n>0)
14.4.2

Gi(n, p) ~Dyp(m)Np(n)p~* (—1)*b: 2K, (2+1)

k=2L+1
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14.4.3
ba1=1, byr+2=0,
An?(k—2L)byy1 by +bi—e=0  (E>2L+2)
14.4.4
M) 35 (~DHE—DIb=2
(See chapter 9.)

Expansion in Terms of Spherical Bessel Functions

14.4.5

FL("; p)= - _
1.3.5... @L+1)pCr(n) kg bk\/}me(p)
14.4.6 I
bL=1, bL“:%’ n
Cp— (2k+1)
*“k(e+1)—L(L+1)
{2nby_,— (k— 1)(k2k2) 3L(L—{-l) b 2
(k>L+1)
14.4.7
Fi(n,p)=1.3-5... (2LA41)pCL(n)
(L+41) (L+2)
{(2L+1) bL‘\/2 JL i(P)+(2L_+_3) bL+l
AT+ 3, b3 Ten)]
,_ (k1+2) _ (k1)
14.4.8 b"—(2k+3) by 2k=1) b1

Expansion in Terms of Airy Functions

z=2n—p)/@m)"*  u=(29)*3, 1>>0

lp—219|<27
14.4.9
Fo(n,p) _ Ai(@) . g, g
Golm, o) M Bi) (At
’(‘T) fl fz .
14.4.10
Fon,0)_ Ai(x) 91+xf
Gy(n,p) m@n7Hp; z) b 1
+gz+$fz+ o4 gi Ei; i +(gl+f1
MU TR

f1= (1/5)1'5z
fr=sg @2+6)

7 4
Jfa= 63000 (8427+1480x*-+-2320z)

gl=—(1/5)37

92—350 (725—302?)

1
gs= 55 (10562°—11602°—2240)

(See chapter 10.)

14.5. Asymptotic Expansions

Asymptotic Expansion for Large Values of p

14.5.1 Fr=g cos ,4f sin 4,

14.5.2° Gsz cos 01.—‘.(] sin 01,

14.5.3 Fi=g* cos 8,+f* sin 6,
14.5.4 @Gi=f* cos 6,—g* sin 6;, gf*—fg*=
14.5.5 Or=p—nIn 2p——L12—r+aL
14.5.6 op=arg T(L+141n)

(See 6.1.27, 6.1.44.)

14.5.7 op+r1=0z+arctan —— I

—|—1
(See Tables 4.14, 6.7.)

14.5. S oS g PSR LS
8 J kZ-Ofk’g NZ_ggk,f ,gﬂ,g Eggx

where
fo=1, =0, f§=0, g§=1—n/p
Ser=afr—brgs
I =g+ brfr
fin=aft—brgt—frrlp
Gra1 =gk +0fk—grsalp

(2k-|—1)n L(L+1)—k(k+1)+n

=@+, T @t
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14.5.9
i 1L(“7 L)(%n+L+1)+(in—L)(in—L+1)(in+L+1)(’ln+L+2)
W 11(2tp) 212ip)?
+(in—L)('M7 L+41)(in— L+2)(%n%-L+1)(’bn+L+2)(%n-I—L+3)
3!1(21p)8
Asymptotic Expansion for L=0, p=27>>0
14.5.10 Fy(2q) I‘(1/3),3%{ :Fz T(2/3) 1 32 1_ 92672 T(2/3) 1
-5 G@n/y3~  2vr 35 T(1/3) B 8100 & T 737L.10° T(13) B~ *}
14.5.11

Fo(2n) I'(2/3)

1T(1/3)1, 8 1, 1148 T(1/3) 1
en)v3avagi =1 HE TEp) B

256700 T I8711-10° T(2/3) B

+...

==(29/3)%, T'(1/3)=2.6789 38534 . . . , I'(2/3)=1.3541 17939 . ..
14.5.12

Fy(2q) 70633 26373

~ ) 04959 570165 .00888 88888 89
Go(29)  '1.22340 4016

7 {1F

"I“ B 712
00245 51991 81 .00091 08958 061 _.00025 34684 115
i 7' B n* F 7' —
14.5.13
Fy(2r) , .40869 57323} “%1 | -17282 60369 00031 74603 174
Gy2n) "~ '—.70788 17734’ " s T 7
.00358 12148 50 .00031 17824 680 .00090 73966 427
:h “ + 4 :E 144 + .. .}
n 1 %
16| /-&?7'!0 # 7*5 g e
: AU PR B

LSOV (0T

42} Gotcosp

Figure 14.3. Fy(, p). Figure 14.5. Gy(n, p).

7=0, 1, 5, 10, p/2 . 7=0, 1, §, 10, p/2

- 77:0
<12k Fg'=cosp

Ficure 144. Fi(n, o). Ficure 14.6. Gy(, p).
7=0, 1, 5, 10, p/2 2=0, 1, 5, 10, p/2
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14.6. Special Values and Asymptotic Behavior

14.6.1 L>0, p=0
FL':O} F;,z()
GLzm’ GI’:=_

14.6.2 L=0, p=0

Fo=0, F('J=Oo("l)
Gy=1/Cy(n), G;=—

14.6.3 L—>w
Fp~Cy(n)p™, Gu~Dy(n)p™"
14.6.4 L=0, =0

Fo——sm P Fo CcOoS p

Gy=-cos p, ;= —sin p
14.6.5 p—>®
. . Lx
Gp+iFy~exp ifp—nIn 20—"2—"}'0:,]

14.6.6 L>0, n=0

Fr=(3mp)* Jr43(p)

Gr=(—1)"(3mp)? J_z43,(p)
14.6.7 L>0,29>>p

@z;w 2np)o114[2(2n0)H]

G B it @1 K 2

14.6.8 L=0,29>>p
Fo~e~"1(mp) ,[2(29p)1]
Fo~e ™ (2mn)i[2(2np)1]

o~ 2em (5)’K1[2(2np)*1

, 27\
Gi~—2 () emKf2(2n0)Y
14.6.9 L=0,27>>p
1 , 1
Fo~§ Be=; Fo~§ B lex
Go~Be*; Go~—B ¢

a=2+/2q9p—my
B=(p/27)}

14.6.10 L=0,27>>p

1
Fyg e Fo (B4 t3541 F,

Go~Be; G {—B‘2+8—1n -2} G,
t=p/2n
a=2q{[t(1—t)}4arcsin t#—ir)

={t/01—}}
14.6.11 L=0, p>>2y
Fy=asin §; Fi=—1*(bF,—aGy)
Go=a cos B; Go=—t*(aF,+bG,)

§2n
P
1 83 —3¢¢
a—( ) exp [— W]
p=Tron (L 100
a=t"*(1—)}, b=[8n(1—1¢)]*
14.6.12 1>>>0, 2n~p

Fi(n, ) T L Ai (z)
Guln, )™ "{ ( L } {Gor
pr=n+[n*+L(L+1)]"*

r= (= P+ Dy

14.6.13 >>0, 2p~p
&= (2n—p)(2n)~1*
[Got-iFo]~m'/%(20) V[ Bi(x) +-1Ai(x)]
[Got-iFgl~ —'/2(2n) ~[Bi’ () 41 A1’ ()]
14.6.14 >0
p=n+[n"+L(L+1)]"*

Fr(p) _T(/3) o\ LL+1)Y -Vve
Gulp)/V3  24r ){1+T}

Fr(ps) I‘(2/3) pL) 1/6{ L(L—H) 16
GL(PL)/\/_
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14.6.15 p=27>>0
F, T(1/3) r2p\¥8
G3™ 24 >
F,  __T@B)
—Go/V3 24 (2n/3)V*

n—>cw

ao(n)~[§+n(1n 7—1)]

Coln)~ Q2xn) %™,
(Equality to 8S for 5>3.)

14.6.16

543

14.6.17 70

do(n)~—yn  (y=Euler’s constant)

2L}
CL(’I) (2L+1)'

14.6.18

Lo
2t
Ci(n) ~GLID e T2

Numerical Methods

14.7.

In general the tables as presented are not simply
interpolable. However, values for L>0 may be
obtained with the help of the recurrence relations.
The values of G.(n, o) may be obtained by
applying the recurrence relations in increasing
order of L. Forward recurrence may be used for
Fi(n, p) as long as the instability does not produce
errors in excess of the accuracy needed. In this
case the backwards recurrence scheme (see¢ Ex-
ample 1) should be used.

Example 1. Compute Fi(n, p) and Fy (g, p) for
n=2, p=5, L=0(1)5. Starting with Fh=1,
F{=0, where F¥=cF,, we compute from 14.2.3 in
decreasing order of L:

Use and Extension of the Tables

1) @ 3) 4

L F; F, F, Fi
11 0.
10 1.

9 4. 49284

8 17. 5225

7 61. 3603

6 191.238

5 523.472 .090791 . 091 . 1043
4 1238.53 . 21481 .215 . 2030
3 2486.72 . 43130 .4313 . 3205
2 4158.46 . 72124 . 72125 . 3952
1 5727.97 . 99346 . 99347 . 3709
0 6591.81 1. 1433 1. 1433 . 29380

Fy|F¥=1.7344X10"*=c"".

The values in the second column are obtained
from those in the first by multiplying by the
normalization constant, F,/F¥ where F, is the
known value obtained from Table 14.1.

Repetition starting with F%=1 and Fi=
yields the same results.

In column 3, the results have been given when
14.2.3 is used in increasing order of L.

F1 (column 4) follows from 14.2.2.

Example 2. Compute G.(n, p) and G;(n, p) for
n=2, p=5, L=1(1)5.

Using 14.2.2 and G,(2, 5)=.79445, G; = —.67049
from Table 14.1 we find G,(2, 5)=1.0815. Then
by forward recurrence using 14.2.3 we find:

L G —-G@'L *
1 1. 0815 . 60286
2 1. 4969 . 56619
3 2. 0487 . 79597
4 3. 0941 1. 7318
5 5. 6298 4, 5493

The values of G are obtained with 14.,2.1.
Example 3. Compute Gy(n, p) for 9=2, p=2.5.
From Table 14.1, G,2, 2)=3.5124, G2, 2)

=—2.5554. Successive differentiation of 14.1.1
for L=0 gives
dk+ lw dk lw

Pd ¥+2 =(29— P) dp x k{dpk+l +dpk—l

Taylor’s expansion is w(p+A4p)=w(p)+ (Ap)w’

2
+ 8ol p ... With w=Ga(n, ») and Ap=5
we get:
d*G, (80)* d*G,
k dp* k! dp*
0 3.5124 3.5124
1 —2. 5554 —1.2777
2 3. 5124 . 43905
3 —6.0678 —. 12641
4 12. 136 . 03160
5 —29. 540 —. 00769
6 83. 352 . 00181
7

—268. 26 —. 00042

(2, 2. 5)=2. 5726

As a check the result is obtained with =2, p=3,
Ap=—.5. The derivative Gy(n, p) may be ob-
tained using Taylor’s formula with w=G@G;(n, ).

*See page II
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15. Hypergeometric Functions

Mathematical Properties

15.1. Gauss Series, Special Elementary Cases,
Special Values of the Argument

Gauss Series

The circle of convergence of the Gauss hyper-
geometric series

15.1.1
F(a,b;¢; 2)=,Fi(a, b; ¢; 2)

—F(b a;¢; 2) Z (a’) (b)n___

n=0 (C) n!

___I'e) & Tlatnl(b+n) 2*
YOO T'(c+n) nl

is the unit circle |[z]=1. The behavior of this
series on its circle of convergence is:

(a) Divergence when # (c—a—b)< —1.

(b) Absolute convergence when Z (c—a—b)>>0.

(¢) Conditional convergence when —1< % (¢c—a
—b) £0; the point 2=1 is excluded. The Gauss
series reduces to a polynomial of degree n in z
when a or b is equal to —n, (n=0, 1, 2, . ..).
(For these cases see also 15.4.) The series 15.1.1
is not defined when ¢ is equal to —m, (m=0, 1,
2, . . ), provided a or b is not a negative integer
n with n<<m. Fore=—m

15.1.2

cl_)lmm F( ) F(a, b; c; 2)=

(a)m+l (b) m+1 m+1

mED)! Fa+m+1,b4+m+1; m42; 2)

Special Elementary Cases of Gauss Series

(For cases involving higher functions see 15.4.)

15.1.3 F(,1;2;2)=—2z1In (1—2) =

15.1.4 F(i,1;% 25=%2"'In (g)
15.1.5 F(3,1; % —2)=z"'arctan z
15.1.6

F(3, %% 2)=0—-2)F(1,1; § 2*)=2z"" arcsin z
*See page lII.

556

15.1.7
F, 3 8 —2)=01+20F(1,1; ¢ —2°)
=z"'1n [24 (1422}

F(e, b; b;2)=(1—2)°
15.1.9 F(a, §+¢; 5; 2)=3[(1+2) 7"+ (11—
15.1.10
F(a, 3+a; §; 20)=

Je ' (1—20) 7 [Q+2) 2 —(1—2)' 7%

15.1.8
2)™¥]

b
15.1.11 Ny 3,@\/*\{\/ M,W /
F(—a,0;%;—2)=4{{(A+22) 2+ [(1+20)—2]*}
15.1.12 code - L
F(a,1—a; §; —2")=

FA+2) (L)l (A2 —z ]
15.1.13

F(a, 3+a; 1+2a; 2)=2%1+(1—2z)}]™%
=(1—2){F(1+a, 3+a; 1+2a; 2)
15.1.14 |
F(a, 3+a; 20; 2)=2"""(1—2) 1+ (01 —2)}'"™

sin [(2a—1)2]

15.115 F(a,1—a; §;sin® ) =5 "o

sin [(2a—2)z]

—a 3 QIn2 —
15.1.16 F(a, 2—a; $; sin® 2) (a—1) s 22)
15.1.17  F(—a, a; 3; sin® 2)=cos (2a2)
15118 F(g, 1—a; }; sin? z)=203 12—zl
cos z

15.1.19 F(a, ¥-+a; 3; —tan® z)=cos® z cos (2az)

Special Values of the Argument
15.1.20

I'(c)T(¢c—a—b)
I'(c—a)T{c—b)

(C#O, —1)

F(a, b;¢; 1)=

., B(c—a—b)>0)
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15.1.21

F(a, b; a—b+1; I(1+a—b)

r(1+3e—b)I'(3+3a)
(14+a—b#0, —1, —2, . . )

—1)=2"%t

15.1.22
F(a, b; a—b+2;—1)=2-'r/*(b—1)~'T (a—b-+2)

1 1
[F(%a)I‘(%-i—%a—b)_F(%-F%a)l‘(l—*—%a-—b)
(e—b+2=0, —1, —2, . . )

15.1.23 F(1, a; a+1; —1)=3aly(3+30) —y¢(}a))

15.1.24 "

F @b ot i =n et A
(Ba+b+320, —1, —2,...)

15.1.25

F(a, b; 3a+3b+1; 1)=274(a—b)"'T'(1+}a+1b)
{[TGa)T G+ —[T(EF+30)T(E0)] '}
(%(a+b)+1 ?50; —17 —_29 O -)
15.1.26
F(a,1—a; b; §)=
=T (0) [T (30+30) T (3+3b—1a)]7!
(b#0, —1, —2,...)
15.1.27
F(1,1; a+1; 3 =a[¥(3+10) —¢(30)]
(a#—1,—2,-3,...)
15.1.28
F(a, a; a+1; 3)=2"""alY(3+30) —¥(3a)]
(@a=—1,—-2,-3,...)
15.1.29

11 3—20:—1) = (5) -2 LT (3—20)
F(a, ’§+a';g' 2‘1” %‘)"—(%) zar(g)r(_é__za)

(8—2a%0,—1,—2,...)

15.1.30
F (a, $+a; §+a; H)=()°n F(%_:%(g)—l;‘%(g)-f-%a)

(§+2a#0, -1, —2,..)

15.1.31
F (@, fo+4; ot o)
_ bbby s _Tatd)
I(3a+3T(3)
(‘!li' a7£~%:—%:~l61; . )

15.2. Differentiation Formulas and Gauss’
Relations for Contiguous Functions

Differentiation Formulas

15.2.1 —(% F(a, b; c; 2)=a?b Fla+1, b+1; ¢+1; 2)

15.2.2

F(a b ¢; )_(“)( )(b)"F(a—l—n btn; otm; 2)
15.2.3
dz" [z"“‘" 1F(a, b; ¢; 2)]=(a).2*"'Fla+n, b; ¢; 2)
15.2.4
& 1P, b ; &)= (c—m)azFla, b; c—n; 2)
15.2.5
d” c—a+n—1 a+b-c¢ “pe
dzt (2 (1—2) F(a, b; c:_z)]

=(c—a),2° 11 —2z)***=c""F(a—n, b; c; 2)

15.2.6
dz" [(l—z)““ °F(a, b;¢c; 2)]

== a)(c)(c Du (1 zyts-enR(a, byoni)

15.2.7
dn a+n—1F b .
@[(1—2) (a,b;¢; 2)]

=(~'1)"(a)n(c_b)n -
(©)n a

2)* *Fla+n, b;c+n;2)
15.2.8

c— —_— )0 —Cc+n
dz” [z (1—2) F(a, b;c; 2)]

=(e—n),z2 " {(1—2)*"°F(a—n, b;c—n; 2)

15.2.9
dzn [2‘ 1(1 z)a+b cF(a’b c; z)]

=(c—n)p2* " Y (1—2)*t*" " *F(a—n, b—n;c—n; 2)

Gauss’ Relations for Contiguous Functions

The six functions F(a+1,d; ¢; 2), F(a, b+ 1;¢; 2),
F(a, b, c¢+l; 2) are called contiguous to
F(a, b; c; 2). Relations between F(a, b; ¢; z) and
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any two contiguous functions have been given by
Gauss. By repeated application of these rela-
tions the function F(a+m, b+n; c+1; 2z) with
integral m, n, l(c+1%0, —1, —2, . . .) can be
expressed as a linear combination of F(a, b; ¢; 2)
and one of its contiguous functions with coefficients
which are rational functions of a, b, ¢, 2.

15.2.10

(c—a)Fa—1,b; ¢; 2)+(2a—c—az+b2)F(a,b; ¢; 2)
+a(z—1)F(a+1, b; ¢; 2)=0

15.2.11

(c—b)F(a,b—1; ¢c; 2)+(2b—c—bz+az2)F(a, b; ¢; 2)
+b(z—1)F(a, b+1; ¢; 2)=0

15.2.12
clc—1)(z—1)F(a, b; c—1; 2)
+cle—1—-(2c—a—b—1)2]F(a, b; ¢; 2)

+(c—a)(c—b)zF(a, b; c+1; 2)=0
15.2.13

[e—2a— (b—a)z]F(a, b; ¢; 2)
+a(l—2)Fla+1, b; ¢; 2)
—(¢—a)F(a—1, b; ¢; 2)=0
15.2,14
(b—a)F(a, b; ¢; 2)+aF(a+1, b; ¢; 2)
—bF(a, b+1; ¢; 2)=0
15.2.15
(c—a—b)F(a,.b; ¢; 2)+a(l—2)F(a+1, b; ¢; 2)

—(c—bF(a, b—1; ¢; 2)=0
15.2.16

cla—(c—d)z]F(a, b; ¢; 2)—ac(1—2)Fla+1, b; c; 2)
+(c—a)(c—b)zF(a, b; ¢+1; 2)=0
15.2.17
(c—a—1)F(a, b; ¢; 2)+aF(at+1, b; c; 2)
—(—1F(a, b; c—1; 2)=0
15.2.18 ,
(c—a—b)F(a, b; ¢; 2)—(c—a)F(a—1, b; ¢; 2)
+b(1—2)F(a, b+1; ¢; 2)=0
15.2.19
(b—a)(1—2)F(a, b; c; 2)—(c—a)F(a—1, b; ¢; 2)
+(c—b)F(a, b—1; ¢; 2)=0
15.2.20
c(1—2)F(a, b; ¢; 2)—<F(a—1, b; ¢; 2)
+(c—b)zF(a, b; ¢c1+1; 2)=0

*See pagr (.

15.2.21
[a—1—(c—b—1)2]F(a, b; ¢; 2)
+(¢—a)Fla—1, b; ¢; 2)
—(c—1)(1—2)F(a, b; c—1; 2)=0
15.2.22
[e—2b+ (b—a)2]F(a, b; ¢; 2)
+b6(1—2)F(a, b+1; ¢c; 2)
—(c—b)F(a, b—1; ¢; 2)=0
15.2.23
clb—(c—a)z)F(a,b; c; 2)—be(1—2)F(a,b+1;¢; 2)
+(c—a)(c—b)zF(a, b; c+1; 2)=0
15.2.24
(e—b—1)F(a, b; ¢c; 2)+bF(a, b+1; ¢; 2)
—(c—1)F(a, b; c—1; 2)=0
15.2.25
c(1—2)F(a, b; ¢; 2)—cF(a, b—1; ¢; 2)
* +(c—a)zF(a, b; c+1; 2)=0
15.2.26
[b—1—(c—a—1)z]F(a, b; c; 2)
+(c—b)F(a, b—1; ¢; 2)
—(—1(1—2)F(a, b; c—1; 2)=0
15.2.27
cle—1—(2¢c—a—b—1)z]F(a, b; ¢; 2)
+ (c—a)(c—b)zF(a, b; ¢c+1; 2)
—e(e—1)(1—2)F(a, b; e—1; 2)=0

15.3. Integral Representations and Transfor-
mation Formulas

Integral Representations

15.3.1
F(a’ b; c; 2)=
T'(c) Lo o .
P_(b)rT—T)ﬁ 21 (1—2)* " (1—t2) °de
(Re>Rb>0)

The integral represents a one valued analytic func-
tion in the z-plane cut along the real axis from 1 to
o and hence 15.3.1 gives the analytic continua-
tion of 15.1.1, F(a, b; ¢; z). Another integral
representation is in the form of a Mellin-Barnes
integral



HYPERGEOMETRIC FUNCTIONS 559

I'(c) t® T'(a4-s)T(d+s)T(—s)
2mil(@)T(6) J-1w I'(¢-+s)

. T() (*° L(ats)T(b+s)
=Y r@r® J... TAFs) T(cts)

Here —nr<arg(—z)<w and the path of integration is chosen such that the poles of I'(a+s) and
I'(b+s) i.e. the points s=—a—n and s=—b—m(n, m=0, 1, 2, . . .) respectively, are at its left
side and the poles of csc(rs) or I'(—s) i.e. s==0, 1, 2, are at its right side. The cases in which —a, —b
or —c are non-negative integers or a—b equal to an. integer are excluded.

(—2)%ds

15.3.2 F(a, b;c; 2)=

csclrs)(—z2)ds

Linear Transformation Formulas

From 15.3.1 and 15.3.2 a number of transformation formulas for F(a, b; ¢; 2) can be derived.

15.3.3 F(a, b;c; 2)=(1—2)*"*"F(c—a,c—b;¢c; 2)

~a B B

15.3.4 =a—2~F (a,0=b; ¢ 755)

(] ) =2 PRI

15.3.5 ~1=a7F (b, =0 6 55)
15.3.6 T(c)(c—a—b) F(a, b; a+b—c+1;1—2)

“T(c—a)T(c—0)

4 (1—z)¢-e-? F—(W F (¢c—a,c—b;c—a—b+1;1—2)
(larg (1—2)| <)
15.3.7 =£%))II:——((2E% (—2)~*F(a,1—c+ta; 1——b+a;l)
+EOTED or (b, 1—etbi1—a+b L) (arg (—2)l<m)
L T(OT(b—0) 1
15.3.8 ~(1—2™ [ s F(a,c ~bja—b+1; )
F(1—z) }%)PP—(—(‘;__—% F(b, ¢—a; b—a+1; 1—_{—g) (Jarg (1—2)|<n)
T'(e)T(c—a—Db) - 1
15.3.9 T ) ° P(a,a—c+1; a+b—ct1;1-1)

T'(c)T'(a+b—c)

T T@T®)

(1—z)c-a-tsr=c F(c—a, 1—a;c—a—b+1; 1-—%)
(|arg 2|<m, |arg (1—2)|<m)
Each term of 15.3.6 has a pole when ¢c=a+b:tm, (m=0, 1, 2, . . .); this case is covered by

15310 Fa, b atb )= qropol 53 220 2+ D —y(a+ W —yG+n)—ln (=211 —2)"
(arg (1—2)|<r, [1=2|<1)

Furthermore for m=1, 2, 3, . . .
m—1

. . 3 L(m)T(a+b+m) (@)(8)n "
15311 Fla, b atb+m; ) =p e S gn!é_m)" (1—z2)

Ilatbdm) < (atm)a(b+m), .
“TT@re) (2—1) 'EW 1—2)"In (1—2)—¢(n+1)

—¥(n+m+1) Hlat+n+m)+¢(d+nt+m)]  (larg (1—2)[<w,[1—2|<1)
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15.3.12 Fl(a, b; a+b—m; 2) I‘(m;‘lg(c)zr-‘!-(g)—m) (1—2)~™ :2: (a_-;_!%),._(Lm—)”m_),. (1—2)"

(=1)"T(a+b—m) & (a)a(8)a .
T'(a—m)T (b—m) ,,Z_(,nv(n+m)1 (1—2)"ln 1—2)—¢(n+1)

—y(n+m+1)+y(a+n)+¢(b+n))
(larg 1—2)|<m,|1—2|<1)

Similarly each term of 15.3.7 has a pole when b=a+m or b—a=1m and the case is covered by

15.3.13 F(a,qa;c; 2)=m;1%6 (—2) ?:“6 @_(t_ﬁc-’ﬂl z~"In (—2)+2¢ (n+1)—¥(a+n)—y¥(c—a—n)]
(|larg (—2)| <, |2|>1, (¢—a) #0, £1, £2,.. )
The case b—a=m, (m=1,2,3, . . .) is covered by

15.3.14 F(a,a-+m;e¢; 2)=F(a+m,a;c; 2)

rI(:z(i(fn_) ;)(;tZ) ,:o (a)nm&_-i-cn-lz_)‘?ﬂm z="[In (—2)+y(1+m~+n)+¢¥(1+n)

—¥(a+m+n)—¢(c—a—m—n)]+(=2)7" 5 (Ef"_’)m) ;‘T‘:J: :!i,"(’c:’;)_(_“%; 2"
(arg(—2)[<m[2>1, (c—a)#0, £1,£2,...)

The case c—a=0, —1, —2, . . . becomes elementary, 15.3.3, and the case c—a=1,2, 3, . . . can be
obtained from 15.3.14, by a limiting process (see [15.2]).

Quadratic Transformation Formulas

If, and only if the numbers + (1—¢), +(a—b), % (a+b—c) are such, that two of them are equal
or one of them is equal to %, then there exists a quadratic transforma,tlon The basic formulas
are due to Kummer [15.7) and a complete list is due to Goursat [15.3]. See also [15.2].

15.3.15 F(a,b;2b;2)=(1—2)~#F( %a,b—4a; b+4%; L
4z—4

15.3.16 =(1—4%2)"F(3a, }+10;b+%; 2% (2—2)"%)
izl (D]
15.3.17 =(3+3 )- F[aa b+%;0+%; (1+\/'“"
15.3.18 =(1—2z)"¥F (a, 2b—a; b+%; —(IT_i‘/—l_:Tz)j
15.3.19 F(a,a+4%;c;2)=3+3vV1—2)~%F (2a, 2a—c+1;¢; i .I—_z)
1++1—2
15.3.20 —(1iﬂ‘“F(2ac % 2c—1; ﬂ:lzi‘/:/_
—(1—a»)—C __..1_2—1
15.3.21 —(1—2) F(Za, 20—20—1; 6, m)

15.3.22 F(a,b; a+b+4%;2)=F(2a, 2b; a+b+%; 4—4y1—2)

15.3.23 =GH4T=9) " F (20, a—b b o+ bk =2
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15.3.24 F(a, b; a+b—1%; z)=(1—z)‘*F(2a—v1,2b—1;a+b——>};}—%\/E)

15.3.25 =(1—2z)"t A+4V1—2)""* F(2a—1, a—b+1; a+bdb—4; ‘/__'_2_}_1)
15.3.26 F(a, b; a—b+1; 2)=(1+2)"°F (3a, 3a+4%; a—b+1; 42(142)7%)

15.3.27 =(1++2)"%F(a, a—b-+%;2a—2b+1; £4vZ(1£+2)7?)

15.3.28 =(1—2)"°F(3a, $a—b+1%; a—b+1'—4z(1—z)‘2)

18329 F (o, b datib s 9=0-22F (o, dorth dotib+ 12 00)

15.3.30 =F(3a, 4b; §a+3b+4%; 42—429

15.3.31 F(a, 1—a; c; 2)=(1—2)°"'F (3c—1a, dc+3a—1%; c; 42—42%)

15.3.32 =(1—2)*"1(1—22)*"F (yc—1a, }c—3a+4%; ¢; (422—42)(1—-22)7%)

Cubic transformations are listed in [15.2] and [15.3].
In the formulas above, the square roots are defined so that their value is real and positive when
0<z<1. All formulas are valid in the neighborbood of z=0.

15.4. Special Cases of F(a, b; ¢; 2)
Polynomials

When q or b is equal to a negative integer, then

15.4.1 F(—m, b;¢; 2) 'g( 78:)) (b)"n!

This formula is also valid when ¢e=—m—1I; m, =0, 1, 2, .

15.42 F(—m, b—m—I; 2)= g((_’fn) =m0 2
Some particular cases are
15.4.3 F(—n,n; }; 2)=T,1—22)

1544 F(—n,n+1;1; 2)=P,(1—2x)

15.4.5 F(—n nt2; a+2, o:) 0@ (1—2z)

(22),, )
15.4.6 F(— n,a-{—l—I—B—I—n atl;z)= (+1)—P“")(1 2x)

Here T,, P, O, P&# denote Chebyshev, Legendre’s, Gegenbauer’s and Jacobi’s polynomials re-
spectively (see chapter 22).

Legendre Functions

Legendre functions are connected with those special cases of the hypergeometric function for which
a quadratic transformation exists (see 15.3).

1547 Fla, b;2b; 2)=29-1T(3+b) 2> (1—zpo-s-pPi= [ (1—-2) (1—2)~
2

15.4.8 — 9oy r((;b+b)) -°(1-—z)*<°—u>efr<a—b>Pg:g@—-1)

1849 F(o,by2bi—)=2r-s T oo ppo-agmietc picy (147) (arg 2l <, farg (1£:2)/<m)
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15.4.10

15.4.11
15.4.12

15.4.13

15.4.14

15.4.15

15.4.16

15.4.17

15.4.18

15.4.19
15.4.20

15.4.21

15.4.22

15.4.23

15.4.24

*15.4.25

15.4.26
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F(a,a+%;¢; 2)=2°""T(c)d¥(1—z)F 4P ¢ [(1—2) Y]
(|larg 2|<m, |arg (1—2)|<m, z not between 0 and — «)
F(a,a+1%; ¢; 2)=2°""T(c)(—a) ¥ (1—z) 1P e [(1—z) Y] (— = <2L0)
F(a,b;a+b0+4; 2)=22"4T(3+a+b) (— )92~ P33 [(1—2)Y]
(larg (—2)|<m, z not between 0 and 1)
F(a, b; a+b+%; 2)=22"4T(3+a+b)ad 42 PI5 (1 —2)}] (0<2<L1)

F(a, b;a—b+1; 2)=T(a—b+1)z0-18(1—z)~ 2P0 i_—_*—z

(larg (1—2)|<w, z not between 0 and — )

F(8, b;a—b+1;2)=T (a—b-+1) (1—2)~¥(—z)P-HP>3a i’f) (— = <2<0)

11—z
F(e,1—a;c; 2)=T(c)(—2) ¥ (1—2)* 4P 2(1—22)
(larg (—2)|<m, |arg (1—2)|<w, 2 not between 0 and 1)
Fla,1—a;c; z)=T(c)z}~¥*(1 —z) 1P~ (1 —22) 0<2<1)

F(a, b; 3a+3b+4; 2)=T (-+a+3b)[2(z— 1) R4--2 P50 (1—22)
(larg 2 |<m, |arg (2—1)|<m, z not between 0 and 1)
F(a,b;3a+40+%2)=T(3+4a+ 1)) (z—x’)*“'“"”Pm‘-"{-?i(l—233) (0<a<1)
F(a, b;a+b—4%; 2)=2°2-1T(a+b—})(—2)14-+-9(1—2)~4Pi=43[(1—2)]
(| arg (—2)|<x, | arg (1—2)|<<w, Z[(1—2)}]>0, z not between 0 and 1)
F(a, b; a+b—1; 2)=29+""3T (a+ b—§)zt 199 (1 —2) ~4P}=5=3[(1 —z)1] (0<2<1)

Fla, b; }; 2)=m=32P7T (3 +a)T (3-4-5) (2—1)M4-0-[ P23} - P53 (— o)
(larg z|<m, | arg(z—1)|<=, z not between 0 and 1)

Fa, b; §; 2)=a"42" T (34+0) T(3+b) (1 —2) 4o~ D[ PES T} (2h) + PLo5}(— )] (0<2<1)

x
+i E (b—a)

Flerb =y s TG Bie 1) e (Pt b4
Piig-a[—2(1+2)7Y)}
(£ according as £2=0, z not between 0 and =)
F(a, b; ¥; —2)=m"12""'T (§+a) T (1—b) (1 +2) "+ P {P235_ [z (1 +2) 3]+ P23% o[ —x%(1+2) 1]}
(0<z< =)

Fla,bia) == 42D (@~ H P b~ Pa- (1 -~ (PSRN —PIST(—2))  (0<a<)

15.5. The Hypergeometric Differential Equation

The hypergeometric differential equation

15.5.1 z(1—2) %Hc—(a-i—b-i-l)z] %’-abw=0

*See page 1I.
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has three (regular) singular points 2=0, 1, ». The pairs of exponents at these points are
1552  p{%=0,1—¢, p{}=0,c—a—b, p{P=a,b

respectively. The general theory of differential equations of the Fuchsian type distinguishes between
the following cases.

A. None of the numbers ¢, c—a—b; a—b 1s equal to an integer. Then two linearly independent solutions
of 15.5.1 in the neighborhood of the singular points 0, 1, « are respectively
15.5.3 w0=F(a, b; ¢; 2)=(1—2)"*"*F(c—a, ¢c—b; ¢; 2)
15.5.4 wy=2'"Fla—c+1, b—c+1; 2—¢; 2)=21"(1—2)"*"*F(1—a, 1—b; 2—c¢; 2)
15.5.5 wigy=F(a, b; a-+b+1—¢; 1—2)=2""F(1+b—c¢, 14+a—c; a+b+1—c; 1—2)
15.5.6 wyq,=(1—2)"""F(c—b,c—a;c—a—b+1;1—2)=2"*(1—2)*F(1—a,1—b;c—a—b+1;1—2)
15.5.7 Wi(oy=2"%F(a, a—c+1; a—b+1; 27 ) =2""(2—1)"*°F(1—b, ¢c—b; a—b+1; 27 '
15.5.8 wy(ny=2""F(b, b—c+1; b—a+1; z7)=20"°(2—1)"*F(1—a, c—a; b—a+1; 279

The second set of the above expressions is obtained by applying 15.3.3 to the first set.

Another set of representations is obtained by applying 15.3.4 to 15.5.3 through 15.5.8. This
gives 15.5.9-15.5.14.

15.5.9 w,=(01—2)"F (a, c—b;¢c; sz1)= (1—2)"°F (b, c—a; ¢ ZTZI)

15.5.10 wz(o)_—_zl—c(l—z)°-“"F(a—c+1, 1--b; 2—c¢; ;’gl)=z“‘(l—z)“"“F(b—c+1, 1—a; 2—c; —2i1)

15.5.11 wy g, =2z"%F(a, a—c+1; a+b—c+1; 1—2")=2"°F(}, b—c+1; at-b—c+1; 1—27Y

15.5.12
Wyy=2""(1—2)" % *F(c—a,1—a; c—a—b+1; 1 —z7 ) =2"¢(1—2)* ?F(c—b,1—b; ¢—a—b+1; 1—2z"Y)

15.5.13 wl(m)*:(z_l)—aF (a’, C—b; a'_b_*_l? 1T12)= (2_1)—DF(by c—a, b—a/+1; l_l_z)

15.5.14
Wyey=2'"°(2—1)°"""'F (a—c+1, 1—b; a—b+1; —é;)=z“°(z—l)°"’“‘F (b—c—l—l, 1—a; b—a+1; ITIz)

15.5.3 to 15.5.14 constitute Kummer’s 24 solutions of the hypergeometric equation. The analytic con-
tinuation of w, 50)(2) can then be obtained by means of 15.3.3 to 15.3.9.

B. One of the numbers a, b, c—a, ¢c—b is an integer. Then one of the hypergeometric series for
instance w 5y, 15.5.3, 15.5.4 terminates and the corresponding solution is of the form

15.5.15 w=2%(1—2)%p,(2)

where p,(2) is a polynomial in z of degree n. This case is referred to as the degenerate case of the
hypergeometric differential equation and its solutions are listed and discussed in great detail in [15.2].

C. The number c—a—>b 1s an integer, ¢ nonintegral. Then 15.3.10 to 15.3.12 give the analytic continu-
ation of wy 54, into the neighborhood of z=1. Similarly 15.3.13 and 15.3.14 give the analytic continu-
ation of w; 5o, into the neighborhood of z= in case a—b is an integer but not ¢, subject of
course to the further restrictions ¢—a=0, +1, +2 . .. (For a detailed discussion of all possible
cases, see [15.2]).

D. Thenumber c=1. Then 15.5.3, 15.5.4 are replaced by

15.5.16 wl(o)=F(a, b; 1; Z)



564 HYPERGEOMETRIC FUNCTIONS

15517 wan=F(a,b;1;9)n +z:(“) O ly(a-tm) @) HI+1)— (B —20(+1) +26(1)]

E. The number c=m-+1, m=1,23,....
15.5.18 wl(o)=F(a, b; m+1; 2)

15.5.19 wy=F(a,b;m+1;2) In z+Z ((a) 2(0)x

V. The numberc=1—m, m=1,23,....
15.5.20 w,,=2"F(a-+m, b+m; 1+m; 2)
15.5.21

wyy=2"F(a+m, b+m; 1+m; 2) In z+z”'2 n

n=1

—p(b+m)—g(m+14n)HHm+D) =Y+ DD

15.6. Riemann’s Differential Equation

The hypergeometric differential equation 15.5.1
with the (regular) singular points 0, 1, = is &
special case of Riemann’s differential equation
with three (regular) singular points @, b, ¢

15.6.1
—a—a’ 1 ﬂ 8 1—y—v']dw
2+[ —b + z—c Jdz
[ (a—b)(a—c) 48 (b;ﬁ)lfb—a)

2—a

+w'(c—a)(c—

2—¢C

b)] w _
(z—a)(z—b)(z—c)

The pairs of the exponents with respect to the
singular points a; b; ¢ are a, a’; B, B’; v, ¥’ respec-
tively subject to the condition

15.6.2 ata’+B+8" +y+v =1

The complete set of solutions of 15.6.1 is denoted
by the symbol

15.6.3 a b ¢

1+m)n!

(@a+m)a(b+m),

(l21<1)

A fundamental system is

2"[Y(a+n) —¢(a) +¥(b+n) —¥(b) —¥(m+1+4n)

g )yt 1) (1) -3 N e

(lz/< 1and a,b50,1, 2, ... (m—1))

A fundamental system is

[W(a+m+n)—¥(a+m)+y(b+m+n)

(1+m),n!
(=D(=m)s e,
——a'—m)n(l—b—m)n
(|2]<1 and a, 650, —1, -2, .. . —(m—1))

Special Cases of Riemann’s P Function

(a) The generalized hypergeometric function

15.6.4

w=P < «a 8 ¥ 2

(b) The hypergeometric function F(a, b; ¢; 2)

15.6.5
0 @ 1
w=P 0 a 0 z
1—e¢ b c¢—a—b

(¢) The Legendre functions P%(z), Q(2)
15.6.6

0 © 1
w=P<{ —% i 0 (=25
iy i

(d) The confluent hypergeometric function

15.6.7

w=P< 3+u —c¢

provided lim c—w.
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Transformation Formulas for Riemann’s P Function

b ¢ 4 b c
1568 ( )( ) B v zp=Pq etk B-k-l v+l 2
o o'tk f—k—l v+
a b ¢ e b ¢ D
1569 P{a B v zp= a B v zb
o B o B 7
‘where
15600 —AntD  AutB , AbiB _dotD
CeitD *~Ca,¥D =00 +D = Co+D

and A, B, C, D are arbitrary constants such that AD— BC#0.
Riemann’s P function reduced to the hypergeometric function is

a b c

15611 P{a B v (ZI‘Z)( )

’

@ B v

’

The P function on the right hand side is Gauss’ hypergeometric function (see 15.6.5).

© 1
(2—a)(c—b)
a—a atpH+y VYV —x

If it is replaced

by Kummer’s 24 solutions 15.5.3 to 15.5.14 the complete set of 24 solutions for Riemann’s differential
equation 15.6.1 is obtained. The first of these solutions is for instance by 15.5.3 and 15.6.5

15.6.12 w_<z—“) (z’” F| atp+v,a+6 +7;1+a—

15.7. Asymptotic Expansions

The behavior of F(a, b; ¢; 2) for large [2] is
described by the transformation formulas of 15.3.

For fixed a, b, z and large |c| one has [15.8]

15.7.1

F(a, bic; =33 Wels 201 (1 -

,. (2—a) (e=b)
*1(2=b) (c—a)
15.7.2
F(a, b; ¢; 2)=¢~**[T(¢)/T(c—a)] (b2)~[1+O(|bz| )]
+[T(e)/T(a)] *(b2)*~[1+0(|b2| )]

(=< arg ba1<ir)
15.7.3
F(a, b; ¢; 2)=¢'"[T(c)/T(c—a)] (b2) (1 +0(|b2| )]
+[T'(e)/T(a)]e**(bz)*~[1+0(|bz| )]
(—ir< arg (b2)<4n)

For fixed g, ¢, 2z, (c#0, —1, , 0<]z|<1) For the case when more than one of the param-
and large |b| one has [15.2] eters are large consult [15.2].
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16. Jacobian Elliptic Functions and Theta Functions

Mathematical Properties

Jacobian Elliptic Functions

16.1. Introduction

A doubly periodic meromorphic function is
called an elliptic function.
Let m, m; be numbers such that

m+m;=1.

We call m the parameter, m; the complementary
parameter.

In what follows we shall assume that the param-
eter m is a real number. Without loss of gen-
erality we can then suppose that 0<m<1 (see
16.10, 16.11).

We define quarter-periods K and iK' by

16.1.1
*/2 de
Kom=K= [ " = gy
e 72 do
Ny 74 —_ [
K (m) =K' =1 o (1—m,sin?g)1?2

so that K and K’ are real numbers. K is called
the real, K’ the imaginary quarter-period.
We note that

16.1.2 K(m)=K'(m))=K'(1—m).

We also note that if any one of the numbers m,
my, K(m), K'(m), K'(m)/K(m) is given, all the
rest are determined. Thus K and K’ can not
both be chosen arbitrarily.

In the Argand diagram denote the points 0, K,

K+iK’, iK'’ by s, ¢, d, n respectively. These

points are at the vertices of a rectangle. The
translations of this rectangle by MK, uiK’, where
A, p are givén all integral values positive or nega-
tive, will lead to the lattice

s .c s .c
n d n d
8 .c 8 .C
I d I d

the pattern being repeated indefinitely on all
sides.

Let p, q be any two of the letters s, ¢, d, n.
Then p, q determine in the lattice a minimum
rectangle whose sides are of length K and K’ and
whose vertices s, ¢, d, n are in counterclockwise
order.

Definition

The Jacobian elliptic function pq u is defined by
the following three properties.

(i) pq v has a simple zero at p and a simple
pole at q.

(i) The step from p to q is a half-period of pq u.
Those of the numbers K, tK’, K+1K’ which differ
from this step are only quarter-periods.

(iii) The coefficient of the leading term in the
expansion of pq % in ascending powers of » about
=0 is unity. With regard to (iii) the leading
term is u, 1/u, 1 according as u=0 is a zero, a
pole, or an ordinary point.

Thus the functions with a pole or zero at the
origin (i.e., the functions in which one letter is s)
are odd, and the others are even.

Should we wish to call explicit attention to the
value of the parameter, we write pq (u|m) instea
of pq . :

The Jacobian elliptic functions can also be
defined with respect to certain integrals. Thus if

v do
16.1.3 u—-J; O——MW”

the angle ¢ is called the amplitude
16.1.4 o¢=am u
and we define

16'1.5
S 4=Sin ¢, Ch %=Cc08 @,

dn u=(1—m sin? p)¥2=A(¢p).

Similarly all the functions pq % can be expressed
in terms of ¢. This second set of definitions,
although seemingly different, is mathematically
equivalent to the definition previously given in
terms of a lattice. For further explanation of
notations, including the interpretation, of such
expressions as sn (p\a), cn (u|m), dn (u, k), see 17.2.

569
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16.2. Classification of the Twelve Jacobian Elliptic Functions
According to Poles and Half-Periods

Pole Pole Pole Pole

iK'’ K+1K’ K 0
Half period 1K’ sn u ed u de u ns u Periods 2¢K’, 4K+ 41K’, 4K
Half period K+iK' cn u sd u ne u dsu Periods 44K’, 2K+2{K’, 4K
Half period K dn nd u 8c u cs u Periods 4iK’, 4K+ 4iK’, 2K

The three functions in a vertical column are
copolar.

The four functions in a horizontal line are
coperiodic. Of the periods quoted in the last line
of each row only two are independent.

enu
‘\

1

Fioure 16.1. Jacobian elliptic functions
sn %, ch 4, dn %
1
2
The curve for en (u|}) is the boundary between those
which have an inflexion and those which have not.

m=

Ficure 16.2. Jacobian elliptic functions

ns ¥, nc v, nd %

mel
2

Ficure 16.3. Jacobian elliptic functions

sc u, cs %, cd u, de u

m=§

16.3. Relation of the Jacobian Functions to the
Copolar Trio snu, cnu, dnu

16.3.1 cd u=——3n v de u=—-dn Y ng u=———1
nu cnu sn U

1632 sdu="2Y pcu=—_ dsu=92%
dnu cnu sn u

16.3.3 nd u=—1— sc u=n¥ y="0Y
dnu cn SN %

And generally if p, q, r are any three of theletters
S, c’ d’ n)

pru
qru

16.3.4 pq u=
provided that when two letters are the same, e.g.,
PP u, the corresponding function is put equal to
unity.
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16.4. Calculation of the Jacobian Functions by
Use of the Arithmetic-Geometric Mean
(A.G.M.)

For the A.G.M. scale see 17.6.
To calculate sn (u|m), en (u|m), and dn (u|m)
form the A.G.M. scale starting with

16.4.1 aozl, bo='J;n—1, 00=m,
terminating at the step N when ¢y is negligible to
the accuracy required. Find ¢y in degrees where

571

and then compute successively eov_i1, ov_s, . . .
@1, ¢ from the recurrence relation

16.4.3
Then
16.4.4

: c .
sin (Z‘Pn—l_‘Pn) =E’L 81N ¢,.
n

sn (u|m)=sin ¢, cn (u|m)=cos ¢,

dn (u|m)=

COS ¢y

cos (p1—eo)

v . 180° From these all the other functions can be deter-
16.4.2 ev=2ayu .
mined.
16.5. Special Arguments
u 8n u cn % dn u

16,51 | 0 0 1 1

1 1 mll/4
16.5.2 3K AFmva AFmVHin mVt
16.5.3 | K 1 0 m/2

V1)1

16.5.4 %(iK’) m-v “—tﬁ"m—) (1+myavs

1 . my \ V4 . my\V4

. 165.5 | 3(K+iK') | 2-1m-t4{(1 4 mi/3)vs AT 1—4) (— [(1 4 myvayvs
2 +i(1—mvayve] | \4m 4 —i(1—myV2) V]
— mi/n\V1
16.5.6 K+%(iK’) m-1/4 —i l_m:%_) (1—my3)/a
16.5.7 | ¢K' © o ©
16.5.8 -1—K+iK’ (1—my/2)-ve — (_ﬂll_/z__ v — im
.5. 5 1 1—m”? !

16.5.9 | K+iK’ m-V3 —i(my/m)? 0

16.6. Jacobian Functions when m=0or 1

m=0 m=1
16.6.1 sn (u|m) sin u tanh u
16.6.2 cn (u|m) cos u sech u
16.6.3 dn (u|m) 1 sech u
16.6.4 ed (ulm) cos u 1
16.6.5 sd (u|m) sin u sinh »
16.6.6 nd (u|m) 1 cosh u
16.6.7 de (u|m) sec u 1
16.6.8 ne (ulm) sec u cosh u
16.6.9 s¢ (u|m) tan u sinh u
16.6,10 [ ns (u|m) csc u coth u
16.6.11 ds (u|m) csC u csch u
16.6.12 | cs (u|m) cot u esch u
16.6.13 | am (u|m) U gd u

*See page IL.
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16.9. Relations Between the Squares of the

Functions
16.9.1 —dn’u4m;=—m cn’u=m sn*u—m
16.9.2 —mndu+m=—mm;sd’u=m cd’u—m
16.9.3 mlsg2u+m1=mlnc2u=dc2u—m
16.9.4 cs?u+m, =ds'u=ns*u—m

In using the above results remember that
m+m=1.

If pq u, Tt % are any two of the twelve functions,
one entry expresses tq* in terms of pq’u and
another expresses qt?x in terms of rt?s. Since
tq*u - qt’u=1, we can obtain from the table the
bilinear relation between pq’sz and rt*xz. Thus
for the functions c¢d %, sn © we have

1—m cd®u

1

16.9.5 ndXu= y dn*u=1—m sn?u

and therefore

16.9.6 (1—m cd®s) (1 —m sn’u) =m,.

16.10. Change of Parameter
Negative Parameter
If m is a positive number, let

1 %

16.10.1 p=—1, y= )0
01 p=1rm M=1Fm "=t

0<u<1)

16.10.2 sn (u]—m)=ptsd (v|p)
16.10.3 cn (u]—m)=cd (v|u)
16.10.4 dn (u|—m)=nd (v|u).

16.11. Reciprocal Parameter (Jacobi’s Real

Transformation)
16.11.1 m>0, p=m~}, v=um!?
16.11.2 sn (ujm)=p*sn (v|u)
16.11.3 cn (ulm)=dn (v|x)
16.11.4 dn (u|m)=cn (v|x)

Here if m>1 then m~1=pu<1.

Thus elliptic functions whose parameter is real
can be made to depend on elliptic functions whose
parameter lies between 0 and 1.

16.12. Descending Landen Transformation
. (Gauss’ Transformation)

To decrease the parameter, let

1— m, 1/2\2 U
16.12.1 p= 1+m11/2 ’v=l+#”2,
then

_ (14 sn (lu)
16.12-2 sn ('U/' m) = 1+"'1/2 an? (,vl”)

__cn (v]g) dn (o))
16.12.3 en (ulm)=1 i 7 ol

2 {1 — 12

16,124 do(um)=S2 0 =0k

A +u")—dn?(f) |

Note that successive applications can be made
conveniently to find sn (u|m) in terms of sn (v|u)
and dn (u|m) in terms of dn (v|u), but that the
calculation of cn (u|m) requires all three functions.

16.13. Approximation in Terms of Circular
Functions

When the parameter m is so small that we may
neglect m? and higher powers, we have the
approximations

16.13.1

. 1 .
sn (u|m) =sin u—- m(u—sin u €osS u) €08 U

4
16.13.2

1 . .
en (u|m) =~ cos u+z m{u—sin 4 cos 4) sin U

16133  do(ulm)~ 1—% m sin? u

16.13.4 am (u|m) zu-—% m(u—sin % cos u).

One way of calculating the Jacobian functions
is to use Landen’s descending transformation to
reduce the parameter sufficiently for the above
formulae to become applicable. See also 16.14.

16.14. Ascending Landen Transformation

To increase the pérameter, let

4m1/2 1_m1/2 2 U
16.14.1 yzmi M= 1_’_,ml/2> ’U=1+"lll2
(142 S2(011) € (0]1)
16.14.2 sn (ulm)=(1+m"") =3, 7015
, _14+mY* dn *(o]p) —m?
16.14.3  cn (ujm)="—"> dn (o[w)
—m'* do? (olp) +m'"?

16.14.4 dn (u|m)=1

dn (o|u)
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Note that, when successive applications are to
be made, it is simplest to calculate dn (u|m) since
this is expressed always in terms of the same func-
tion. The calculation of cn (u)m) leads to that of
dn (o|u).

The calculation of sn (u|m) necessitates the
evaluation of all three functions.

16.15. Approximation in Terms of Hyperbolic
Functions

When the parameter m is so close to unity that
m;? and higher powers of m, can be neglected we
have the approximations

16.15.1
sn (u|m) ~tanh u—}-}lml (sinh % cosh w—u) sech? 4

16.15.2

cn (u

m) =sech u

—}1 my (sinh % cosh u—u) tanh % sechu
16.15.3
dn (u|m)=sech u
+i m, (sinh « cosh u-u) tanh u sech »
16.15.4
am (um)~gd u+i m, (sinh w cosh u—u)sech u.
Another way of calculating the Jacobian func-
tions is to use Landen’s ascending transformation

to increase the parameter sufficiently for the above
formulae to become applicable. See also 16.13.

16.16. Derivatives

Funec- Derivative

tion
16.16.1 sn u enudn u
16.16.2 cn u —snudnu Pole n
16.16.3 dn u —msn ucn u
16.16.4 ed u —m8d undu
16.16.5 sd u ed und u Pole d
16.16.6 nd u med ucd u
16.16.7 de u m; 8C % NC U
16.16.8 ncu scu de u Pole ¢
16.16.9 sc u de u nc u
16.16.10 | ns u —dsucsu
16.16.11 | ds u —cSunsu Pole s
16.16.12 | csu —nsu ds u

Note that the derivative is proportional to the
product of the two copolar functions.

16.17. Addition Theorems
16.17.1 sn(u+v)

_sn %-cn v-dn v+4sn v-cn u-dn u
1—m sn®i-sn?

16.17.2 cn(u+v)

_cnu-cnv—snu-dnu-snv-dnv
1—m sn®u sn%

dnu-dnv—msnu-cnu-sny - cnw

16.17.3 dn(u+v)= 1— msn®y - sn®

Addition theorems are derivable one from
another and are expressible in a great variety of
forms. Thusns(u+v) comes from 1/sn(u+v) in the
form (1—msn®*zsn%)/(snucnvdnv+snvenudnu)
from 16.17.1.

Alternatively ns(u+v)=m"%n {((K' —u)—v}
which again fromr16.17.1 yields the form (ns u cs v dsu
—ngovcs udsv)/(ns?u—ns?v).

The function pq{u-+v) is a rational function of
the four functions pq %, pq v, pq’u, pq’v.

16.18. Double Arguments
16.18.1 sn 2u

_2snu-cnu-dnw_2sn%u-cnu-dnu
1— msn'u cenfu+sn?u - dnfu

16.18.2 cn2u

__cn*u—sn’*u - dn’u_ cn*u—sn®u - dn®u
1—msn'u cn*u~+snu - dn’u

16.18.3 dn 2u

__dn?u—msn?u-cn?u__dn*u+-cn’u(dn’*u—1)

1—msn*uv  dn?u—cn*(dn®u—1)
1—en 2u  sn®*u- dn’u
16.18.4 1+cn 2u enu
1—dn 24 msn?u . cn’*u
16.18.5 1+dn 20 dn3u
16.19. Half Arguments
l—cnu
2 p—t
16.19.1 sn’*ju ifdnw
dn u+cn u
e — 7T
16.19.2 cn T+dn w
16.19.3  dn?p y—"utdn utmen u

14+dn u

16.20. Jacobi’s Imaginary Transformation
16.20.1
16.20.2
16.20.3

sn (tu|m)=1sc(u|m,)
en (ujm)=nc(u| m;)

dn(iu|m)=dc(u|m,)
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16.21. Complex Arguments

With the abbreviations
16.21.1
s=sn(z|m), c=cn(z|m), d=dn(z|m), s,=sn(y|m,),
c=cn(y|my), dy=dn(y| m,)

s-di+ic-d-s;-¢
ci4ms?- s}

ei—18-d-s - dy
ci+ms?. s}

16.21.2 sn(z+1y|m)

16.21.3 cn(z+iy|m) ="

d-¢c-dy—ims-¢ -8
c2+ms? . s2

16.21.4 dn(z+iy|m)=

16.22. Leading Terms of the Series in Ascending
Powers of u

16.22.1

sn(u|m)= u—(1+m) +(1—|—14m+m2) B

— (14-135m+135m?-+ m?) '7-‘7+

16.22.2
cn(ulm)y= 1-— +(1+4m)

—(1+44m+16m?) g;-l—
16.22.3

2 4
dn(u|m)=1—m ;—!+m(4+m) Z—‘

— m(16-+44 m+m?) %4—

No formulae are known for the general coeffi-
cients in these series.

16.23. Series Expansions in Terms of the Nome
g=¢""®"/X and the Argument v=ru/(2K)

+1/
P sin (2n+1)v

16 23 1 sn (ulm) ml/gK zm)

16.23.2 cn (u|m)=

m‘/zKZ 1+ =i €08 (2n+1)v

16.23.3 dn (u|m)—2K—|—K Z‘ 1+ ——3 €08 2nv

16.23.4
(_1) qn+1/2
cd (u|m)= 1/2KZ s cos (2n+1)v
16.23.5

sd (u|m)= (mnf,;”’KZ( H" T+ 2,/,+,sm (2n+1)w

575

16.23.6
nd (u[m)= 2m”zK+m”2K2( 1)"1+qzuc°s 2nv

16.23.7
de (ulm)—— sec v
Z (— 1)" q2 [— g cos (2n+1)v
16.23.8
ne (u}m)-— "2K sec v
7%?’:7{,% (—1) T%;;—ITI cos (2n+1)o
16.23.9
sc (u|m)= ,,2Ktanv
+m?’7; E (— 1)" + 5 8in 2nw
16.23.10
ns (u|m)= —2K cS6 v— i T sin (2n+1)»
16.23.11
ds (ulm)—— T s T ”2.0 1_$_q2“+1 sin (2n+1)v
16.23.12

c8 (ulm)—zK cot v— i‘, 1_{ 2 8in 2nv

n-l

16.24. Integrals of the Twelve Jacobian Elliptic
Functions

16.24.1 Ssn 4 du=m121n (dn u—m'%cn u)
16.24.2 fcn u du=m~V? arccos (dn u)

16.24.3 Jdn « du=arcsin (sn u)

16.24.4 Sfcd u du=m "% In (nd u+m*%sd u)
16.24.5 JS'sd u du=(mm,)~' arcsin (—m'Zcd )
16.24.6 S'nd u du=m;"'% arccos (cd w)

16.24.7 Jde v du=In (nec u4-sc u)

16.24.8 Snc v du=m;'? In (de u+m}'%sc w)

16.24.9 f'sc v du=m7"? In (dc u+mi’nc u)

16.24.10 S ns % du=In (ds u—cs u)
16.24.11  fds u du=In (ns u—cs w)
16.24.12  fcs u du=In (ns u—ds w)

In numerical use of the above table certain re-
strictions must be put on % in order to keep the
arguments of the logarithms positive and to avoid
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trouble with many-valued inverse circular func-
tions.

16.25. Notation for the Integrals of the Squares
of the Twelve Jacobian Elliptic Functions

16.25.1 Pq u=fupq2t dt when q #s
0

16.25.2 Ps u=f (pq”t -—lz) dt—l
0 t u
Examples
u . u ) 1 1
Cdu=1} cd% dt,Ns u= nsit—= )dt—=
1] 0 t u

16.26. Integrals in Terms of the Elliptic Inte-
gral of the Second Kind (see 17.4)

16.26.1 mSn u=—E(u)+u
16.26.2 mCn u=£L(u)—mu Pole n
16.26.3 Dn u=E(u)
16.26.4 mCd u=—E(u)+u+msn u c¢d u
16.26.5
mmSd u=E(u)—mu—msn u cd u Pole d

16.26.6 mNd u=E(u)—msn v cd u
16.26.7 Dcu=—E(u)+u+tsnudeu
16.26.8

m;Nec u=—E(u)+mu-+sn « dec u Pole ¢
16.26.9 mSc u=—FE(u)+snuw decu
16.26.10 Nsu=—FE(u)+u—cnudsu
16.26.11

Ds u=—E(u)+mu—cn u ds » Pole s

16.26.12

All the above may be expressed in terms of
Jacobi’s zeta function (see 17.4.27).

Csu=—E(u)—cnudsu

Z(w)y=E(uw) —%u, where E=E(K)
16.27. Theta Functions; Expansions in Terms
of the Nome ¢
16.27.1
(2, q)=01(z)=2q"“2(7)(—1)"q""‘+“ sin (2n4-1)z
na=

16.27.2
95(2, @) =02(2)=2¢"* §0> ¢*"tY cos (2n+1)z
nm

16.27.3 9,(z, @)=3:(2)=142 i q"2 cos 2nz
n=1
16.27.4
34(2, ) =0,(2)=14+2> (—1)"¢"" cos 2nz
n=1

Theta functions are important because every
one of the Jacobian elliptic functions can be ex-
pressed as the ratio of two theta functions.
See 16.36.

The notation shows these functions as depend-
ing on the variable z and the nome ¢, |¢|<1.
In this case, here and elsewhere, the convergence
is not dependent on the trigonometrical terms.
In their relation to the Jacobian elliptic functions,
we note that the nome ¢ is given by

q=e-1rK'/K,

where K and 1K’ are the quarter periods. Since
g=q(m) is determined when the parameter m is
given, we can also regard the theta functions as
dependent upon m and then we write

041(2) Q)=0a(2|m); a=1, 2, 3,4

but when no ambiguity is to be feared, we write
?,(2) simply.

The above notations are those given in Modern
Analysis (16.6].

There is a bewildering variety of notations, for
example the function #(z) above is sometimes
denoted by #,(2) or #(z); see the table given in
Modern Analysis {16.6]. Further the argument
u=2Kz/r is frequently used so that in consulting
books caution should be exercised.

16.28. Relations Between the Squares of the
Theta Functions

91(2)83(0) =93(2) 33 (0) —93(2) 93(0)

93(2)91(0) =94(2) 9(0) — 91(2) 93(0)

95(2)93(0) =83(2) 93(0) — 81(2) 95(0)

85(2)92(0) =93(2) 93(0) — 93(2) 33(0)
#3(0) +9:(0)=95(0)

16.28.1

16.28.2

16.28.3

16.28.4

16.28.5
Note also the important relation

16.28.6 9;(0)=1,(0)9;(0)3,(0) or ¢;=0,3:%,

16.29. Logarithmic Derivatives of 'the Theta
Functions

91(w)

& (w)

@ 2n
16.29.1 =cot u+4 > 2 e sin 2nu

a=11—
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16.29.2

da(w) _ ey "
O tanu+4nz=‘i( 1) T—q

5 S1n 214

sin 2nu

34(u) .
=t D

04('“) T
3 (u) =4 Z—} 1—¢*

16.30. Logarithms of Theta Functions of Sum
and Difference

16.29.3 qzn

- sin 2nu

16.29.4

16.30.1
| Ailetf)_ ) sin (a+8)
%h(a—pB)  sin(a—B)
+4 Z = —1— sin 2nasin 2np
16.30.2 -
1 B2atB) ) cos (@th)
¥y(e—B) cos (a—p)
+4 Z (= l)n q2; sin 2na sin 208
16.30.3 i

J3(a+8) (= 1)" "
In 32 (a—B) =4 ,,,Z_-‘{ e - 8in 2 na sin 2n8

16.30.4
dy(a+B) 1
I =t D

The corresponding expressions when =1ty are
eagily deduced by use of the formulae 4.3.55 and
4.3.56.

sin 2no sin 208
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16.31. Jacobi’s Notation for Theta Functions

U
V=r=

2K
16.31.2 0,(u|m)=0;(u)=0)=0u+K)
16.31.3 H(u|m)=H(u)=43,(»)
16.31.4 H,(u|m)=H,(u)=38;0)=Hu+K)

16.32. Calculation of Jacobi’s Theta Function
O(ulm) by Use of the Arithmetic-Geometric
Mean

Form the A.G.M. scale starting with

G/():l, bo=‘\/_7n—1, Co= '\/_W—l

terminating with the Nth step when cy is negligible
to the accuracy required. Find ¢y in degrees,
where

16.32.2

16.31.1 Ou|m)=0u)=28,0),

16.32.1

180°

oN=— 2NGN’M

and then compute successively oy.i, on-s, . . .
@1, ¢, from the recurrence relation

16.32.3

Then
16.32.4

sin (2¢n—l_

en .
=— 81n .
‘Pn) Gy @n

2mi?K(m) , 1, cos (¢1—en)
- +§ In

COoS ¢

In @(ulm)=% In

+}I In sec (2¢,—e¢1) +% In sec (20,—@2)+ . . .

+2A% In sec (2en-1—ew)

16.33. Addition of Quarter-Periods to Jacobi’s Eta and Theta Functions

u —-u u+ K u+2K u+iK'’ u+2tK’ u+K+iK' |u+2K+2iK’
' | —Bw | BG) | <Hw | iM@Ow | -NwEW | Mwew | NwEG
B [mw | -Ew | R | Mwew | Nemw | —iM@ew | —~NwHw
b, 18w 0w | 6w | MwEG | Nwew | iMwEw | Nwew
B |6 | Ow [ew | iMwiw | -Nwew | MwEW | —Nawew

where

oL (-]
Lo ()]

H(u) and H,(u) have the period 4K. ©O(u) and
©:(u) have the period 2K.

2¢K’ is a quasi-period for all four functions,
that is to say, increase of the argument by 2:K’
multiplies the function by a factor.
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16.34. Relation of Jacobi’s Zeta Function to the
Theta Functions

Z(u) =% In ©()

( cn#dnu
16.34.1 Zu)= 3 K (_) p—
2K
% (5%)
2\2K/) dnusnu
16.34.2 =K p— + P
9, (27{
16.34.3 t,*’(ZK) LU OO YU
e 2K dn %
Us (2K>
U
% (5%)
16.34.4 =§{ i{f
%(3%)

16.35. Calculation of Jacobi’s Zeta Function
Z(ulm) by Use of the Arithmetic-Geometric
Mean

Form the A.G.M. scale 17.6 starting with

=1, bO= '\/E—l; €= '\/;L-

terminating at the Nth step when ¢y is negligible
to the accuracy required. Find ¢y in degrees
where

16.35.1

(o]
16.35.2 180

and then compute successively oy_i, on-2, .
@1, ¢ from the recurrence relation

16.35.3
Then
16.35.4

. [ .
Sin (20,_1—@s) =" 8iD @y,
an

Z(u|m)=c, sin ¢;+¢; sin g, + . . . +cy sin oy.

16.36. Neville’s Notation for Theta Functions

These functions are defined in terms of Jacobi’s
theta functions of 16.31 by

H(w)

H/(O)’ 0:(“) H(u+K)

16.36.1
H(K)

,(u)

O (u+K) 0w,
0(K) 0(0)

If \, u are any integers positive, negative, or
zero the points uy+2M\K4-2;K’ are said to be
congruent to .

16.36.2  ¢,(u)=

y &, (u) -

d,(u) has zeros at the points congruent to 0

&.(u) has zeros at the points congruent to K

#,(u) has zeros at the points congruent to 1K’

d,(w) has zeros at the points congruent to
K+iK'

Thus the suffix secures that the function ¢,(u)
has zeros at the points marked p in the intro-
ductory diagram in 16.1.2, and the constant by
which Jacobi’s function is divided secures that the
leading coefficient of #,(%) at the origin is unity.
Therefore the functions have the fundamentally
important property that if p, q are any two of the
letters s, ¢, n, d, the Jacobian elliptic function
pq % i8 given by

3,(u)
16.36.3 Pqu=g (W)

These functions also have the property
16.36.4 miV4 (K—u)=49,(u)

16.36.5 mi49(K—uw)=98,(u),

for complementary arguments » and K—u.
In terms of the theta functions defined in 16.27,
let v==mu/(2K), then

16.36.6 0,(u)—21§‘26()”),.9( =20
16.36.7  da(u)= 638))’ 8. (u) = 64%
K SO LA I
o T Py A
.5
-1.0} ac(u)
-1.2%

FiGure 16.4. Neville's theta functions
0:('“), "c(u) ’ 0¢('”')) "n(“)
1

m=§
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1.0 \ \
\ \
\ \
S \ \
) d
\.\ 10 ontu) \
: s .
° MK 3%—//4:(
\ \
5 \ \
\ d%ln #(u) \
\

-Lot '
Figure 16.5. Logarithmic derivatives of theta
functions
ilndl (u) 4 In 8,(u)
du " du *

m—}_
T2

16.37. Expression as Infinite Products

g=q(m), o=mu/(2K)
16.37.1

4 (u) —(m)llﬁ sin v ﬁ (1_2q2n cos 2v+q4n)
ST\ mmy it
16.37.2 o
J.(u) (lﬁqm ) cos v II (14-2¢% cos 20--¢*")
n=1

16.37.3

d4(w)= mml) H (14+2¢*1 cos 2v+¢*»?)
16.37.4

m /12 o
0 ~(iagm) I, (=2 cos 20
1

n=1
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16.38. Expression as Infinite Series
Let v=mu/(2K)
16.38.1

#,{u) 2[_2_7I'91/2 12 i (—1)mg+D gin @n+1)v
s mPmizK = w

zwa/z 12 o

16.38.2 &.(u) ——I: 7 % g*"*P cos (2ni-1)v

1/2 @
16.38.3 J,(u) =|:%{] {14+2 > ¢"* cos 2nv}
n=1
16.38.4

T 1/2 @ 2
0,,(u)=|:m] (142 32 (—1)"" cos 210}

16.38.5 (2K/r)/*=142¢+2¢*+2¢"+ . . . =8,(0, )
16.38.6

QK'[m)r=1+42¢,+2¢+2¢0+ . . . =8(0, 1)
16.38.7

(2m1/2K/7r)1/2=2q1/4(1+q2+q6+q12+q20_+_ . )
202([); Q)
16.38.8

@miK/n)i=1-20-+2¢' 2+ . . . =0,0, ).

Numerical Methods

16.39. Use and Extension of the Tables

Example 1. Calculate ne (1.99650/.64) to 4S.
From Table 17.1, 1.99650=K+.001. From the
table of principal terms
ml—l/2/(u_

—(.36)" 12
.001

nc u=—

K)+ . ..
nc (K+.001|.64)=

and since the next term is of order .001 this value
—1667 is correct to at least 4S.

Example 2. Use the descending Landen trans-
formation to calculate dn (.20/.19) to 6D.

Here m=.19, m¥?=.9 and so from 16.12.1

20
=(— 2V
i (19),1+p. o° 19,
Also

2 1 ¢ ]
u =(E) —10-°X7.67

which is negligible.
From 16.12.4
e [ 19 () J-(1 19) |
(hyp)—anef 19 | (19)]

Now from 16.13.3

dn l:.lg l (l—g)z}: .999951

whence dn (.20[.19)=.996253.

Example 3. Use the ascending Landen trans-
formation to calculate dn (.20/.81) to 5D.

From 16.14.1

dn(.20].19) =

_4(9) _360 ( )
~. 9)2 361 19
20
1/2____ 19 —
L+u?=Tg 20><.20 19,

u} is negligible to 4D. Thus
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360\ , 1
d (19)361>+1‘9
an(19] 20

. = —— tanh h .19
dn (19‘361> sech(19)+4>< tanh .19 sech .1

dn (.20].81)= 20
From 16.15.3

361
361
[sinh .19 cosh.19+.19]

— 082218+1 ><361 (.187746) (.982218)
[( 191145) (1.01810) +.19]

= 982218+ Xo=r (.184408)[.384605]

361
— .082218-+.000049=.982267.
Thus dn (.20].81)=.98406.

JACOBIAN ELLIPTIC FUNCTIONS AND THETA FUNCTIONS

Example 4. Use the ascending Landen trans-
formation to calculate cn (.20/.81) to 6D.

Using 16.14.4, we calculate dn (.20/.81) and
deduce cn (.20[.81) from 16.14.3 settling the sign
from Figure 16.1.

As in the preceding example, we reduce the

caleulation of dn (.20|.81) to that of dn (.19 %)
when

369
dn (.19’361

dn (.20].81)=.984056

=.982267

cn (.20/.81)=.980278.

Example 5. Use the A.G.M. scale to compute dc (.672|.36) to 4D.

From 16.9.6 we have dc?(.672|.36)=.36+
method given in 16.4. Form the A.G.M. scale

.64 )
1—sn?(.672).36)

We now calculate sn(.672|.36) by the

n ay b Cn Ln n sin @, sin (2¢n—1— ¢n) 2¢n-1—¢n
An
ol .8 .6 .6 . 65546 . 60952
11.9 . 80443 | .1 L1111 1. 2069 . 93452 . 10383 . 10402
2 | . 89721 { . 89721 | . 00279 | . 00311 2. 4117 . 66679 . 00207 . 00207
3 |.89721 |.89721 |0 0 4, 8234 —. 99384 0 0
Pen=2",u 03=23(.89721) (.672) =4.8234

sontinuing until ¢,=0 to 5D.
Then complete as indicated in 16.4 to find ¢,

v0o—.65546  sn u==.60952 de ©=1.1740.

and so sn % and hence dc u,

Example 6. Use the A.G.M. scale to compute ©(.6/.36) to 5D.
We use the method explained in 16.32 with ay=1, by=.8, ¢;=.6.

Computing the A.G.M. as explained in 17.6, we find

(For values of a,, b,, ¢,, see Example 5.)

n @n sin ga sin (2¢n-1—¢n) 2001~ ¢n 8eC (2¢n—1—on) %ln 5eC (2¢n-1—pn)
0 . 58803 . 55472

1 1. 0780 . 88101 . 09789 . 09805 1. 0048 . 00120
2 2. 1533 . 83509 . 00260 . 00260 1. 0

3 4. 3066 —. 91879 0 0 1 0

and then complete the calculation outlined in 16.32 to give

In ©(u|m)=—.05734+.02935+.00120
=—,02679

O(u|lm)=.97357.

The series expansion for @ is preferable.
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Example 7. Use the g¢-series to compute
cs (.53601 62{.09).
Here we use the series 16.23.12, K=1.60804 862,
Tradians or 30°.

g=.00589 414, v—2K 6

Since ¢* is negligible to 8D, we have to 7D
cs (.53601 62{.09)

2
-—21;{ cot 30° i}r{ 1—(}l—q2 sin 60°}
=(.97683 3852)(1.73205 081)
—3.90733 541[(.00003 4740)(.86602 5404)]
=1.69180 83.

Example 8. Use theta functions to compute
sn (.61802].5) to 5D.

Here K(3)=1.85407
o_ 61802

o___ O
=1.85407 20" =30
sin® a=1/2, a=45°.
Thus (30°\45°
_9,(30°\45°)
sn (.61802|.5) =3.(30°\45°)
.59128
=T.04726 20458

from Table 16.1.

Example 9. Use theta functions to compute
sc (.61802|.5) to 5D.

As in the preceding example

©=30°, a®=45°

so that \
_9,(30°\45°)
se (61802].5)=3* oon 43 o)

We use Table 16.1 to give

4,(30°\45°)=.59128
(sec 45°)19,(30°\45°)=1.02796.

Therefore
59128 v
sc ('618021'5)_“1.02796 (sec 45°)
=,68402.

Example 10. Find sn (.75342[.7) by inverse
interpolation in Table 17.5.

This method is explained in chapter 17, Example
1.

Example 11. Find u, given that ¢s (u].5)=.75.

From 16.9.4 we have

sn? u=;-
14cs 2
Thus
sn? (u|.5)=.64
and
sn (u|.5)=.8.

We have therefore replaced the problem by
that of finding » given sn (u|m), where m is known.
If p=am u

sin ¢=sn % and so
¢=.9272952 radians or'53.13010°.
From Table 17.5,
u="F(53.13010°\45°)=.99391.

Alternatively, starting with the above value of
¢ we can use the A.G.M. scale to calculate F(o\ a)
as explained in 17.6. This method is to be pre-
ferred if more figures are required, or if « differs
from a tabular value in Table 17.5.
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17. Elliptic Integrals

Mathematical Properties

17.1. Definition of Elliptic Integrals

If R(x, y) is a rational function of z and y,
where 3 is equal to a cubic or quartic polynomial
in z, the integral

17.1.1 f B(z,y)dz

is called an elliptic integral.

The elliptic integral just defined can not, in
general, be expressed in terms of elementary
functions.

Exceptions to this are

(i) when R(z, y) contains no odd powers of ¥.
(ii) when the polynomial % has a repeated factor.

We therefore exclude these cases.
By substituting for %? and denoting by p,(x) a
polynomial in z we get *
R, _n(@) +yp:(a)
@)= @ Typdo
_2@+yp: ()] [p:(®) —yp. (@) ly
{{ps@) P~ pa(@) Py
P5(2) +yps(x) Rs(x)
=____——————_.=R L
yp:(2) @+
where R (z) and R;(x) are rational functions of .

Hence, by expressing R,(x) as the sum of a poly-
nomial and partial fractions

fR(x,y)d:c=le(x)dx+EsAsfx’y“dx
[(@—c)’y) "z

+2,B, f
Reduction Formulae
Let
17.1.2
Y=ag*+a,2*+ a2+ az+-a, (|@ol +]a,| #0)
=bo(z—)*+b1(x—¢)*+br(x— )+ by(z—c) +bs
(1bo|+b,] #0)
17.1.3 I,zf:vsy“dz, J,=f[y(x——c)3]"dx
By integrating the derivatives of yz* and
y(x—c)~* we get the reduction formulae
17.1.4
(S+2)aolx+3+%a1(28+3)13+2+02(8+1)[s+1
+3a5(2s+ 1)1 +sa.0,=z'y (s=0,1,2, .. .)
3 See [17.7] 22.72.

17.1.5

(2—8)bo] 315 5:(3—28)J 12 Hby(1 ) sy
+%bs(l_QS)Js—SbAJxH:y(m“C)—S
(s=1,2,3, ...
By means of these reduction formulae and cer-
tain transformations (see Examples 1 and 2)
every elliptic integral can be brought to depend

on the integral of a rational function and on three
canonical forms for elliptic integrals.

17.2. Canonical Forms

Definitions

17.2.1

m=sin? «; m is the parameter,
« 1s the modular angle

17.2.2 r=8in ¢=5Nn u
17.2.3 cos o=cn U
17.2.4

(1—m sin® ¢)*=dn u=A(p), the delta amplitude
17.2.5 ¢=arcsin (sn u)=am u, the amplitude

Elliptic Integral of the First Kind
®
1726 F(p\a)=Flpm)= f (1—sin? a sin? 6) ~d6
0

17.2.7 =fz[(1—t2) (1—mt?)]~4dt

=f dw=u
0

Elliptic Integral of the Second Kind

17.2.8 E(\a)=E(u|m)= f 1= (1— md)ide

17.2.9 =f¢(1—sin2a sin?6)tdo
0

17.2.10 =| dn?wdw
0

17.2.11 =mu+m| cnlwdw
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17.2.12 E(<p\a)=u—mf sn? w dw
1]

_x 9mul2K) | E(m)u
2K (m) 9,(xu/2K) = K(m)

17.2.13

(For theta functions, see chapter 16.)

Elliptic Integral of the Third Kind
17.2.14

II(n; ¢\a) =J;¢ (1—n sin?6) ~! [1 —sin® « sin? 6]~ Y249

If z=sn (u|m),
17.2.15
I(n; u| M)=fz (1—nt?)~[(1— %) (1 —mi?)] -2t
0

17.2.16 =J;u (1—nsn? (w|m))~dw

~ The Amplitude ¢
17.2.17 o=am u=arcsin (sn u)==arcsin &
can be calculated from Tables 17.5 and 4.14.

The Parameter m

Dependence on the parameter m is denoted by a
vertical stroke preceding the parameter, e.g.,
F(e|m).

Together with the parameter we define the
complementary parameter m; by

17.2.18 m+my=1

When the parameter is real, it can always be
arranged, see 17.4, that 0<m<1.

The Modular Angle o

Dependence on the modular angle «, defined in
terms of the parameter by 17.2.1, is denoted by a
backward stroke \ preceding the modular angle,
thus E(o\a). The complementary modular angle
is 7/2—a or 90°—a according to the unit and
thus m;=sin? (90°— a)=cos® a.

The Modulus k

In terms of Jacobian elliptic functions (chapter
16), the modulus % and the complementary
modulus are defined by

17.2.19  k=ns (K+iK'), ¥’ =dn K.
They are related to the parameter by ki=m,
k?=m,.

Dependence on the modulus is denoted by a
comma, preceding it, thus II(n; u, k).

In computation the modulus is of minimal im-
portance, since it is the parameter and its comple-
ment which arise naturally. The parameter and
the modular angle will be employed in this chapter
to the exclusion of the modulus.

The Characteristic n

The elliptic integral of the third kind depends
on three variables namely (i) the parameter,
(i1) the amplitude, (ii1)) the characteristic n.
When real, the characteristic may be any number
in the interval (—«, ). The properties of the
integral depend upon the location of the charac-
teristic in this interval, see 17.7.

17.3. Complete Elliptic Integrals of the First
and Second Kinds

Referred to the canonical forms of 17.2, the ellip-
tic integrals are said to be complete when the
amplitude is 37 and so z=1. These complete in-
tegrals are designated as follows

17.3.1
(K(m)|=K= f TA—17) (1 —mt2)] -7t

/2
=f (1—m sin? ) ~1/%dp
0

17.3.2 K=F(}r|m)=F(3r\a)
17.3.3
E|K(m)|=E= f l(1—ﬁ)-lfz(l—mtz)”zdt
’ 0
- f " (1—m sin? 6)2d
0

17.3.4 E=E[K(m)]=E(m)=E(r\a)
We also define
17.3.5

K'=K(m)=K(1—m)= f ™ (1—m, sin? 0)~1dg

17.3.6 K/ =FGr|m)=F(r\{r—a)
17.3.7

x/2
E'=E(m))=E(Q1—m) =f (1—m, sin? §)"/2d
0

17.3.8 E’'=E[K(m))])=E (m;)=E(r\jr—a)

K and K’ are the ‘“‘real” and ‘“imaginary”
quarter-periods of the corresponding Jacobian
elliptic functions (see chapter 16).



ELLIPTIC INTEGRALS

Relation to the Hypergeometric Function
(see chapter 15)

17.3.9 K=%7F(3,%1; m)
17.3.10 E=3rF(—% %1, m)
Infinite Series
17.3.11
_l 1N, (L3,
(32 et ] mi<n
17.3.12

Em=3r[1-(3) T-(3) 5

1-3-5\*m?
(o) F- ] ami<
Legendre’s Relation
17.3.13 FEK'+E'K—KK'=%r
Auxiliary Function
1304 Lm =51 1 g
17.3.15. m=1—16exp [—x(K(m)+ L(m))/K’'(m)]

17.3.16 m=16 exp [—#x(K’'(m)+ L(my))/K(m)]
The function L(m) is tabulated in Table 17.4.

g-Series

The Nome ¢ and the Complementary Nome ¢

17.3.17 g=q(m)=exp [—7K'/K]
17.3.18 a=q(m;)=exp [—rK/K’]
17.3.19 Inimlem
(e ql

17.3.20

loglo IOgm m —(1r log,, €)2=1.86152 28349 to 10D
17.3.21

—exp [— K K ="18 (™Y 184 (™Y
g=exp [—=K'/|K]=7-+8 (16) +$4 (16)

+992 (;"—J+ . (Im|<1)

17.3.22 K—— T+2r z] g

=1 1 + q
17.3.23

. .
&5 U+m) + ek 1122 3 ¢(1—g)~]

2
17.3.24 am u= v+2l —SQ%I%B where v=7u/(2K)

Limiting Values

17.3.25 lim K" (E—K)=0
m-0
17.3.26 lini (K—4%In (16/m,)]=0
m—
17.3.27

lim m~Y(K—E)=lim m~YE—m,K)=mr/4
m—>90 m—0

17.3.28 lim ¢/m=Hm ¢,/m,=1/16
m—>0 m—1

Alternative Evaluations of K and E (see also 17 .5)
17.3.29
K(m)=2{14-m}{”?]"'K[(1—m{?)/(1+mi?)]2

17.3.30

E(m)=(14+m{”) E((1—m}")/(1+mi?)])
—2mi?(1+mi?) K ((1—ml?)/(14mi)))

17.3.31  K(a)=2F(arctan (sec!’? a)\a)

17.3.32 K(x)=2E(arctan (sec'’? a)\a)—1-+cos o

Polynomial Approximations 3 (0 <m<1)
17.3.33
K(m)=[ay+a my+a;mi]4-[bo+bym,
+b2mi] In (1/m,)+-e¢(m)
le(m)|<3X10~*
ay=1.38629 44 be=.5

a;= .11197 23 =.12134 78

az= .07252 96 b,=.02887 29
17.3.34
K(m)=[ay+am,+ . .. +agmil+[bo+bim,+ . ..

+bemd] In (1/my) +e(m)
le(m)| <2X 10

a,=1.38629 436112 bo=.5

a,= .09666 344259 b,=.12498 593597
a;= .03590 092383 b,=.06880 248576
a;= .03742 563713 b;=.03328 355346
ay= .01451 196212 b,=.00441 787012

8 The approximations 17.3.33-17.3.36 are from C. Has-
tings, JT., Approximations for Digital Computers, Prince-
ton Univ. Press, Princeton, N. J. (with permission).
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K'=F(90°\90°-a)
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Ficure 17.1. Complete elliptic integral of the first
kind.
E
1.6F
] _E=E(30°\Q)
2
1.5 E'=E(90°\90°-Q)
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Fieure 17.2. Complete elliptic integral of the
second kind.
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17.3.35
E(m)=[1+aym;+ami]+[bym,+bymi] In (1/m,)
+e(m)
le(m)]|<<4X10~"
a;=.46301 51 b,=.24527 27
a;=.10778 12 b,=.04124 96
17.3.36

E(my=[14am,+ ... +ami]+[bim,4 . ..
+bmi] In (1/my) +-e(m)
le(m)|<<2X10~#

a,;=.44325 141463
a,=.06260 601220
a,=.04757 383546
a,=.01736 506451

b,=.24998 368310
b,=.09200 180037
b;=.04069 697526
b=.00526 449639

17.4. Incomplete Elliptic Integrals of the First

and Second Kinds
Extension of the Tables

Negative Amplitude

17.4.1 F(—¢|m)=—F(¢|m)
17.4.2 E(—¢|m)=—E(¢|m)

Amplitude of Any Magnitude
17.4.3 Flsm+ olm) =2sK + F(o|m)
17.4.4 E(u+2K)=E(u)+2E
1745 E@u+22K')y=Ew)+2uK —LE’)
17.4.6

E(u+2mK+-20iK'y=E(u) + 2mE-+2ni(K'—E")

1747 EK—w)y=E—E(u)+msn u cd »

Imaginary Amplitude
If tan §=sinh ¢

17.4.8 Fip\a)=1F(0\}r—a)

17.4.9

E(ip\a)=—1iE(\}r—a) +iF(0\}r—a)

+1 tan 6(1—cos? « sin?® §)}
Jacobi’s Imaginary Transformation
17.4.10
E(ium) =1[u+dn(u|m;)sc(u|m;) — E(u|m,)]

Complex Amplitude

17.4.11  F(p+1|m) =F(\m)+iF(u|lm,)
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where cot? \ is the positive root of the equation
r2—[cot? o+ m sinh® cscio—myJz—m, cotip=0
and m tan? u=tan%p cot?A—1.

17.4.12

E(o+i\a) =E(\a) —iE(\90°— ) -
+z‘F(u\90°—a>+—’~J,j: 2

where
b,=sin? a sin A cos \ sin? u(1—sin? « sin? \)?
by=(1—sin? « sin? \) (1 —cos? « sin? w)? sin u cos u
by=cos? u+sin? a sin? \ sin? g
Amplitude Near to =/2 (see also 17.5)

If cos a tan ¢ tan y=1
17.4.13 F(o\ o)+ FY\a) =F(x/2\a)=K
17.4.14

E(o\o)+ EW\a)=E(n/2\ ) +sin’a sing sing

Values when ¢ is near to =/2 and m is near to unity
can be calculated by these formulae.

Flp\Q)

I
2.4+
L

2.2

T

2.0

B 10°
ooilclllllllllllllll‘;a
0 100 20° 30° 40° 50° 60° 70° 80° 9O°
Ficure 17.3. Incomplete elliptic integral of the
first kind.
F(o\a), ¢ constant
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Parameter Greater Than Unity

17.4.15 F(g|m)=m"1F(flm™), sin 6=m! sin ¢
17.4.16 E(ulm)=miE(um}m™")—(m—1)u

by which a parameter greater than unity can be
replaced by a parameter less than unity.

Negative Parameter

17.4.17
Fle|—m)=(14+m)K(m(1+m)™)
— (4m)HF (G| m(14m)
17.4.18
E(u|—m)=(14+m)}{ E(u(1+m)}m(m+1)")
—m(L+m) tsn(u(l+m)Hm(1+m)™)
cd(u(1+m)¥m(1+m)™)}
whereby computations can be made for negative
parameters, and therefore for pure imaginary
modulus.

Flgp\ay

a=90°,

75°

2}

[0} "« N TN NS NN TN [N SRS NN CHU NN AN SN SR N SV S N |
o®  10°  20° ¢

Ficure 17.4. Incomplete elliptic integral of the
first kind.

F(p\a),

a constant



ELLIPTIC INTEGRALS

20°

10°

Fi1gure 17.5.

Elp\a)

T—
60° 70°

T T
50°

30° | a0

¢—90° &?}a—)r o constant.

1 o
- 3°°
4
N 20°
2= 10°
oO° l |é)° I 2l0°l 3‘0"I 410"l 510"| GIO°I 710"I é0°4 9‘0' a
Ficure 17.6. Incomplete elliptic integral of the
second kind.
E(¢\a), ¢ constant
Special Cases
17.4.19 F(e\0)=¢
17.4.20 F(ig\0)=ip

etp\a)

}
1.6 | a=o*

r 30°
1.4 |

45°

(35 60°

- 75°
1o} 5

ot

6

4L

2

4] | 1 1 1 L L i 1 I . | 1 J S | J. Il |

0° 10°  20° 30° 40° 50° 60° 70° 80° 90° A
Fieure 17.7. Incomplete elliptic integral of the

second kind.
E(¢\a), a constant

QQe- EJ."PE\_Q’. - ‘P°
4

T
[ w0*

FiGuRE 17.8.

17.4.21

T 1 1
30° 40°

E(p\a) _
E

T
50°

90° ¢, o constant.

F(£\90°) =In (sec ¢+tan ¢)=In tan ( Z——{-g)

17.4.22
17.4.23
17.4.24
17.4.25
17.4.26

F(19\90°) =1 arctan (sinh ¢)
E(o\0)=¢
EGp\0)=tp
E(£\90°)=sin ¢
E(io\90°) =i sinh ¢
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Jacobi’s Zeta Function

17.4.271  Z(o\&)=E(e\&) — E(a) F(¢\a)/K(a)
17.4.28  Z(u|m)=Z(u)=E(u)—uE(m)/K(m)
17.4.29 Z(—u)=—2Z(u)

17.4.30 Z(u+2K)=2Z(u)

17.4.31 Z(K—u)=—Z(K+u)

17.4.32 Z(u)=Z(u—K)—mso(v—K)cd(v—K)

Special Values

17.4.33 Z(u[O) =0
17.4.34 Z(u|l)=tanh u

Addition Theorem
17.4.35

Zu+v)=Zu)+ Z()—msn u sn » sn{u-+t)

Jacobi’s Imaginary Transformation

17.4.36
iZ (iulm)=Z (u| my) +

'’

2KK’ —dn (ul m,)sc(ul m'l)

Relation to Jacobi’s Theta Funection

17.4.37 Z(u)=®’(u)/@(u)=g1—tln o)

g-Series

17.4.38 Z(u) =2T;,’ é ¢ (1—g*) ' sin (rsu/K)

Kla)zip\a)

©°
T

ES
T T T T T T T T T T T T T T T

.

s PR PV S S S
o° 10°  20° 30° 40° 50° 60° 70° 80° 90° P

Ficure 17.9. Jacobian zeta function K(a)Z(e\a).

*See page I1.

Heuman’s Lambda Function

17.4.39
aa(\D=TEET =2 4 2 )2\ 90°—a)
17.4.40 =72—r{K(a)E(¢\90°—a)
—[K(e)—E(a)]F(¢\90°—a) }
hotpra

&

»
—

]

(] a
0° 10°  20° 30° 40° 50° 60° 70° 80° 90°

Ficure17.10. Heuman's lambda function Aop\a).

Numerical Evaluation of Incomplete Integrals of the
First and Second Kinds

For the numerical evaluation of an elliptic
integral the quartic (or cubic *) under the radical
should first be expressed in terms of #, see
Examples 1 and 2. In the resulting quartic there
are only six possible sign patterns or combinations
of the factors namely

E+a®) (407, (@—) (b)),
@—t)(*—1), (E—a’)(¢—b"), (E+a’) (b)),
E+a?) (b*—1).

The list which follows is then exhaustive for
integrals which reduce to F(o\a) or E(¢\a).

The value of the elliptic integral of the first
kind is also expressed as an inverse Jacobian
elliptic function. Here, for example, the notation
u=sn"'z means that r=sn u.

The column headed ‘¢ substitution’’ gives the
Jacobian elliptic function substitution which is
appropriate to reduce every elliptic integral which
contains the given quartic.

4+ For an alternate treatment of cubics see 17.4.61 and
17.4.70.



Equivalent Inverse

F(o\a) Jaco}?ial:: t‘}'Ellliptic @ t Substitution E(e\a)
unction
17.4.41
z dt _, [z|a?— .z b £+ a? dt
“ﬁ (@ +at) @I )7 s¢ ’(b ) tan o=7 t=bscv a f (t2+b2 (EFay @A
c<§l¢;=b/a 17.4.42
a i [T|a? =0 _a _ S0+ dt
m=(a?—b?)/a? f [(t’+a’)(t’+b’)]‘/2 ! (a po) ) tan o= t=acsv aL (t"’-}-a“’) (I ET
17.4.43 d
z t _ (z|a? =1 . _a@-b) z ] dt
“f» (@@= (=5 nd ‘(b : SN’ 0= =ty | Lo nde |, £ (@—0) (e—]h
17.4.44
, (%|a—b . g2 _ 1 fdt
f [ —m E—p)" ﬂ)(ﬂ D)k d ‘(a @ ) Sin o= i h t=adnv f (@—8) E—t"
17.4.45
el .z _ 1 (a—8)dt
of, E—mw—am [(az—ﬂ)a»’ DIt s (Gl S =3 t=bsmy ats [@—mE-—m?
17.4.46
_ EE . _ -1 .
sin «=b/a f [(az—m(b* B ed (] sin? o= | T0cd? ale ) (7=%) (@— tz)(bz B
b/ a? 17.4.47
z di dc-l(EE z?—a? t—ad a“‘—b2 £ dt
« [(B—a®) (@—b) ala? el G s —edev f (,, 8/ [(@—a) @—8)]"
17.4.48 J
@ ] _, (z|b .. a tz—b2 dt
2), (F—d@E—t)]" ns '(W Sin =z t=ansv "L )wz @) (B— )2
17.4.49
dt _ b _ b2 z 4 g dt
3 % =2 t=b
ot ey ia 4+ ;) @ra e (lats 008 =5 ner @+, F [t @—®n
7.4.
=a¥/(a?+b?) « di z a? 2 S
/ o w af T | @ : _a+b — (a2 1/2 [; dt
(@), [T E—m| * (@rmmiars) | oo =g @RIy @) e e e
17.4.51
z dt . (z(a?+ b)) 12 . a2+ b?) _ ab z dt
2 1/2 _L\atro) t=-—————sd
tan a=-2 ia :‘:;) J; [(F+a?) (—) 172 sd '( ab az+bz) sin? =Bt (@t oS aﬂ(aﬂ-}-b’)”’ﬁ @+ (@+e) G-
T.4.
m=>b%/(a2+ b?) di 2| b2 b
st d |l b = = 1 (@+avdt
@+ @rm e | @ Glats) cos v=3 bon @TE). [BF o) -]

96¢
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Some Important Special Cases

iF (10\“) cOo8 ¢ a
17.4.53 i
. | A 45°
17.4.54 y
Vovm |5 |
17.4.55
T J‘,’(v dtl); 45°
17.4.56
2 ey 4

|
1 |
mF(w\a) cos ¢ @ i
17.4.57 !
@ dt x—l—\/§ 15 |
z (B—1)% x——l-{-x/g :
17.4.58
r dt VEti—s |
1 (B—1)4 V3—1+z
17.4.59
1dt V8-its |,
,(l—f’)‘} \/§+l——z
17.4.60 _
J‘s dt 1-V3-z | ..
—a(l—B)} +V3—z

i
|
L
t

Reduction of fdt/\/? where P=P(f) is a cubic
polynomial with three real factors P=

(t—B1) (t—B:)(t—pBs) where B, >B,>8;. Write
17.4.61
)\=';‘ (81— B83) "2, m=sin® a—B g: s
=08 a= ﬂl Bs
17.4.62
®dt : _z—8s
17.4.63
#2 dt (B1—B2) (x—82)
A —_ 2 ...__—._.
. yp | e\ 008 €= 8:— 82 (Bi—2)
17.4.64
) j—}, F(e\o) sint =201
17.4.65
)\Lc % F(e\a) cos? fp=;:g;
17.4.66
A f_ :\/%'t‘ﬁ F(A\©0°—a?) | sint p=E=E8
17.4.67
8 —
17.4.68
F_dt o o g (Bi—By)(z—8y)
A 8y —P F(e\(90°—a®)) | sin® o= (81— B2) (x—B3)
17.4.69
’l dt z_ﬂz
A o_ o —
f F(o\(90°—a®)) | cos? ¢ 88,

Reduction of fdt/ VP when P=P(t)=t1{at’
+ast+as is a cubic polynomial with only onej real
roott=8. We form the first and second defiva-
tives P’(t), P"'(f) with respect to ¢ and then write

17.4.70 N=[P’(8)]'", m=sin2a=_;,_é [P{’_,’("B(SA%)172
17.4.71 \
Ny | P cos o= Nr B |
17.4.72 |
T | R cos o= E=D T
17.4.73 ‘
)‘f-zc., \/(i—t}.r) F(e\(90°—a®)) | cos ¢=$—::—;—_T_—)):: 1
17.4.74 |
M, 7S | FeN00—a) | eos o= T

17.5. Landen’s Transformation

Descending Landen Transformation *

Let a,, any; be two modular angles such that

17.5.1 (1+sin @) (1+cos a,) =2

(atnr1 <L tn)

and let ¢,, ¢ny1 be two corresponding amphtudes

such that
17.5.2 tan ((p,..H—

@a) =CO8 a, tan ¢,

(‘Pn+l > ‘Pu)

5 The emphasis here is on the modular angle since this

is an argument of the Tables.

All formulae concerning

Landen’s transformation may also be expressed in terms
of the modulus k=mi=sin « and its complement k'}=m§

=CO08 a.
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Thus the step from n to n+1 decreases the modular
angle but increases the amplitude. By iterating
the process we can descend from a given modular
angle to one whose magnitude is negligible, when
17.4.19 becomes applicable.

With ag=a we have

17.5.3
F(e\a)=(1+cos a) ' F(e1\ o)
=4(14sin a)) Fo\ 1)

17.5.4 F(o\a)=2-" ﬁl (14-sin a,) (e, \en)

17.5.5 Flp\a) = ﬁl (1+sin )
=

. 1 . Py

17.5.6 <I’=hm ﬁ F(<pn\an) =lim ﬁ
n-oyw n—>®

1751 K=F(3r\o)=1r IZ (1+sin )
17.5.8 F(o\o)=2r"'K®
17.5.9

E{\a)=F(p\) [1 -—-% sin? o (1 +% sin q
+% sin ey sin e, + . . .)]—}—sin o [% (sin oy)V? sin ¢
+§1§ (sin oy sin ap) V2 sin oo+ . . ]

17.5.10

E=K [1—‘% sin? o <1 +% sin a1+§1§ Sin (23] sin 223

+% sin a; sin a, sin o+ . . )]

Ascending Landen Transformation

Let an, ayi be two modular angles such that
17.5.11 (1+4sin a,)(14€08 apy) =2  (@pp >a,)

and let ¢,, ¢,y be two corresponding amplitudes
such that

17.5.12 sin (2‘Pn+l—¢n) =sin Cp sin Pn (‘Pn+1<‘Pn)
Thus the step from # to n+1 increases the
modular angle but decreases the amplitude. By
iterating the process we can ascend from a given
modular angle to one whose difference from a right

angle is so small that 17.4.21 becomes applicable.
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With ay=«a we have

17513  Flo\a)=2(1+sin o) "1 F(g\ o)
17.5.14  F(o\a)=2" "ﬁ: (1+sin a,)~1Flp,\a,)
17515 Flp\a)= II (1+cos a)) Flo\ay)
8=1
17.5.16 F(o\a)=[csc a I sin o)t In tan (E7-+3®)
8=1
17.5.17 b=lim o,

n—ye
Neighborhood of a Right Angle (see also 17.4.13)

When both ¢ and a are near to a right angle,
interpolation in the table F(o\a) is difficult.
Either Landen’s transformation can then be used
with advantage to increase the modular angle and
decrease the amplitude or vice-versa.

17.6. The Process of the Arithmetic-Geometric
Mean

Starting with a given number triple (ay, by, ¢o)
we proceed to. determine number triples
(ay, by, ¢1,), (as, by, ©2), - - ., (an, b, c) according to
the following scheme of arithmetic and geometric
means

17.6.1

ao bo
a1=3(0o+bo) b= (aobo)!
a;=%(a;+by)

b= (albl)i

U/N=%(0«N—1+bzv—1) by=(ay_1by-1)?
o
=3 (ao—bo)

c;=3(a,—by)

ex=13(an-1—bx-1).

Westop at the Nth step when ay=by, i.e., when
cy=0 to the degree of accuracy to which the num-
bers are required.

To determine the complete elliptic integrals
K(a), E(a) we start with

17.6.2 ay=1, by=cos a, ¢y==sin a
whence

T
17.6.3 K(a) =oan
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K@ —E@) 1

17.6.4 K (o) =35 [034‘20?‘*‘22034‘ ce 23]

To determine K'(a), E’(a) we start with

17.6.5 ag=1, by=sin a, ¢;=cos «
whence
M) =T
17.6.6 K’ (): Sal
17.6.7
! ’_E’ l ’ ’ ’ ’
B B L (a2 2]

To calculate F(o\a), E(o\a) start from 17.5.2
which corresponds to the descending Landen
transformation and determine ¢, ¢, . . ., o
successively from the relation

17.6.8 tan (on41—¢n) = (bs/a,) tan ¢,, gy=¢

Then to the prescribed accuracy

17.6.9 F(e\a)=e¢n/(2Yay) *

17.6.10

Z(p\a)=E(e\a)~(E/K)F(p\a)

* =¢, sin ¢, +¢; sin g+ . . . +cx 3in en

17.7. Elliptic Integrals of the Third Kind
17.7.1
1 4
I{n; ¢\c) =f (1—n sin? 6) ~*(1 —sin? « sin? §) ~}d6
0

17.7.2 I (n; dm\a)=1I (n\a)

Case (i) Hyperbolic Case 0<n< sin? «
e=arcsin (n/sin?a)t, 0<e<}r
B=47F(e\a)/K(a)
g=q(a)
v=%rF(p\e&)/K(a),
8y=[n(1—n)~(sin?* a—n) '}

17.7.3

(n;o\e)=68; [—% In [34(v+8)/3:(v—B)]

+09:(8)/9,(B)]

*See page II
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17.7.4
1 04(v+6)___ w"\ —1,.3 s\ —~ : :
3 In 04(0—6)_2 2='1J s71¢*(1—¢*) ' sin 2sv sin 258
17.7.5
% ket
0igg;=cot 8-+4 ; 7*(1—2¢* cos 28+¢*)~!sin 28

In the above we can also use Neville’s theta
functions 16.36.

N(n\e)=K(a)+86,K(a) Z(e\a)

Case (ii) Hyperbolic Case n>1

17.7.6

The case n>1 can be reduced to the case
0<N<sin? a by writing

1777 N=n"'sin? o, p,=[(n—1)(1—n"" sin? &)}
17.7.8
II(n; ¢\a)=—T(N; o\a)+ F(o\a)

+ 5510 [(3(0) 4 tan ) (3(0)—ps tan )]

where A(p) is the delta amplitude, 17.2.4.
1(n\a) =K(e) —T(N\&)
Case (iii) Circular Case sin? a<n<1

0<e<in

17.7.9

e=arcsin [(1—n)/cos® a]}
B=%71F(e\90°—a)/K(a)
¢=q(a)
17.7.10
v=3%7F(o\a)/K(a), 6=[n(1—n) " (n—sin? o)}
17.7.11 H(n; ¢\a)=5(\—4uv)
17.7.12

A==arctan (tanh g tan v)
+2 i (—1)*'s~1¢*(1—¢*)~! sin 2sv sinh 2s8
8=1
17.7.13

#=[i s¢’* sinh 2843] [l +2 i ¢* cosh 2s8 -

17.7.14 II(n\a) =K(a)+ §rd;[1—A¢(e\ )]

where A, is Heuman’s Lambda function, 17.4.39.
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MT{n;p\a)

ﬂ,wgo"
3.5

n=.7,p=90°

n=l,p=45°
1.0
=0, a5t
Sh
n=0,l,pp=15°
.2 a
0° 15° 30° 45° 60° 75° 20°
Ficure 17.11. Elliptic integral of the third kind

I(n; ¢\a).
Case (iv) Circular Case n<0

The case n<0 can be reduced to the case
sin? a< N<1 by writing

17.7.15
N=(sin? a—n)(1—n)"!
pe=[—n(l—n)"'(sin? a—n)}}
17.7.16
[(1=n)(1—n"" sin® ) FII(n; o\a)
=[A=N)QA—-N7"sin® ) FII(N; ¢\)
+ p; ' sin? aF(p\ &) +arctan [3p, sin 2¢/A(y)]
17.7.17
M(n\a)=(—ncos? ) (1—n)~!(sin? a—n)~* (N \a)

+sin? a(sin? a—n) ' K(a)

ELLIPTIC INTEGRALS

Special Cases

17.7.18 n=0
1(0; p\a)=F(p\a)
17.7.19 n=0, a=0
I(0; p\0)=¢
17.7.20 a=0
M(n; ¢\0)=(1—n)"% arctan [(1—n)} tan o], *
n<l
=(n—1)"}arctanh [(n—1)* tan ],
n>1
=tan ¢ n=1
17.7.21 a=m[2
I(n; o\7/2) =(1—n)"'[In (tan ¢+sec ¢)
—4ntln (14nt sin ¢)(1—n? sin ¢) 7] n#=l

17.7.22 n=+tsin a
(1Fsin o) {2II(+sin a; ¢\a)—F(e\a)}
=arctan [(1Fsin a) tan ¢/A(e)]
17.7.23
2 cos all(14cos a; p\a)=+3 In[(1+tan ¢
-A(p)) (1—tan ¢-A(e))7']+4% In [(A(y)
+cos a-tan ¢)(A(p) —cos a tan )7
F(1Fcos a)F(o\a)

n=14cos

17.7.24 n=sin? a

II(sin?® o; p\ @)=sec? aE(p\a) —(tan? a sin 2¢)/(2A(¢))
17.7.25
I(1; o\ a)=F(e\a)—sec? aE(o\ a)+sec® atan pA(yp)

n=1

Numerical Methods

17.8. Use and Extension of the Tables

Example 1. Reduce to canonical form f y ldz,
where

Y= —3x'+ 342> — 11922+ 1722— 90

By inspection or by solving an equation of the

fourth degree we find that

Y'=01Q, where @, =32—10z+9, Q= —22+82—10
First Method

Q=A@ =(3+Na?— (10-+8\)z+9-+10Nis a per-
fect square if the discriminant

*See page II.

(10-+8))2—4(34)) (9-+10N) =0; i.e., if A= —g or %
and then
2 . 7 1, 7
Q3 Q=3 @—1)?, Q—5 Q=5 (z—2)*
Solving for @, and @, we get

Qi=@@—1)"+2(x—2)% @=2(z—1)*—3(z—2)*
The substitution t=(x—1)/(x—2) then gives

f yldz=+ f [(t2-+2) (22—3) | 4dt
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If the quartic y*=0 has four real roots in z
(or in the case of a cubic all three roots are real),
we must so combine the factors that no root of
Q1=0 lies between the roots of @,=0 and no root
of Q,=0 lies between the roots of Q;=0. Provided
this condition is observed the method just de-
scribed will always lead to real values of \. These
values may, however, be irrational.

Second Method
Write
@ 32*—10z+9

fr=X=
@ —2°+8z—10

and let the discriminant of @,t*—@; be

4T*=(8t*+10)?—4(¢*+3) (10¢24+-9)

=4(312+2) (2£2—1)
Then

fy“da:z:I:fT"‘dt=:i:f[(3t2+2)(2t2—1)]—idt

This method will succeed if, as here, T? as a
function of #* has real factors. If the coefficients
of the given quartic are rational numbers, the
factors of T2 will likewise be rational.

Third Method
Write
@ 32*—10x4-9
Y=0," =2 +8—10

and let the discriminant of Qyw—@, be
4W=4(3w+2) 2w—1) =4(Aw*+ Bw+ )

Then if
22=W/w and Z2=(B—2*)2—4AC=(2*—1)%-}-48

fy“dz= + fZ‘ de

However, in this case the factors of Z are complex
and the method fails.

Of the second and third methods one will always
succeed where the other fails, and if the coefficients
of the given quartic are rational numbers, the
factors of T or Z? as the case may be, will be
rational.

Example 2. Reduce to canonical form J‘ Yyl
where y*=z(z—1)(x—2). ,
We use the third method of Example 1 taking
Q= (—1), @=2z(z—2) and writing
@ z—1

Y=o P2z

The discriminant of Qyuw— @, =xw— 2w+1)z41
is
AW = (2w+1)2—dw=4u?+1
so that
W= Auwt+BwtC where A=1, B=0, 0=i
and if we write 22=W/w and

Z=(B—2)!—4 AC= () —1=(£— 1) (224 1),
fy‘ldx:-:l:f[(z?—l)(zz—i— D] V2dz

The first method of Example 1 fails with the
above values of @; and @, since the root of @;=0
lies between the roots of @,=0, and we get
imaginary values of A. The method succeeds,
however, if we take @ =z, Q,=(@x—1)(&—2), for
then the roots of @,—=0 do not lie between those
Of Q2=0.

Example 3. Find K(80/81).

First Method
Use 17.3.29 with m=80/81, m;=1/81, m}/2=1/9.
Since [(1—mi”?) (1 +mi?)~'P=.64, K(80/81)=
1.8 K(.64)=3.59154 500 to 8D, taking K(.64) from
Table 17.1.
Second Method

Table 17.4 giving L(m) is useful for computing
K(m) when m is near unity or K’(m) when m is
near zero.

K(80/81)=117_ K’(80/81) In (16X81)—L(80/81).

By interpolation in Tables 17.1 and 17.4, since
80/81=.98765 43210,

K’(80/81)=1.57567 8423
L(80/81)=.00311 16543
K(80/81)==""(1.57567 8423)(7.16703 7877)
—.00311 16543
=3.59154 5000 to 9D.

Third Method
DThe polynomial approximation 17.3.34 gives to
8

K(80/81)=3.59154 501
Fourth Method, Arithmetic-Geometric Mean

Here sin? «=80/81 and we start with
a=1, bo=$, co=+/80/81=.99380 79900
giving
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3

an

ba

Cn

G LI = O

1. 00000 00000
. 55555 55556
. 44444 44444
. 43738 79636
. 43735 95008
. 43735 95003

. 11111 11111
. 33333 33333
. 43033 14829
. 43733 10380
. 43735 94999
. 43735 95003

. 99380 79900
. 44444 44444
1111t 11
. 00705 64808
. 00002 84628

Thus K(80/81)=% ra;'=3.50154 5001.
Example 4. Find E(80/81).

First Method
Use 17.3.30 which gives, with m=80/81

E(80/81)=% E(.64)—-é K(.64)
‘ —1.01910 6047

taking £(.64) and K(.64) from Table 17.1.
Second Method

Polynomial approximation, 17.3.36 gives
E(80/81)=1.01910 6060. The last two figures
must be dropped to keep within the limit of
accuracy of the method.

Third Method

Arithmetic-geometric mean, 17.6. The numbers
were calculated in Example 3, fourth method, and
we have

K(80/81)—E(80/81) 1 o

=% [1.43249 71298]

.. 2%

=.71624 85649.

Using the value of K(80/81) found in Example 3,
fourth method, we have

E(80/81)=1.01910 6048 to 9D.

Example 5. Find ¢ when m=.9995.
Here m;=.0005 and so from Table 17.4

Q(m)=.06251 563013
@1 =m,Q(m)=.00003 12578 15.

From 17.3.19

In (1q)=7r2/1n (ql)=1r2/1o.37324 1132
1

=.95144 84701
g=.38618 125.

The computation could also be made using
common logarithms with the aid of 17.3.20. The
point of this procedure is that it enables us to
calculate ¢, without the loss of significant figures
which would result from direct interpolation in
Table 17.1. By this means In (1/¢;) can be found
without loss of accuracy.

Example 6. Find m to 10D when K'/K=.25
and when K’/K=3.5.

From 17.3.15 with K’/K=.25 we can write the
iteration formula

Mm@+ =1—166~4 exp [—xL(m™)/K’ (m™)].

Then by iteration using Tables 17.1 and 17.4

n min
0] 1.
1 .99994 42025
2| .99994 42041
3 99994 42041

Thus m=.99994 42041,
From 17.3.16 with K’/K=3.5 we can write the
iteration formula,

m® D =16¢7%- exp [—xL(m{™)/K(m™)]

n min
oo
1] .(3)26841 25043
2| .(3)26837 65
3| .(3)26837 65

Thus m=.00026 83765.

The above methods in conjunction with the
auxiliary Table 17.4 of L(m) enable us to extend
Table 17.3 for K’/K >3, and for K'/K<.3.

Example 7. Calculate to 5D the Jacobian
elliptic function sn (.75342|.7) using Table 17.5.
Here

m=sin2A a=.7, a="56.789089°,

Thus, sn (.75342|.7) =sin ¢ where ¢ 18 determined
from

F(\56.789089°)=.75342.

Inspection of Table 17.5 shows that ¢ lies
between 40° and 45°. We have from the table
of F(p\a)
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& 56° 58° 60°
@
35° . 63803 . 63945 . 64085
40° . 73914 . 74138 . 74358
45° . 84450 . 84788 . 85122
50° . 95479 . 95974 . 96465

From this we form the table of F(o\56.789089°)

14 F A Ag Aj
35° . 63859

10144
40° . 74003 437

10581 72
45° . 84584 509

11090
50° . 95674

A rough estimate now shows that ¢ lies between
40° and 41°. We therefore form the following
table of F(p\56.789089°) by direct interpolation
in the foregoing table

@ F
40.0° 74003
40.5° 75040
41.0° 76082

whence by linear inverse interpolation

.75342— 75040

— o
.76082—.75040 40.6449

¢=40.5°+.5°
and so sin ¢=.65137=sn (.75342|.7).

This method of bivariate interpolation is given
merely as an illustration. Other more direct
methods such as that of the arithmetic-geometric
mean described in 17.6 and illustrated for the
Jacobian functions in chapter 16 are less laborious.

Example 8. Evaluate

L *L@t41) (2—2) ]2t

First Method, Bivariate Interpolation

From 17.4.50 we have
3
N5 f [@E41) (P—2) |20t = Fp\a) — Flpy\e

where

V3

. 1 2
sin? a=g1 COS ¢y =%_; cos =g
Thus a=26.56505 12°, ¢;=61.87449 43°, py=45°,

F(e\@)=1.115921 and F(g\a)=.800380 and
therefore the integral is equal to .141114,
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Second Method, Numerical Quadrature

Simpson’s formula with 11 ordinates and interval
.1 gives 141117,
Example 9. Evaluate

f4 [(t2—2)(t2—4)] ¥dt.

First Method, Reduction to Standard Form and
Bivariate Interpolation

Here we can use 17.4.48 noting that a*=4,
b2=2, and that

[ e @-ora=["- "

=3 [Flp\45°) — F(p\45°)]

=% [1.854075—.535623]=.659226
where
] —g i _2 in? -.g.
sin ¢1—2; sin <p2—4: sin a—4
Thus
a=45°, 0, =090°, ,=30°.

Second Method, Numerical Integration

If we wish to use numerical integration we must
observe that the integrand has a singularity at
t=2 where it behaves like [8(t—2)] .

We remove the singularity at ¢=2, by writing

| ler—2)(B—1)]-tdt= [rwae+ | 18(t—2)]- ¥t

where
F@O=[(E—=2)(*—4)]"—[8(¢t—2)]*.
If we define f(2)=0,

L *Hdt

can be calculated by numerical quadrature.

f: [S(t—2)]‘*dt=|:% (t—2)t :=1

and thus we calculate the integral as

Also

4
1+ f F(®)dt=1—340773=.659227.
2
Example 10. Evaluate
u=f (@®—T246) ¥z,
17

P#—7z+6=(z—1)(z—2)(x+3) and we use 17.4.65
with 31:-2, 52:-1, 63=—3,
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m=sin? a=4/5, \=+/5/2, cos? p=3/4.
Thus a=63.434949°, »=30° and

u=2(5)"F(30°\ 63.434949°)
=2(5)"%(.543604) = .486214 from Table 17.5.

The above integral is of the Weierstrass type and
in fact 17= P (Ju; 28, —24) (see chapter 18).
Example 11. Evaluate

2/3
J‘ (24—12¢+262— £1)-12 .
0

We have
24 —12t+282—B=—(1—2)(-+12)=—P(1).

There is only one real zero and we therefore
use 17.4.74 with P(t)=8£—2£+12t—24, =2 so
that P’(2)=16, P’/(2)=8, A=2 and therefore

nesint ol it

Therefore the given integral'is

(= =} (Fee0)— P\
where

cos ¢1=%, 21="70.52877 93°

cos ¢2=%; ©;=60°

and the integral =3[1.510344—1.212597] = .148874.
Example 12. Use Landen’s transformation to

evaluate
/2 1 . -1/2
f (I—Z sin? 0) dd to 5D.
0

First Method, Descending Transformation

We use 17.5.1 to give

1 +sin a1=ﬂ-_®=l 071797

cos a;=[(1—sin ;) (1+sin oy)]¥2=.997419

1+sin a,= =1.001292; cos ap,=.999999

1-cos o

14-sin o= =1.000000

_2
14-cos a,

Thus from 17.5.7,

the integral=F(90°\30°) =’2-r (1.071797) (1.001292)
=1.68575 to 5D.

Second Method, Ascending Transformation

We use 17.5.11 to give
1+cos an+1=2/(1+8in a,,)

n Cos an sin an
1 . 33333 333 . 94280 904
2 . 02943 725 . 99956 663
3 . 00021 673 . 99999 998
sin (2¢,—90°)=sin 30°, @ =060°

¢,=57.367805°
¢3="57.348426°
0s=57.348425°=%,

sin (2¢;— ¢;) =sin q sin ¢,
8in (2¢3— ¢g) =sin a, sin ¢,
sin (2¢4— ¢3) =sin aj sin ¢,

From 17.5.16

2 2 2
1.5 1.94280 904 1.99956 663

2 i1
199999 gog .2 tan (45 +3 q’)

=1.37288 050 In tan 73.674213°
=1.37288 050(1.22789 30)

F(90°\30°)=1.68575 to 5D.
Example 13. Find the value of F(89.5°\89.5°).

F(90°\30°)

First Method

This is a case where interpolation in Table 17.5
is not possible. We use 17.4.13 which gives

F(89.5°\89.5°) = F(90°\89.5°) — F(¥\\ 89.5°)

where
cot Yy=sin (.5°) cot (.5°)=cos (.5°)

¥=45.00109 084°
and F(y\89.5°)=.881390 from Table 17.5.

F(90°\89.5°) =K (sin? 89.5°) =K(.99992 38476)
=6.12777 88

Thus F(89.5°\89.5°) =5.246389.
Second Method

Landen’s ascending transformation, 17.5.11,
gives
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cos a;=(1—sin 89.5°)/(1+sin 89.5°)

sin oy=[(1—cos a,)(1+cos a)]}=.99999 99997

cos ap=0

sin ap=1.
17.5.12 then gives

sin (2¢;—89.5°)=sin 89.5° sin 89.5°
=.99992 38476
2¢,—89.5°=89.2929049°, ¢, =189.39645 245°

8in (2¢y— ¢1) =sin o sin ¢, 0, =89.39645 602°
sin (2¢0;— @) =sin ¢, =g =12.
Thus 17.5.16 gives

F(89.5°\89.5%) =
00002 10091 O
(99996 19231) In (tan 89.69822 801°)=>5.24640.

Example 14. Evaluate
2 .
[ 10— as+ev-4t tosD.
1
From 17.4.51 the given integral

=)L

30 £ (\0)—E(e\a)]

where
sin a=$ a=36.86990°
sin =% 5,  ,=48.18968°
5 o
m ¢2=§W7’ ¢2=23.84264 .

By bivariate interpolation in Table 17.6 we
find that the given integral

=3[.80904 — .41192]=.00496.
Simpson’s rule with 3 ordinates gives
$[.00504+.01975+.005]=.00496.
Example 15. Evaluate
1 (3 45°\30°) =

J; (1~ sin?6)~(1—14 sin?6)~#dh to 6D.

This is case (i) of integrals of the third kind,
0<n<sin? a, 17.7.3

n=p ¢=45°, a=30°,

e=arcesin (n/sin? a)1=30°,
B=3wF(30°\30°)/K(30°)=.49332 60
v=3rF(45°\30°)/K(30°) =.74951 51,
8= (16/45)}

and so from 17.7.3
I (55; 45°\30°) =

(16/45)}{_% |p 340EB) (8

d,(v—B tS‘1(/3)
g=.01797 24.

Using the g-series, 16.27, for the ¢ functions we get
11 (%; 45°\30°) = (16/45)} { — 02995 89
+(1.86096 21)(.74951 51) } =.813845.

Table 17.9 gives .81385 with 4 point Lagrangian
interpolation.

Example 16. Evaluate the complete elliptic
integral
I (4\30°) to 6D.

From 17.7.6 we have
II (#\30°)=K(30°)+(16/45) 2K () Z(\ 30°)

where
Table 17.7

e=arcsin(n/sin®a)'=30°. Thus using

I (14\30°) =1.743055.

Table 17.9 gives 1.74302 with 5 point Lagran-
gian interpolation.
Example 17. Evaluate

IT (§; 45°\30°)
=fm(1—% sin? 0)~! (1—% sin? §) "V2 df
0
to 6D.

This is case (iii) of integrals of the third kind,
sin? a<ln<1,
n=4§, p=45° a=30°



606 ELLIPTIC INTEGRALS

e=arcsin [(1—n)/cos? a]t=45°
B=1xF(45°\60°)/K(30°) =.79317 74
v=3rF(45°\30°)/K(30°) =.74951 51
=(40/9)}
g=.01797 24
and so from 17.7.11

IT (§; 45°\30°)=(40/9)V*(\—4pv)
—2.10818 51{.55248 32—4(.03854 26)

(.74951 51)} =.921129.

Table 17.9 gives .92113 with 4 point Lagrangian
interpolation.

Example 18. Evaluate the complete elliptic

integral
I (3\30°) to 5D.

From 17.7.14 we have

I (§\30°) =K (30°) +g\/§§—’ [1—40(e\30°)]

where e=arcsin [(1—n)/cos? a}/2=45°.
Table 17.8

Thus using

IT (§\30°)=2.80099.

Table 17.9 gives 2.80126 by 6 point Lagrangian
interpolation. The discrepancy results from in-

terpolation with respect to n for ¢=90° in Table
17.9.

Example 19. Evaluate
II (§; 45°\ 30°)

/4
=f (1—4%sin? )~1(1—1% sin® 6) ~V2 4
0
to 5D.

Here n=§, ¢=45°, a=30° and since the character-

istic is greater than unity we use 17.7.7
N=n"1sin? a=.2, p,=(1/5)}

I (§;45°\30°) = —II( 2; 45°\ 30°) + F (45%\ 30°)

e R (15)
+GV5) In (e i

=—.83612+-.80437
V35+48

2v5In
T s

=1.13214.

Numerical quadrature gives the same result.
Example 20. Evaluate

I (—-i—; 45°\30°)
/4
= f (141 sin? 6)~'(1—1 sin? §)—dg
0
to 5D.

Here the characteristic is negative and we there-

fore use 17.7.15 with n--—z, sin? a=i

N=(1—n)"'(sin? a—n)=4, p,=+v.1
and therefore
(6/2)} I (—1; 45°\30°) = (9/40)*IT (§; 45°\30°)
+3(5/2)}F (45°\30°) +-arotan (35)~}
Using Tables 4.14, 17.5, and 17.9 we get
II (—4; 45°\30°)=.76987
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Table 18.1. Table for Obtaining Periods for Invariants g, and g; Page
(—2_0293 2/3) ..... e e e e e e e e e e PR 673

Non-Negative Discriminant (3<g <)
wgs!®, = "’3 +‘/—ln(‘2 —3); 3.=3(.05)3.4, 7D

wgi/®, @ ga"’/z 9:=3.4(.1)5(.2)10, 7D
wgi®gat, o' gi*gyYi; 95 '=.1(—.01)0, 7D

Non-Positive Discriminant (—» <§,<3)
g5 G4, w'agh®|GalY/; G5 =0(—.01)—.2, 7D
wygh'®, wzgalo/% gz '=—.2(—.05)—1, 7D

angh?, 22 g2+ 1n(3-7); 5= —1(2)3, 7D

Table 18.2. Table for Obtaining (P, (p' and { on Oz and Oy (Unlt
Real Half-Period —Period Ratio a). Ce e 674

Positive Discriminant (0<z<1, 0<y<a)

& P(2), 2 P'(2), 2¢(2),a=1,1.05,1.1,1.2, 1.4, 2, 4
z=0(.05)1, y=0(.05) 1.1, 1.2 (.2) @, 6—8D

Negative Discriminant (0<z2<1, 0<y<a/2)

2 P(2), 2 P’ (2),2(2),a=1,1.051.15,1.3, 1.5, 2, 4
2=0(.05)1, y=0(.05)1 (.1)b(b>a/2), 7D

Table 18.3. Invariants and Values at Half-Periods (1<¢<w) (Unit

Real Half-Period). . . . . . . . . . . . .. e e e e e e 680
a=1(.02)1.6{.05)2. 3( 1) 4 o, §6—8D

Non-Negative Discriminant

92, 93, 1= P (1), es= P ('), n=¢Q1), o' fi=(")]i, 0 (1), 0(w’) /4, o(ws)
Non-Positive Discriminant
G2, 93, €, 7’2=g-(1); ﬂ;/@=§'(w4)/7'; 0'(1), a(wzl)/iy a(w')
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author’s interest in the project, and Mrs. H. O. Rosay for programming and computing,
hand calculation and formula checking) and the personnel of the Computation Laboratory
(especially R. Capuano, E. Godefroy, D. Liepman, B. Walter and R. Zucker for the prepara-
tion and checking of the tables and mapsj).
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18. Weierstrass Elliptic and Related Functions

Mathematical Properties

18.1. Definitions, Symbolism, Restrictions and
Conventions

An elliptic function is a single-valued doubly
periodic function of a single complex variable
which is analytic except at poles and whose only
singularities in the finite plane are poles. If w and
«’ are a pair of (primitive) half-periods of such a
function f(z), then f(z+2Mw+2Nw’)=f(2), M
and N being integers. Thus the study of any
such function can be reduced to consideration of
its behavior in a fundamental period parailelo-
gram (FPP). An elliptic function has a finite
number of poles (and the same number of zeros)
in a FPP; the number of such poles (zeros) (an
irreducible set) is the order of the function (poles
and zeros are counted according to their multi-
plicity). All other poles (zeros) are called con-
gruent to the irreducible set. The simplest (non-
trivial) elliptic functions are of order two. One
may choose as the standard function of order two
either a function with two simple poles (Jacobi’s
choice) or one double pole (Weierstrass’ choice)
in a FPP.

Weierstrass' P-Function. Let w, o’ denote a
pair of complex numbers with #(«’/w)>0. Then
P ()=P(zlw, ') is an elliptic function of order
two with periods 2w, 20’ and having a double pole
at z=0, whose principal part is z7%; (P(2)—z"% is
analytic in 2 neighborhood of the origin and van-
ishes at 2=0.

Weierstrass’ ¢-Function ¢(2)={(z|w, «’) satisfies
the condition {’(2)=— (P (2); further, {(2) has a
simple pole at z=0 whose principal part is z7%;
¢(2)—2z! vanishes at z=0 and is analytic in a
neighborhood of the origin. ¢(z) is NOT an
elliptic function, since it is not periodic. However,
it is quasi-periodic (see ‘“‘period” relations), so
reduction to FPP is possible.

Weierstrass’ o-Function o(z)=o(z|w, «’) satisfies
the condition ¢’(2)/o(2)={(2); further, o(2) is an
entire function which vanishes at the origin.
Like ¢, it is NOT an elliptic function, since it is
not periodic. However, it is quasi-periodic (see
“period” relations), so reduction to FPP is pos-
sible.

Invariants ¢, and g;

Let W=2Mw+2Nw’, M and N being integers.
Then

18.1.1  ¢,=60Z'W™* and ¢,=140Z'W-*

are the INVARIANTS, summation being over all
pairs M, N except M=N=0.

Alternate Symbolism Emphasizing Invariants

18.1.2 PR=P(z; 9, 93)
18.1.3 P'@=DP'(2; 95 95)
18.1.4 c(@=¢(2; g2y g5)
18.1.5 a(2)=0(2; g, g3)

Fundamental Differential Equation, Discriminant and
Related Quantities

18.1.6 P (2)=4 P*2)—g. P (2)—7s
18.1.7

=4(P () —e)(P(D—e) (P (2)—e3)
18.1.8

A=9§“279§= 16(e;—e3)*(e3—e1)*(e1—e,)?
18.1.9

g=—4 (er62+ €165+ e985) =2(e} +e3+-¢3)

18.1.10 gr=4ees;=4(ed+ed+ed)
18.1.11 e1+ex+e;=0
18.1.12 ei+ei+ei=g/8
18.1.13 4ei—gei—g:=0(1=1, 2, 3)

Agreement about Values of Invariants (and Discrim-
inant)

We shall consider, in this chapter, only real g,
and g¢; (this seems to cover most applications)—
hence A is real. We shall dichotomize most of
what follows (either A>0 or A<0). Homoge-
neity relations 18.2.1-18.2.15 enable a further
restriction to non-negative g; (except for one case
when A=0).

Note on Symbolism for Roots of Complex Numbers and
for Conjugate Complex Numbers

In this chapter, zV* (n a positive integer) is used

to denote the principal nth root of z, as in chapter

3; z is used to denote the complex conjugate of z.
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FPP’s, Symbols for Periods, etc.

y A>0
2w 2w,
]
Ry Ry
I S
w' by @, X
R,= R,
i
TFPP
0 w 2w
RECTANGLE Ficure 18.1 RHOMBUS
W =w
wy=w-+w’ w=w —w
=0’
» REAL wy REAL
« PURE IMAG. w; PURE IMAG.

|w’| 2w, since gs 20 |wy| = wg, since g; =0

Fundamental Rectangles

Study of all four functions (P ,P’, ¢, o) can be reduced to consideration of their values in a Funda-

mental Rectangle including the origin (see 18.2 on homogeneity relations, reduction formulas and
processes).

A>0 ALO
’
Fundamental Rectangle is % FPP, which has ver-  Fundamental Rectangle has vertices 0, w;, wz+%:
tices 0, w, wzand o’ )
2
y y 2w|
o' wp ’
FUNDAMENTAL [ ‘
RECTANGLE ! v w. + 22
| = I
(=4 FPP) FUNFAMENTAL
CTANGLE
0 w X ) w, X
Frcure 18.2

There is & point on the right boundary of Fundamental Rectangle where P =0. Denote it by 2.
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18.2. Homogeneity Relations, Reduction
Formulas and Processes

Homogeneity Relations (Suppose t=0)
Note that Period Ratio is preserved.

1821 D' (teltw, o) =t P’ (2|, o)
18.2.2 P (tz)te, tw")=t"2 P (2|, ')
18.2.3 f(teltw, to”) =t7'¢ (2w, &)
18.2.4 o(tz)tw, to’) =to(2|w, &)
18.2.5 ga(tw, tw")=t"4g:(w, ')
18.2.6 ga(to, tw’) =t"%gs(w, &)
18.2.7 ¢(tw, tw’)=0t"%¢(w, 0’), 1=1,2, 3
18.2.8 Altw, to’) =t"A(w, o)
18.2.9 H,(tw, tu’)=t*H,(w, »’), 1=1,2, 3
(See 18.3)
18.2.10 (o, 1) =q(w, «’)  (See 18.10)
18.2.11 m(tw, tw’)=m(w, ’) (See 18.9)

18.2.12
18.2.13
18.2.14
18.2.15

P’ (tz; t74gs, t°g) =t P’ (2; g2, 90)

P (tz; t7gs, 1) =t P (2; g1, 99)
{(tz; t4gs, t7095) =175 (2; G2y 95)
o(tz; t74g,, t705) =to(2; 9s, 99)

A>0

(8 denotes conjugate of s)

631
The Case g, <0
Put =1 and obtain, e.g.,

18.2.16 P (z; g, gs) =— P (i2; g2, —v)

Thus the case g;<<0 can be reduced to one where

ga>0.

“Period”’ Relations and Reduction to the FPP (M,N
integers)

18.2.17  P’'(24+2Mw+2Nuw’)= P'(2)
18.218 P (24+2Mw+2Nw’)=P(2)
18.2.19

¢(z+2Mw+2No")=1(2) +2Mn+2Ny'
18.2.20

o(z+2Mw+2Nw")

— (— 1M+ 5 (5) exp [(2-- Muw+No') @M
+2Ny")]

18.2.21 where n={(w), n'={(v")

¢“Conjugate” Values

f@)=f(2), where f is any one of the functions
) P ‘s & 0

Reduction to Y4 FPP (See Figure 18.1)

AL0

Point z,in R,

18.2.22 P (2)=—P @u—z)
18.2.23 P (2)="1P 2uw—2,)
18.2.24 tz)=—1@uw—2)+2n
18.2.25 o(2)=0(w—2,) exp [2n(z;—w)]

P (@) =—P Cun—2)

P (2= Cuar—2)
t(z)=—F@w—2) +2(n+n")
o(2)=0Qw,—2) exp [2(n+n") (2a—wy)]

Point z;in R;

18.2.26 P (z)=—P'QCu—2)

18.2.27 P () =P 2u—2)

18.2.28  {(z)=—{(2wm—2z)+2(n+7)

18.2.29  o(25) = (2w;—23) exp [2(n+n") (2s—w))

P (z)=—P'Quwy—2)

P (z)=P Cwn—2z)

t(2)=—¢ (2w —29) +2(n+n")
o(23) = 0(2ws—2y) exp [2(n+1") (23— w2)]

Point 7;in R;

18.2.30 P'(z)=P (a2
18.2.31 P (2= (&2
18.2.32 t(z)=1(z—20")+ 20’
18.2.33 o(z)=—0o(z—2@) exp [20' (21— w')]

D' (z)=0"(2)
P (=P (2
H(z)=t(z)

(%) = (z)
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'
2w Reduction from 1} FPP to Funda mental Rectangle in
Case A0
We need only be concerned with the case when
z is in triangle A, (therefore 2w’ —z is in triangle
4, ' Ay).
' w' W2
Wy W + 5= 18.2.34 PR=0PR"—2)
2
18.2.35 P E)=—0P'Q2u"—2)
18.2.36 t(@)=29"—t2w’—2)
18.2.37 o(2)=0(20'—2) exp [29'(2—w')]
) w, X
Freure 18.3
Reduction to Case where Real Half-Period is Unity
(preserving period ratio)
A>0 ALO
(wr=w+w’)
’ r
18.2.38 P (¢lw, 0" )= P’ (Zw'“]l, %) P’ (zlo, ' )=wP '(zw{‘ ‘—:i: -2—2)
7’ ’
18.2.39 P (zlo, 0" )=0"2 P (Zw'lll, w_) P (z|lw, o) =w;?P (zw{‘ 2,2
w Wy W,
14 _ Sle wl
18.2.40 (2w, @’ )=0w"1f (Zw'lll, %) t(2|w,0")=wzt (zwz 1 o ;2)
’ 14
18.2.41 o(2|w, w’)=wo (Zw“ll, ‘:’—) o(zlw, w’)=wy0 (zw;‘ :’—’21 ‘—(:;)
’ !
18.2.42 ga(w, 0" )=0w"4g, (1’ :—) 92(w, 0" )=0w3*g w%’ _:’7;>
’ ’
18.2.43 ga(w, 0" )=w"",; (1, %) g3, 0" )=w;’g; (ir :—2)
14 ’
18.2.44 ey(w, w’)=w"2¢, (l, %) ¢i(w, w')=w;’e, (g; %2)
(i=1)273) (i=172; 3)
18.2.45

Alw, o’)=w"1A (1, -w—,) Alw, ') =wy"12A (ﬁ’—; o
W Wy W

NOTE: New real half-period is

_w—l—_w’

w o
w2 W2 [ ]

=]
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18.3. Special Values and Relations

Values at Periods

P, P’,and ¢ are infinite, ¢ is zero at z=2w,, t=1,2, 3 and at 2w;(A<0).

18.3.1
18.3.2
18.3.3
18.3.4
18.3.5

18.3.6

18.3.7
18.3.8

18.3.9

18.3.10

18.3.11

18.3.12

18.3.13
18.3.14

18.3.15
18.3.16

18.3.17

18.3.18

18.3.19
18.3.20

A>0 AL0
Half-Periods
P (w)=e,(1=1,2,3)
P’ (w)=0(i=1,2,3)
7:={(w) (1=1,2,3)
m=1n,m=n+1", n5=n’"
Hi=2¢e%+e,e, (1,7, k=1,2,3; 154,17k, j #%k)

’=(e,—-e,) (er,—ek)=2e3+f—:‘=3e§—%
¢, real ez real and non-negative
e >0 e5 €3 (es=0 when g;=0)
(equality when g;=0)  e=—a+t1f,e=6

where >0, >0
(equality when g;=0)

7>0 m={(w)=n"—n
w' /iS50 if 1>0
|o’|/S1.91014 050 (approx.) n/iS0 if wj)/,S3.81915 447 (approx.)
H1>0, H3>0 H2>0
H;=iy—H3 w/4<larg(H;) <m/2 (equality if g;=0); H,=H,
o(w)=er**(H}" o (wy)=emnv2/t/H}*
o(w’)=1ie" «'/2[H}? o(w))=ie""" H2
o*(wn)=ems/(—H) di(w')=e" " [(—H)

’ ’ 1
arg [o(a) | =745 arglo(w")|="224+5—3 arg(eat Hy—e:)

Quarter Periods

@ (w/2)=61+H1>81 .(}’ (w,/2)=e,+H,>e,
@,(0/2)=—2H1‘V2H1+381 @’(wg/2)=—2H2V2H3+385

¢(w/2)=4[n+v2H,+3ei] f(wz/2)=’}[ﬂn+V2Ha+3€2]

633
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A<L0
emenl8

2"H3*(2H ,+-3¢,)

P (2/2)=6,— Hy= (P (wn+w/2) <, <0

B (w3/2)=—2HyiN2H,—3er= P’ (w+ w}/2)

¢ (w3/2) =3lm—iv2Hy—3es] = — { (wa+ /2) + 20"

/ qem’ w8
a'(wz/z)_21/4Hg/8(2H2—362)”8
=o(wr+w;/2) exp [—1'w;)

o(wy2)=

P )=e—Hy
-@ '(w'/2) = —2?:H3(2H3_363)*
(o' [2)=%{n"—i(2H;—3e,)}]

’ !
e lseirM

P =l —se T

One-Third Period Relations

At 2=20,/3(i=1, 2, 3) or 2w;/3, P’ *=12p P"*;

48(P4—249, P2 —48¢, (P —g2=0

AL0
:(2w2/3)=%+[g>_(2;z_/3)]'

¢ (203/3) 2?:'4 [@(2;5/3)]'

£(20'/3) 2;'7%[@(2;'/3)]-

) 0'(2“,2/3)—-_exp [2’720’2/9]

VP 2wf3)

rjay . —eXP [2n:05/9]
" QLD =7 @ui) e

—exp [27"w’/9]
[@ ’ (2(0,/3) ]1/3e21"/3

c(2w’[3)=

Legendre’s Relation

7 ’ .
N2Wg— N ==

Relations Among the H;

A>0
eqwl&
18.3.21 a(w/2)=2l,4m,8(2H1+3el)1,3
18.3.22 P (o'/2)=63— H;3;<e3<0
18.3.23 P'(«'[2) = —2Hyiv2H,— 3¢,
18.3.24 (W' 12) =3y —iv2H;—3e,]
, jere P
18.3.25 o(w /2)=2”4H2’8(2 H,—3e;)7®
18.3.26 @ (w2/2)= ez—Hz
18.3.27 P (w)2)=—2Hy(2H,—3e,)}
18.3.28 §(w3/2) =30 —2(2H; —3e,)Y]
eq2w2/88i1/4
18.3.29 ¢r(¢|.v2/2)—[1&13(2112_382)]”8
equivalently:
18.3.30
A>0
18.3.31 t(20/3) =—2§"+[‘@(2T“’/3)]’
18.3.32 §(2w'/3)—2g' [g) (2;"/3)]*
18.3.33 £(2w,/3) =%+[w):r
18.3.34 90/3) = 5P [2n4/9]
R 1/ TPy
' —exp [29'w’[9]
18.3-35 0'(2(1) /3) —'[ @ 7 (2w1/3)]l/382ri/3
—exp [2n20/9]
18.3.36 o (2u/3) R
18.3.37 nw —n’ w=mi/2
(also valid for A<0)
18.3.38
18.3.39

Hi+H}+H3=3g:/4

I H}+ HiH}+ H}H}=0
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18.3.40 IBHEH=—A/16
18.3.41 16H—12g,Hi-+A=0(i=1, 2, 3)

18.4. Addition and Multiplication Formulas
Addition Formulas? (z; % z;)

18.4.1 P ta=[ G AL T g - @

18.4.2 P (atz)= @ (21+22)[@ "(21)— @‘é(ii])t%(éll))@ " (22) — @ '(21) @ (22)
18.4.3 tarte) =1+ +3 T =

18.4.4 0’(21+22)0'(21'—'22) = —02(21)02(22)[ -.g) (21) - x@ (Zi)]

Duplication and Triplication Formulas

[ Note that /=6 PH2)— L P (=4 P*e)— 5 P()—s and P"()=12P(2) P"(2) ]

18.4.5 P2z)=—2 @(z)-}—[% i

18.46 2= AP P P D= P)
18.4.7 §22)=2¢()+ P (22P'(2)

18.4.8 ! o(22) = — P (2)0*(2)

18.4.9 £82)=3¢(2)+ 75753 5‘@(:)(2_) P

18.4.10 0(32)=—P"(2)" ()P (22) — P (2)]

18.5. Series Expansions

LLaurent Series

18.5.1 Pz =z‘2+é cr2®—2
18.5.2 where 03=g5/20, c3=g,/28
and
18.5.3 —__3 St k2

e ck—mkt-g—) mZ=2 CmCr—my _4
18.5.4 P (3)= —2z"3+ﬁ(2k-—2)ckz""‘"3

=2

18.5.5 g'(z)=z"‘—éckz”‘“/(2k——1)
]_8 5 6 @ " . z4m+6n+l

* Dl 0(2)-—’"'%_0 A, 1(392) (2g3)" - m

? Formulas for { and ¢ are not true algebraic addition formulas.



636

18.5.7

18.5

WEIERSTRASS ELLIPTIC AND RELATED FUNCTIONS

where gy y=1 and

16 1
.8 am.n=3(m+1)a’m+l, n—l+§ (n+1)am—2, n+l"’§ (2m+3n_1)(4m+6n—1)am—l, ny

it being understood that a,, ,=0 if either subscript is negative. .
(The radius of convergence of the above series for (P —z7%, (P'+227% and ¢—=2z7! is equal to the
smallest of |2w]|, |20’| and |20+ 24’|; series for o converges for all z.)

Values of Coeflicients? ¢, in Terms of ¢; and ¢;

18.5.9 ¢=03/3
18.5.10 C5=36203/11
18.5.11 ce=[2c3+3¢2]/39
18.5.12 ¢ =2¢¢,/33
18.5.13 cs=5¢3(11¢2+36¢2)/7293
18.5.14 co=0c3(29¢3+11¢3)/2717
18.5.15 c10=(242c3-+1455¢2c3) /240669
18.5.16 11 =14¢,05(389¢3+369¢2) /3187041
18.5.17 ¢12==(114950¢34-1080000c3c2 -+ 166617¢4) /891678645
18.5.18 ¢13==10cZc;(297¢3+530¢3) /11685817
18.5.19 . __20,(528770c3+7164675¢3c3-+2989602¢8)
- w (306735) (215441)
18.5.20 _4¢,(62921815¢3+179865450¢3c3+14051367¢t)
"0 G1s (179685) (38920531)
18.5.21 . _ c}(58957855¢5+1086511320c3c3+875341836¢3)
e a (5909761)(5132565)
18.5.22 0., C2€2(30171955¢3+ 12613807 5c3c} +28151739¢3)
- e (920205)(6678671)
18.5.93 o, 1541470-949003¢5+30458088737 - 1155¢5c3+ 122378650673 - 378ched 42348703 - 887777¢3
o 18 (1342211013)(4695105713)
18.5.24 __2¢3e5(3365544215¢5 429852433 - 45¢3c3 1852774347 7c})
o (91100295)(113537407)
3 NOTES: 3. ¢y is given incorrectly in (18.12] (factor 13 is

1. ¢cis were computed and checked independently
by D. H. Lehmer; these were double-checked by
substituting g,=20 ¢;, 93=28 ¢; in values given in
[18.10].

2. ci-¢;3 were derived from values in [18.10] by
the same substitution. These were checked (numer-
ically) for particular values of gs, g;.

missing in denominator of third term of bracket);
this value was computed independently.

4. No factors of any of the above integers with more
than ten digits are known to the author. Thisis not
necessarily true of smaller integers, which have, in
many instances, been arranged for convenient use
with a desk ealculator.



Value ! of Coefficients a,, ,

7 12
~2-3- 5:59
-107895773
710
~23- 523
7
+257-18049
X
—2:3-6
+229-2683

711
~2.3- 5-59
-107895773

79
—2:3.5:23
257
18049

UK
—2.3.5:229

anon
i)

17
2.3:5-9103

343
2.3.6-31

8 10
—2:3- 5.7
-41-6047
-4922497

9
—-23. 5.7

e
wTtile

142231

58
—2:3.5.601
-83609

38
-2-3.5-83
«3011

34
2.3.5:37
-167

3 3
2:3:311

410
—2:3. 5:7

1001
riodi

-1415535763

48
—2-3.5-11.31
+313.190387

46
—2-3.5-503
-156217

U
—2.3.5.17
-3037

3
3-5-20807

3.107

29
Y
/‘/

410 3
~2.3. 5:7.23

-263-4848953

48
—~2.3.31
-315980669

47
—2-3-81-151
653

8
~2:3:11
-2609

3
3.7.23.37
16074,
5

59
-2:3.5-7:19
1752686144977

417
-2-3:5-7.11.29
-83:1129-9551

37
—2-3
+2387260103

8
—3.17
1578257

3
3.313-503
. Y
AT
6

->m 2%«’7

prd

48
—2.3-5:7-613
+17605225081

47
—2-3-5-17-53
-2057-41189

36
—2-3-713
-2742587

[

—3.7

685973
7

<

UE
—23-5-7.17
-87-196651059

i

37 1
2:3-5:7
-35866647631901

LI )
~2.3:5.7.193
-13679-274973

4
—38-7.23.14387
+40763

8
3.7
-80555603641079
4
-3.71
- 17630760639
10

U 3
—3.7.11.23
-383.739-18539
11

53
3.7.24733
-198922785511
12

¢ Values of aw, » in unfactored form for 4m4-6n+-1<35 are given in [18.25], D. 7; of (Gm, n)3~" in factored form in {18.15], Vol, 4, p, 89 for 4m+6n+1<25, Additional values were computed and checked on
desk ealoulators; primality of large factors was established with the aid of SWAC (National Bureau of Standards Western Automatic Computer),

SNOLLONNA JALVIZY ANV DJILJITIT SSVILSHAIAM
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Reversed Series’ for Large {@ l

18.5.25

z———;- [2u+czu5+csu’+ u°+6a2a3
+l3 (3a§+5ag)u“+a§a3u“+%"é—2 (1203 +703) u¥
5”@+MW”—BWHMW“
35"‘2"‘3 (903-+4d) u?

+% (3308 +180alod +106) u?

7“2“3 (11ad-+1002) u?”

2% (143081 1155083+ 210af) u®
T5.29
223151 (1430842200802 + 6ad) 1!

3a2

= (65a3-+728a3031280a3) u°

33&2(13

+23-5-7

(19508 +456ada3+42a4) u?s

26 37 (1105094 16380adai+10920a304

33&203

+168ad) ¥+ (85a3+ 2800303+ 5603) u*®

1 430(2

27 4 (323034 61200803+ 6300034+ 336a5) u*!

1 43&3

26 13 (1615084 7140a803+ 25200303+ 24af) u*®

+ O(u“)]:

18.5.26 where a,=g,/8
18.5.27 ——
18.5.28 u=(P )

% In this and other series a choice of the value of the
root has been made so that z will be in the Fundamental
Rectangle (Figure 18.2), whenever the value of the given
function is appropriate.

18.5.29
18.5.30
18.5.31

18.5.32

18.5.33

18.5.34
18.5.35

18.5.36

18.5.37

18.5.38

18.5.39

18.5.40
18.5.41
18.5.42
18.5.43
18.5.44
18.5.45

18.5.46

18.5.47

18.5.48

18.5.49

18.5.50
18.5.51

Reversed Series for Large | @ ’|
Z=Alu+A5u5—}—A7u7+A9u9+ [
where u==(p'/3)"let*s

A1=21/3
A,,=—%2 A2

- 4(1/3A1
7
Ag= 0

Al 1= 8a2a3A§/1 1

A7=

1 OAI

A= (224 6a3)

A15= _9603(1/3/175

14a,2A1 (

Ap=— a;3+1243)

where a;=¢,/6, a;=g,/6
Reversed Series for Large |{|
z=u+Aut+Au+Au’+. ..
where yu=¢"!
Ag=—8,/5
Ay=—8J7
A=8[T

Au = 35253/1 1

A= (—864782)

1001
A15= —415253/91

Ap= (134963—411663)

%

28

A= 323323

(11543163—2256863)

where §,=¢,/12
63=ga/20
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Other Series Involving (P
[P (20)=0]

Series near z,
18.5.52

P= g)ou[l 3c2u4—4cau"+106" w4 —=
7(12¢2—5¢3) we 488¢ic; ut
13 33

84c3—10c}
3

|, 5ea(55¢3— 231663)u‘2] n
T 143 T

1 140263 w0

+ +u2 [— 562"‘1403?]:2

1363czcau‘°

+5cut+33ce5ut+

18.5.53

where u=(z—2,), Pg = P’ (20)=1vgs
18.5.54

u= @5[v+avz+2a’1ﬁ+(——g”‘g) ‘,’2+5a3) 3 (BLDi¢
+15g; P o*+70a%)P+2a%(2 (P o +7g: P 2 +21a® ?
H( 2D (142000} P1500, it 132 )
+150 (g——a‘? s {?if«g+6a3} Qg4+—33;-"3

143a

+9Y 0 5 (2 pist150. 04

2002ag, (P2
5

+ {15408 4-33¢2) i+ +572a°) »

+1 (308040 Do+ 110980+ 1) P
+200243 {15 3+92}@"

416016 a’g; [P ;2419448 a®) 0]+ . .

18.5.55 where v=P /(P ¢)? and a=g,/4
Series near w,
18.5.56

(P —e)= (36— 5c2)u+ (10¢se,+21c5)u+ (Teqe
+21cse,+5ed)ud+ (18¢5e3+ 30c2e

+ 336263) ut + (220333 + 9202036 ¢+ 1 05C§

—@) 6+ et + 20 o, 4 84,

1214
c§> v 635c§ 855c§e‘

3405 45750
+7 Gee et 43 020§+1—303 wt ...,

AND RELATED FUNCTIONS

639
18.5.57 where u=(z— w,)?

Other Series Involving (P’
Series near z,

18.5.58
(P'—Po= [— 10¢,u~56¢5ud+ 30c2u’+ 264 ¢,0,u"

4 (84063—1000)) ; 5452chey

3 11
4+ T0ex(556—2316%) 13]
143

+& 5[ — 15¢qu'— 28c5u’ - 30c3u’+ 114c5cqu'

24406203 1 4

+7(12¢3—5¢3)u'?— -I- ..

18.5.59 where u=(2—2z,)
18.5.60
(2—2p)=A—bA*— g) —— A'+3(c; 15?48

+106 0A°—3[36c3—39> o+4b%47
'—3,@ .; (‘22§ 02+21 bz)As‘l"l—g' (2856203

4100 —279 (P (2b+132b¢ ) A%+ . .

18.5.61 where A= (P '— P ¢)/(—10¢s)

18.5.62 and b=4g,/g,

Series near w,

18.5.63

@ ,:2(38%—'563)a+4<1002€¢+2103)(!3"'6(70383
+2163€¢+ 5¢ )a“-}- 24 (60384"‘ 10626,

+11ese5)a’+10 (2203e?—|—92czcae,+105b§
10 364 110
'—'Tcg) 9‘|‘24( CaC3€ t+ c;et

+42c=e,+607 cgca) 21470 127 g

9150 5 N i
143 “%ty3 “)“

+...,

+2 der 450 dge o

18.5.64 where a=(z—w,).
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Other Series Involving ¢

Series near 2z, [ (P (20)=0]

18.5.65 N
et cut AU 19¢cqu
f—fo—@o[ 2+ 2 +'3——T—“‘§2ﬁ—

+(562 261203) 1 +61c203u :I + 50,,u3
Tesud 5w’ 1lecq® L(lOcz—84ca) u!
2 7 3
13636203 ula ch(231602 5502) 15]+
129 ' 429 !
18.5.66 where u=(z—2)),
18.5.67 fo={(20)

Series near w,

18.5.68
3e3—5 10¢.e,+21¢3)f
(§—n)=—esa— 350 g (00rtsE21cs)

_ (7caei+21cse,+-5¢2)
7

(6cze3+10c5e,+11coC5) 0’
3

(22c§e§+92czcae,+105c§—13—0 cg) o't
11

a3 dect42de,

_2 364
13

+90_702) 3_

681 9150
+ 03038¢+ 143 Czc§+'173 ¢ ) o®—

18.5.69

127 171
s(5 ety

where a==(2—w;)
Reversed Series for Small |0}

18.5.70

et M 5y Y8 1y 373
2——-0'+5 o‘“+7 o'+14 o’

+195«15,% gy SAEAEOL

6006 !

18.5.71 where v,=g,/48

18.5-72 ‘Ya=gg/120

For reversion of Maclaurin series, see 3.6.25 and
(18.18].

18.6. Derivatives and Differential Equations
Ordinary  (c2=g2/20, c;=g,/28)

18.6.1 Y (@)=—P(2)
18.6,2 o (2)/e(2)={(2)
18.6.3

P )=4P2)— g P (2)—gs=4P*—bc; P—Tcy)
18.6.4 (P’ (2)=6P%*(2)— }g.=6 P*—10¢c,

18.6.5 P ()=12 PP’
18.6.6
@(4)(2)=12(@@u+@1@/)
=51 [@3_302@ __1463
18.6.7

@(6)(z)=12(@@///+2@;@//+ @n @/)

=351 P [P*—cd
18.6.8

PO@=12PPO+3P' P +3P" P
+P"P)

18.6.9 =TI (P*—4c PP—4es P +5¢3/7]

18.6.10 DD (2)=4.T! (P’ P*—2¢, P —ea]

18.6.11

P (=P 56, P*—5c: (P*
+(10c2 P +11ez65) /3]
18.6.12
P O@2)=59P'[P*—3c; P*—2¢; P +2¢3/3]
18.6.13

P O (2)=111[ (PO—6c, P *—6e, P2 +TEP?
+ (342¢:0, (P +84c2— 10¢8) /33)

18.6.14
PO(2)=6111D '[P —4c, (P—3c; P*?

+ (778 P +57¢263)/33)
18.6.15

P2@)=13[P =T P —Tc P +354 P3
+210¢58; [P 2/11+ (842 —35¢8) [P /13— 1363¢3¢,/429]
18.6.16
P @ ()=T-131D'[| P *—bc; P*—4e; P*?

+56 (P 2+60csc; (P /114 (1263— 5¢3) /18]
18.6.17
@ (14)(z)=15! [@ 8—802@ 6—'803,@54"5263@ 4/3

+328c,c, (P 3/11+ (44462 —328¢3) P %39

—488¢c3cs P /334 c5(5563—2316¢3)/429)
18.6.18

P ©(2)=8.151P'[ PT— 6, P*— 5, P26 P /3
+123c,0; P 2114 (1113 —82¢3) P /39— 61c3es/33)
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Partial Derivatives with Respect to Invariants

18.6.19

b“@ =P’ (3gzs“——gaz>+6yz *—9g; P —g;
18.6.20

—.@ ( 993§'+ ) 99, @2+92@+ 9:9
18.6.21
sgi=—st(0:P+; gs)

1.\ 3 .,
L2 (9P +30)—3 0P
18.6.22

a5t (9043 59%)

1 3 9
—§ ga2 <§ 92@‘1'71 g )+3 P’

18.6.23 Aab gza'”+ g30'+ 922 0"'"‘5 9220'
18.6.24
o 9 ., 1, 3 2 1.
A w—-—z Js0 i gso 16 g2012 a+4 gi2o
, 0
here ’ denotes —
Qz
Differential Equations
18.6.25
Equation Solution
a
y’3=y2(y—a)2 y=§+16 @ (29 729
18.6.26
2
13 (1B Q2 3
y=—3ay*+3y) y 3P G090
_4—3d
9 =97

18.6.27

"— (y+a)’(y+b)3 y=6 P*(2; ga, 0)—0,

2 .
§=""3 (a—b)

y'=[a P (2)+bly (Lamé’s equation)—see [18.8],
2.26

. For other (more specialized) equations (of

orders 1-3) involving (P (z2), see [18.8], nos.

1.49, 2.28, 2.72-3, 2.439-440, 3.9-12.

For the use of (P (z) in solving differential equa-
tions of the form y™4 A(z,y)=0, where A(2,y) is
a polynomial in y of degree 2m, with coefficients
which are analytic functions of 2z see [18.7],
p. 312ff.

18.7. Integrals
Indefinite

18.7.1 f@*(z)dz——@ (z)+ 5 02

18.7.2 f & 3(2)‘”_120@ ”'(2)_;’5%{(2)*1‘16 ga2

(formulas for higher powers may be derived by
integration of formulas for (P ®(z))

For S (P"(2)dz, n any positive integer, see
[18.15] vol. 4, pp. 108-9.

If B ' (a) %0
18.7.3

ooy (92
0@ [Go-p@
=2z¢(a)+In o(2—a)—In o(2+a)

For Sdz/| P (2)— P (&))", (P "(a) #0) nany posi-
tive integer, see [18.15], vol. 4, pp. 109-110.

Definite
A0 A<0
18.7.4
onm © dt
w= = =
“ Fs(t "y Vs
18.7.5
f \/s(t B f s(t
18.7.6 where ¢ is real and
18.7.7 s(t)=4t*— gt —gs
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18.8 Conformal Mapping

w=u-+w

A>0
w= (P (z) maps the Fundamental Rectangle
onto the half-plane v<0; if |o'|=w(gs=0), the
isosceles triangle Oww, is mapped onto >0, »<0.

w=(p’(z) maps the Fundamental Rectangle
onto the w-plane less quadrant III; if |o’|=w, the
triangle Oww, is mapped onto »>0, v>u.

A0

w=(p(2) maps the Fundamental Rectangle

onto the half-plane v<0; if |wi|=ws(gs=0), the

isosceles triangle Ow,w’ is mapped onto u>0,
v <0.

w={(pP’(#) maps the Fundamental Rectangle
onto most of the w-plane less quadrant III; if
|ws}=ws, the triangle Ow,w’ is mapped onto »>0,
v2>.

(a=period ratio)

w=¢(2) maps the Fundamental Rectangle onto
the half-plane u>0. If @ <1.9 (approx.), »<0;
otherwise the image extends into quadrant I.
For very large a, the image has a large area in
quadrant I.

w=oc(2) maps the Fundamental Rectangle onto

quadrant I if a <1.9 (approx.), onto quadrants

I and II if 1.9<a<3.8 (approx.). For large
2

a, al‘g[o(wg)]z% ; consequently the image winds

around the origin for large a.

Other maps are described in [18.23] arts. 13.7
(square on circle), 13.11 (ring on plane with 2
slits in line) and in (18.24], p. 35 (double half
equilateral triangle on half-plane).

w={(2) maps the Fundamental Rectangle onto
the balf-plane »>0. The image is mostly in
quadrant IV for small a, entirely so for (approx.)
1.3<a<3.8. For very large a, the image has a
large area in quadrant I.

w=o¢(2) maps the Fundamental Rectangle onto
quadrant I if ¢<<3.8 (approx.), onto quadrants I
and II if 3.8<e<7.6 (approx.). For large

a, arg [a (w2+%2):|zgi:; consequently the image
winds around the origin for large a. '

Other maps are described in [18.23] arts. 13.8
(equilateral triangle on half-plane) and 13.9
(isosceles triangle on half-plane).

Obtaining P’ from @' 2

Fundamental Rectangle

Fundamental Rectangle

A >0 A <o
FUNDAMENTAL RECTANGLE FUNDAMENTAL RECTANGLE
l)/ y
! }
w' =
10 A (u'z/z:
i A
(.4,.4) l0/2
.4 4 (.4,.4)
B
B
) 4w X 0 4 w71 =X
Figure 18.4
In region A In region A

R(P')>0if y>.4and2<.5; £(P’) >0 elsewhere

(1) If a>1.05, use criterion for region A for
A>0,

(2) It 1<a<1.05: RZ(P)>0 if y>.4 and
<4, —n/4<larg (P)<3x/4 if 4<y<.5 and
A<z<L.5.  S(P’)> 0 elsewhere
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In region B In region B

The sign (indeed, perhaps one or more significant Use the criterion for region B for A>0.

digits) of (P’ is obtainable from the first term,
—2/2*, of the Laurent series for (p’.

(Precisely similar criteria apply when the real half-period 1)

A>0 =1
Map: P (2)=u+tw

Near zero: (P (2) =-§;+61

1
P (2 ='z—2+0232+ €
w'=1
w =14z
w' =2.01

Ficure 18.5

lels.2
le;12.003

643
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ALO wy=1
Map: P (2)=u+w

Near zero: (P (2) =%2+e1

P2 =§+023’+€z

-2
. 1.0

-4

wg-——i
wy=1.51
Il < .07
w;=2.01 '
‘ 1€ .03
_eL v

Figure 18.6
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A>0 w=1
Map: ¢(z)=u+w

Near zero: {(2) =§+ €

1 ¢z
2)=— €2
()=~ +

y

1.0Fg-1 17

51- —=-H
) 5 Lo X

1€]< .01

l€6x1 < 2x1078
Y

14y

1.0

T T T TV

f
T
T
[

o s o x
le,Is 007
16,1 < .0002
2.0
O
15|-+44-F

1€,1< .007
1€5) € .0002

Ficure 18.7

645
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A<O W= 1

Map: ¢(z2)=u+tw

Near zero: g'(z)=%+ €«

1 6223
2)y="—"t
()=
y
ST
.J.b ]
0 5
le,] <.04
l€al<.0002
) .
y
R LY B o o e B Al e
SEHTT 14-H
o 5 1.0
1€15.007
|€,l<.0009
’
w2=1.51,
y
1.0
sk
° 5 10 x
lel<.004
l€,<.0004
' .
w2=2.071

Figure 18.8
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WEIERSTRASS ELLIPTIC AND RELATED FUNCTIONS
A>0 w=1
Map: o(2)=u+w
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A<L0 wy=1
Map: o(2)=u-+i

we=2.01

Ficure 18.10



18.9.1

18.9'2

18.9.3

18.9.4

18.9.5

18.9.6

18.9.7

18.9.8

18.9.9

18.9.10
18.9.11
18.9.12

P (2)=—2(e1—e;)*"2. cn(2*|m)dn(z*|m)/sn®(z* m)

where

18.9.13 n=r(w)=I—{§T’”) BE(m)+(m—2)K(m)]

18.9.14

‘WEIERSTRASS ELLIPTIC AND RELATED FUNCTIONS

18.9. Relations with Complete Elliptic Integrals K and K’ and Their Parameter m

and with Jacobi’s Elliptic Functions (see chapter 16)
(Here K(m) and K’(m)=K(1—m) are complete elliptic integrals of the 1st kind; see chapter 17.)

A<L0

A>0
(2——m)K’(m)
3w?

_(2m— DNK*(m) -
3w?

—(m+1)K*m)

3
3wt

4(mP—m~+1)K*(m)
9= 3wt

o= _4m—=2)2m—1)(m+1)K*(m)

270°

A__16m2(m—1)"K‘2(m)
- wlZ

o _tK'(m)w
K(m)

w=K(m)/(e;—e;)'"

m= (es—e;)/(e1—es)

_(2m—1)46iVm—m?

3ui

__2(1—2m)K*(m)

€2

_(2m—1)—6iym—m?

3w}

RIS

K*(m)

- K*¥m)

_4(16m*—16m+1)K*(m)

=

_8(2m—1)(32m*—32m—1)K*(m)

3w}

27w

—256(m—m?)K*(m)

A

wi?

,__tK'(m)w,

==

K(m)

wy =K (m)/H;"*

1

362

m—=—————

2

4H,

[0<m <4, since g;>0)

P (2)=e3+(e1—e5)/sn*(2*/m)

2¥=(e1—ey)hz

n’=§'(w’)=w’_§m:
w

@(2)=02+H2

P’ (2)

where

'1+cn(z’lm)
1—cn(z’|m)

—4H3%n(z’ {m)dn(z’|m)

w2

(1—en(2’|m)P?

2’ =2zH3?

wa—1T
= ;(w4)=’_72_9__

[E(m) is & complete elliptic integral of the 2d kind (see chapter 17).]

= (o) =25 (6 (m)+ (4m —5) K (m)

649
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18.10. Relations with Theta Functions (chapter 16)

The formal definitions of the four ¢ functions are given by the series 16.27.1-16.27.4 which converge
for all complex z and all ¢ defined below. (Some authors use =2, instead of 2, as the independent variable.)
These functions depend on z and on a parameter ¢, which is usually suppressed. Note that

#1(0) =0,(0)9;(0)9,(0), where ¢,(0)=4,(0, ¢).

A>0 A<LO
18.10.1 r=ufw Ta=wa/2ws
18.10.2 q=e'"r=g¢ " "F'IX g=ig,=1e'"=1g"Iu3x
18.10.3
g is real and since g3 > 0(|w’| 2> w), 0<g<e™" ¢ is pure imaginary and since g3>0(|w,|>w,),
0<]gl<e""
18.10.4 (v=mz/2w) (v=72z/2w,)
_ 31(0)8;4:.(0) F : 31(0)3,(») T
18.10.5 g)(z) ej+ 0;.’.1(0)"1(@) -.@(z) e2+ "2(0)01(0)
j=1,2,3
s T 93(0)85(0)94(0) 872 (0) T 3y(0)85(0)8,(0)8(0)
18106 " (==13 5,0)0,0)3:(0) 97 0) P (=141 5,00)9,02,(03°G)
w91(v) "722 wdy(v)
18.10.7 t(z )— S, (0) (2)= m
18108 o)== ep (3 5O oe)=2 oxp (1) 00
18.10.9 12u%e,=7%94(0)+34(0)] 120ie,=n?[04(0) —34(0)]
18.10.10  120%e,=7%94(0) —34(0)] 120le, =7 84(0) +94(0)]
18.10.11  120%¢,=—=2[94(0) +94(0)] 12wle,=—n?[34(0) +84(0)]
18.10.12 (ez—ea)!=—i(ea—eg)i=21wo§(0) (e,——es)*=i(e3—ez)*=2%’0§(0)
18.10.13 (e e =—i(es—e)=o-33(0) (ex—ex)i=iles—en)b=5_-33(0)
18.10.14 (e;—ex)t=—1i(ey—e))i= —02(0) (ea—e)t=—1i(e1—e))¥= ——02(0)
8 8 2 ‘ 8 8
181015 gu—3 (1) 193(0) +94(0) +00) 0=3(5;) 1O+ 910 +30)
18.10.16 ga=461€363 93=4€1€233
18.10.17 A*=:1%0;2(O) (—A)t= io'n(o) —~ix/4
= (o) =T (0) P o ()
18.10.18 y={(v)= 15287(0) ﬂz—-i‘(wa)—--m‘(o—)

18.10.19 ¢’ =g(o)="2_2T w"” ,,;E;(w;)=m’_=;_ﬂ
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Series
18.10.20 #,(0)=0
18.10.21 %(0)=2¢{1 + ¢ *+ @2+ ¢+ . .. g0+ . ]
18.10.22 %:0)=1+2[¢+¢+¢+ . .. +gnrt .. ]
18.10.23 3,(0)=142[—g+¢*—@+ . .. +(=1)"g+ .. ]
150 Attainable Accuracy A<0
Note: ¢,(0) >0, j=2,3,4 _ Note: 95(0) = Ae**%, A>0;
R 34(0)>0; 8,(0)=2,(0)
3,(0): 2 terms give at least 55 2 terms give at least 35
§=2,3,4 3 terms give at least 11S 3 terms give at least 53
4 terms give at least 21S 4 terms give at least 10S

18.11 Expressing any Elliptic Function in Terms of (P and (P’
If f(2) is any elliptic function and (P () has same periods, write
18.11.1 fE=H @+ (=)+H{f(D—f(—2} { P (D} 1P (2).

Since both brackets represent even elliptic functions, we ask how to express an even elliptic func-
tion g(z) (of order 2k) in terms of (P (z). Because of the evenness, an irreducible set of zeros can be

denoted by @, (1=1,2, . . . , k) and the set of points congruent to —a, (¢=1, 2, . . . , k); correspond-
ingly in connection with the poles we consider the points +b,, 1=1,2, . . . , k. Then

4 & L P(2)—P(as) .
18.11.2 g(z)=A 41-11{ P—P S’ where A4 is

a constant. If any @, or b, is congruent to the origin, the corresponding factor is omitted from the
product. Factors corresponding to multiple poles (zeros) are repeated according to the multiplicity.

18.12. Case A=0(c>0) 18.12.9 g=1, m=1
Subcase I 18.12.10 o(w)=0
18.12.1 ¢,>0, g;<0: (e;=e2=c, €= —2¢) D’ er /24
18.12.11 o(w')=

18.12.2 H,=H,=0, Hy;=3¢ T
18.12.3 18.12.12 o(wz)=0

P (2; 1262, —8¢*) =c+3c{sinh [(3c)tz]} 2 18.12.13 P (w/2)=c
18.12.4 18.12.14 P (wf2)=0

$(z; 12¢?, —86%) = —cz+ (3¢)? coth [(3c)z] 18.12.15 tHof2)=—
18.12.5 18.12.16 o(w/2)=0

a(2; 12¢%,—8¢*) = (3¢c)~t sinh [(3¢c)tz]e~ 18.12.17 P 2)=—50
18.12.6 w=0o, o'=(12¢)"Iri
18.12.7 (@)= — 18.12.18 @'(w'/2)=2" w’,’:
18.12.8 7' ={(0)=—co’ 18.12.19 £’ [2)=%(—cw’ +7/w’)
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18.12.20 a(w'/2)=i‘i—:°‘/7
18.12.21 P (wsf2)=c
18.12.22 P (/2)=0
18.12.23 {(wp)2)=— o —c—‘;—'
18.12.24 o(wy/2)=0
Subcase 1T
18.12.25
>0, gs>0: (e1=2c¢, e=¢€3=—¢)
18.12.26 H,=3¢, H;=H;=0
18.12.27 (P(z; 12¢2, 8¢®)=—c-+3¢{sin [(3¢)tz]} 2
18.12.28
t(z; 12¢%, 8¢®) =cz-+(3¢)t cot [(3c)?2]
18.12.29
o(2; 12¢2, 8¢%) = (3¢)~* sin [(3c)}2]e 2
18.12.30 w=(12¢) ", o’ =1
18.12.31 1=¢(w) =cw
18.12.32 7 =¢(’) =iw
18.12.33 g=0, m=0
18.12.34 a(w)=2“’e'2m
™
18.12.35 o(w’)=0
18.12.36 o(wp) =0
18.12.37 P (0/2)=5¢
18.12.38 P o) =5
18.12.39 $(w/2)=4(cw+7/w)
18.12.40 a(w/z)=——"'2’°;“"/§
18.12.41 PW'2)=—c
18.12.42 P ('[2)=0
18.12.43 (o' [2) = +im
18.12.44 o(w’/2) =0

18.12.45 P (wf2)=—c

18.12.46 P’ (/2)=0
18.12.47 ;(w2/2)=92‘3+im
18.12.48 o(w/2) =0
Subcase 11T
18.12.49 gz=U, ga=0(01=€2=€3=0)
18.12.50 P (z;0,0)=z*
18.12.51 t(z;0,0)=2""!
18.12.52 o(2; 0, 0)=2
18.12.53 w=—1iw =ow

18.13. Equianharmonic Case (g;=0, g,=1)

If ;=0 and g;>>0, homogeneity relations allow
us to reduce our considerations of (P toP(z; 0, 1)
(P, ¢ and o are handled similarly). Thus
P (2;0,95) =g5"* P (2g5°;0,1). The case g,=0,
gs=1 is called the EQUTANHARMONIC case.

1 FPP; Reduction to Fundamental Triangle
A= AOw,z, is the Fundamental Triangle
Let ¢ denote ¢' throughout 18.13.

w,~1.5299 54037 05719 28749 13194 17231°

2w'

X

Fiaure 18.11

¢ This value was computed and checked by multiple
precision on a desk calculator and is believed correet to
308.
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Special Values and Formulas

18.13.9
18.13.1 P (Zg)=e"2§5(21) A=—27, H =+/3(4-13)¢,
18.13.2 P'(2)=—P" (=) Hy=v3(4"),  Hy=+3(4"")e
18.13.3 {(22) —€ IE(ZI) 18-13.10 m=Sin2 15°=2;4‘L§’ =q:e _"\/5/2
18.13.4 o(2) =eo(2) 18.13.11 3,(0) = Aet*/s
Reduction for z; in Ay 21=¢"1(20’—2;) isin A 18.13.12 9;(0) = Aetr/24
= —ir/24
18.13.5 ‘@ (23):5_2'@(z1) 18013.13 04(0) Ae
18.13.6 P (e= P2 18.13.14
.13, 23)= z
1 3 , l , , where A= (w;/m)!/?23!%~1.0086 67
BT (o) = m G, e 181315 o K(m)2¥_13(1/3)
18.13.8 o(2)=co(2) exp [(z—«’) (29")] e TRl T 4y
Values at Half-periods
Y l P § I3
18.13.16
W= e =471/t 0 n=er/2wV3 o (ws)
18.13.17 )
“2 =471 0 m=n+1"=r/2wV3 e’“";(}zx/,)_
18.13.18
W' = w3 o= 4-1/3¢-3 0 nl — 6_11/20,2_“5 € (wﬂ)
18.13.19
i o3/ 4 VB
Values 7 along (0, ;)
P P’ ¢ o
18.13.20-
2w /9 v cos §0° - ‘/3[\'/008 20°+ \’/cos 40°]
? Vcos 20° — Vcos 40° Vcos 20°— V'cos 40°
18.13.21
3 x/38VE IR 1
w3 1/(@a—1) ~B@ary/@e—y |2y BEAZERD AR
18.13.22
4s/9 Veos 40° — y3[Vcos 20°+ V'cos 80°]
V'eos 20° — Vcos 80° V'cos 20°— V'¢os 80°
18.13.23
—_— —_— 7/16VE,
“l? et Hs —®M2+ 3 (x/4unv3) + BT+ JB/240) ﬂ%fgu;fz)
i
18.13.24 2+v3
2un/3 1 —v3 F(m) 4312 erP V3318
18.13.25
8wa/9 V'cos 20° — ¥3[Veos 40° — Veos 80°]
V'cos 40° 4 Vcos 80° Veos 40°+ Vcos 80°

7 Values at 2w,/9, 4ws/9 and 8ws/9 from [18.14].
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Values along (0, z;)
P P ¢ .
18.13.26 is . LI B er/13 Vagin/e
20/2 — 21/3¢ 31 %4—2 :Ie 3
18.13.27 . = x  3144/2—43 . 3x/16 V3( 21/13 ) gix/8
320/4 e2(e;— H) i(3¥4)vV2—v3 4—;2-1-——24/3— e—ir/t -e——:-;;:ijz—-— ___1/)_ ;
18'2];3'28 0 i 2 o iers er/3V3,ginls
Duplication Formulas where tan ¢=P’(z), 0<2<2w; and we must
3 clioose ¢ in intervals
18.13.20  (P22)=LLIP ()12 ¢
4P¥(2)—1
T 3\ (3 5w
2 (s 10 (D3 1 ( ) ) (2 ) ) to get
18.13.30 (p’(22)=2PA)=10Pz)—
(P 20
2
3 D P (3> P ( ( ) respectively.
18.13.31 ¢(22)=2¢(2)+ gf((z"z))
Complex Multiplication
— ’ 4
18.13.32 o(22)=— P (2)o*(z) 18.13.35 D)= P
Trisection Formulas (x real) 18.13.36 '@ (ez)=— @ '(2)
§/ ¢_,r 18.13.37 tle2) =€¢(2)
co8 ——
18.13.33 P (3)— 18.13.38 o(ez) =¢a(2)

18.13.34 (P’ (3)

ot

\/cos +\/cos ¢t
\/ cos ——\/c o 817

In the above, ¢ denotes (as it does throughout
section 18.13), ¢'r?. The above equations are useful
as follows, e.g.:

If z is real, ez is on 0w’ (Figure 18.11); if ez
were purely imaginary, z would be on 0z, (Figure
18.11).

Equianharmonic Case

Map: f(z)=u+1iv

P(2)

Near zero: P (z)=;12+e1

P(2)

1, 2t
=’2§+§§+62

Conformal Maps

l€l <.04

[€,] < .p001
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y
5
0 5
le)]< .2
le2] < .om
P'(2)
—2
Near zero: (P '(z)=—23—+el
—2 A
P '(3)=_za_+§‘+€2
Zo
(
£(2) H
Near zero: g'(;:)=%+el
s
1 2
)= —gte le,] <.007
-8k j€,l < 1x1073
\r
v
o(2)

Ficure 18.12
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Coefficients for Laurent Series for /P, (P’ and ¢
(cm=0 for m»3k)

k EXACT cu APPROXIMATE o

1| 1/28 3.5714 28571 42857 ... X107

2 | 1718287 =1/10192 9.8116 16954 47400 73312  40188X 10

3 | 1/(13.19.28") =1/5422144 1.8442 88001 21603 55885 78083107

4 | 3/(5-13*19.28%) = 234375/ (7709611 X 109) 3.0400 36650 35758 61350 20301 10-10

5 | 4/(5.13*19.31.28%) =78125/(16729 85587 10%) 46697 95161 83061 00384 33643X10-1

6 | (7-43)/(13*191.31.37.289) 6.8662 18676 79393 36788 98X 1018

7 | (6-431)/(5.13"191.31.37.43.28") 9.7990 31742 57961 41830 66X 10~1

8 | (3.7.313)/(6%134.19.31.37.43.289) 1.3685 06574 79360 13026 87x10-%

9 | (4-1201)/(5%134191.31.37.43.289) 1.8800 72610 01329 79236 40X 10~

10 | (2%.3.41.1823)/(5-13:.193.312.37.43.61.2810) 2.5497 66946 68202 63683X 10~

11| (3:79.733) (5134 190.31+37-43.61-67-28") 3.4222 48509 51463 05316X10~¥
3.1153.13963-29059 a

12 I 3137 5 ST TSI 4.5541 38864 99184 3039110
21.31.7.11.2647111 .

18 | R G ST g G302 6.0171 15776 98241 99591 10

First 5 approzimate values determined from exact values of c;:; subsequent values determlned by using exact ratios

c3x/car—3, using at least double precision arithmetic with a desk calculator.
use of the recursion relation; c; —cs7 are believed correct to at least 218;

cak5m7 k=2,3,4,...

Other Series Involving P
Reversed Series for Large | P |

18.13.39
3 4
z_(@_l)llz[l_*_u 3u +5u +7u +62341;
231u° | 4297
et +0(us)]

18.13.40 where u= (P %/8 and z is in the Funda-
mental Triangle (Figure 18.11) if (P has an appro-
priate value.

Series near z,

18.13.41
@ =i 15457 [ -3+ig |00
18.13.42

u=—i @148 42812 02" i)

18.13.43 where u=(2—z,)

Series near w;

18.13.44
(P —e)=3¢fu[ 1+s+214L o

285

+5 4 P 206N |

18.13.45 where u=(z—w,)?, z=equ

All approximate ¢'s were checked with the
¢30— C39 are believed correct to 208S.

18.13.46
-1 2 6 3 5
u=ey | w—w +'w3—7 w4+7 w

+3 w22 'w’+0(w‘)];

18.13.47 where w =( P —e,)/3¢,
Other Series Involving P’

Reversed Series for Large l @ ! |
18.13.48

z___21/a(@ lxn)—leirla [1_% (@/)—2
+5 (@097 )

zbeing in the Fundamental Triangle (Figure 18.11)
if P’ has an appropriate value.

Series near z;

18.13.49

(P —i)=2 [—2—iz+1 P340 *)]
18.13.50 where z=(2—2,)°
18.13.51 z—2a[ —ia—3 o+ 34 (o )]

18.13.52 where a=(P’'—1)/(—4)
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Series near w;

18.13.53
P’ =6ei(z—w,) [1 +2v+31)2+? v

+ R ot Z o 50 eoun |

18.13.54 where v=¢,(z— w,)?
18.13.55

(r—an)=( D 6)) [ 1~ 20+ 00?210
212058

360 o

+330wi— 22685 4+ 212058 °+0(w7):|;

18.13.56 where w= P ’'¥/9

Other Series Involving {

Reversed Series for Large [¢]

18.13.57
e[y 17 496y 4]
2={ [1 7t 133 353 TOO0 |

18.13.58 y=¢"%/20

Series near z

18.13.59

u®  3Jut

§—t)= [ +56 5096]+[8 308]"'0(“")’

18.13.60 where u=(z— z,)

Series near w;

18.13.61
(§—na)=—ea(2—ws) [1 -|-1)+§ v’-}-; @;3+§ o

15 12 57

18.13.62 v=69(2—wy)?
18.13.63( ) ,
G [, 1207 267wP | 139wt
(z—w)="— [1 5 3% 1 5
301920 . 1634208
o215 T 3575 “’°+O(w7)]’
18.13.64 w=(¢—mn)*/es
Series Involving ¢
18.13.65
L, 23 P, 2342,
T=ETIT e ? 191

27-3%-5%.31

28.38.5.0103
25+
251 ?

31!

31

212.3°.5.229.2683
37!

_ 2M.310.5.23.257-18049
43!

215.312.5.50. |
_ 49%07895773 9 40()

237

248

18.13.66

13.3374%
210.34.53.11.17.19

31.1014%
218.35.5.11%17.23

410"

z=o+ 2.32.52.11-13

+ +

23357

+ +0(a*)

Economized Polynomials (0 <x <1.53)

18.13.67 x?@(x)=$ 0 +e(z)

|e(@)| < 2X 10~
Go= (—1)9.99999 96
= (—2)3.57143 20
a2=(—5)9.80689 93
ay—=(—7)2.00835 02

a,=—(—9)2.20892 47
as=(—10)1.74915 35
ag=—(—12)4.46863 93

18.13.68 # '(z)=$ 2+ ()
le(2)]|<<4X 1077

ao=—2.00000 00
ay=(—1)1.42857 22
ay=(—4)9.81018 03
a;=(—6)3.00511 93

a,=—(—9)2.12719 66
as=(—10)6.53654 67
as=—(—11)1.70510 78

18.13.69 x;(x)=z:) 0,5+ (@)
le(x)|[<3X10~*

@o=(—1)9.99999 98

a,=(—10)6.12486 14

ay=-(—3)7.14285 86 as;=(—11)4.66919 85
a;=—(—6)8.91165 65 a,=(—12)1.25014 65

a@;=—(—8)1.44381 84
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18.14. Lemniscatic Case

(g2=1, g=0)

If .>0 and g;=0, homogeneity relations allow
us to reduce our consideration of (P to P (z; 1, 0)
(P, ¢ and o are handled similarly). Thus (P (z;
¢, 0)=g} P (2g:t; 1, 0). The case g;=1, gs=0

is called the LEMNISCATIC case.
y

w,=Zg

WEIERSTRASS ELLIPTIC AND RELATED FUNCTIONS

tFPP; Reduction to Fundamental Triangle
A,=AO0ww, is the Fundamental Triangle
w==1.8540 74677 30137 1928

Reduction for z, in A,: 2;==1z, is in A,

18.14.1 P(z)=—0 (2)
18.14.2 P (z)=1D ()
18.14.3 H(z) =—it(2)
18.14.4 o(z) =10 (z)

Special Values and Formulas
18.14.5

A=1 y H1=H3=2_i, H2=’l:/2,
m=sin® 45°=%, g=¢~*
18.14.6  95(0)=0,(0)=(wy2/m)}; 85(0)=(2w/r)}

. I CYI)

— 2 gp0y—2 \£)_ @

18.14.7 w=K(sin? 45°)= iyr 5
@=2.62205 75542 92119 81046 48395 89891 11941
36827 54951 43162 1is the Lemniscate constant

[18.9]

where

w (= w|) -
o X 8 This value w and checkgd by double
precision methods on a desk calculator ajd is believed
Ficure 18.13 correct to 18S.
Values at Half-periods 7
g f - L@\\)\hﬁv
18.14.8 PS [) \”\\)@/
w=u e=4% 0 =x/4w erB(214) “)((
18.14.9
w=2y =0 0 n+1q et/4(¢§)eir/4
18.14.10
W' =ws e=—1% 0 7 =—xif4w 1e7/8(21/4)
Values along (0, w)
P &P’ ¢ 4
18.14.11
Va
wl4 3 (Vat21/4 (14-2v4)
18.14.12 , ,
T, a er/13(21/16)
2 — -4
w/ af2 a PP "
18.14.13
—2hB13 7313 2 \/——.@ 2 &=/18(31/8)
20/3 v ° — =" . = P @B .
w/ $v1+sec 30 V3 3 + 3 @2+
18.14.14
3u/4 @(w/E—2*)(1+2*)

a=1+v2
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Values along (0, z,)

P P’ ¢ P
18.14.15
; i - P pim 61/64(21/82) ;
::3/414 16 Tl =Bt A (yat v2
2/2 —if2 et [ rois - G ex/10(218)gir/t
18.14.17
e —— eiv/d {/2 V3—3 s I: @7(220/3) ]1/2 €T giv/é(31/6)

220/3 35 \/SEC 30°—1 73 3 + g W__i_:
18.14.18

: _ £97/64(Q1/32 .
310/4 _22' (a———\/é;) a(\/a_\/z)e“'“ W(—Tz))m /4

=1+ 2
Duplication Formulas

18.14.19  (P(22)
=[ Do) +HI/{ P (24 P*(2)-11}

18.14.20
P (22)=(B+1)(B*—68-+1)/[32D "*(2)], B=4P*2)
_ 6P*2)—1%
18.14.21 $(22)=2¢(2)+ 20°(2)
18.14.22 o(22)=—(P'(2)e*(2)
Bisection Formulas (0<2<{2w)

18.14.23
2 (3)

=[PHe)+H{ P @)+ [P { P (2)—3}]

[Use 4 on 0<2<w, — on <2< 2uw)

18.14.24
19 (D=0 @F2P@ NP1
~2P@-HNPETE
—2P*(z) (See [18.13].)
[Use — on 0<z<w, + on o<z 20|

Complex Multiplication

18.14.25 Pliz)=—P(2)
18.14.26 P(iz)=1D"(2)
18.14.27 c(12)=—it(2)
18.14.28 o(iz)=10(2)

The above equations could be used as follows,
e.g.: If z were real, iz would be purely imaginary.

Conformal Maps

Lemniscatic Case
Map: f(2)=u+v
P(2)

Near zero: @(2)=§+ €

PO=stite, [21<1

Near z,: ,_(,Z)(z)_—__(zT_ZO)?_!_ea,

l"é"‘f"o|<\/§

(2 20)* | (2—2)°
+ 80 +4

P(a)=

le|l<.05
l€z21<.0009
lesl< .1
legqi<.01

X
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3 7
\ ) ,'/ 7
\ | L,
\\ ] v
Ay ] /
\\ \ ! ,/ .8 T
X RN N\
A3 ! ' l€ (.1
! I€,) €.004
! l€sl<.a
1€40<.1
Ly
2
—_ zo)
Near zero: ,@’(z)=—23—2+el Near z,: (P (2)=——5—t¢;
_ , —(2—2,) , 3(z2—20)8
@)=Lt P'(a)= ( I
z
y fo
u
t(2)
1 1.0
Near zero: g‘(z)=—+e1 V4
) ]
S“(Z)_._—- -* @ | <1 o .0 e %
Near z,: {(2)= §'o+(z ZO) +-¢3,
|€,]<.02
'3—Z01<\/§ l€,1 <.0001 |
2—z)° (z2—20)7 1€&] <.02
{(z)=;°+( 120)_ .560o Te v 1€,15.002
Y}
v 2.0 |- Az,
L5 b AAﬂ
s ATTTELN
B ATHE
15 1T,
) 1.0 w
1.0 "zf
s A1
6 j ]
S o A1TTTT
.2 LI 1CL
- ._.h__ | > u

0 .5 1.0

Ficure 18.14
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Coefficients for Laurent Series for @ . @ ', and {
(¢ =0 for m odd)

k EXACT ez APPROXIMATE

1| 1/20 .05

2 | 1/(3-209 =1/1200 8333 . .. X10

3 | 2/(3-13.20%) = 1/156000 641025 641025 . . . X103

4 | 5/(3-13-17-20%) =1/21216000 47134 23831 07088 98944 10~

5 | 2/(32-13.17.20%) =1/(31824 X 109) 31422 82554 04725 09296 X 109

6 | 10/(3%132.17-20%) = 1/(4964544 X 10%) 20142 83688 49183 32882 101!

7 | 4/(3-1317.20.207) =1/(7998432X 107) 12502 45048 02941 37651 X 1013

8 | 2453/(3+.11.13%172.29.208) = 958203125/(1262002599 X 10'%) 75927 19109 76468 50917 X 10-18

9 | 2.5.7-61/(3%-13%.172.20.37.20°) = 833984375/ (18594643943 X 101") 45338 43533 903461 06092 1018
cz,,<3T‘f", k=1, 2,

Other Series Involving (P \ \ 2*‘; Other Series Involving (P’
Reversed Series for Large l @ | 1%{ bl Reversed Series for Large | @ ,l
/18,1429 AT | 181438
\ w w2 5u13 35wt e=Au l:l —g—l—§£ Lo ——+0( 5)] u=(P V3 tet*s
o= (P -1)1/2[ o 5739 51

18.14.39 A=2'3 p=Au'6, and z is in the

\

0 3

e wb | 231uw® | 42907 195uf .
>\%j/l/ +?+ 200 T 464 T 198 Fundamental Triangle (Figure 18.13) if (P’ has

an appropriate value.
A&\M L 12155w® , 461890 n pproP
6 ® + 4736 + 10496 +0w") s Series near
b b
L\ 18.14.40
G.Q./ 18.14.30 w= (P ~?%8, and zis in the Fundamental L1 10w 3508
Triangle (Figure 18.13) if (P has an appropriate P ) (2_20)[ 14-3w— + +0( ‘):l
value. 4
Series noar s 18.14.41 w=(z—2,)"/20
P 2 18.14.42
18.14.31 2P=—42- 221 T 4 50
A (s—2=20" 1424204+ 5% L o(us) |
18-14-32 z=(2_20)2/2 18.14.43 u=4‘@ 74
_ llw Series near o

w=2® | P 14 e dat fott L 06 |

Series near o

18.14.34 18.14.45 r=(z—w)

_ g 400 30t 320°  220° 6407 , 18.14.46
(\@ el) 1)+7) + + + 75 + 75 +325 +6(7)8); 12@/5 15@/7
CC:-@’_ @'3—{— —_—

18.14.35 0=(2—w)}/2 5 2
80P’ 819p’ U ,
18.14.36 + 'g) *Z) +0( @ 1)
6 8 172
V= 3/[ y+ v 3,3-|- 75y Other Series Involving ¢

Reversed Series for Large |{]

_ 52, 1064y
o2 1000 1o v):l o[y v % 1360 13400 ]
15 195 18.14.47 z=¢ [1 + 1001+ 9163 +0@% |

18.14.37 y=(P—e) 18.14.48 v={"4/12
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Series near z

18.14.49
1 2
(5= =} (=20t [ 305 —55+00") |

18.14.50 v=_2—120)%/20

Series near o

18.14.51

xll 1 1x13 15

17
55531200 9750+ 0=)s
18.14.52 r=(2—w)
18.14.53
W Twb 1307 920u® 194wt 942883
T=WT3T30 T 63 ' 4536 801 ' 3801888

+0(w')
18.14.54 w=—2(—7) '

Series Involving o

18.14.55
_ & 3% 32320 310727 3%.7.23-372%
TR TS5l 2091 T a3l T 24171 25.211
3%.313-5032% 3%.7-6859732% .
tT—ar — giger T
18.14.56
& o 17-1134"
2=t g5 TP 37 T 2w 3 7113
1220516" 5:13¢% 2
tamgrrairar T28ae T o)

WEIERSTRASS ELLIPTIC AND RELATED FUNCTIONS

Economized Polynomials (0 <x <1.86)

18.14.57

2P @) =3 0,2+ )

le(z)|<2x10~7

ay=(—1)9.99999 98
4= (—2)4.99999 62
43— (—4)8.33352 77
3= (—6)6.40412 86

18.14.58

a,=(—8)4.81438 20
a;=(—10)2.29729 21
ag=(—12)4.94511 45

20 (@)= ianx“" +¢(x)

le(x)|<4X1077

o= —2.00000 00

a;={—1)1.00000 02
ay=(—3)4.99995 38
ay=(—5)6.41145 59

18.14.59 x¢ (x)

a=(—7)6.58947 52
as=(—9)5.59262 49
ag=(—11)5.54177 69

=;ﬁanx“" +e(2)

|e(z)[<3X10*

o= (—1)9.99999 99

ay=—(—9)2.57492 62

ay=—(—2)1.66666 74 as=--(—11)5.67008 00
a;=—(—4)1.19036 70 a;=(—13)9.70015 80
ay=—(—7)5.86451 63

18.15. Pseudo- Lemniscatic Case
(g2=“19 g3=0)

If ¢,<0 and g;=0, homogeneity relations allow
us to reduce our consideration of (P to (P (z; —1
0). Thus

bl

18.15.1 (P (2; g, 0)=|ga|"* P (2lga]"*;—1, 0)

[P, ¢ and ¢ are handled similarly]. Because of
its similarity to the lemniscatic case, we refer to
the case go=—1, g;=0 as the pseudo-lemniscatic
case. It plays the same role (period ratio unity)
for A<<0 as does the lemniscatic case for A>0.

w;=+/2 X (real half-period for lemniscatic case)
=& (the Lemniscate Constant—see 18.14.7)

A
. 2w
wy*
iw, '
w
w2, 2w,
) —p X
w
2w

Figure 18.15
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Special Values and Relations

18.15.2 A= '—1, gzz—l! g3=0 18.15.4
18.15.3 192(0) =R21/4eir/8’ 03(0) zReir/S’ 04(0) =Re-—t1r/8’
Hy=—iy2, Hy=3, Hy=i/y2, m=3%, g=ie~"" 18.15.5 where R=vwy/2/x
Values at Half-Periods
P @ ¢ 4

18.15.6 w=uw, /2 0| i(m—mn") emixlgr/8(211)

18.15.7 0 0 | go=1m/2uw evi+/2

18.15.8 o' =y /2 0| i(m+n) einlign/8(214)

18.15.9 o’ 0 0| n'=—in, o (wy)

Relations with Lemniscatic Values

18.15.10 P (z; —1, 0)=1 P (ze™*; 1, 0) 18.15.12 {(z; —1, 0)=e™/4¢(2e™/%; 1, 0)
18.15.11 (P’(z; —1, 0)=é* "4 (P’ (2e'%; 1, 0) 18.15.13 ¢(z; —1, 0)=¢"*/4g(2e''4; 1, 0)

Numerical Methods
18.16. Use and Extension of the Tables

Example 1. Lemniscatic Case

(2) Given z=z+iy in the Fundamental Triangle, find (P ((P’,,0) more accurately than can be
done with the maps.

c—Use Maclaurin series throughout the Fundamental Triangle. Five terms give at least six
significant figures, six terms at least ten. (P, {—Use Laurent’s series directly “near’” 0, (if |2|<1, four
terms give at least eight significant figures for (P, nine for ¢; five terms at least ten significant figures for
P, eleven for ). Use Taylor’s series directly “near” z, Elsewhere (unless approximately seven or
eight significant figures are insufficient) use economized polynomials to obtain (P (x), P’(x) and/or {(z)
as appropriate. To get (P (iy), (P’ (1y) and/or ¢(iy), use Laurent’s series for ‘“small”’ y, otherwise use
economized polynomials to compute (P (y), (P’'(y) and/or ¢(y), then use complex multiplication to
obtain (P (), P’ (iy) and/or ¢(iy). Finally, use appropriate addition formula to get (P (2) and/or ¢(2).

P’—Use Laurent’s series directly “near” 0 (if |2|<1, four terms give at least six significant figures,
five terms at least eight significant figures). Elsewhere, either use economized polynomials and addition
formula as for (P and ¢, or get (P’?=4 (P3— (P and extract appropriate square root ((JP > 0).

(b) Given (P (P’, ¢, o) corresponding to a point in the Fundamental Triangle, compute z more
accurately than can be done with the maps. Only a few significant figures are obtainable from the use
of any of the given (truncated) reversed series, except in a small neighborhood of the center of the series-
For greater accuracy, use inverse interpolation procedures.

Example 2. Equianharmonic Case

(a) Given z=z-+1y in the Fundamental Triangle, find (P ({P’, ¢, o) more accurately than can be
done with the maps.

o—Use Maclaurin series throughout the Fundamental Triangle. Four terms give at least eleven
significant figures, five terms at least twenty one.

&P ,§—Use Laurent’s series directly “near’” 0 (if |2|<{1, four terms give at least 10S for (P, 118 for ¢;
five terms at least 13S for (P, 14S for {). Elsewhere (unless approximately seven or eight significant
figures are insufficient) use economized polynomials to obtain (P (z), (P’(x) and/or ¢(z), as appropriate.
To get (P (iy), P’ (1y) and/or {(iy), use Laurent’s series. Then use appropriate addition formula to get

P (2) and/or ¢(2).
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p’—Use Laurent’s series directly “near” 0 (if |2/<1, four terms give at least 8S, five terms at least
118). Elsewhere, either proceed as for (P and ¢, or get (P'*=4 (P3—1 and extract appropriate square
root (JP’20).

(b) Given P(P’,¢,0) corresponding to a point in the Fundamental Triangle, compute z more
accurately than can be done with the maps. Only a few significant figures are obtainable from the use
of any of the given (truncated) reversed series, except in a small neighborhood of the center of the series.
For greater accuracy, use inverse interpolation procedures.

Example 3. Given period ratio a, find parameters m (of elliptic integrals and Jacobi’s functions
of chapter 16) and ¢ (of ¢ functions).

m—1In both the cases A™>0 and A<0, the period ratio is equal to K’(m)/K(m) (see 18.9). Knowing
K'|K, if 1<K’/K<3, use Table 17.3 to find m; if K'/K >3, use the method of Example 6 in chapter 17.
An alternative method is to use Table 18.3 to obtain the necessary entries, thence use

m=(e;—ez)/(e;—¢3) in case A>0,
m=34—3e,/4H, in case A<0.

¢—In both the cases A>0 and A< 0, the period ratio determines the exponent for glg=e* if A>0,
g=te*? if A<0]. Hence enter Table 4.16 [¢™, x=0(.01)1] and multiply the results as appropriate

[e.g.’ e—4.721r= (6—1)4(6— .721)].
Determination of Values at Half-Periods, Invariants and Related Quantities from Given Periods (Table 18.3)
A>0 “AL0

Given w and ’, form «’/iw and enter Table 18.3. Given w, and wy’, form w,’/iw, and enter Table
Multiply the results obtained by the appropriate | 18.3. Multiply the results obtained by the appro-
power of w (see footnotes of Table 18.3) to obtain | priate power of w; (see footnotes of Table 18.3)

value desired. to obtain value desired.
Example 4. Example 4.
Given w=10, «’=114, find ¢, g;, and A. Given w;=10, w’=111, find ¢,, ¢;, and A.
Here o’ /iw=1.1, so that direct reading of Table Here wy/iwy=1.1, so that direct reading of Table
18.3 gives 18.3 gives
ey(1)=1.6843 041 e(1)=—.2166 2576-+3.0842 589
63(1)=—.2166 258 (=—e;—ey) 6,(1)=.4332 51562=—2% (e,
es(1)=—1.4676 783 es(1)=2,(1)
9:(1)=10.0757 7364 ga(1)=—37.4874 912
(1) =2.1420 1000. gs(1)=16.5668 099.
Multiplying by appropriate powers of w=10 we Multiplying by appropriate powers of w,=10
obtain we obtain
¢;=.01684 3041 e;=—.00216 62576+.03084 25891
e;=—.00216 6258 e;=.00433 25152
e;=—.01467 6783 6=6
g:=1.0075 77364 x 103 go=—38.7487 4912 x 103
g:=2.1420 1000 x 10~° g:=1.6566 8099 x 10~*
whence _ whence

A=8.9902 3191 x 10~ =—6.0092 019 x 108
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Example 5. (A>0)

Given w=10, «'=551, find 9, 9, ¢(w), (o)
and o{w,).

Forming «’/iw=>5.5 and entering Table 18.3 we
obtain %=.82246704, o(w)=.96045 40. Using
Legendre’s relation we find 9’ =nw’ —r4/2=2.9527
7234. Since interpolation for ¢(w’) and ¢(w+ o)
is difficult, use is made of 18.3.15-18.3.17 together
with 18.3.4 and 18.3.6. Values of ¢;, g, and ¢, can
be read directly to eight significant figures and e,
to about five significant figures giving g,=8.1174
243, ¢;=4.4508 759, ¢,=1.6449 341, and e;
=—.82247. Use of 18.3.6 {lields H;=.00174 69
and H,=—.00174 69:. Application of 18.3.15-
18.3.17 yields o(«’)/i=.0071177 and o(wy)
=—.002016—.01055¢. Multiplying the results
obtained by the appropriate powers of w we ob-
tain n=.08224 6704, n'=.29527 7231, o(w)=9.6045
40, ¢(w)=.071177% and o(w;)=—.02016—.10551.

665

Example 5. (4<0)

Given w,=1000, w,’=10047, find n,;, 7,’, o(wr),
a(wy’) and o(w’).

With w;/iw;=1.004, four point interpolation in
Table 18.3 gives n,=1.5626 756, n,= — 1.5726 6644,
o(w;) =1.1805 028, o(w;)=1.1901 52¢ and o(w’)
=.475084 4 .4767171. ‘

Multiplying the results obtained by the appro-
priate powers of w, gives 7,=.00156 26756, 7;
=—.00157 266643, o(w)=1180.5028, o(w)
=1190.1527 and o(w’) =475.084+476.7171.

Determination of Periods from Given Invariants (Table 18.1.)

A>0
_Given g;>0 and g;>0 such that A=g}—27¢3>0
(f 9;=0, |0’'|=w; see lemniscatic case), compute
92=0295 2®. From Table 18.1, determine wg;'/®
and w’gs'’®, thence w and o’.

Example 6.

Given g,=10, ¢g;=2, find » and ’. With g,=
g:05"2#=6.2996 05249, from Table 18.1 wg,'/é=
1.1267 806 and w’gs'/*=1.2324 295¢ whence w=
1.003847 and «’=1.0979701.

Example 7.

Given ¢,=8, ¢;=4, find v and «’. With
G2=0205"2%=3.1748 02104, from Table 18.1 wg;'/*=
1.2718 310 and ’gs!/=1.8702 425i
whence w=1.009453 and «’=1.4844131.

a<0

Given g, and g;>0 such that A=g—274<0 (if
9:=0, |w,"|=wy; see pseudo-lemniscatic case), com-
pute g.=g.g;*?. From Table 18.1, determine
wags'’® and wp'gs!’®, thence wy and wy’.

Example 6.

_ Given g3=—10, g;=2, find w; and w;. With
02=0ogs° —10/1.5874 0105=—6.2996 053, from
Table 18.1 w,g;'/*=1.5741 349 and w;g;!/*=1.7124
3967 whence w;=1.40239 48 and w;=1.52561 024.

Example 7.

Given ¢,=7, ¢;=6, find w, and ;.
With g,=g.g,72#=7/3.3019 2725=2.119974, from
Table 18.1 wogs'/®=1.3423 442 and w,’g;!/*=3.1441
141¢ whencew,=.99579 976 and w;=2.33241 83.

Computation of @, @' s or { for Given z and Arbitrary g;, g;

(or arbitrary periods from which

g. and g; can be computed—

in any case, periods must be known, at least approximately)

First reduce the problem (if necessary) to computation for & point z in the Fundamental Rectangle

by use of appropriate results from 18.2.

y A >0
w' T w,
Ficure 18.16
) ) - X

y A< O

2w

A

i
—=
2

NN

MMNNN

Wy

e X

o
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Method 1 (as accurate as desired)
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If both z and y are “small’’ (point in double-cross hatched region) use Liaurent’s series in z directly.
If either  or y is “large,” use Laurent’s series on 0z, then on 0y and finally use an addition formula.
(For (P’ an alternative is to get (P, then compute the appropriate root of (P "?=4 (P3—g, (P —gs; see 18.8.)

A>0

Method 2 (for (P or (P’ only)

Compute ¢,(1=1,2,3) (if only g;, ¢; are given
use Table 18.1 to get the periods, then get ¢; in
Table 18.3; if periods are also given, use Table 18.3
directly). In any case, obtain m(=[e—el/
le;—es]), thence Jacobi’s functions sn(z*m),
en(z*|m), dn(z*/m), from 16.4 and 16.21 and
P or (P’ from 18.9.11-18.9.12.

Method 3 (accuracy limited by Table 4.16 of
e~™* and by the method of getting periods).

Obtain periods, their ratio ¢, then g=e™™ from
Table 4.16. Hence get ¢,0), ¢=23,4 from
truncated series 18.10.21-.23. Compute appro-
priate & functions for z=z and for z=1y, whence
get P (), P’'@@ andfor (@), POy, P'(W)
and/or {(iy), then use an addition formula (if
either z or y is “‘small”, it is probably easier to
use Laurent’s series).

Example 8. Given z=.07+.17, g.=10, g;=2,
find P.
Using Laurent’s series directly with
02=.5

c;=.07142 85714

¢,=.08333 33333

c5=.00974 02597
27=-—22.97193 820—63.06022 25:

+e2t=— .00255 0004 .00700 00¢
+ezt=— .00001 214— .00001 02¢
+e2=+ .00000 024— .00000 01%

P (2) =—22.97450 010—63.05323 28.

Example 9. Given z=15+73i, §,=8, ¢g:=4,
find (. From Example 7, w=1.009453, o'=
1.4844137. From Table 18.3, ¢,=1.61803 37,
e,=—.99999 96, whence m=.14589 79. From
18.2.18 with M=7 and N=24, (P(.867658+
1.7481764) = (P (15+-737). _Since z lies in R;, by
18.2.31 P (15+734)=7P(.86765811.220655).
From 16.4 with 2*=1.40390+1.975051, sn(z*/m)
=2.46550+1.965277. Using 18.9.11, (P (15+730)
=—.577434.0677971.

A<0

Method 2 (for (P or (P’ only)

Compute ¢; and H; (if only g»,g; are given, use
Table 18.1 to get the periods, then get ¢, in
Table 18.3; if periods are also given use Table 18.3
directly). In any case, obtain m(=Y%—3e,/4H,)
thence Jacobi’s functions sn(z’|m), cn(z’{m),
dn(z’|m), from 16.4 and 16.21 and (P or (P’ from
18.9.11-18.9.12. '

Method 3 (accuracy limited as in the case A >0).

Obtain periods, their ratio a, thence g;=¢ /2
from Table 4.16. Then proceed as in the case
A>0, using corresponding formulas.

Example 8. Given z=.1+.037, g;=—10, g;=2,
find (.
Using Laurent’s series directly with
Cr= —.5
c;=.07142 85714
¢4=.80333 33333
272=76.59287 938 —50.50079 9601

632t = —.00455 000— .00300 0007
c2t=-+4.00000 3344 .00000 7807
¢42*=—.00000 0024 .00000 011%

P (2)=76.58833 270—50.50379 169.

Example 9. Given 2=1.75+3.6, g;=7, g:=6,
find (. From Example 7, w,=.99579 98, w;=
2.33241 83i. Using 18.2.18 with M=1, N=1,
P(.T5+3.60)=P(—.24159 96—1.0648364)=
P (24159 96-+1.0648 367). With A< 0 from Table
18.3,¢,= —.81674 362+.50120 902, e,=1.63348 724,
e3=—.81674 362—.50120 90t whence m=.01014
3566, H}=1.58144 50, so that 2’=2zH}==.76415
294-3.367959:. From 16.4, cn(z’|m)=4.00543 66
—12.32465 69¢. Applying 18.9.11, (P (1.75+3.67)
= —.960894 — .383068:.
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A>0

Example 10. Given =10, «’=20:, find
¢(9+197) by use of theta functions, 18.10 and
addition formulas.

For the period ratio a=w’/wi=2 with the aid of
Table 4.16, g=¢~%7=.00186 74427.

Using the truncated approximations 18.1(.21-
18.10.23 we compute the theta functions for
argument zero. Using 16.27.1-16.27.4 we com-
pute the theta functions for arguments » where
z=z and z=1iy. Then, with 18.10.5-18.10.7
together with 18.10.9 and 18.10.18 we obtain
¢(9)=.09889 5484, ¢(199)=—.00120  0155i,
P(9)=.01706 9647, (P’'(9)=—.00125 460,
P (197) =—.00861 2615, (P’(19i)=—.00003 757i.
Using the addition formula 18.4.3, we obtain
¢(9+419%)=.07439 49—.00046 881,
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Example 10. Given =5, w;=7: find
P’ (3+27) by use of theta functions, 18.10 and
addition formulas.

With the use of Table 4.16 and 18.10.2, g=1¢~""
=.11090 127841.

The theta functions are computed for argument
zero using 18.10.21-18.10.23 and the theta
functions for arguments »; and v, corresponding
to z=2,-+2, using 16.27.1-16.27.4. Using 18.10.5~
18.10.6 together with 18 10.10, we find (P (3)=
10576 946, (P (2i)=—.24497 773, P’ (3)=
— 07474140, (P’(2i)=—.25576007i. The addi-
tion formula 18.4.1 yields (P (3421)=.01763 210
—.07769 1871, and 18.4.2 yields (P’'(3-+2¢)=
—.00069 182 1.04771 3054.

Use of Table 18.2 in Computing (P, [P’ ¢ for Special Period Ratios

If the problem is reduced to computing (P, P’, ¢ in the Fundamental Rectangle for the case when the
real half-period is unity and pure imaginary half-period is ia, for certain values of a Table 18.2 may be

used. Consider (P as an example.
iants for use in the series are given in Table 18.3].

If |z| is “small”, then use Laurent’s series directly for (P (2) [invar-

If 2 is “large” and y “small” use Table 18.2 to obtain z*(P (z) and 2* (P’ (x), thence (P (z) and P’ (x);
use Laurent’s series to obtain (P (7y) and (P’(iy); finally, use addition formula 18.4.1.

For z “small” and y “large’, reverse the procedure.

For both # and y “large,” use Table 18.2 to

obtain (P (), (P'(x), P (iy) and P’ (iy), thence use addition formula 18.4.1.

Similar procedures apply to (P’ or ¢.

For (p’, one can also first obtain (P, then compute (P’*

=4P*—g,(P —g; and extract the appropriate square root (see 18.8 re choice of sign for (P’).

A>0

Example 11. Compute (P (.8+1%) when a==1.2.
Using Table 18.2 or Laurent’s series 18.5.1=4 with
g9:=9.15782 851 and
§:=38.23761 717 from Table 18.3,
P(8)=1.92442 11,
D' (8)=—2.76522 05,
P (1) =—1.40258 06 and
P’ ())=—1.19575 58q.
mula 18.4.1
P (8-+1)=—.381433—.1493611.

Example 12. Compute {(.02437) for a=A4.
Using Table 18.2 or Laurent’s series 18.5.1-5 with
7:=8.11742 426
¢3—=4.45087 587

from Table 18.3,
£(.02)=49.99999 89,
P (.02)=2500.00016,
P (.02) =—249999.98376,
£(37)=.89635 1731,
P (31)=—.82326 511,
P’ (3))=—.00249 8291.
Applying the addition formula 18.4.3,
$(.0243%)=.0164651.89635:.

Using the addition for-

A<o

Example 11. Compute (P (.94 .17) for a=1.05.
Using Table 18.2 or Laurent’s series 18.5.1-4 with
g2=—42.41653 54 and
93=9.92766 62 from Table 18.3,

P (.9)=.34080 33,
P'(.9)=—2.164801,
P (14)=—99.97876,
P’ (.13) = —2000.42554.
mula 18.4.1

P (9+.17) = 231850 —.215149i.

Example 12. Compute (P’(4+.97) for a=2.
Using Table 18.2 or Laurent’s series 18.5.1-4,
with

With the addition for-

9:=4.54009 85,
g:=8.38537 94
from Table 18.3,
P (4)=6.20407 07,
P'(4)=—30.99041,
P (N)=—1.225548,
P (.91)=—3.19127 031.
Using the addition formulas 18.4.1-2,
P'(4+.91)=1.10519 76— .56489 001.
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Computation of ¢ for Given z and Arbitrary g, and g;

(or periods from which ¢, and g; can be computed—in any case, periods must be known, at least
approximately)

First reduce the problem (if necessary) to computation for a point z in the Fundamental Rectangle

(see 18.2).
A>0
If #2>w/2or,

SFz2>w'[2, use duplication formula
o(2)=— P’ (2/2)d*(2/2),

obtaining ¢(2/2) by use of Maclaurin series for ¢
and (P’(z/2) by method explained above. Other-
wise, simply use Maclaurin series for ¢ directly.

After final reduction let z denote the point obtained.

A<0
If #2>w,/2 or
Fz>w/4, use duplication formula as in case
A>0. Otherwise, use Maclaurin series for o
directly.

An alternate method is to use theta functions 18.10 first computing ¢ and 4,(0), =2, 3, 4.

A>0

Example 13. Compute o(4-+1.3%) for g.=8,
gs=4. From Example 7, »=1.009453 and o’
=1.484413:. Since f2>w’/2, the Maclaurin se-
ries 18.5.6 is used to obtain ¢(2/2)=¢(.24-.657)
=.19543 86-.64947 287, the Laurent series 18.5.4
to obtain (P’(.24.651)=>5.02253 80—3.56066 93:.
The duplication formula 18.4.8 gives s(.4+1.3%)
=.278080-1.2727851.

ALO

Example 13. Compute o(.84.47) for ¢,=7,
gs=6. From Example 7, «=.99579 976, w,
=2.33241 83:. Since Zz>w./2, the Maclaurin
series 18.5.6 is used to obtain o¢(2/2)=0(.4+4.27)
=.40038 019--.19962 017¢, the Laurent series
18.5.4 to obtain (P’(4+.2¢)=—3.70986 70
+22.2185441. The duplication formula 18.4.8
gives ¢(.8+.417) =.81465 765+ .38819 4731.

Given (P, P’, ¢) corresponding to a point in the Fundamental Rectangle, as well as g, and g; or

the equivalent, find .

Only a few significant figures are obtainable from the use of any of the given (truncated) reversed
geries, except in a small neighborhood of the center of the series. For greater accuracy, use inverse

interpolation procedures.

If the given function does not correspond to a value of z in the Fundamental Rectangle (see Con-

formal Maps) the problem can always be reduced to this case by the use of appropriate reduction for-
mulas in 18.2. This process is relatively simple for (P (z), more difficult for the other functions {e.g. if
A>0 and (P =a-+1b, where b >0, simply consider (f =a—1b and find z in R, [Figure 18.1]; then com-

pute z,=2,-+2w’, the point in R, corresponding to the given (D).

A>0
Example 14. Given (P=1-i, ¢,=10, g;=2,
find 2. Using the first three terms of the reversed
series 18.5.25 2, ~.727+ .423:. The Laurent series
18.5.1 gives

P (2)= P (727+ .4237)=.825— .895:
P (2)=P (697 +.3937)=.938—1.038s.

an

Inverse interpolation gives
2{"=.707+.380i. Repeated applications of the
above procedure yield 2=.706231+.3798931.

A<0
Example 14. Given (P =141, go=—10, g;=2,
find z. From Example 6, w,=1.40239 48 and
wz=1.52561 027. Since >0, z exists in R; and 2
is computed with Q . Using 18.5.25 with a,=—
1.25, az=.25, u=[({P)~']'? and the coefficients ¢,
from Example 8
2u=1.55377 3973+ .64359 424931
cout= .08044 9281 —.19422 174661
csu’=—.01961 9359 +.00812 660472

9
"—‘33"i=-.10115 7160—.04190 066734
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A>0

Example 15. Given {=10—151, g,=8, g;=4,
find z. Using the reversed series 18.5.40 with

Ag=—.13333 333,
»=—.02857 14286,
u=.03076 923076-.04615 384615¢
Agu’=—.00000 001402+.00000 0068601
A;u’=—.00000 000004 —.00000 0000037
z= .03076 921670+ .04615 3914721.

a<0

Stopping with the term in u’, z=~.81+.231.
Assuming Az=—.03—.01%, using 18.5.1, (P (.81+
231)=.91410 95—.86824 37i, (P (.78+.22i)=
1.03191 60— .91795 22¢; with inverse interpolation
2= 7725+ .2404i. Repeated applicationg of
inverse interpolation yield z=. 772247 —.239258¢.

Example 15. Given o¢=.44 .13, g=7, ¢3=6,
find 2. Using the reversed series 18.5.70 with
ve=.14883, v;=.05

o==+.40000 0004-.10000 000z

5
lz5l=+.ooo11 783400032 6961

7
1371=—.00000 208-+.00001 432i

2.9
371“’4" — —.00000 09300000 1263

11
197;‘;30_:_.00000 013+.00000 0064

2=.40011 469+-.10034 2607

Methods of Computation of .@ (@ ’y ¢ or o) for Given
z and Given g3, g; (or the equivalent), with the Use
of Automatic Digital Computing Machinery

(a) Integration of Differential Equation

P and (P’ may be generated for any z close
enough to a “known point”’ 2*( (P (2*) and (P’ (z*)
being given) by integrating (P’''=6 (P?—g/2.
A program to do this on SWAC, via a modifica-
tion of the Hammer-Hollingsworth method
(MTAC, July 1955, pp. 92-96) due to Dr. P.
Henrici, exists at Numerical Analysis Research,
UCLA (code number 00600, written by W. L.
Wilson, dJr.). The program has been tested
numerically in the equianharmonic case, using
integration steps of various sizes. For example,
if one starts with z*=uw,, using an “integrstion
step” (h,k), where h and k are respectively the
horizontal and vertical components of a step,
with (h,k) having one of the six values (=4 2/%,0),
(iho,iko), ho=w2/2000, Ico=|wéf/2000, one can
expect almost 8S in (P and 7S in (P’ after 1000
steps, unless 2z is too near a pole.

(b) Use of Series

The process of reducing the computation prob-
lem to one in which z is in the Fundamental
Rectangle can obviously be mechanized. Inside
the Fundamental Rectangle the direct use of
Laurent’s series is appropriate when the period

ratio ¢ is not too large. However, if a=+/3(a>0)
or a=23(a<0), the series will diverge at the
far corner of the Fundamental Rectangle, so that
use may be made of an appropriate duplication
formula. Alternatively, one may compute the
functions on Oz and Oy, then use an addition
formula. Even so, the series will diverge at
z=1a if a=22(A>0) and at z=1a/2 if a24(AK0).

For great accuracy, multiple precision operations
might be necessary. Double precision flogting
point mode has been used in a program, written
for SWAC, to compute P, (P’ and {.

For computation of o, use of the Maclaurin
series throughout the Fundamental Rectangle is
probably simplest (series converges for all 2).

Mention should be made of the possible use of
the series defining the ¢ functions. These series
converge for all complex v, and the computation
of @, P’, ¢ and ¢ by 18.10.5-18.10.8 could easily
be mechanized. The series involved have the
advantage of converging very fast, even in case
A0, where |g|s e (g e if AD0).

Use of Maps

If the problem (of computing P, P’, ¢ or v for
given ) is reduced to the case where the real half-
period is unity and imaginary half-period is one
of those used in the maps in 18.8 inspection of the
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appropriate figure will give the value of (P (2)
[t(2) or ¢(2)] to 2—3S. If (P’ is wanted instead,
get (P, use 18.6.3 to obtain (P '? and select sign (s)
of (P’ appropriately. (See Conformal Mapping
(18.8) for choice of sign of square root of P,

Computation of 2
Given ¢,, g (or equivalent)

Since 22 (P (z)) =0, the Laurent’s series gives
0=14cu? el +eu~+ . . .

where u=z. We may solve this equation [by
Graeffe’s (root-squaring) process or otherwise]
for its absolutely smallest root [having found an

WEIERSTRASS ELLIPTIC AND RELATED FUNCTIONS

approximation to [z| by Graeffe’s process, we .
may use the fact that zy=w+iy(A>0), zp=uw
+1y0(A<0) to obtain an approximation to z).
It is noted that g/w is a monotonic decreasing
function of (period ratio) ¢ =1 for A>0 and

(1 gyo/w>§ arccosh v3(=.7297)].

Yo/wz 1S & monotonic increasing function of g for
A<0 and

0= yo/w < % arccosh 3]

Further data is available from Table 18.2 or from
Conformal Maps defined by (P (2).
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19. Parabolic Cylinder Funciions

Mathematical Properties

19.1. The Parabolic Cylinder Functions

Introductory

These are solutions of the differential equation

Py o _
19.1.1 El?—}- (ax?+bz+c)y=0

with two real and distinet standard forms

2,
19.1.2 gz%—— (12 +a)y=0

19.1.3 %—*—(%ﬁ—a)yzo

The functions

19.1.4

y(a’) x) y(a) ‘—fE) y(_a’) 'LI) y(*a‘) —ix)

are all solutions either of 19.1.2 or of 19.1.3 if any
one is such a solution.

Replacement of @ by —ia and z by zet'™ converts
19.1.2 into 19.1.3. If y(a, z) is a solution of 19.1.2,
then 19.1.3 has solutions:

19.1.5 -~
y(—1a, xeti™) y(—1a, —zet'™)

y(ia, —ze~¥7)  y(ia,ze~tm)

Both variable # and the parameter ¢ may take
on general complex values in this section and in
many subsequent sections. Practical applications
appear to be confined to real solutions of real equa-
tions; therefore attention is confined to such solu-
tions, and, in general, formulas are given for the
two equations 19.1.2 and 19.1.3 independently.
The principal computational consequence of the
remarks above is that reflection in the y-axis
produces an independent solution in almost all
cases (Hermite functions provide an exception),
so that tables may be confined either to positive
z or to a single solution of 19,1.2 or 19.1.3.

The Equation %_G x2+a> y=0

19.2, Power Series in z
Even and odd solutions of 19.1.2 are given by
686

19.2.1

n=e¥Matd b 32
—322 x? N
=e ¥4 14+ (0+}) 55+ (a+}) (a+3) at
=e ¥, Fi(Ja+1 §; 32%)
19.2.2
=e"M(—fa+1, b, —e?)
2 x? ¢
=e? {1+(a~—%) st (@—1a— 5+ .. }
19.2.3
y=ze ¥ Ma+4, §, $29)
3 5
:e‘}zz{x—+—(a+%) :—;T}-(a-%—%)(a—{-%) g—‘+ .. }
19.2.4
=zet"M(—}a+$, §, —4?)
3 5
= {ote-p fra-pe— T+ }

these series being convergent for all values of
(see chapter 13 for M(a, ¢, 2)).

Alternatively,
19.2.5
x? 1 2 7 \«°
h=1l+4a i+(a2+§> 1—!+<a3+§ a ]

15\ 28 211\l
+(a4+11a2+§> %+(a5+25a3+~4— a)’lim+ .

19.2.6 »
s 3\ 2° 13 \ &’
p=zt+a %+(af"+§> %+(a3+—2— @)=y
63 z° 531 \z!!
+(a4+17a2+z> m+(a5+35a3+—4— a)m—{- Ce

in which non-zero coefficients a, of z"/n! are
connected by

19.2.7 an+2=a-an+i n(n—1)a,-,
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19.3. Standard Solutions

These have been chosen to have the asymptotic
behavior exhibited in 19.8. The first is Whit-
taker’s function [19.8, 19.9] in a more symmetrical
notation.

19.3.1
Ua,2)=D-;-3(x)=cosm(}+4a) ¥,
—sinr(3+3a)7,

19.3.2
V(a) (IZ) F(l ) {Sln7r(1—+—2(l) Yl
+cos w(141a)-Fy}
in which
1 T(}i—3%a) sec m(3+3a)
19-3-3 Yl:\/—; —ﬁ_}z— -\/— W(———]—%ﬁ

1 T(3—1a) ese (3 +3a)
1934 Yi==—0mm V=V gimip(1 7 1oy ¥

19.3.5
Ul(a,0) =2—ﬁ%@
U'(a, 0)=—%T?f%¥%_@
19.3.6
e =2;a+}rs(i§ I(fa —)— ja)
o, 02—t

In terms of the more familiar D,(zx) of Whit-
taker,

19.3.7 Ua,z)=D_,4(z)
19.3.8

V(@,2)== D(+0) {sin1a-D_o () +D_es(—2)}

19.4. Wronskian and Other Relations
19.4.1 W{U,V}=+2[r

19.4.2

7V (a,z)=T(}+a) {sinme-U(a,2)+U(a, —2z)}
19.4.3
T(3+a)U(a,r)=nsec* ra{V(e, —z)

—sinwra-Via,z)}

687
19.4.4

I'(1—3a) cos W(4‘f‘2a)
wr2“’

n=2sinwr(3+13a)-Y,
=U(e,2)+U(a, +z)
19.4.5

_T(E—30) sin7(§+30)
Vr2ie

¥2=2 cos m(3+3a)-Y,
=U(a; x) "_U(a, T":E)

19.4.6
V21U (—a, +iz)=

LG+ta){e "YU, o) +e" ¥ VU (e, Fa)}
19.4.7
\/ﬂU(ay Itx):
P(3—a){¢~ 4T (—a, £iz)+ 4T (—a, Fia)

19.5. Integral Representations

A full treatment is given in [19.11] section 4.
Representations are given here for U(a, z) only;

othersmay be derived by use of therelations gwe in
19.4.

1 ‘
19.5.1 U(a,2)=£%7r—;—)e‘iz’f e¥ ¥ s

19.5.2 _LG—a) wf e ¥ (2 1) Mt
8

om

where « and 8 are the contours shown in Figures
19.1 and 19.2. |

When a+13 is a posmve integer these 1nteg$als
become indeterminate; in this case

19.5.3 U(a,z)=r—(% e'*”fo e‘”“*"’s“**dsi

S PLANE t PLAN§
a ;
.—(——/-\
-+
—) 3 \
) —_— ‘
— = 7. >
_
Figure 19.1 FIGuRre 19.2
—x<arg s»r —xlarg (24+t) >~
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19.5.4 Ulfa,2)= ;/_2_ e}zzf o= H183g—a—idg
™ ¢
e(a—i)ri 2
19.5.5 — e}l f ez,y+;328_.a_}ds
V27i o
19 5.6 =e—(a—§)11 e}zﬂf ezs+§s=8-a—gd8
V2mi o

where ¢, & and ¢ are shown in Figures 19.3 and
19.4.

S PLANE S PLANE
€
€3
or
€
Ficure 19.3 FIGURE 19.4
—jr<larg s<4n Oneg ir<arg s<jr
On ¢ —3r<arg s<—4rw
19.5.7
> P(g—%d) 2
Ta, 2)=—4% . 2ty to-1(] —¢f)-la-ig
(@,2) =1, . (1)t (1—g)~ie-idt
19.5.8

Q;E’f)f 1ze*(322o)e-Y(322—0) 1~ idp

PARABOLIC CYLINDER FUNCTIONS

19.5.9
Ula, 2)

o

=zr2(;z+‘!:a) Jze ¥ (14-1) i1 ) ~idt
19.5.10

o

—ITAR0) [y ot ) ot ophetan

mn

The contour ¢; is such that (}22+v) goes from
we™ to we™ while v=1z® is not encircled;
122_p)~4e-t has its principal value except pos-
sibly in the immediate neighborhood of the
branch-point when encirclement is being avoided.
Likewise #, is such that (}z*—v) goes from we’*
to e~ while encirclement of v=—312? is simi-
larly avoided. The contours ({;) and (n;) may be
obtained from {; and 7; by use of the substitution
=12,
The expressions 19.5.7 and 19.5.8 become inde-
terminate when a=%, §, &, . . .; for these values

19.5.11
1 a
Ula, Z)=_I"—(—%+—%a/)_ ze‘*”ﬁ e st —(224-2¢) ~a—ids
Again 19.5.9 and 19.5.10 become indeterminate
when a=1%, §, %, . . .; for these values
19.5.12

Ula,z)= me—ssia—&(zz_*_gs)—;a-}ds

s,

Barnes-Type Integrals

—tz2 + ot _
19513 Ula,2)=55— 2~ f_ ‘ m)llz_gig)_z_s;)

where the contour separates the zeros of I'(s) from those of I'(a+3—2s).

19514 Via, )=y ooy ot [ LEOZ(AZO)

—wt T'(}—a)

19.6. Recurrence Relations

19.6.1 U'(a,z)+3%2U(a, )+ (@+¥HU(e+1,2)=0
19.6.2 U’(a,z)—%2U(a,z)+U(a—1,2)=0

19.6.3 2U’(a,2)+U(a—1, z)+(@+HU(a+1, 2)=0
19.6.4 zU(a,2)—U(a—1, 2)+ (a+$HU(a+1, z)=0

These are also satisfied by I'(3—a)V(a, z).
19.6.5 V’(a,z)—42V(a,2)— (e~} V(e—1,2)=0
19.6.6 V’'(a,2)+%2V(a,2)—V(a+1,2)=0

(V22)*ds

(v22)¥ cos s ds

(|larg 2[<gm)
Similarly

(larg 2| <im)

19.6.7
2V'(a,2)—V(a+1,2)—(@a—HV(e—1,2)=0
19.6.8
2V(a,z2)—Vie+1,2)+ (e—§Vie—1,2)=0
These are also satisfied by U(a, z)/T (3 —a)
19.6.9 yi(a, z)+4xy (e, 2)=(a+Hya(a+1,2)

19.6.10 yi(a,x)—3xyi(a, z)=(a—%)y(a—1,2)
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19.6.11
19.6.12

Yz(a, ©)+3ey2(a, 2) =y (a+1, 2)
ya(a, 2)—§2y2(a, 2) =y (a—1, 2)
Asymptotic Expansions

19.7. Expressions in Terms of Airy Functions

When @ is large and negative, write, for
0<z2< ™ -
e=2y[alt  t=(4lal)ir
19.7.1
T=—(33;)}
v
dy=3% L V1—s'ds=1 arccos i —3t/1—£* (¢<1)
19.7.2
r=+(39y)}

=%f5\/s2—1ds 1e4/E2—1 1—% arccosh§ (£>1)
1

Then for 2>0, a——

19.7.3

Ula, )~2--4T (3—1q) <£2 I)IAl(t)
19.7.4

T (3—a) V(a, 2)~ 24T (3—1a) (Ezil)%Bi.(t)

Table 19.3 gives 7 as a function of £.
See [19.5] for further developments.

19.8. Expansions for z Large and ¢ Moderate

When 2>>|a|
19.8.1
Ula, x) ~e g4 { 1——*(0'-*_%2)@(3_*_%)

LetDEr D@y aty ...}
2.4z

(E>t )
19.8.2

Via, 2)~ \/2&‘2#** {H—(i—’ff)gﬂ
Il 1 el )] G ] (e = }

2.4
(x—>+ )

These expansions form the basis for the choice of
standard solutions in 19.3. The former is valid
for complex z, with |arg 2|<}r, in the complete

1 689

sense of Watson [19.6], although valid for a Wlder
range of |arg z| in Poincaré’s sense; the second

series is completely valid only for x real and posz—
tive.

19.9. Expansions for ¢ Large With z Modé(rate
(1) a positive |
When a>>2?, with p=+4a, then

19.9.1 U(d, z)=mr—‘é’g__¥_%—a)- exp (_px"‘vl)‘

19.9.2 U(a,——x) =WP¢(§T%(I)_ exp (px-f-%)

where |
3G (o Se—i(h)°
19.9.3 U1, Vo~ F P (213)2:]: (2ﬁ)3
2(32)* | (420)°—4(0)"
et @ T
(a4 )

The upper sign gives the first function, and the
lower sign the second function.

(ii) @ negative
When —a>>>2? with p=+v—a, then
19.9.4
Ula,z)+iT (3—a)-V(a,2)

eir(}-ﬂa)r(%_%a)
gt

e'?" exp (v,Tl»tivi)
where
19.9.5

o~ 32 2000)°

2p)? " (2p)*

3(32)° +%x+%(%x)5 &
(2p)°

9(he)'—22(32)°_
(2p)°
(oy—40e) |
(2p)°

+

7)4’\-’_'
(@—+ )

Further expansions of a similar type will be
found in [19.11].

19.10. Darwin’s Expansions

(i) a positive, z+4a large. Write
19.10.1 X=va*+4a ;
t+X

6=4a%,(z/2Va :%J; Xdr=%}xX+aln e

z . % x
=7 Vz?+4a+a arcsinh e
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(see Table 19.3 for ¢,), then

19.10.2 Ufa, x)=—£’r——_)i/i_ exp {—0-+v(a, )}

VT (3+a)
2m)v4
1 .1 .3 y T _—————— 0 y —
9.10.3 Ufla, —2) oo exp {8-+v(a, —x)}
where
19.10.4

v(a, z)~—%1In X+Z, (—1)°d,s/ X
(a>0, x?+4a—>+ )

and d, is given by 19.10.13.

(ii) @ negative, #*-+4a large and positive, Write

19.10.5 X=+/z2—4]a|

8=4|a|3,(2/2v]a) =%f2‘/m Xdz=%xX+aln ;j/‘_m

T
=1z+/x%—4|a]+a arccosh ial

(see Table 19.3 for 9,), then

IG—a) xp {—0+0(a, z)}

T

19.10.6 U(a, x)=

19.10.7

Via, z)= 2

@miTa=a F e =)

where again
19.10.8
v(a, 2)~—3%In X+a2=1 (—1)'ds,/ X3
(a<0, 2’ +4a—>+ )

and ds, is given by 19.10.13.
(iii) @ large and negative and x moderate. Write

19.10.9 Y=+4la[—z?
8=4|a|9,(z/2+]a])

=7}j; Ydx=1xY +|a| arcsin — 2\/| |

(see Table 19.3 for ¢,=}r—4,), then
19.10.10

Ula, 2) =%———'I‘G—a) e’ cos {}r+%m—|—0+v,}

@n

19.10.11
Via, 2)=
m e’r sin {}m+3ima+8+v}
where
1910.12 o,~—}ln Y- q e
;E}a ;‘;-}- (224 4a—>— =)

In each case the coefficients ds, are given by

19.10.13

1 3
d3=a (Z‘g‘*‘% (1;23)

ds=1 22—

=—-<—— z°— I ar’ 39 a’z’
A\ 5760 320 320

+% adr®— 19a4x)

d12~l%§ z*—186ax?-+80a?

See [19.11] for dy5, . . ., da, and [19.5] for an

alternative form.
19.11. Modulus and Phase

When a is negative and |z|< 2+]a|, the func-
tions U and V are oscillatory and it is sometimes
convenient to write

19.11.1  Uf(a, 2)+il'(3—a)V(a, 2)=F(a, z)e***

19.11.2  U’(a, )+l (3—a) V' (a, )=—GC(a, x)e¥**
Then, when ¢<<0 and |a|>>2?,

19.11.3

—1
F=P;§+ij§) e, x=Qa+hrtpato,

where v,, v, are given by 19.9.5 and p=+—a.
Alternatively, with p=+/]a], and again —a>>2?,

19.11.4
I'(}—3q) $at
P { g |
18g5—1442? }
gy T
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_ % 3’16
19.11.5 x~(%a+%)7r+1’x{ 4p)~ (4p)"
$2'—2300" }

4p®

P3—4o) (| & _ 4!
19.11.6 G ot r 4p)* (4p)*
_ =162 }

4p®
. _ 3 _fa'416

19.11.7 ¢~(%a—z)7r+m{ Ap?  (4p)°

gat+agoq? }
b (4p)6 LY

Again, when 2°+4a is large and negative, with
Y=+/4]a|—2?, then

19.11.8

e 2JT(GE=a) 2VT(3—a) ,

— (211_)} X=ir+ima+0-+0,

where 6, », and »;, are given by 19.10.9 and
19.10.12.
Another form is

19.11.9
F~2\/P(%—a)< 143 4da, 621, )
enY 47+ Y*® ' 3278
(x?+4a—— )
19.11.10

o VIVTOZ0 (15 Te 85 )
T @emt 4Y+ Y*® 32y%

(@*+4a—>— )
while ¢ and x are connected by

19.11.11
47 | 2140 14483 )
VX~ — T (1+6Y4+ s7s Taore )

(x*+4a—— =)

Connections With Other Functions

19.12. Connection With Confluent Hypergeo-
metric Functions (see chapter 13)
19.12.1
yr2 ¥
Ule, +2)="711~ rG+3a) M_y, 1(32%)
\/;21 ‘}ax_i

TGTia) M_y.1(32)

19.12.2 Ula, z)=2"12"W_,, _3(312)
19.12.3
U, +2)=Y"2 22 M0t g, 1,30
I'($+30)
¢% MGa+4,4 %Y
19.12.4

Ula,z)=2"1"1"¥0 (Ja+1, §, §a?)
Fhge U (Ja+4, §, 427)

Expressions for V(a, ) may be obtained from
these by use of 19.4.2.

-

=4

19.13. Connection With Hermite Polynornials
and Functions

When 7 is a non-negative integer
19.13.1
=2 ¥ H (2/42)

U(—n—3%, 2)=e"He, ()

19.13.2
Vin+3, z)=2/ret He'(x) =21t HX(2//2)

in which H,(x) and He,(z) are Hermite poly-
nomials (see chapter 22) while

19.13.3 HeX(x)=e ¥ % = (—i)"He,(iz)

19.13.4 Hi(z)=e = &

dx® 612: (—'?’) an (’LZ)

This gives one elementary solution to 19.1.2 when-
ever 2¢ is an odd integer, positive or negative.

19.14. Connection With Probability Integrals
and Dawson’s Integral (see chapter 7)

If, as in [19.10]

19.14.1 Hh_i(z)=e¥*

19.14.2

Hha(z)= f " Hh,_ () dt=(1/n) f " (t—a)ne it
(n>0)

then

19.14.3 U(n+3,2)=e¥" Hh,(z)

n2—1)
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Correspondingly

19.14.4 V3 0) = 2ret?

and

19.14.5

V(—n—3,2)=e"t {f ¥V (—n+}, B)dt
~wrarD ) 020

Here V(—%, z) is closely related to Dawson’s
integral
f e'*dt
0

These relations give a second solution of 19.1.2
whenever 2a¢ is an odd integer, and a second solu-
tion is unobtainable from Ul(a, x) by reflection in
the y-axis.

19.15. Explicit Formula in Terms of Bessel
Functions When 2a Is an Integer

Write
19.15.1 I_,—I1,=(2/r)sinnr - K,

19.15.2 I _,+1,=cosnr ¥,

where the argument of all modified Bessel func-
tions is 1z, Then

U@, r)=2r"4(32) (—Ki+ Ky)
19.15.4 U(2, 2)=2 - 23 (22) CK—3K; + Ky

19.15.5
U3, 2)=2- 2 (k)i (—5 K-+ 9K — 5K+ K)

19.15.6 V1, 9)=3(2)}(A—A)
19.15.7 V2, 5)=3(320)2A—34+A)
19.15.8 V@3, )=1(32):6A—9IA+5S—S)

19.15.3

19.15.9 U@, 2)=r"132)K;
19.15.10 U(—1, z)=r"G2) /(K +K;3)
19.15.11

U(~2, 2)=r"4(32)! 2K, +3K;—Ky)
19.15.12
U(=3, 2)=r"}(}2)+ 6K, +9K;—5K,—K3)
19.15.13 V0, 2)=3E2)t A

19.15.14 V(—1, ©)=Gx)(A+A)
19.15.15 V(—2,2)=%Gx)*QA+3 54— )
19.15.16

V(=3,2)=%-$(G0)i6A4+9A—59,—S)

19.15.17 -3, 0)=+2/r(G0)K,
19.15.18  U(—3%, 2)=v2/r(3z)2K,
19.15.19  U(—3%, 2)=v2/r(32)*5K,—K;)
19.15.20 V&, 2)=G2) (L+1_y)
19.15.21 V(3 2)=(x)@L+21_y)
19.15.22 V3, 2)=(x)3GL+51_y—1;—1_)

. d? 1
The Equation 8%4—(1 22— >y=0

19.16. Power Series in z

Even and odd solutions are given by 19.2.1 to
19.2.4 with —ia written for @ and zet'" for z;
the series involves complex quantities in which the
imaginary part of the sum vanishes identically.

Alternatively,

19.16.1

22 xt 28
yi=1+a ﬁ+(a2'—%) ﬁ-l—(aa——%a) Al

8 10
+ (@t —11a2+2¢ g—,+(a5—25a3+%la) 130—,+. .

19.16.2
7 \ ., 27
Ye=z+a 5@ 5+ (@ —a) 5

+(a4—17a2+63) -I—(a5 35a°4-23 1a)

11'

in which non-zero coefficients a, of z"/n! are
connected by

19.16.3 Uni2=0 a,—in(n—1)a,_2

19.17. Standard Solutions (see [19.4])

H
19.17.1 W(a,ix)=%$—z)— (G F2G )
19.17.2 =0~ <\/G‘ nF 2_(;3?/2)
where
19.17.3 Gi=|T'(+%ia)| =|I'(3+4ia)|
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At =0,
1{TE 4+t 1 G
19.17.4 W(a,0)=5 fé +§m; 255\/0:;
19.17.5
1@+l 1[G
W(a,0)=— T(G+3ia)| G,

Complex Solutions
19.17.6  E(a, )=k"W(a, )+ ik W(a, —)
19.17.7 E*(a,z)=k" W(a,z)—iktW(a, —z)

where

19.17.8 k=1 F¢7—¢m

In terms of Uf(a, z) of 19.3,

Vk=+1+e"+e™

19.17.9 E(a,z)=v2Zet Fsi=t4%: [J(iq xe~4r)
with
19.17.10 $o=arg I'(3+1a)

where the branch is defined by ¢,=0 when ¢=0
and by continuity elsewhere.
Also

19.17.11
V27U (ia, ze~4#7) =T (3—ia) { et~ H"U (—1a, zet'v)
+e it (—ig,—zetin) )
19.18. Wronskian and Other Relations
19.18.1 W{W(a,z), Wa,—z)} =1

19‘18'2 W{E(a) x)rE*(a’ I)} =

19.18.3 1+ E(a,2)=e™E*(a,z)+iE*(a,—z)
19.184  E*(a,z)=e¢ "%t E(—q,1x)
19.18.5
VI (3+1a) E*(a, 2)=e~t*\T (3—ia) E(—a, ix)
19.19. Integral Reprsssentations

These are covered for 19.1.3 as well as for
19.1.2 in 19.5 (general complex argument).

Asymptotic Expansions
19.20. Expressions in Terms of Airy Functions
When a is large and positive, write, for 0 <a<

z=2va¢ t={(4a)tr

19.20.1
T=—’(%193)%
1
03=% f V1—s* ds=1 arccos t—1£/1—£
¢
19.20.2
T=(38,)!
=§fE\/sﬁ—1ds=zg\/g2»1—_ arccosh ¢
1
Then for >0, a—+
19.20.3
G 2R S ‘
W(a, z)~ vr(4a)-te—Hms (52—:1) Bi(—t)
19.20.4 |
H
W(a, —z) ~2+/r(4a)~teim (sTé—‘l) Ai(—1)

Table 19.3 gives = as a function of E See
[19.5] for further developments.

19.21. Expansions for x Large and ¢ Moderate

When z>>>|a,
19.21.1

E(a, 2)=~2/z exp {i(22’—a In 2+ 14, +1m) }s(a, 2)
|

19.21.2 :
W(a, ) =~2k/z{s,(a, x) cos (32’—aIn a:—l—%r%—%cbg)

—sa(a, ¥) sin Go’—aln 2437+ 54)}
19.21.3

W(a,—z)=+2/kz{s,(a, z) sin 32’—aln z+3ir+342)
+s:(a, x) cos (jz°—aln z+ 7r+%¢z)
where ¢, is defined by 19.17.10 and

19.21.4  s(a, x)=s:(a, 2) +is:(a, 2)
19.21.5

si(a, x)~1+ %—%‘—@ﬂ‘hﬁz‘* caall
19.21.6

oo, 9~ =
with

(z—>+ )
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19.21.7
or

19.21.8 s(a, x)~§ (=)’

U+ 0, =T (r+4+1a)/T (3+10)

T2r+3+ia) 1
I'(3+ia) 27l

19.22. Expansions for ¢ Large With 2 Moderate
(i) a positive
When ¢ >>?, with p=+a, then
19.22.1 W(a, z)=W/(a, 0) exp (—pz+wv1)
19.22.2 W(a,—2)=W(a, 0) exp (px+1v.)
where W{a, 0) is given by 19.17.4, and
19.22.3
-l

2 (42)' 3 (4)" 14 (32)"
@p)’ @p)°

Uy, Vg

+ + ...

(a—>+ =)
The upper sign gives the first function, and the
lower sign the second function.
(ii) a negative
When —a>>2? with p=+v=a, then
19.22.4
W(ay x)—HW(a, —fL‘)
=+2W(a, 0) exp {v,+i(pz+ir+v)}

where W(a, 0) is given by 19.17.4, and
19.22.5

_G2)? 2(30)* 9(32)* 18 (32)° n

@p)?’ (2p)* (2p)° T
L332)°_ 121+30G2)° | 32(32)°+432)T
2p (2p)® (2p)®

Uy~

vy

(a—>— )

Further expansions of a similar type will be found
in [19.3].
19.23. Darwin’s Expansions

(i) @ positive, 22—4a>>0
Write

19.23.1
X:w/x2—4a 0=4a02(m/2\/6) =é‘ fi/_ Xdx
2va

z+X
2va

x

—1 2

=lrya*—4a—a arccosh ——
B 2va

=2X—aln

(see Table 19.3 for ¢,), then-
19.23.2  W(a, 2) =+/2ke" cos (2r+6+0,)
19.23.3 W(a, —2)=+2/ke’ sin (ir-+06-+v,)

where

dlZ

19284 o~—jln x-Sy

dy , dy d
D 4F o Con

(at—4a—> )
and ds, is given by 19.23.12,

(ii) @ positive, 4a—z>>>0
Write
19.23.5

Y=+4a—=z? 0=4a9,(z/2+/a)

F
.
=1 Ydz=21zY +a arcsin —
Q_J; 1 24&

(see Table 19.3 for ¢,=21ir—4¢,), then

19.23.6 W(a, z)=exp{—6+0v(a, z)}
19.23.7 W(a, —2z)=exp{8+v(a, —zx)}
where

19.23.8

d
o(a, 2)~—}% In Y+%+%+I—,%+ e
(22—40—— )

and d, is again given by 19.23.12.

(iii) @ negative, 22—4a>>0
Write

19.23.9
X =24l e=ﬂﬂmum¢ﬁb=éf7xn
0

z+X
2|

=}z +4]a]—a arcsinh ——
z+v/2?+4|a]—a arc NI

=1rX—aln

(see Table 19.3 for &,) then
19.23.10 W(a, 2) =+/2ke’r cos (3r+6-+v,)
19.23.11 W(a, —a) =+/2/ke’" sin (Gr+0+0,)

where v, and v, are again given by 19.23.4. In
each case the coefficients dj, are given by
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19.23.12
__ 172 )
dy= a<48 202
=;.tz+2a
7 7 2 5 303 4
dy= a3 5760 320‘”4"3%“ +_“ +1%atz

dlg—@' zt-+186ax2-+80a?

See [19.11] for dys, . . -,
ternative form.

das, and [19.5] for an al-

19.24. Modulus and Phase

When a is positive, the function W(a, 2) is
oscillatory when z<—2+a@ and when z>2+a;
when a is negative, the function is oscillatory for
all z. In such cases it is sometimes convenient
to write

19.24.1
k= W(a, ) +1k*W(a,—x)=E(a, x) =Fe*

19.24.2

(x>0)

P dW(a, x)J]_ik, dWa,—2z) _ 5 (@, z)=—Ge™
dz dx _
(x>0)
Then, when z°>>>|al,

19.24.3

10a -3 30a°*—47a 3\

F~\/ (1+ at + )
19.24.4

3 4q3 —19a

X~}rt—alIn x+7¢2+11r+ +

8zt

19.24.5

G \/@ (l_a 6a’—5 14a’—63a
2 @ 4 4zt T

19.24.6

| 4a’+5 | 40°4-29a
y~irt—aln 2+3¢,—ir+ e + e

where ¢, is defined by 19.17.10.

+...

When ¢<0, |a|>>x?

19.24.7 F~+\2W(a, 0)e°r

where v, is given by 19.22.5 with p=v—a. Also

W(a, ix):z_%{JﬁH(_%’ éa’ %x2)
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19.24.8
1 S0 4-8 1225415227
F'\'—_ ]_ —
75 <4p)2 apt apf T )
19.24.9
2ri+16 420428807
1 — ..
”*‘m< +<4p>2 @t T @dps )
19.24.10 !
_3r'+8 | 3a'+1682° b
1 T [3 ..
6~p( <4p>2 @ 4p)
19.24.11

@ Er'—16 | 42°—3302

o=t (e e )

Again, when ¢<0, z2—4¢>0, with X=w/iv_2+i lal,
then

19.24.12 F~+2¢r  x=1r+6-+v,

where 8, v, and v, are given by 19.23.4 and 19.23.9.
Another form also when ¢ >0, x*—4a— « is/

19.24.13

621 13710
F~ \/X 4X4 X6+32X8+ ax0 )

19.24.14
X 5 835 1729qa
G~ \/ (it gy ot j)

while ¢ and x are connected by

19.24.15

b=~ gt (“W

19.25. Connections With Other Function$

214a . 14483 |
et T )

Connection With Confluent Hypergeometric and B#ssel
Functions

19.25.1
|

2G3 > oH(~b b0, 1) }

where ‘

19.25.2
H(m, n, 1) =¢ % Fi(m+1—in; 2m+2; 2w)\

19.25.3 =e¢~"M(m+-1—in, 2m+2, 2ux) |

19.25.4

WO, to)y=2-WrE(J () G} @20
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19.25.5

L W0, +a)=—2tayrz (i) £ 14a?))
(>0)
19.26. Zeros

Zeros of solutions U(a, %), V(a, ) of 19.1.2 occur
only for |z]<{2v—a when a is negative. A single
exceptional zero is possible, for any a, in the gen-
eral solution; neither U(a,z) nor V(a,x) has such
a zero for 2>0.

Approximations may be obtained by reverting
the series for ¢ (or X for zeros of derivatives) in
19.11, giving ¢ (or x) values that are multiples of
3w, odd multiples for Ul(a, z), even multiples for
Via,z). Writing

a=(r—fa—hr
as an approximation to a zero of the function, or
6= (r—ta+r

as an approximation to a zero of the derivative,
we obtain for the corresponding zero ¢ or ¢/, with
—a=1p? the expressions

26 —3a | 52a°—240a°+ 315a

a
19261 o= = e et
, B, 26'+38  526°+2808°—2858
19262 ¢~ = ST

These expansions, however, are of little value
in the neighborhood of the turning point z=2+—a.
Here first approximations may be obtained by
use of the formulas of 19.7. If a, (negative) is a
zero of Ai(f), the corresponding zero ¢ of Ul(a, z)
is obtained approximately by solving

19.26.3
(_a'n);

d;=2%{arccos £—§v1—£} =W

e=2Vlalt  (a<<0)

This may be done by inverse use of Table 19.3.
For a zero of V(a,z), a, must be replaced by b,,
a zero of Bi(t). For further developments see
[19.5].

Zeros of solutions W(a,s), W(a,—z) of 19.1.3
occur for |z|>2+va when a is positive; the general
solution may, however, have a single zero between
—2va and +2vya. If a is negative, zeros are
unrestricted in range,

Approximations may be obtained by reverting
the series for y (or X) in 19.24. With —a=p?
a=(§r—w, B=(Gr+3=, r>0 being an odd

integer for W(a, x) or its derivative, or an even
integer for W(a,—2) or its derivative, the zeros
+e, +¢’ have expansions

c~g~2a3—3a+52a5—240a3+315a |
Tp  48p° 7680p° T

19.26.4

3+ 38 | 528°+ 2808°—2858
48p° 7680p°

19.265 o'~2_2 +...
p

When z is large and @ moderate, we may solve
inversely the series 19.24.4 or 19.24.6 with
a=% (re—3im—¢2), B=% (rm+3r—¢,), r odd or even
as above; the presence of the logarithm makes it
inconvenient to revert formally.

The expansions 19.26.4 and 19.26.5 fail when z
is in the neighborhood of 2v]a|. When a is
positive, a zero ¢ of W(e,—xz) is obtained approxi-
mately by solving

19.26.6

9=} {§+vE*—1—arccosh £} =(_i6‘2L)’

c=2vat  (a>>0)

with the aid of Table 19.3. For a zero of W(a, z)
we replace a, by b,. When a is negative we solve,
again with the aid of Table 19.3,

19.26.7

I et

01=i’{£\/£_2;—1+3/r03inh t1= 4]a
c=2+/]alt

where n=1, 2, 3, . . . for an approximate zero
of W(a, —z), and n=4%, $, §, . . . for an approxi-
mate zero of W(a, z). Further developments are
given in [19.5].

Any of the approximations to zeros obtained
above may readily be improved as follows:

Let ¢ be a zero of ¥, and ¢’ a zero of y’, where y
is a solution of

(—a>>0)

19.26.8 Y —1y=0

Here I=q4 122, I'= 4%z, I’’= 1 }; the method is
general and the following formulae may be used
whenever I’’/=0. Then if v, v’ are approxima-
tions to the zeros ¢, ¢’ and

19.26.9 u=y(mly'(y)  v=y'(")/IyK)
with I=I(y) or I=I(y’) respectively, then
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19.26.10
e~y—u—gIud 3o L ut

SN ZERY W RETY ) ¥ NES
19.26.11

y @~y () (1—§ I +-3I'u?

BNEW JENYWWERLE ) Y NE
19.26.12

¢ ~vy' —Iv—3 1"+ (3121 — 112 — L )
(S =3T3 —3 1 vt . ..
19.26.13
Y )~y (1 -4 P2 —3 1"
— (GBI =2 T 5 L L
The process can be repeated, if necessary, using

as many terms at any stage as seems convenient.
Note the relations, holding at zeros,

19.26.14 U’ (a,¢)=—+2[x/V (a,c)
19.26.15 V'(a,c¢")=+2/rU(a,c’)
19.26.16 W' (a,e)=—1/W(a, —c)
19.26.17

W, c’)=1/{%W(a, —:c)} =W, )

19.27. Bessel Functions of Order + %, + 2 as
Parabolic Cylinder Functions

Most applications of these functions refer to
cases where parabolic cylinder functions would be
more appropriate. We have
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19.27.1 Jﬂ(ix")=% {W(0, —2)FW(0,2)}

—9
12y < _
19.27.2  Ju(k’)=_ N {(W(0,2)+W(0, —z) }‘
Functions of other orders may be obtaine | by
use of the recurrence relation 10.1.22, which here
becomes

19.27.3  12%J,1(32%) — 20, (322) + 322, - (32?) %=0
Again ‘

19.27.4 I_}(§x2)+li(;}x2)=% V(0,2)

19.27.5

2 Kt =T~ L) == U0,

4 d
19.27.6 I.;(i—dﬁ) +I:}(i—1§2) =—;75 % V(O, Z)
19.27.7
2 (i) =1 442~
__ 4 4
zyrz dx v©,2)

As before, Bessel functions of other orders may be
obtained by use of the recurrence relation 10,2.23,
which here becomes

12111 (32) + 20 L(3") — 12?1, (32)) =

1Ko (1) — 2K, (42) — 12K, (1) =0

19.27.8
19.27.9

Numerical Methods ‘

19.28. Use and Extension of the Tables

For U(a, ), V(a, 2) and W(a, ), interpolation
z-wise may be carried out to 5-figure accuracy
almost everywhere by using 5-point or 6-point
Lagrangian interpolation. For |a|<1, compa-
rable accuracy a-wise may be obtained with 5- or
6-point interpolation.

For |¢|>1, U(a, ) and V(a, 2) may be obtained
by use of recurrence relations from two values,
possibly obtained by interpolation, with |a|<1;
such a procedure is not available for W(a,. 41),
la|>1.

In cases where straightforward use of the a-wise
recurrence relation results in loss of accuracy by
cancellation of leading digits, it may be worth
while to remark that greater accuracy is usually
attainable by use of the recurrence relation in the

(often 1 and 0) for two values of ¢ somewhat
beyond the last value desired. This is because|the
recurrence relation is a second order homogeneous
linear difference equation, and has two inde-
pendent solutions. Loss of accuracy by cancella-
tion occurs when the solution desired is diminishing
as @ varies, while the companion solution is|in-
creasing. By reversing the direction of progress
in @, the roles of the two solutions are inter-
changed, and the contribution of the desired solu-
tion now increases, while the unwanted solution
diminishes to the point of negligibility. By start-
ing sufficiently beyond the last value of a for which
the function is desired, we can ensure that |the
unwanted solution is negligible but, because the
starting values were arbitrary, we have an un-

reverse direction, from arbitrary starting v:%ues
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known multiple of the solution desired. The com-
putation is then carried back until a value of a
with |a| <1 is reached, whan the precise multiple
that we have of the desired solution may be deter-
mined and hence removed throughout. Compare
also 9.12, Example 1. i

Example 1. Evaluate U(a, 5) for a=5, 6, 7,
. ., using 19.6.4.

(a+3U(a+1, z)+2U(a, z)—U(a—1, 2)=0

a Forward Backward Final Values
Recurrence Recurrence

3 |(—6) 5.2847*%(12) 1.59035 |(—6) b5.2847**
4 ((=7) 9.172* [(11) 2.76028 |(—7) 9.1724
5 (—=7) 1.5527 |(10) 4.67131 |[(—7) 1.55227
6 |(—8) 2.5609 |(9) 7.72041 |(—8) 2 5655
7 1(—9) 4.1885 [(9) 1.24785 |(—9) 4.1466
8 |[(—10) 6.2220 {(8) 1.97488 |(—10) 6. 5625
9 |(—10)+1.2676 |(7) 3.06369 |(—10) 1.01806

10 |(=11)—0. 1221 {(6) 4.66352 |(—11) 1.5497

11 {(—11)41.2654 {(0) 697082 |(—12) 2.3164

12 {(—12)—5. 6079 102444 [(—13) 3. 404

13 [(—12)43. 2555 14789 |(—14) 4.91

14 2111 ({(—15) 7.01

15 202 {(—16) 9.7

16 42

17 5

18 1+

19 (0

~ *From tables. +Starting values.

p **’(I‘his)va.nge?was used to obtain the constant multiplier
—6)5.284 .
F—m—(—18)3.32298 for converting the pre-

vious column into this one.

The second column shows forward recurrence
starting with values at ¢=3,4 from Table 19.1.
Backward recurrence starts with values 0 and 1
at ¢=19 and 18, containing a multiple kU(a, 5)
and a subsequently negligible multiple of the other
solution T(}—a)V(a,5). Rounding errors con-
vert kU(a, z) into k*U(a, z) without affecting the
values in the last column. The value of 1/k* is
identified from the known value of U(3,5), and
used to obtain the final column by multiplying
throughout by 1/k*. The improvement in U(5, 5)
is evident by comparison with Table 19.1.

Derivatives. These are not tabulated here.
Since the functions U(a,z), V(a,z) and W(a,z)
satisfy differential equations, values of derivatives
are often required.

For all these functions the equation is second
order with first derivative absent, so that second
derwatives may be readily obtained from function
values by use of the differential equation.

First derivatives can be obtained for U(a, 2) and
V(a,2) by applying the appropriate recurrence
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relations 19.6.1-2. If less accuracy is needed they
can be found by use of mean central differences of
U(a,2), V(a,z) and also of W(a,z) with the formula

hu'=h Z—Z=u6u—%u63u+aiou55u— .

using h=.1; this usually gives a 3- or 4-figure
value of du/dz.

If greater accuracy is needed for dW(a, 7)/dz it
may be obtained by evaluating d*W/da?® with the
help of the differential equation satisfied by W
and integrating this second derivative numerically.
This requires one accurate value of dW/dx to
start off the integration; we describe two methods
for obtaining this, both making use of the differ-
ence between two fairly widely separated values
of W, for example, separated by 5 or 10 tabular
intervals.

(i) Write f,, f., fr for W(a, z,+7h) and its
first two derivatives, then f, may be found from

Wimae Uamd - = 35 (=) (7 =1

h2 n ’n
—‘2_,’)"{'112'—"2_};'0‘ 82+‘G‘63115‘0' &— .. } n _’f—n)

—h*{ foud —toud® + gt Hhond®—. . . }fo’

(ii) Consider a solution y of the differential
equation for W(a, z), namely y’'=(—3z’+a)y.
If we are given values ¥ and y’ at a particular
z=2, and write T,=H"y"" /n!, T_,=T_,=0, then
we may compute T3, T3, Ty, . . . in succession by
use of the recurrence relation obtained from the
differential equation,

B
(n+D)(n+2)

1-1n+2=

(=} 23+a)T,—3Hz, T,y
_*HzTn—ﬂ

These are computed, to a fixed number of decimals
until they become negligible, thus giving

y((toﬂ:H):To:l: T1+T2:i: T3+ . e e
This may be applied, with H=rh, h being the
tabular interval, and r a small integer, say r=>5,
to the solutions y=y,, y=y; having _
Yi(@0) =W(a, 20) Yi(@o) =W*(a, o)
Ya(%) =0 Y2(20) =1

in which W*(a,z,) is an approximation to
W'(a, o), not necessarily a good one; it may be
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obtained from differences, for example. We thus

Obtain Y1 (xo + H) a,nd Y2 (1’0 + H) .
Now suppose

W' (a, o) =W%* (a, ;) +\
then, for all z
Wia, ) =41 (2) +My2(x)
and in particular
W(a, 2o+ H) =y, (20t H) +Mys (2o + H)

The values of W(a, z,+ H) may be read from the
tables and two independent estimates of A ob-
tained, whence

W'(a, 2) =W*(a, 20) +2

to a suitable accuracy.

Example 2. Evaluate W’(—3, 1) using r=5.
From Table 19.2
W(-3, .5)=—.05857 W(-3, )=—.61113

W(—3, 1.5)=—.69502

(i) Using the first method

z W(—3,z) |W' (-3, z) 8 8 53
0.4 +0 07298 |—0. 22186
0.5 . 05857 | +.17937 +131
0.6 | —. 18832 . 58191
0.7 | —. 31226 . 97503
0.8 | —. 42646 1. 34761
34081
0.9 —. 52722 | 1.68842
29775 — 1095
1.0 | —. 61113 1. 98617
24374 —1032
1.1 ]| —. 67522 | 2.22991
17941
1.2 —. 71706 2. 40932
1.3 | —. 73488 2. 51513
1.4 | —.72761 | 2.53936
1.5 | —. 69502 2. 47601 —9129
1.6 | —. 63774 2. 32137

The fifth decimal in W’’(—3, ) is only a guard
figure which is hardly needed. Only the differ-
ences needed have been computed.

Then
W' (=3,1)
=4(—.69502+.05857) — 1000 (10.38874)
1
—1900 {-1% (2.29664)—2T0 (—.09260)}
—1—(1)—0 57 (:54149)— o 4 40 02127)}
=—.0636450—.0103887 —.0001918—.0002272
=~ ,0744527
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Thus W’(—3, 1)=—.74453. This might have an
error up to about 13 units in the last figure bdt is,
in fact, correct to 5 decimals.

(i) Using the second method, with

n()=W(—=3,1)=—.61113  to 5 decimals
y1(1)=—.745 to about 3 decimals

the following values result, with H=.5,

Yi Ya W(-3, z) =y1+Ay2
7, — .61113 .0000 | At xz=1.5
T, — 37250 +.5000 1:—.695223-*—.45123)\
, =—.69502
T, + .24827 2 .0000 | A=.000203/.4323
T, -+ 56809 — 677 =.000470
T, — 14074 — 26| So W’'(—3,1)
=—7454+N
=— 744530
T, — 2793 + 24| Atz=5 |
T, + 134 + 2 —.058363—.4371)\
, =—.05857
T, + 54 A=.000207/.4371
T, + 5 =.,000474
7(1.5) —.695223 +.4323 | So W/(—3,1)
y(.5) —.058363  —.4371 | =—.745 4\
=-—.744526

Thus W’(—3, 1)=-—.74453 which is correct to
5 decimals.

Example 3. Evaluate the positive zero of
U(-3, z). ’

We use 19.7.3 to obtain a first approximation,
see 19.26.3. The appropriate zero of Ai(z) is at

t=4la)tr=—2.338
whence
7=—(2.338) X (12)~{=— 4461

Hence, from Table 19.3, £=.3990 and the approxi-
mate zero is z=2+]a|t=1.382.

We improve this by using 19.26.10, but take, for
convenience, z=1.4 as an approximation, so that
the value of U can be read directly from the tables.
U’ can be obtained as in the section folloW(lng

Example 1,
We find
U(—3, 1.4)=.02627 U’'(—3, 1.4) =2.0637
Then 19.26.9 gives
uw=U/U'=.012730 I=-—2.51
=1 I'=5

and
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¢=1.4—.0127304-.000002=1.38727

which is correct to 5 decimals, while 19.26.11 gives

¥’ () =2.0637(14.000203) =2.0641

compared with the correct value 2.06416.
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20.

Mathieu Functions

Mathematical Properties

20.1. Mathieu’s Equation

Canonical Form of the Differential Equation

d%y
20.1.1 W+(a—2q cos 20)y=0

Mathieu’s Modified Differential Equation

20.1.2 df —(a—2q cosh 2u)f=0 (v=1u, y=f)

Relation Between Mathieu’s Equation and the Wave
Equation for the Elliptic Cylinder

The wave equation in Cartesian coordinates is

O'W o'W, O*W

2 —
013 SH+Gat e tRW=

A solution W is obtainable by separation of vari-

ables in elliptical coordinates. Thus, let
2=p cosh % cos v; y=p sinh u sin v; z=2;

p & positive constant; 20.1.3 becomes

20.1.4
LW OW | OWN | an
Yz 22T p* (cosh 2u cos 2v) (bu2 o ? HEW=

Assuming a solution of the f.orm
W=1o(2)f(v)g(v)

and substituting the above into 20.1.4 one obtains,
after dividing through by W,

1d2
) dz‘§+ G=0

where

2 Pf1 dgl ,
* (= p? {cosh 2u—cos 2v) duzf dv? }+k

Since 2, u, v are independent variables, it follows
that

d

2
20.1.5 “’+c¢,_

where ¢ is a constant.

Again, from the fact that G=c and that u, v
are independent variables, one sets

20.1.6
d&f 1 (k2
du? f 2
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) p? cosh 2u

2
az—%gé %}—f— Ui 5 ptd) p? cos 20
where @ is a constant. The above are equivalent
to 20.1.1 and 20.1.2. The constants ¢ and a are
often referred to as separation constants, due to the
role they play in 20.1.5 and 20.1.6.

For some physically important solutions, the
function g must be periodic, of period = or 2=.
It can be shown that there exists a countably
infinite set of characteristic values a,(q) which yield
even periodic solutions of 20.1.1; there is another
countably infinite sequence of characteristic values
b,(¢g) which yield odd periodic solutions of 20.1.1.

It is known that there exist pei odic solutions of
period kx, where k is any positive integer. In
what follows, however, the term echaracteristic
value will be reserved for a value associated with
solutions of period = or 2x only. These character-
istic values are of basic importance to the general
theory of the differential equation for arbitrary
parameters ¢ and gq.

An Algebraic Form of Mathieu’s Equation
20.1.7

-1 dt, z§+(a+2q—4qt’>y=0 (cos v=t)

Relation to Spheroidal Wave Equation

*

2018 (1—) %Y dt“ 2(b+1)t +(c—4qt2)y=o

Thus, Mathieu’s equation is a special case of
20.1.8, with ;=—1%, c=a+2q4.

20.2. Determination of Characteristic Values
A solution of 20.1.1 with v replaced by z, having
period x or 2r is of the form

20.2.1 y—-z (Ap, cos mz+ B, sin mz2)

m=0

where B, can be taken as zero. If the above is

substituted into 20.1.1 one obtains

- 20.2.2
mi [(a—m?*)An— q(Am-2+Am+2)] cos m2
+ E—l [(a_ma)Bm_Q(Bm—z‘*" Bm+2)] Siﬂ mz=0
A—m; B—m=0 m>0
*See page IL.
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Equation 20.2.2 can be reduced to one of four
simpler types, given in 20.2.3 and 20.2.4 below

20.2.3 yo=i Ay p cos (2m4-p)2, p=0orl
m=0

20.2.4 y1=Zm) Byyp sin (2m+p)ez, p=0orl
m=0

If p=0, the solution is of period =; if p=1, the
solution is of period 2.

Recurrence Relations Among the Coeflicients

Even solutions of period =:

20.2.5 aAo—qA;=0

20.2.6 (@—4) As—q(2 Ao+ A) =0

20.2.7 (a—m?)An—q(An_st+An2)=0 (m>3)
Even solutions of period 2x:

20.2.8 *  (a—1)A;—q(4+ A =0,

along with 20.2.7 for m>3.
Odd solutions of period =:

20.2.9 (a—4)B,—qB,=0

20.2.10 (@ —m2)B,—q(Bpnst-Bri)=0  (m>3)

0dd solutions of period 27:
20.2.11 (a—1)B;+q(B,— B3) =0,
along with 20.2.10 for m >3.

Let
20.2.12 Ge,=A,/An_s, Gop=DB,/B,_s;

Gn="_Ge,, or Go, when the same operations apply
to both, and no ambiguity is likely to arise.
Further let

20.2,13 Ve={(a—m?)/q.
Equations 20.2.5-20.2.7 are equivalent to
2
20.2.14 Gezz Vo, 064—"—‘ V2_-G—ez
20.2.15 G,=1/(V,—Gpis) (m>3),

for even solutions of period .
Similarly

20.2.16 V,—1=@e,; for even solutions of period
2w, along with 20.2.15

20.2.17  Vi4-1=Go;,, for odd solutions of period
27, along with 20.2.15

*See page 1I.

20.2.18 V;=G@o,, for odd solutions of period r,
along with 20.2.15

These three-term recurrence relations among the
coefficients indicate that every G, can be developed
into two types of continued fractions. Thus
20.2.15 is equivalent to

20.2.19 |

|

1 1 1 1 \

Gm: = e

Vm_Gm+2 Vm— Vm+2_ Vm+4___ (m“_3)

20.2.20 g

|

Gni2=V,—1/G, \
Yoy ; ~ (m P3)

m Vm—z— Vm_4— [N V0+¢+(pl |

where |

o=d=0; ¢y=2, if Gniz=As,/Ass—2
¢1=d=¢0=0, if Gm+2=B2t/BZs—2 :
a=—1; g=d=1, if Gnyr=As1/As.
eor=0d=¢;=1, if Gnis=DBs,11/Bass |
The four choices of the parameters ¢, ¢y, d
correspond to the four types of solutions 20.2.3~
20.2.4. Hereafter, it will be convenient to sep-

arate the characteristic values ¢ into two major
subsets:

a=a,, associated with even periodic solutions
a=b,, associated with odd periodic solutions

If 20.2.19 is suitably combined with 20.2.13~20.2.18
there result four types of continued fractions,|the
roots of which yield the required characteristic
values : \

2 1 1 |
20.2.21 Vo——v;_—_' W_—_‘ W‘: ...=0 ROOtS.l a2y
20.2.22
11 1 o
VI—I—W__ W:V? ...=0 Roots: a 1
202.23 Vi—t— 1L ... =0 Roots: by
P V= V= Ve— |
20.2.24
ViHi 1 1 1 =0 Roots: b
1 Vs— Vs“ V7— e = + r41
If ¢ is a root of 20.2.21-20.2.24, then the corre-
sponding solution exists and is an entire function
of 2z, for general complex values of g.

If ¢ is real, then the Sturmian theory of secénd
order linear differential equations yields the
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following:

(a) For a fixed real g, characteristic values a, and
b, are real and distinct, if ¢#0; ae<b;<a
<bi<a< . .., ¢>0 and a.(g), b.(g) ap-
proach 7% as ¢ approaches zero.

(b) A solution of 20.1.1 associated with a, or b,
has r zeros in the interval 0 <z< r, (g real).

(¢) The form of 20.2.21 and 20.2.23 shows that if
s, is & root of 20.2.21 and ¢ is different from
zero, then a;, cannot be a root of 20.2.23;
similarly, no root of 20.2.22 can be a root of
20.2.24 if ¢#0. It may be shown from other
considerations that for a given point (a, ¢)
there can be at most one periodic solution of
period = or 27 if ¢=0. This no longer holds
for solutions of period sw, s>3; for these all
solutions are periodic, if one is.

Or
by

-4

a2k 9,

-16

20

—2al

Ficure 20.1. Characteristic Values a,, b, r=0,1(1)5
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Power Series for Characteristic Values

20.2.25

¢ 204" 68687¢"
ao(g)= 2+128 2304 T 18874368 T "
PR N S U
‘Zlﬁq)ﬂ 1=¢— 8+64 1536 36864 530874
1
0437184 35380440 7 *
¢ 289¢°
bo(g)=14 12+13824 79626240
21391 "
+1586a7142400 T
. 5¢% 763¢*  1002401°
(9 =4+75 13304 T 79626240
1669068401 ¢°
158647142400 T
¢_¢, 13¢"  5¢
0~ =9+~ g Toacd
b:(q)
_1961¢° 6094
23502960 1 104857600 "
317¢* | 10049¢"

b4(q)—16+30 862000 T 2721600000 T * " *

_ 433¢*  5701¢°
ul(g= 16+3O+864000 2721600000 T "

¢ ¢
a5§q)Q) 25+48+774144 147456
5

37¢°
+3oisisses T

187¢* 5861633¢° |
bo(9)=36-+75 0T43904000 92935987200000 " * " °

187¢* 6743617 ¢°
as(g)= 36+70+43904000+92935987200000+ S

For »>7, and |g| not too large, a, is approxi-
mately equal to b,, and the following approxima-
tion may be used

20.2.26
. (5r+7)g*
b ""2(r2 1)+32( —1)’(r’—4)
(9r*4-5872-+29) ¢°

tar—yr—nr—9 T
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The above expansion is not limited to integral
values of r, and it is a very good approximation
for 7 of the form n+3 where n is an integer. In
case of integral values of r=n, the series holds
only up to terms not involving r—n? in the
denominator. Subsequent terms must be derived
specially (as shown by Mathieu). Mulholland
and Goldstein [20.38] have computed character-
istic values for purely imaginary ¢ and found that
ao and a; have a common real value for {g| in the
neighborhood of 1.468; Bouwkamp [20.5] has
computed this number as g,= 41 1.46876852 to 8
decimals. For values of —ig>—igy, a, and a,
are conjugate complex numbers. From equation
20.2.25 it follows that the radius of convergence
for the series defining @, is no greater than |g|.
It is shown in [20.36], section 2.25 that the radius
of convergence for as,(g), n>2 is greater than 3.
Furthermore

a,—b,=0(¢"" Y, roew.

Power Series in q for the Periodic Functions (for
sufficiently small |q|)
20.2.27
1

ceofz, @) =24 [1—-— cos 2z+4¢* (cos 4z —16
cos 62 11 cos 2z
_93(1152 128 )+:|
q

ce (2, ¢9)=cos 2—g 08 3z

+q [00552 c0s 3z cos z

192 128
cos 72 cos 5z cos 3z, cos z
—93[ 9216 _ 1152 3072 T 512 ]+
q

se (2, @) =sin 2= sin 3z

sin 5z  sin 3z sin 2
+92[ 192 T 62 128

—¢ sin 72 sin 5z sin 3z sin 2

9316 T 1152 3072 512

725

sex(z, @)=sin2z—¢q

sin 4z+ 2(sin 6z_sin2g
12 384 288

20.2.28

cer(z, q) cos [(r+2)z—~aﬁ) 72_r:|
se.(z, q)—cos (rz—p(x/2)) —q { 0FD :

__cos[(r—2) z—p(x/2)]

cos [(r+4)2—p(x/2)] | cos[(r—4)z—p(r/2)]
“2{ 2T+ T 32(r-1)(r—21r)A2

cos [rz—p(r/2) ][ 2(r*4-1) ‘
- 3 I:(r2—-—1)2]}+"'

with p=0 for ce.(z, ), p=1 for se,(z, g), r>3.

\ / ' '\.‘\ :
AT BN N

A\
L
| A

10° ‘nzo"\ 3o°\ 40° 5o°‘/’\ 60° /70°  80°  feof
] AY
\

2 ' ces\\ N /

{
\\ "
\<

FiGure 20.2. Even Penodzc Mathieuw Functions, Orders\ 0-5
=1.

-0

cex(z, @ =cos 22— q(cos 42 1>+

384 288

cos 6z 19 cos 2z
_ )+
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12
0 X e e
T T s
// ///\/. },\/’/ N . > . /'
8 /, /7 /\/ \\ \\ se;\\ /
o // // ’// \ \ \\\ \\\\ |
/ a4 \ \/
o .// 4 \\ \\ /\\
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Ficure 20.3. Odd Periodic Mathieu Functions, Orders 1-6
g=1.
ce,
16

-1.0=

4

F1GURE 20.4. Even Periodic Mathieu Fu nctions, Orders 0-5

g=10.

®
~

o
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o
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A
2 , / .
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o fazzz | | [\ y z
10° 20°  30° ao0° \50° \eo° 7o°\‘ / 80° /9o°
\ ¥ \ !
..2 —_ \ \ / /
IANAR

0=

Ficure 20.5. Odd Periodic Mathieu Functions, Orders 1-5
g=10.

For coefficients associated with above functions

20.2.29
A3(0)=274; A7 (0)=B1(0)=1, r>0

A =[(— 1t 27 ] A L, >0

A£+2a=[(_1)3r! ¢l (r+s)! 8l O+ . ..

r+2s .
re >0, (r=AT" or B?

, ., _(=s—Dl¢g .,
A,-gs or B,_z,—m—F OT—I- e

Asymptotic Expansion for Characteristic Values, ¢>>1
Let w=2r+1, g=w'e, ¢ real. Then
20.2.30 3
w4~
w41 ( w)
a ~b,+1~—2q—|—2’w\/§— 8 - 27‘/‘;

d & dy dy
—m 217(103/2 220¢2' 225<p5/2

where
34 9
=5+ 5+

33 410 405
=T T uE
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63 , 1260 , 2943 486
d3 ,w2+ wt T 8 T 3

w w

527 15617 A 69001 41607
d4_,w3+ w® + w’ +

—a ~24r+5mqgr+;e—4ﬁ/ﬂ’
(given in [20.36] without proof.)

20.2.31 b,

q—w

20.3. Floquet’s Theorem and Its Consequences

Since the coefficients of Mathieu’s equation

20.3.1 "'+ (a—2q cos 22)y=0

are periodic functions of 2z, it follows from the
known theory relating to such equations that
there exists a solution of the form

20.3.2 F,(z)=¢""P(2),

where » depends on @ and ¢, and P(z) is a periodic
function, of the same period as that of the
coefficients in 20.3.1, namely = (Floquet's
theorem ; see [20.16) or [20.22] for its more general
form.) The constant » is called the characteristic
exponent. Similarly

20.3.3 F(—z)=e"*P(—2)

satisfies 20.3.1 whenever 20.3.2 does.
and F,(—z) have the property

20.3.4

y(z+kr)=C"(2), y=F,(2) or F,(—2),
C=e*" for F,(2), C=e " for F,(—2)

Solutions having the property 20.3.4 will hereafler
be termed Floguet solutions. Whenever F,(2)
and F,(—2z) are linearly independent, the general
solution of 20.3.1 can be put into the form

20.3.5 y=AF,(z2)+BF,(—2)

If AB#0, the above solution will not be a Flogquet
solution. It will be seen later, from the method
for determining » when @ and ¢ are given, that
there is some ambiguity in the definition of »;
namely, » can be replaced by v+2k, where k is an
arbitrary integer. This is as it should be, since
the addition of the factor exp (2ikz) in 20.3.2 still
leaves a periodic function of period 7 for the
coefficient of exp ivz.

It turns out that when @ belongs to the set of
characteristic values a, and 5, of 20.2, then » is
zero or an integer. It is convenient to associate
v=r with a,(¢), and »=—r with b,(g); see (20.36].
In the special case when » is an integer, F,(z) is

Both F,(2)

727
proportional to F,(—z); the second, mdependent
solution of 20.3.1 then has the form |

20.3.6 y,=-zce,(2, Q) +’§ doryp sin 2k+p)z, |

assoclated with ce,(é, )]

20.3.7 y.=2zse,(z, q)+2 Sonen cOS (2k+l’)2,
associated with se,(% )]

The coefficients dai,, and foxy, depend on the #;or-
responding coefficients A, and B,, respectively,
of 20.2, as well as on @ and ¢. See [20.30], section
(7.50)—(7.51) and [20.58], section V, for details.

If v is not an integer, then the Floquet solutjons
F,(z) and F,(—z) are linearly independent. It
is clear that 20.3.2 can be written in the form

20.3.8 F(2)= S cpetttar,

k=—o

From 20.3.8 it follows that if » is a proper fraction
my/m, then every solution of 20.3.1 is periodic,
and of period at most 2wm, This agrees with
results already noted in 20.23 i.e., both independent
solutions are periodic, if one is, prov1ded the pe 1od
is different from = and 2.

Method of Generating the Characteristic Exponexjt

Define two linearly independent solutionsi of
20.3.1, for fixed a, ¢ by

¥5(0)=1; 4:1(0)=0.
¥2(0)=0; y2(0)=1.

Then it can be shown that
20.3.10

20.3.9

cos mv—1(m)=0

20.3.11  cos mv—1—2y, (’21) " (%’):o 1‘

Thus » may be obtained from a knowledge‘ of
1/ (x) or from a knowledge of both y; (g—) and yz( >

For nunerical purposes 20.3.11 may be mpore
desirable because of the shorter range of integra-
tion, and hence the lesser accumulation of round-
off errors. Either », —v, or £v+2k (k an arbi-
trary integer) can be taken as the solution| of
20.3.11. Once » has been fixed, the coefﬁcw]nts
of 20.3.8 can be determined, except for an arbltr\hry
multiplier which is independent of z. |
The characteristic exponent can also be ¢ im-
puted from a continued fraction, in & manner
analogous to developments in 20.2, if a sufficiently
close first approximation to » is available. For
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systematic tabulation, this method is considerably
faster than the method of numerical integration.
Thus, when 20.3.8 is substituted into 20.3.1,
there result the following recurrence relations:

20.3.12 VanCan=—Con-3+Cansa
where
20.3.13 V,,=[a—(2n+»)¥/q, —o <n<e.

When » is complex, the coefficients V,, may also
be complex. As in 20.2, it is possible to generate
the ratios

Grn=CnfCn-s and H_,=¢_n_sfC_n
from the continued fractions

20.3.14
1 1

7/ V—
1 1

Y e Vema— - .

From the form of 20.3.13 and the known properties
of continued fractions it is assured that for
sufficiently large values of |m| both |G| and
|H_n| converge. Once values of G, and H_,, are
available for some sufficiently large value of m,
then the finite number of ratios G, _s, Gn—y, . . ., Gy
can be computed in turn, if they exist. Similarly
for H_p4s, . . ., Hy. It is easy to show that »is
the correct characteristic exponent, appropriate
for the point (a, ¢), if and only if HyGy=1. An
iteration technique can be used to improve the
value of », by the method suggested in [20.3].
One coefficient ¢, can be assigned arbitrarily; the
rest are then completely determined. After all
the ¢; become available, a multiplier (depending
on ¢ but not on 2) can be found to satisfy a
prescribed normalization.

It is well known that continued fractions can
be converted to determinantal form. Equation
20.3.14 can in fact be written as a determinant
with an infinite number of rows—a special case of
Hill’s determinant. See [20.19], [20.36], [20.15],
or [20.30] for details. Although the determinant
has actually been used in computations where
high-speed computers were available, the direct
use of the continued fraction seems much less
laborious.

G.=

’ m20

H ’ mZO

Special Cases (a, q Real)
Corresponding to ¢g=0, y,=cos yaz, y;=sin vyaz;
the Floquet solutions are exp(iaz) and exp(—iaz).
As a, ¢ vary continuously in the g—a plane,
v describes curves; » is real when (g, a), ¢>0
lies in the region between a,(q) and b,,.(¢) and

40 '
\
35

- —-——— .

Le="T
3.0 e —"
“’ ——’_
15..-="
2.5k ‘ ,_—; p——
=" /‘/
.
~
20 .
o,~
L]
1.5 - /./

2.0%

Figure 20.6. Characteristic Exponent-First Two Stable
Regions y=¢"*P(z) where P(z) is a periodic function of
period x.

Definition of v;
In first stable region, 0 <v<1,
In second stable region, 1 <»<2.

(Constructed from tabular values supplied by T. Tamir, Brooklyn
Polytechnic Institute)

Ficure 20.7.

Characteristic Exponent in First Unstable
Region. Differential equation: y'’ + (a—2¢ cos 2z)y=0.
The Floquet solution y=er=P(z), where P(z) is a periodic
Junction of period x. In the first unstable region, y=1iu;
u 18 given for > —5. (Constructed at NBS.)
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Charts of the Characteristic Exponent. ‘
(From 8. J. Zaroodny, An elementary review of the Mathieu-Hill equation of real variable based on numerical solu-
tions, Ballistic Research Laboratory Memo. Rept. 878, Aberdeen Proving Ground, Md., 1955, with permission.)
s=e¥*=constant; in unstable regions
— — — — v=conslant; in stable regions
—.~.~ Lines of constant values of —q.
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Ficure 20.10. Chart of the Characteristic Exponent.

(From 8. J. Zaroodny, An elementary review of the Mathieu-Hill equation
of real variahle based on numerical solutions, Ballistic Research Laboratory
Memo. Rept. 878, Aberdeen Proving Ground, Md., 1955, with permission)

s=e""=constant,; in unstable regions
- — — — y=constant; in stable regions
—.—.~ Lines of constant values of —gq.

all solutions of 20.1.1 for real z are therefore
bounded (stable); » is complex in regions between
b, and a,; in these regions every solution becomes
infinite at least once; hence these regions are
termed ‘“‘unstable regions”. The characteristic
curves @, b, separate the regions of stability.
For negative ¢, the stable regions are between
bgr+1 and bz, 4, az; and gz, ; the unstable regions are

between (2r 41 and bZr+l; Aoy and bzr.
In some problems solutions are required for real

values of z only. In such cases a knowledge of
the characteristic exponent » and the periodic
function P(2) is sufficient for the evaluation of
the required functions. For complex values of z,
however, the series defining P(z) converges slowly.
Other solutions will be determined in the next
section; they all have the remarkable property
that they depend on the same coefficients ¢,
developed in connection with Floquet’s theorem
(except for an arbitrary normalization factor).
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Expansions for Small g ([20.36) chapter 2)
If v, ¢ are fixed:

20.3.15
_ q &*+0) ¢
=’ +am 1y T Rp—1)r 6 —9)
(9*+58,2+29) ¢
Toa =1 —a) =9 T " - (r#1,2,3).
For the coefficients c,; of 20.3.8
20.3.16 °
P+4+7)¢
Cafer= 4(v+l) B TTIES ) [ R
(v#1,2)

64/Co=q2/32(V+1)(V+2)+ e
Cosfoo=(—1)°¢T (v+1) 228! T (v+s+1)+ . . .

20.3.17
e ei(v+2)2 1(v—2)2
re=e[e—o{ i It
(» not an integer)

For small values of a

20.3.18
cos V1r=(1 mrz a Lt + )

g [H-a (1—’L2)+ . ]

+qt (5—22577;"' .)+ e

20.4. Other Solutions of Mathieu’s Equation
Following Erdélyi [20.14], [20.15], define
20.4.1 .(2)=[e*" cos (z—b)/cos (24 b)1¥*J(f)

. where

20.4.2  f=2[¢q cos (2—b) cos (z+b)]},

and J;(f) is the Bessel function of order k; b is a
fixed, arbitrary complex number. By using the
recurrence relations for Bessel functions the follow-
ing may be verified :

20.4.3

iz 2 —2¢(cos 22)gx+ q(Oe-2F0rt2) 20 =0.
It follows that a formal solution of 20.1.1 is given
by

20.4.4 Y= 3 Conpinir

nN=—o
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where the coefficients ¢,, are those associated with
Floquet’s solution. In the above, v may be
complex. Except for the special case when v is
an integer, the following holds:

- —4n?
q[cos (z—b))

P-2n4v
P—2n4v42

Ponty-2
Pontv

(n—><)

If v and n are integers, J_s, 1. (f)=(—1)"Js,_.(f).
[G2ntr/@ontv_2] ~—[cos (z—b)]%q/4n’
[0-2n45/ @-2n4s+2) ~ —4n?/q [cOs (2—)]*

On the other hand

Con ~ c—2n N—q

C_gpyz 4n? (n— *)

Can-2

It follows that 20.4.4 converges absolutely and
uniformly in every closed region where

[cos (z—b)| >dy >1.

There are two such disjoint regions:

@) F(2—0)>d>0; (|cos (2—8)|>d,>1)
D) SF(z—b)<—d<0; (Jeos (z—b)|>di>1)

If vis an integer 20.4.4 converges for all values of
z. Various representations are found by special-
izing b.

20.4.5

If b=0, y=¢™" 33 ean(—1)"Tans,(2g cOs 2)
(Jeos 2/>1, |arg 2+/q cos 2| <)

20.4.6

If b=;_r’ ’!/=n=i;m c2nJ2n+V(2’i'\/§ Sin 2)
(Jsin 2[>1, |arg 2+/g sin 2|<7)

If b—>w1, y reduces to a multiple of the solution
20.3.8. The fact that 20.3.8, 20.4.5, and 20.4.6
are special cases of 20.4.4 explains why it is that
these apparently dissimilar expansions involve
the same set of coefficients c.,.

Since 20.4.4 results from the recurrence proper-
ties of Bessel functions, J,(f) can be replaced by
HP(f), j=1, 2, where H{” is the Hankel function,
at least formally. Thus let

Yi=I[e" cos (z—b)/cos (z+b)]¥*HY (f)

\731
where f satisfies 20.4.2. An examination of \ the
ratios Yo, 1»/¥ansr—2 shows that

@
y= Z cZn‘l/é;L)+v

N=—om
will be a solution provided

|cos (z—b)|>1; |cos (2+b)|>1.
i

The above two conditions are necessary aven
when » is an integer. Once b is fixed, the re%ons
in which the solutions converge can be readily
established. |
Following [20.36] let O

20.4.7

J,@)=2"@); Y,@)=2Z@);

HY @) =29 (); HP @)=Z )

If z is replaced by —iz in 20.4.5 and 24.4.6
solutions of 20.1.2 are obtained. Thus

20.4.8

Y (2)= 2 Con(—1)"Z8, ,(24/q cosh 2) ‘
(jcosh z|j>1)
20.4.9
Y ()= 33 cnZi(2Vgsinh 2)
n=—om :
(]sinh 2|>1, j=1, 2, j 4)
The relation between y{”(z) and ¥ (z) can be
determined from the asymptotic properties of [the

Bessel functions for large values of argument. ' It
can be shown that

20.4.10 |
v @ (2) = (F.O)/F (5 e (@Tm.

When » is not an integer, the above solutions
do not vanish identically. See 20.6 for inte%ral
values of », ‘

Solutions Invelving Products of Bessel Function;s

20.4.11 |

U=t 3 (1) 2T a4
. (j=1, 2 q 4)

satisfies 20.1.1, where Z{’ (u) is defined in 20.4.7,
the coeflicients ¢;, belong to the Floquet solution,
and s is an arbitrary integer, ¢, 0. The solution
converges over the entire complex z-plane if ¢ 0.
Written with z replaced by —iz, one obtains
solutions of 20.1.2.
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20.4.12
1 ©
Mi(z, =4 25 a(—1)"Zilbss(VTE) J-s(VGe ™)

Cos p=—w

It can be verified from 20.4.8 and 20.4.12 that

20.4.13

y{j) (2) =F, (O) ,

MG, g (%2>0)

provided ¢, 0. If ¢,,=0, the coefficient of 1/es,
in 20.4.11 vanishes identically. For details see
[20.43], [20.15], [20.36].

If s is chosen so that |e,,| is the largest coefficient
of the set |cy[, then rapid convergence of 20.4.12
is obtained, when %#2>>0. Even then one must
be on guard against the possible loss of significant
figures in the process of summing the series,
especially so when ¢ is large, and [z| small. (If
J#1, then the phase of the logarithmic terms
occurring in 20.4.12 must be defined, to make the
functions single-valued.)

20.5. Properties of Orthogonality and
Normalization

If a(v+2p, ¢), a(v+2s, q) are simple roots of
20.3.10 then

20.5.1 f " Fyn(2) Fyag(—2)de=0, if ps.
0
Define

20.5.2  ce,(z, g =% [F.(2)+F,(—2)];

se.(2, O =—i 3 [F()—F.(—2)]

ce,(2, q), se.(z, ¢) are thus even and odd functions
of z, respectively, for all » (when not identically
Zero).

If » is an integer, then ce,(z, q), se,(2, ¢) are
either Floquet solutions or identically zero.
The solutions ce.(z, g) are associated with a,;
se,(2, q) are associated with b,; r an integer.

Normalization for Integral Values of » and Real q
2% 2r
20.5.3 f [ce: (2, q)]zdz=f [se.(z, QVPdz=n
0 ]

For integral values of » the summation in
20.3.8 reduces to the simpler forms 20.2.3-20.2.4;
on account of 20.5.3, the coefficients A,, and B,
(for all orders r) have the property

20.5.4

QAL AI; .. — A AT

: =B¥+B§+.=B§+B§+..=l.
20.5.5

1 2r 1 2
A§‘=§r£ cess(2, Q)dz; ,’L=;J; ce,(2, q) cos nzdz

2r
B;=11—r J; se,(z, q) sin nzdz n#0

For integral values of », the functions ce,(z, ¢)
and se, (2, ¢) form a complete orthogonal set for
the interval 0 <z<2x. Each of the four systems
662,(2), 062,+1(Z), 862,(2), 862,+1(Z) iS complete in t’he
smaller interval 0 <z<3r, and each of the systems
ce,(2), se.(z) is complete in 0 <z< 7.

If ¢ is not real, there exist multiple roots of
20.3.10; for such special values of a(g), the integrals
in 20.5.3 vanish, and the normalization is therefore
impossible. In applications, the particular nor-
malization adopted is of little importance, except
possibly for obtaining quantitative relations be-
tween solutions of various types. For this reason
the normalization of F,(z), for arbitrary complex
values of a, ¢, will not be specified here. It is
worth noting, however, that solutions

ace, (2, Q), Bse, (Z, Q)

defined so that
acer(()’ q):l; [Zl% 3807(2) Q):I z=o=1

are always possible. This normalization has in
fact been used in [20.59], and also in [20.58],
where the most extensive tabular material is
available. The tabulated entries in [20.58] sup-
ply the conversion factors A=1/a, B=1/8, along
with the coefficients. Thus conversion from one
normalization to another is rather easy.

In a similar vein, no general normalization will
be imposed on the functions defined in 20.4.8.

20.6. Solutions of Mathieu’s Modified Equation
20.1.2 for Integral » (Radial Solutions)

Solutions of the first kind
20.6.1

062,-+p(2, Q) =C€27+p(i2, Q)

=33 45113(g) cosh (2k-+p)z

associated with a,



MATHIEU FUNCTIONS 733

20.6.2 Sesriy(2, Q)=—18€5,,,(12, ¢ =§°0 B3 12(g) sinh (2k+ p)z, associated with b,

writing A3712(q) =As, for brevity; similarly for B, ,; p=0, 1,

2063 O i (2 ) ¥ cex(0,9) 3
.6. es (2, @)= Z (—1)* Ay J (247 cosh z)= Z Agef 51(24/g sinh 2)

Ay
Cesr i1 (2’ 9) i
20-6-4‘ 0327+1(2y Q) -J_AW-H Z ( 1)k+1A2k+lJ2k+l (2V_ COSh Z) |
» 1100, @ .
“f/j;i(zm‘—’) coth 233 (2k-+1) Ases Jar (2 sinh 2)
sea, (;—r: q) tanh z
20.6.5 Sex(z,q) = > (—1)"2k By (2Y4 cosh 2)
qB; k=1
=560, D) (o111 450 9By (247 sinh 2)
qB; k=1
T
8€2y 41 <§) q) ©
20.6.6 Seg,+1(2, q) =W’.ﬁ_ tanh Z % (—1)k(2k+l)ng+1J2k+l(2‘\/§ COSh Z)

r+1(0,
Sij—%g,ﬁ) kZ‘, By 11J2+1(2¢ sinh 2)
See [20.30] for still other forms.
Solutions of the second kind, as well as solutions of the third and fourth kind (analogous to Hdnkel
functions) are obtainable from 20.4.12.

20.6.7 Me?(z, @ Z( 1) AZ(D[ T s (W) ZE 3 () + Sy o (1) ZE2, (us) ) e, A3}
where ¢,=2, ¢,=1, for s=1, 2, . . .; s arbitrary, associated with a,,
20.6.8 Mefy (2, 9= Z( ARO[ s (1) ZE 441 (2) + T a1 (1) 22, (w2) 1 A3 1

associated with |a, 4,

20.6.9 Msi?(z, 9= i (=1 BE (@S i-s () 232, () — 45 (1) Z{2, () Y B, associated with by,
=1

20.6.10  Ms3?y.(z, )= Z( DM BRI - o) 20 1) — i1 (1) 232, () | B3

associated with !bz,ﬂ
where
w=qe"*, uy=vqe*, B3I}3, A3t #0, p=0, 1.
See 20.4.7 for definition of ZY (x). 1
Solutions 20.6.7~-20.6.10 converge for all values of z, when ¢s0. If j=2, 3, 4 the logarithmic terms
entering into the Bessel functions Y,,(u,) must be defined, to make the functions single-valued. This

can be accomplished as follows:
Define (as in [20.58])

20.6.11 In (vge*)=In (vg)+2
See [20.15} and [20.36], section 2.75 for derivation.
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Other Expressions for the Radial Functions (Valid Over More Limited Regions)

20.6.12

3

Me:? (2, 9 =lce. (0, )] kio (—1)*7 A5 (9) Z5 (2Vq cosh z)

MeiPii(z, @ =[cer1(0, 9171 35 (—1)¥+7 A3 11() Z811(2V] cosh 2)

k=0

20.6.13

Ms;?(z, 9) =[se;, (0, ¢)]* tanh 2 IZ)'D (—1)**72kBg;(¢) Z:F (2vq cosh 2)
=1

Ms?11(z, @) =lse;,41(0, @)]7! tanh 2 ,% (=D**7(2k+1) B3 11(9) Z:P41(2Vq cosh 2)

Valid for #2>0, [cosh z|>1; if j=1, valid for all .

They agree with 20.6.7-20.6.10 if the Bessel

functions Y ,(2¢* cosh 2) are made single-valued in a suitable way. For example, let
2
Yo(w)y=— (In w)Jn(u) +¢(w)

where ¢(u) is single-valued for all finite values of 4. With u=2¢* cosh z, define

20.6.14

In (2¢* cosh z)=In 2¢t+2+1In 4(1+e%)

_r 1 -22y <,
5 Sarg 3(1+e )Sz

(If ¢ is not positive, the phase of In 2¢* must also be specified, although this specification will not

affect continuity with respect to z.
must be compatible with 20.6.14.)

If Y,.(u) is defined from some other expression, the definition

()
7 Mco (2,9)

‘ \ Q: 1.5 N .
%, N, NS /
."'. \\ \\(‘:
| a=6.25% \1=3,75 \ FAN / 4
O bt AL W A L

2 %4\ 6 8710y 12 %
\ \

F1Gurg 20.11. Radial Mathieu Function of the First Kind.

(From J. C. Wiltse and M. J. King, Values of the Mathieu functions, The
Johns Hopkins Univ. Radiation Laboratory Tech. Rept. AF-53, 1958
with permission)

g W
J T G, M, (2,0)

y

3k

'. / \a=1.5
al \\J
q:=2.25
Derivative of the Radial Mathieu Function
of the First Kind.
(From J. C. Wiltse and M. J. King, Derivatives, zeros, and other data per-
taining to Mathieu functions, The Johns Hopkins Univ. Radiation Lab-
oratory Tech. Rept. AF-57, 1958, with permission)

Ficure 20.12.

(2)
\/—'é—’—Ms, (z,q)

Ficure 20.13. Radial Mathieu Function of the Second Kind.

(From J. C. Wiltse and M. J. King, Values of the Mathieu functions, The
Johns Hopkins Univ. Radiation Laboratory Tech. Rept. AF-53, 1958,
with permission)

3
/T Ms; (2,-q)

T z
[Xe] 12 1.4 1.6 1.8 20

Froure 20.14. Radial Mathieu Function of the Third Kind.

(From J. C. Wiltse and M. J. King, Values of the Mathieu functions, The
Johns Hopkins Univ. Radiation Laboratory Tech. Rept. AF-53, 1958,
with permission)

0
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If j=1, MY, , and Ms{¥, ,, p=0, 1 are solutions
of the first kind, proportional to Ce,,, , and Se,,,,,
respectively.

Thus

20.6.15

céyr (g;q) cex (0, @)
(_l)r 2r

Ces (2, Q)= McZil)(zy Q

, T
Cear 41 <"2"q ) c82r+l(0) (l)
Oe'zr—{-l(z’ Q)= (_1)r+lﬁA§r+l

sesr (0, @)se, (g, q)
(—1)"¢BY

Seér+l(0; Q) 8€2r 11 <1§r’ q)
(=1)WgBi+!
The Mathieu-Hankel functions are

20.6.16
MP(z,9=MP (2, ) +iM P (2,9
M¥(z,g=MP (2,9 —tMP (2,9
M$=Me® or Ms?.

From 20.6.7-20.6.11 and the known properties
of Bessel functions one obtains

20.6.17
M, (z+inT, @
=(=1)"[MH4,(z, ) +2niM{, (2, ¢)]
M@, (z4inw, q)
=(—1)"[M?;,(2, 9 — 2nM3};,(2, )]
MR, (z+inw, g
=(—=D"[M,,(2, 9 +2nM S, (2, )]

where M= Mec or Ms throughout any of the above
equations.

Mcé‘,)ﬂ(z, )

Sey (2, Q)= Ms$) (2, @)

Sezr1(z, Q)— MsDi (2, ()

Other Properties of Characteristic Functions, g Real
(Associated With a, and b,)
Consider

20.6.18

Xi=Mc® (2, )+ Mc? (—2z, q);
X —MS?) (Z, Q) Msﬁz)(—z’ Q)

Since X, is an even solution it must be proportional
to Mc{"(z, ¢); for 20.1.2 admits of only one even
solution (aside from an arbitrary constant factor).
Similarly, X, is proportional to Ms®(z, ¢). The
proportionality factors can be found by considering
values of the functions at 2=0. Define, therefore,

20.6.19
Mc® (—z, ¢)=—Mc® (2, ) —2f. Mc® (z, g)
20.6.20 |
Ms? (—z, Q)=Ms? (2, Q) —2f,. . Ms? (z, a)
where

20.6.21
Je.e=—McP (0, ¢)/McP (0, )

=2 1 4 afew ]
fa,r—'[dz Ms; (Z: Q)/dz Ms! (Z: Q) 1m0

See [20.58].

In particular the above equations can be used to
extend solutions of 20.6.12-20.6.13 when #z<0.
For although the latter converge for ,%"%<0
provided only |cosh 2z|>1, they do not repr#sent
the same functions as 20.6.9-20.6.10.

20.7. Representations by Integrals and Sdme
Integral Equations

Let
20.7.1

G() =<ﬁ K, )V (0)dt

be defined for % in a domain U and let the contour
C belong to the region 7 of the complex ¢-plane,
with t=+, as the starting point of the contour
and ¢=v, as its end-point. The kernel K(u, ?)
and the function V(f) satisfy 20.7.3 and| the
hypotbeses in 20.7.2.

20.7.2 K(u,t) and its first two partial deriv@tives
with respect to u and ¢ are continuous for ¢ pn

and v in U; V and (%/ are continuous in ¢,

20.7.3
bt K:I 0; dt2 +(a 2q cos 2t)V=t=0
If K satisfies
20.7.4 %if-}-a fz{+2q(cosh 2u—cos 2t)K-—(])

then G(u) is a solution of Mathieu’s modlﬁed
equation 20.1.2.
If K(u, t) satisfies

K  O°K

20.7.5 S e Butmind SE +2¢(cos 2u—cos 2t) K=0

then G(u) is a solution of Mathieu’s equation
20.1.1, with » replacing v.
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Kernels Ki(3, t) and K:(3, t)

20.7.6 Ki(z, t)=Z9 (u)[M(z, t)]7"%, (#2>0)
where
20.7.7 u=+/2¢(cosh 22+cos 2t)
20.7.8 M(z, t)=cosh (z+it)/cosh (z—it)
To make M~# single-valued, define
20.7.9
cosh (2+ir)=e* cosh z
cosh (z—iw)=e¢ ¥ cosh 2
M(z, 0)=1
[M(z, m)] =¢"""M(z, 0)
Let
20710 6z, )= L "Ku,OF0d,  (B2>0)

where F,(t) is defined in 20.3.8. It may be verified
that K,F, satisfies 20.7.3, K satisfies 20.7.2 and
20.7.4. Hence @ is a solution of 20.1.2 (with z
replacing ). It can be shown that K, may be re-
placed by the more general function

20.7.11
Kg(z, t)
See 20.4.7 for definition of Z9 15,(u).

From the known expansions for Z¥,,,(u) when
Rz is large and positive it may be verified that

20.7.12
M (z, )=

(—=1)* J‘ ZD (1 )I:cosh z—l—zt:l F,.(t)dt

=ZD ,(u)[M(z, )]V, s any integer.

TCas cosh z—at
(#2>0, Z(v+3>0)

where M’ (z, ¢) is given by 20.4.12, s=0, 1, . . .,
¢, %0, and F,(f) i1s the Floquet solution, 20.3.8.

Kernel Ki(z, t, a)
20.7.13 Ky(z, t, a)=¢2Vav
where

20.7.14 w=cosh z cos @ cos t+sinh zsin ¢ sin ¢

20.7.15 Gz, q, a)=}rg5 ATV, (1)d
[+4

where F,(t) is the Floquet solution 20.3.8. The
path C is chosen so that @(z, ¢, a) exists, and
20.7.2, 20.7.3 are satisfied. Then it may be
verified that K;(z, t, a), considered as a function
of z and i, satisfies 20.7.4; also, considered as a
function of ¢ and ¢, K; satisfies 20.7.5. Conse-

quently G(z, ¢, a)=Y(z, ¢)y(a, ¢), where Y and y
satisfy 20.1.2 and 20.1.1, respectively.
Choice of Path C. Three paths will be defined:

20.7.16
Path C;: from —d;+1io to d;—iw, d;, d; real
—d,<arg [Vg{cosh (z+1a)+1}]1<r—d,
—dy<arg [Vglcosh (z—ia) £1}]|<wx—d;
20.7.17
Path C,: from d;—ie to 22+10 —d,;
(same d,, d; as in 20.7.16)
20.7.18

_”_

F @Mz, 9=

? eVieF,()dt  j=3,4

where Mi(z, q) is also given by 20.4.12.

20.7.19 Path C,: from —d,+io to 27r—d;+ i

—iv—

F (@M (z,9)=2

5 § e iE e
4

See [20.36], section 2.68.

If v is an integer the paths can be simplified;
for in that case F,(t) is periodic and the integrals
exist when the path is taken from 0 to 2x. Still
further simplifications are possible, if z is also real.

The following are among the more important
integral representations for the periodic functions
ce,(2, q), se,(z, ¢) and for the associated radial
solutions.

Let r=2s+p, p=0or1

20.7.20

x/2
ce,(2,q)= p,I cos (2\/& cOS zcos t—p;—r) ce,(t, q)dt
0 N
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/2
20.7.21 ce.(z, q)=a,f cosh (2vqg sin z sin $)[(1—p)+p cos z cos tlee,(t, g)dt
0
/2
20.7.22 se.(z, q):p,f sin (2\/6 cos z cos t+p 72—r> sin z sin ¢ se,(t, q)dt
0
/2
20.7.23 se,(z, q)=a,f sinh (2vg sin 2 sin ¢)[(1—p) cos 2z cos ¢+ plse,(t, q)dt
0
where

20.7.24 p,=;2r- ez (g, q) JAZ(Q); p=0p,=—72- Clei1 (;—r; q) WGA¥*(q) if p=1, for functions ce,(z, q)
—4 , (r 4 T " : |
pr=—1st (3¢ NGB (q); pr=—5se241 (5 ¢ /B¥*(g), for functions se,(z, q)
a,=;r2— cez, (0, q)/ A% (¢) if p=0; a,=% cer11(0, 9)JA2T(g), if p=1; associated with functions ce,dz, 9

0=2 864,00 INTBE (@, i p=0;  0,=2 setuea(0, QGBI+ 1(g), if p=1; nssociated with se.(z, g)

Integrals Involving Bessel Function Kernels

Let
20.7.25 u= v2g(cosh 2z+cos 2t), (# cosh 22>>1; if j=1, valid also when z=0)
20.7.26
—1\r - [€)} }
Melp (e, 0= f Z9 (W)een(t, Ot Mefpy (e, = LTSN E (PEEQI 08t 1
1 i
. __(—=1)+18¢ sinh 22 J’f Z 9 (u) sin 2t se,, (t, Q)dt
20.7.27 Msi) (2, 9= =BT , "
—1)78+/q sinh 2z 12r7Z") u) sin t ses,41(t, @)dt
Ms, . (z, q)=( )WB‘?Z'H J; <)) - 2r41(t, )

In the above the j-convention of 20.4.7 applies and the functions Mc, Ms are defined in 2@.5.1—
20.5.4. (These solutions are normalized so that they approach the corresponding Bessel-Hankel

functions as #z—>w.)
Other Integrals for Mc{"(z, q) and Ms"'(z, q)

W (s gymt=D2 f% (2va %)
20.7.28 MceV(z, 9 7020, 9 ). cos { 2v/q cosh z cos t—p 3 ce.(t, q)dt
20.7.29 Med(z, g)=1-,f5 [(1—p)+p cosh z cos t] cos (2v/g sinh z sin t)ce,(t, g)dt
0

r=2s+p, p=0,1; rr=,g, (—1)%/cez, (g’ q)’ if p=0; Tr='2‘ (—1)**'2v¢fees, 11 (g’ q)

20.7.30 Ms, (2, @ =;2r _ =D f sin (2+/¢ sinh z sin t)se,, 41 (¢, @)dt
S€ar 41 (—’ Q)
20.7.31 Ms, (2, ) . ‘/&( 1)’ smh 2 sin t cos (2v/g cosh z cos t)ses 1. (t, 9)dt
T sle-H(O 9
S
20.7.32 MP (2, == \/_ (— %()) ) sm (2+/q cosh z cos t) [sinh z sin ¢ se,, (¢, ¢)1dt
20.7.33 M (z, g=2 EDVa f sin (2+/Z sinh  sin £)[cosh z cos ¢ ses, (4, @)1dt

sear (2’ Q)
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Further with w=cosh z cos « cos ¢-}sinh 2z sin « sin ¢

—1\8(\— 2x
20.7.34 ce, (@, MW (2, q)=(—1;7r(i—" f ivTvee, (¢, )dt
0

— 1 (—? 2T —
20.7.35 se.(a, Ms® (2, q)=Q2WL—Q f e%Vawge (¢, g)dt.
0

The above can be differentiated with respect to a, and we obtain

—1\8(,\—2+1 2r

20.7.36 cel(a, ) Me (2, @:%iﬂ j; AV w%%’ce,(t, g)dt
1\ +p(\—p+1 2%

20,7.37 se! (o, 9 Msh (2, ) ="1 pﬁf) Hyg L e?fﬁwg_';’w,(t, g)dt

Integrals With Infinite Limits
r=2s+p

In 20.7.38-20.7.41 below, z and g are positive.

20.7.38 Mce® (2, q) ='y,f°°u sin (2 Vq cosh z cosh t-+p ;—r) Mc(t, q)dt
ve=2cer, () fndlt it =0 v =206hurs (3 @) WE 72T if p=1
20.7.39 Ms(z, 9)=n, f: sinh z sinh ¢ [cos <2\/'q' cosh z cosh t—p %)] MsV(t, q)dt
= — sl (g q) INGTBE, i p=0 = —dstan (g q) [mBEHL i p=1

20.7.40 Mc®(z, q)='y,J; cos (2\@ cosh z cosh t—p %) MeM (@, q)dt

vr=—2ce(jm, /7 AY, i p=0  v,=2ce,11(57, Q)/7VIATY, if p=1

20.7.41 MsP(z, ¢)=~, J; sin (2@ cosh z cosh t+p g) sinh 2z sinh ¢t Ms® (¢, ¢)dt

vr=—4se5,(37, Q) /NG B, if p=0 v,=48e3, 1 (37, @) /7B =+ if p=1

Additional forms in [20.30], [20.36], [20.15]. 20.8.2

20.8. Other Properties o(—», =0, —¢)=a(»,¢), » not an integer

Relations Between Solutions for Parameters ¢ and —g¢ C;m(_Q) =p(—1)"csn(g), v nOt an integer

Replacing z by 37—z in 20.1.1 one obtains (com defined in 20.3.8) and p depending on the
20.8.1 ¥’ -+ (a+2q cos 22)y=0 normalization;

Hence if u(2) is a solution of 20.1.1 then u(}r—2) b2 T \_ _ivei2 ( T )
satisfies 20.8.1. It can be shown that B,z —q)=pe F, (z+§, q)—-pe F\z 79
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20.8.3
a2,(—q) =a2,(q); b2r(—q)=b2,(q), for integral »
Cor1(— @) =b2,41(q), B2r1(— Q) =a2r11(q)

20.8.4
cexr(2, —@Q)=(—1)"ces,(37—2, Q)
cesra(2, —@)=(—1)"ses,n(Gr—2, ¢)
sezr1(2, —@)=(—1)"ces, (37 —2, @

ez (2, —q)=(—1)""'ses,(37—2, @)

For the coefficients associated with the above
solutions for integral »:

20.8.5

A (= =(—1)""43(9);
Bin(—@=(—1)""Bi(q)
i (—=(—1)""Bi(9);
Biti(—g=(—1)""A% ().

For the corresponding modified equation
20.8.6 y''—(a+2q cosh 2z)y=0
20.8.7
MY (2, —q)=MP (zﬁ-{—i g; q);
M{? (2, q) defined in 20.4.12.
For integral values of » let
20.8.8
Tew (2, /=33 (— 1" Aasl L) Lnss (1)
F Lo () Lo (u2) )/ Asses
Tor (2, =3 (=10 Baslls-s () T2
—Lyys(u1) I s (u2) )/ Bas

Tearin(2, =3 (—1)***BapalLe () Tapars ()
k=0
+1 k4s+1 (ul)I k—a(u2)]/ Bz:+1

Tos,41(2, @) =§ (=1)** Agp g [ g (ur) Ly g1 (02)

20.8.9 — s () I o(us) /. A23+1

Ker (2, =33 Aull-o(1) Kl
F Lt s () K o(u2)]/ Ayt
* Koy (2, q)=§ Bl I () Kiers (u2)
* = Licrs (1) Ky (42) )/ By,

=3 Bulls- () Ksroa(a)
— Ly s 1 () Ky (42) )/ By 11

Koy i(2, 9)

*See page II.

Ko y1(2, Q)=I§) Avkpr [T s (1) Ky g1 (u2)

+ Ik+s+1 (w)Kys (’U«2) ]/TA21+1

where I,(x), K,(z) are the modified Bessel kunc-

tions, w;, u, are defined below 20.6.10.  Super-

scripts are omitted, ¢, =2, if s=0, ¢,=1 if s;é\O
Then for functions of first kind:

20.8.10
Me3) (2, —@)=(—1) Iex(z, )
Ms(z, —)=(—1)Tou(z, )
MePa(z, =) =(—1ilennr(z, )
Ms, (2, —@)=(—1)"210s41(z, q) |
For the Mathieu-Hankel function of first *(ind:

20.8.11

M9 (2, —)=(—1) "2 Ken(z, q)

i

.2 1

(3)(2 _q) (__1)7+1 WKOZT(Z q) ‘

2 |

Mc, (2, —Q)=(—1)T+I;Ke2r+l(zy qQ ‘

2 :
MsP, (2, —9)=(—1)'+1;K02r+1(2 ) ;

For M¥(z, —¢q), =2, 4, one may use the dPﬁm-
tions

M®=
also |
M(z, —)=2M(z, —)—MP (2, —q)

—i(M® —M®"); M,=Me, or Ms,lj

M=Mec or Ms; for real z, ¢, M? (z, —q)‘

are in general complex if j=2, 4.
Zeros of the Functions for Real Values of q.i
See [20.36], section 2.8 for further re$ults
Me(s, q), MG, q)-
In 0<Lz< 7, ¢e(2, q) and se.(z, ¢) have H real *

Zeros.
There are complex zeros if ¢>0.

If 2z,=20+1y, is any zero of ce,(z, q), se.(2,/g) in

Zeros of ce.(z, q) and se.(z, q),

—1—2[<zo<72—r; then kx+ 2y, kw12,

are also zeros, k an integer.
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In the strip _72_r<x0<1§r, the imaginary zeros of

ce.(z, q), se.(z, q) are the real zeros of Ce,(z, ¢),
Se,(z, q), hence also the real zeros of Mc{"(z, ¢)
and MsiV(z, ¢), respectively.

For small ¢, the large zeros of Ce,(z, ¢), Se.(z, @)
approach the zeros of J,(2+/q cosh z).

Tabulation of Zeros

Ince [20.56] tabulates the first ‘‘non-trivial”
Zero (i.e. different from 0, sz, 1r) for ce,(2), se,(2),

r=2(1)5 and for seg(z) to within °107*, for ¢=0(1)
10(2)40. He also gives the ‘“‘turning” points
(zeros of the derivative) and also expansions for
them for small ¢. Wiltse and King [20.61,2] tabulate
the first two (non-trivial) zeros of Mc!"(z, ¢) and
Ms®(z, q) and of their derivatives r=0, 1, 2 for
6 or 7 values of ¢ between .25 and 10. The graphs
reproduced here indicate their location.

Between two real zeros of Mc® (z, q), Ms{(z, q)
there is a zero of Mc®(z, q), Ms®(z, ¢), respec-
tively. No tabulation of such zeros exists yet.

Available tables are described in the References.

The most comprehensive tabulation of the char-
acteristic values @,, b, (in a somewhat different
notation) and of the coefficients proportional to
A, and B, as defined in 20.5.4 and 20.5.5 can be
found in [20.58]. In addition, the table contains
certain important “joining factors”, with the aid
of which it is possible to obtain values of
Mc9 (2, @) and MsY (2, ¢). as well as their deriva-
tives, at z=0. Values of the functions ce.(x, ¢)
and se,(z, ¢) for orders up to five or six can be
found in [20.56]. Tabulations of less extensive
character, but important in some aspects, are out-
lined in the other references cited. In this
chapter only representative values of the various
functions are given, along with several graphs.

Special Values for Arguments 0 and ~

2
20.8.12
cewr (3 0)=(~1)'00 00 4503
cetrs (3 0) =110, a(@ A0 /g
sete (5 )= (100 @ B (@) -1/

§€2r41 (g’ Q)=(‘“1)'90. ar+1(9) Bi (@) \/gq

MATHIEU FUNCTIONS

1) — g#
Mec (0, Q)—'\/; e..(Q)
Mc?)(O, q)=—‘J72:‘_fer(Q)/ger(Q)

d 2
a; [MC;Z) (2; q)]z=0=\/1:r ge,r(q)
diz [MS;”(Z, Q)]z=0=\/2 —1_

™ go,r(Q)
ad—z [MS?)(Z; Q)]z=o=\/12:rfo.r(Q)/go,r(Q)
Ms® (2, 9=—g...(9) \@

The functions f, :, ¢+, fe.r, g » are tabulated in
[20.58] for ¢<25.

20.9. Asymptotic Representations

The representations given below are applicable
to the characteristic solutions, for real values of ¢,
unless otherwise noted. The Floquet exponent »
is defined below, as in [20.36] to be as follows:

In solutions associated with a,: v=r
In solutions associated with 8,: v=—r.

For the functions defined in 20.6.7-20.6.10:

20.9.1
MceP (2, g)
(—1)'MsP (2, @)
i(22 cosh z_E_z) @ D,
e 73 > - =
Nﬂq”“(cosh prm [—4ivq(cosh z—o)]

where D_j=D_,=0; D,=1, and the coefficients
D, are obtainable from the following recurrence
formula:

20.9.2
(m+1)Dm+1+[(m+—;—)2—(m+i) 8ivg o

+2¢9—a D,,,—}—(m—%) [16¢(1—0%)—81vq om]D,,
+4¢(2m—3) (2m—1)(1—6*) Dp_=0
20.9.3

Mc?(z,9)
(—1)’Ms? (2, @
1

e—t[zﬁ cosh z—;vr—%r] ® d,
~ g (cosh z—a)t 52 [4iVg(cosh z—a) "
d_y=d_3=0; dy=1, and
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20.9.4
(m+1)dmpr+ (m+%)2+(m+:1i> 8ivie

+2q—-a] d,,,-{-(m—%) [16g(1 — o) +8ivg omldn_t
+4¢(2m—3)2m—1)(1—0*d,_.=0.
In the above

—2r<Larg vq cosh z<x
|cosh z—a|>|o 41|, #2>0,

but ¢ is otherwise arbitrary. If ¢*=1, 20.9.2 and
20.9.4 become three-term recurrence relations.

Formulas 20.9.1 and 20.9.3 are valid for arbi-
trary @, g, provided » is also known; they give
multiples of 20.4.12, normalized so as to approach
the corresponding Hankel functions HV(vge),
H® (Vge), as z—>. See [20.36], section 2.63.
The formula is especially useful if |cosh z|is large
and ¢ is not too large; thus if ¢=—1, the absolute
ratio of two successive terms in the expansion is
essentially

l(%z_?lqu&—%-yz)/(cosh z+1)|.

If a, ¢, 2, v are real, the real and imaginary
components of Mc®(z, q) are Mc*(z, ¢) and
Mc® (z, q), respectively; similarly for the com-
ponents of Ms®(z q). If the parameters are
complex

20.9.5 McP(z, )=3% [McP (2, ¢)+Mc (2, 9]
20.9.6 Mc?(z, q)—--—— [Mc® (2, ¢)—McP (2, ¢)]

Replacing ¢ by s in the above will yield corre-
sponding relations among Ms!*(z, ¢).

Formulas in which the parameter o does not
enter explicitly:

Goldstein’s Expansions

20.9.7
Mc® (2, ) ~iMs? (2, @
= [Fy(2) —1F1(2))e'#/n}gt (cosh 2)}

where

20.9.8

¢$2\fq_ sinh z—% (2r+1) arctan sinh z,
R2>0,¢>>1, w=2r+1

20.9.9

w
8 vq cosh? z

1 [ wh 86w +105  w'+22u? +57]
+2048q cosh? z cosh? 2|
" 1 — (W4 14w*+33w)

16384 ¢%/2 cosh? z

2w5+124w +1122w) | 3w®+290° +1627
4.
cosh? z cosh® z

Fo(Z)Nl

+
20.9.10
sinh z [w?+43 1 5 44 44w>
F‘(Z)Ncoshz 2 [32\/6 +512q (w Tiwt coih2 z
RN P EEYNIT R
16384¢%
__(w“—47w‘+667w2+2835)

12 cosh? 2z
| (505w +12139w?+10395)
T 12 cosh® z

See [20.18] for details and an added tferm in
g~%?%; a correction to the latter is noted in [20.58}.

The expansions 20.9.7 are especially useful when
q is large and z is bounded away from zex;F. The
order of magnitude of Mc?(0, ¢) cannot be gbtained
from the expansion. The expansion can also be
used, with some success, for z=1iz, when ¢ ]is large,

if |cos z|>>>0; they fail at :c==% w. Thus, if g,  are
real, one obtains j

|
20.9.11

ce, (0, )27 _
N AORE {Wi[Po(z) — P (2)] ‘1

+W:[Po(2) {%Px (1}

cer(zr Q) ~

20.9.12
ser41(x, @) ~se;41(0, Q)Tr+1{W1[Po(I)—P1(¢)
—WPy() - Pi(@)])

In the above, Py(z) and P,(z) are obtainable
from Fy(z), Fi(@) in 20.9.9-20.9.10 by replacing
cosh z with cos z and sinh z with sin }:c Thus
Py(z) =Fy(iz); Pi(e)=—1iF1(w):

20.9.13
W,= g2 Vasinz [cos (3z+1m)**! [(cos|x) !

W= 2Y050 % [gin (32-+1m) P+ (cos z)"+!
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20.9.14

vl o @ui43)  (Tu+4Tw)
rrain? i/[zﬁ -T2 T ]

See 20.9.23-20.9.24 for expressions relating to

ce.(0, ¢) and se, (0, ¢). When |cos z|>v4r+2/¢t,
20.9.11-20.9.12 are useful. The approximations
become poorer as r increases.

Expansions in Terms of Parabolic Cylinder Functions

(Good for angles close to }r, for large values of
g, especially when |cos z|<{2t/¢t.) Due to Sips
[20.44-20.46].

20.9.15 ce, (z, @)~ C,[Zy(a) + Zy ()]

20.9.16
sty 11(2, @)~ 8, [Zo(a) — Z,(2)] sin z,
Ilet Dk_'Dk(a) ( l)ke}az d%‘f _‘a2'

a=2q cos z.

20.9.17
Dr+4

Zy(a)~D, +4q’ [

1 Dr+8
+T6q 512

4@

(’+2)D’+‘+2 1) (4)1), 4

1
3 5 (8) Dr—s +
20.9.18

Zda)*vﬁ [—1 D,”—"(’_‘) D,_,]

D,.{.QJ‘ (7‘2 257'—36)
16q 64

+r(r——1)(—r"'—27r+10) D._, ‘15 (6) Dot .. :l

Dr+2

64
20.9.19

c~(3) iy [1+2’+1

| r2r° 26342620 +108
T 2048¢

-4
16384q%+ ]

Ji=6r"415r*4+1280r°+1905r*+1778r+ 572

*See page I,

20.9.20

(m\% 2r+1
~f = Y/ (rNY% —
S, (2> s () [1 807
M8 —12117—122r—84 , ]
+ 2048¢q +16384q’*+ e

fa=2r"45r*—416r°—629r2—1162r—476

It should be noted that 20.9.15 is also valid as an
approximation for se,+;(z, ¢), but 20.9.16 may give
slightly better results. See [20.4.] .

Explicit Expansions for Orders 0, 1, to Terms in g%
(q Large)
20.9.21 For r=0:

D4
Zoy~Do— 64v‘+16q< 512
1 _9904 3_D3_ Dy,
o2\ 256 T 256 24576)+ e
—Lp, 1 9D2
Zi~ 157 6g 16+64
1 61D2 25D, 5D10)
+toag2\ " 32 T2s6 10240)T
_Ds 1 ( 3D,
Zo~Di 64@'*’16;1 16 +512
1 (207D, Dy
Toagn\ " 256 +64 24576)+
— 43 _t 15D3
ST ASTTAT +64
_ 153D, 35D, D,,)
toagr\ " 32 tase 204s)t -
Formulas Involving ce,(0, b) and se,(0, q)
20.9.23
060(0, Q) ~ —2\/_( 1 i . )
cealdm, 9~ V2 (g tasegt o
ce;(0,9) _2‘/—( _ )
e, g~ 202 e 1 16J‘+128q+



ce:(0,9)

ce (37, Q)

Cea (07 Q)
ces(3m, @)
20.9.24

se:(0,9)
se, ('i"ﬂ', !l)

ses(0,9)
883(%7"7 Q)

se;(0,9)

sex (37, )

MATHIEU FUNCTIONS 743

W PN -¥ SE B
4432 (1+16‘@+256q+...)

64

B4 oaif,_ 3, AT )
g Iv2° (1 6vg T128g T "

<438 (1gp gt )

Sy, 2117 )
—640v2¢ (1 Toys 128¢ T

_ ~ava 9 )
8gv2e (1 16vq 256q+

sei(0,9) 128 _M< )
Ae 5 W2emtV(1- 16\/" 128q+

63, Q)

For higher orders, these ratios are increasingly

“more difficult to obtain. One method of estimat-

ing values at the origin is to evaluate both 20,9.11
and 20.9.15 for some  where both expansiong are
satisfactory, and so to use 20.9.11 as a means to
solve for ce,(0, q); similarly for se;(0, q).

Other asymptotic expansions, valid over vaﬁlous
regions of the complex z-plane, for real valu¢s of
a, ¢, have been given by Langer [20.25]. It uLnot
always easy, however, to determine the linear
combinations of Langer’s solutions which coincide
with those defined here. ‘




20.10. Comparative Notations

This Volume {20. 58 [20. 58] [20. . 30 20. 15
NBSl st:atton-Mo]ne, ete. Meixner anaglsmm Mc[im.)ach]m Bamna[n Ma]nuscrlpt Comments
Parameters in 2011 __... a b=g+-2g b _ A a 'y
[ =4g e=2vg L4 q 0
ar ber=art-2g b;-arf-?ﬂ ar ar a,
be bo, =be+2g b, =b42¢ be b, be
Periodic Solutions, of 20.1.1: .
Even. oo cex2, g) Ar Se.(8, 7) Ar Se® (s, co82) * cer(z, M) * cei(2, @) cec(z, 0) See Note 1.
1 7. T, IO I "% (') Br So,(s, 1) ArSoW (e, cosz) * se,(z, M) * ser(z, ) 2e:(z, 6)
Coefficlents in Periodic Solu-
tions:
BVl oo AL@ ArDe’.(® ArDS * Al AL AL
0Ad.emmeeoeeeaaee BL() Br Dol(s) BF, * B!, B, B!,
'l .' ytdz, yisthe Standard | 1 (Ar)-tor (Br)-t (Ar)-2or (B 1 1 1 See Note 1.
Solution of 20.1.1.
Floquet’s Solutions 20.3.8..__| F\(2) me,(z, 1) #(2)
Characteristic Exponent...... » u=fy » p=ir u=iy
9,
Nm&fms of Floquet’s | Unspecified % f: (mes(z, Myme-s(z, MW)m1
Sotllutl(glos lot2 Modified Equa- | Ce(z,¢) Aga. o(8)Jer(s, 7) Ago. r(8)Jer(c, cosh z) Ce, (2, ¢) " Ces(z, Q) Ce,(z, 0)
lon. el &
Ser(z,0) Bga. (0)Jor8, ) Byg.. W) Jo(c, coshz) | Serlz, 0) 8er(z, ) Ser(2, 0)
Me® (2, 0) ‘/ ’—f Jer(s, 2) .‘/g Jee, cosh 2) Me® (2, ) ‘/ % Cer(2, )/ A r(@) V % Ceul2, /A4, + (@)
Mz (2,9) ‘J f- Jo(8, 2) -J % Joe(c, cosh z) M (2, B) -J % Ser(2,9)/Bgo.+(@) —‘/ % Ser(2, 6)/Byo.r(@)
Mz, 0) ViNew o /2 Nerte, aosh ) M, ) Vi P 0lo. @ | 2 Fence, 01490 @
wPe,0 N ER ) WiNoe | aPem V2 G s, 01800 @ | 42 Gen2 0/B0e. 0
Joining Faetors..._._____._... VaxIMe ™ 0, 9) Ger(®) VZr A\ V2Ux/Me® (0, h) (=1)p glA Same as [20. 30] See Note 2.
—d - — F)
VIR M8 @, 0o Gor(@) VER A ©® \/z/,/‘%(m:" (2, M) (_1),,,_‘/;/3
~Me® 0, /M 0, 0) Jourl®) kK —Mef O, BIMeD ©, B %)“—) Same as [20.30] See Note3.
= Ki ’
d
;; MW, ) 3; Gz )] Same as [20.30]
;o K Tooo
&M @0 fo.r(8) ’-f ?:- Same as this volume & 5@ 0

NotE: 1. The conversion factors A" and B’ are tabulated in [20.58] along with the coefficients.
2. The multipliers p, and s, are defined in {20.30], Appendix 1, section 3, equations 3, 4, 5, 6.

3. See [20.59], sections (5.3) and (5.5).

*See page II.

In eq. (316) of (5.5), the first term should have a minus sign.
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21. Spheroidal Wave Functions

Mathematical Properties

21.1. Definition of Elliptical Coordinates

21.1.1 .g_"”;“ =“é}’2

# and r, are the distances to the foci of a family
of confocal ellipses and hyperbolas; 2f is the dis-
tance between foci.

a=ft, b=fVE—T o=l

a=semi-major axis; b=semi-minor axis; e=ec-
centricity.

Equation of Family of Confocal Ellipses

21.1.2

213 Hbgl=r (1<E< )
Equation of Family of Confocal Hyperbolas
a1s Ll (~1<n<1)

Relations Between Cartesian and Elliptical Coordinates
21.1.5 e=ftn; y=fV(E-—1)(1—n")

21.2. Definition of Prolate Spheroidal
Coordinates

If the system of confocal ellipses and hyberbolas
referred to in 21.1.3 and 21.1.4 revolves around
the major axis, then

R
—=— i'_—nz=f"’

2, .
221 Hp=f G

Y=rcos ¢; z=rsin ¢; 0<p<2x

where £, pand ¢ are prolate spheroidal coordinates.

Relations Between Cartesian and Prolate Spheroidal
Coordinates

21.2.2

z=ftn; y=fV(E—~1)(1~9? cos ¢;
z=fV(#—1)(1—»% sin ¢

21.3. Definition of Oblate Spheroidal
Coordinates

If the system of confocal ellipses and hyperbolas
referred to in 21.1.3 and 21.1.4 revolves around
the minor axis, then

752

r2

21.3.1 n,

gl
2=r co8 ¢; z=r sin ¢; 0<¢p<27
where £, 7 and ¢ are oblate spheroidal coordinates. .
Relations Between Cartesian and Oblate Spheroidal

Coordinates
21.3.2

r=fn sin ¢; y=f V(E—1) (1 —n); 2=FfEn cos ¢
21.4. Laplacian in Spheroidal Coordinates

21.4.1

_ hohs
"~ hihahy [OE he b£)+bn

GGG
=)

Metric Coefficients for Prolate Spheroidal Coordinates

21.4.2
E f l;hﬂ f‘JE 2;

Metric Coefficients for Oblate Spheroidal Coordinates

hehy O
h bﬂ

h;h 0
he 3¢

)]

VE-DA—7)

21.4.3

he=f\ a7 =f\ 17 he=ftn *
21.5. Wave Equation in Prolate and Oblate
Spheroidal Coordinates
Wave Equation in Prolate Spheroidal Coordinates

21.5.1
V”<I>+Ic’<l>=a% [(sz 1) ag]*‘a [(l—n’)

§i—n* @,
TE—Da—moe T

(2 —n")2@=0

(-49)

*See page II.



SPHEROIDAL WAVE FUNCTIONS

Wave Equation in Oblate Spheroidal Coordinates
21.5.2 )
0 0% od
2, —_— 2 _ — —p?)
votio=| @+ 5 [+ [ a-m 2]

tpgt %
@D Qe e He=0
1
(=27%)

21.5.2 may be obtained from 21.5.1 by the

transformations )
g4, e—>Fie.

21.6. Differential Equations for Radial and
Angular Prolate Spheroidal Wave Functions

If in 21.5.1 we put
Qszn(c)E)Smn(cy ”) ;(;ls me

then the ‘“radial solution” R,.(c, ) and the
““angular solution’’ Sp.(c, n) satisfy the differential
equations

21.6.1

2l @0 % Rurte. |

m2

~(ma— ) Banle, =0

21.6.2
d d
% [(1_772) d_n Smn(c; ’7)]
m? .
+(Mn_02 2‘_1_"2) Smn(c; 7’)“'0

where the separation constants (or eigenvalues)
Mnn are to be determined so that Ru.(c, ) and

Smn(c, n) are finite at =41 and 3=+1
respectively.
(21.6.1 and 21.6.2 are identical. Radial and

angular prolate spheroidal functions satisfy the
same differential equation over different ranges of

the variable.)

Differential Equations for Radial and Angular Oblate
Spheroidal Functions

21.6.3
dT ey d
d_f[(z +1) dE Rmn(C,E):I ,
252 . m —
~(an— %~ ) B, =0
21.6.4

2a-m & sute,n ]

(o= 25 ) San(e, =0
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(21.6.3 may be obtained from 21.6.1 by the
transformations {—>+1if, c—>Fic; 21.6.4 may be
obtained from21.6.2by the transformation c—Fic.)

21.7. Prolate Angular Functions
21.7.1

S, m) =32 d7*(©) PRy (1)
=Prolate angular function of the first kind
21.7.2
SRe, =3 drO) @R,
=Prolate aﬁgular function of the second kind

(PP(n) and @Qm() are associated Legendre
functions of the first and second kinds respectively.
However, for —1<2<1, P2(2)=(1—22)™%d"P,(2)/
dz™ (see 8.6.6). The summation is extended over
even values or odd values of 7.)

Recurrence Relations Between the Coefficients

21.7.3

a2t (Be—Nmn) e +Y1dr—2=0

@m+k+2) @m+k+1)e?

@m4-2k+3)2m-L-2k+5)

Br=(m-+k)(m+k+1)
4 2(m k) (m+k+1)—2m?—1 o
T @m+2k—1) 2m+2k+3)

_ k(k—1)¢?
"= em+2k—3) @m+2k—1)

g

Transcendental Equation for Mp,a

21.7.4
U()‘mn) =U, (X,,,,,) +U, ()\mn) =0
oy __ BT B7_a
V1) =77 =e Yr-2—Nmn— Yr—1—Amn—
Bria B7ea

U, ()‘mu) =

’Y’,.".'.,—Am"— 7’rn+4—xmn_' U

k(k—1)2m-+k) (2m+-k—1)c*
= @m k=1 Cm 2k 1) Cm-2%k—3)

(k22)

72=(m+k)(m+k+1)
4m3—1

+i¢{1—(2"l+2k—1) (2m+2k+3)] (k=0)

(The choice of 7 in 21.7.4 is arbitrary.)
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Power Series Expansion for Ana

21.7.5
)\mn=i Loc®
k=0

ly=n{n+1)

[, @m—1@mt1)
=% [l @n—1)@n+3)

_—m—m+Dm—m+mm+m+nm+m+m+

(n—m—1)(n—m)(n+m—1)(n+m)

L 2@n+1) @nt3) @n15)

(n—m+1)(n—m+2)(n+m-+1) (n+m-2)

2(2n—3) (2n—1)%(2n+1)
(r—m—1)(n—m)(n+m—1)(n+m)

s==(4m?—1)

lg=2(4m’—1)’A+% B+ C+3D

(2n—1)2n+1) (2n+3)°2n+5) 2n+7)

(n—5)(2n—3) (2n—1)5(2n+1) (2n+-3)

(n—m41)n—m+-2)(n4+m-+1)n4+m+2)

A= O=m—1)(n—m)(n+m—1)(n+m)
(2n—5)*(2n—3) (2n—1)"2n+1) (2n+3)?

(2n—1)2(2n+1) (2n+3)'(2n-+-5) (2n+-7)2

B— n—m—3)(n—m—2)(n—m—1)(n—m)(n+m—3)(n+m—2)(n+m—1) (n+m)

- (2n—7)(2r—5)*(2n—3)*(2n—1)*(2n+-1)
_(—m+1)(n—m+2)(n—m+3)(n—m+4) (n+m+1)(n+m+2)(n4-m+3) (n+m+4)

(2n+1)(2n+3)*(2n+5)*(2n+7)*(2n+-9)
0=(n—m+1)2(n—~m+2)2(n+m+1)’(n+m+2)’_(n—m—l)’(n—m)‘-’(n+ m—1)%*(n+m)?

(2n+1)%2(2n+3)'(2n+-5)2

(2n—3)2@2n—1)"(2n+-1)3

p=0=m—1)(—m)(n—m-+1) (n—m+2) (n+m~1)+m)+m+1)n+m+2)

2n—3)(2n—1)*2n+1)%(2n+3)4(2n+5)

Asymptotic Expansion for Ay
21.7.6

km,.(c)=cq+m2—% (q’+5)—£ (@+11—32m?)

g 5(0+ 26+ 21)—384m* (¢ 1)]

1 1
—&| 7282 (33¢°+-1594¢*+5621¢)

m? m* ]
—1gg BT +1679+2-¢

1
[ s (B3 + 4940043327+ 22470)

. -
—% (115q‘+1310q’+735)+§8ﬂ‘ (1) |

1 |
-1 [legz (527¢7+61529¢5-+1043961 ¢

2
-|-224159s>g)—32—"'1‘6271 (5739¢°+1275504°

+2080519)+ 1 (3554415059~ 27 |+-0(c™
q=2(n—m)+1

Refinement of Approximate Values of Ags

If \%) is an approximation to \,, obtained either
from 21.7.5 or 21.7.6 then

21.7.7
Ann= xr(rsf)l + ) V.
o UIOD) +T:08)

A4,

LB prem, . gramgm,
A=1+ et N it N N i

(NP2)® | (NP aNTL)? | (VPN NTy )’

A,

BPz T BB | BBl
+...
N'= @2m4r)Cm+r—1)e* d, (r>2)

2m-+2r—1)2m+4-2r+1) d,_, =

g r(r—1)2m-+r)2m+r—1)ct
" @mt2r—1)2@m+2r 1) @m+2r—3)
(r=2)
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Evaluation of Coefficients

Step 1. Calculate N™s from

21.7.8

b7

N'ru+2=7r Amn— m (r>2)

=(m+r)(m+r+1)

1 4m?—
+3¢ [l @m+2r—1) (2m+2r+3)_-_| (r>0)
do

Calculate ratios & and dz(f+1

gﬁ‘ dz)() def)
azw ()3 (2)

and the formula for N* in 21.7.7.
The coefficients d7* are determined to within
the arbitrary factor d, for 7 even and d, for r odd.

The choice of these factors depends on the normal-
ization scheme adopted.

Step 2. from

21.7.9

Normalization of Angular Functions
Meixner-Schiifke Scheme

1 2 (n4m)!
27
21.7.11 f_l [Snalc, n)]dn—zn T (n—m)!
Stratton-Morse-Chu-Little-Corbaté Scheme

> CR2mt )

i=0,1 (n—m)'

21.7.12

(This normalization has the effect that Sp.(c, #)—
Pp(q) as n—>1.)

Flammer Scheme [21.4]
21.7.13

(=1) 3 (n+m)!
> (S5EN ()

(n—m) even

Smale,0)=P3(0)=

21.7.14
n—m-1
!
Sule, =Py O=—C DL EERANS
2( 2 )( 2 )
(n—m) odd

The above lead to the following conditions for
dr

787-972 0—64——49
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21.7.15

s (— DrEr+2m)!

Py o (2) (r+2m

21.7.16
o (—=1)F (r+2m+1)!

(=1 (ntm)!

s ()

(n—m) even

2 (r;l) ! <r+2;n+1) : a7
(—1)" 5 (v m+1)!

(n—m) odd

gn-m (n— m—l) 1 (n+ m—l—l) '
2 2
(The normalization scheme 21.7.13 and 21.7.14 is
also used in [21.10].)

Asymptotic Expansions for Sna(c, 7)
21.7.17

Smn(c; "1) = (1 _ﬂz)QUmn(c; 7]) (c'_)w )

I=n—m

Un(@)= 3 BD1ss(@)

where the D,(z)’s are the parabolic cylinder func-

tions (see chapter 19).
e~ P2=—1/2g= L] ( )
V2

and the H,(z) are the Hermite polynomials (see
chapter 22). (For tables of A% ,/h{ see [21.4].)

D, (@)=(— 1)'6’2’4

Expansion of Sua(c, 7) in Powers of 1

21.7.18
Sma(e, W= (1—17)™" 33" ()7’
(r+1)(r+2)p71,(0) —Ir(r+2m+1) +m(m+1)
—Mia(0)]7"(€) —€p722(€) =0

(The derivation of the transcendental equation
for A, is similar to the derivation of 21.7.4 from
21.7.3.)

Expansion of Sua(c, 1) in Powers of (1—17%)
21.7.19

Swale, 1y =17 T R~

(n—m) even
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21.7.20

Sule,M=n(1—1)"* 5 A= @—m) odd

i 1 & @mn) 1Y g
Gk =2'"k!(m+lc)!2 (2n)! (_")"<m+’+§>kd2'

r=k
(n—m) even

mn __

Cox =—
1 @2m+2r4-1)! 3\
T 5 i (n(me ) dan
(n—m) odd
(@r=ale+1)(@+2) . .. (at+k+1)

(The d»’s are the coefficients in 21.7.1.)

Prolate Angular Functions—Second Kind

Expansion 21.7.2 ultimately leads to
21.7.21

Sle, )= Z'

r=-=2m, —2m

dTnQ:+ r (’7)

>3 W Prom-1(n)

r=2m+2, 2m+1

(The coefficients d7" are the same as in 21.7.1;
the coefficients d77 are tabulated in [21.4].)

21.8. Oblate Angular Functions

Power Series Expansion for Eigenvalues

21.8.1 =30 (= 1) Hyec
=0

where the [;’s are the same as in 21.7.5.

Asymptotic Expansion for Eigenvalues [21.4]

21.8.2

Amn=-—c"+2c¢(2v-+m+1)—2p(v+m+1)
—(m+1)+Amn

v=% (n—m) for (n—m) even;
v=% (n—m—1) for (n—m) odd
A= 3361"0"*
Br"=—27%¢(¢*+1—m’)

B3 =—2"%5¢*+10¢4*+1—2m?(3¢°+1) +m!]

SPHEROIDAL WAVE FUNCTIONS

pmn=—2"%[33¢*+114¢°+37—2m?*(23¢*+ 25)
+13m4]

Bpn=—2""(63¢°+340¢"+239¢*+ 14
—10m?(10¢*+23¢*+3) +m*(39¢*— 18) — 2m?]
grr=y(v+m)ait+ (v+1)v+m-+1)ai!
g=n+1 for (n—m) even; g=n for (n—m) odd

(For the definition of af’ see 21.8.3.)

Asymptotic Expansion for Oblate Angular Functions

21.8.3
Sl —ie, M (L—nD™2 3 APn{g=ct= L [25(1—y)]

(1) e+ L, [2e(1+9)])

where the L™ (z) are Laguerre polynomials (see
chapter 22) and

ﬁ:,f—-zm) ag (m,n)c*

(Expressions of a;*’ are given in [21.4].)

21.9. Radial Spheroidal Wave Functions
21.9.1

2“' irenn G gy (o)

r=0,1

2@ =y Jun@ =D

—VE

(Jn13(2) and Y ,.4(z) are Bessel functions, order
n+13, of the first and second kind respectively
(see chapter 10).) A

(p=2)

21.9.2  R®(c,t)=RYc, &) +iRE e, £)
21.9.3 R%(c,&)=RMN(c,&)—iR2(c,§)

Asymptotic Behavior of B (¢, £) and RZ(c, £)

21.9.4 R (e, &)—— 1 cos [ct—3(n+1)x)
o CE

219.5 R (c,t)— = sin [ct—3nt-1)7]
e Cf

*See page II.
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21.10. Joining Factors for Prolate Spheroidal Wave Functions

21.10.1
Shle, ©)=xm () B (e, )
EmA+1) @+m)! 3 dr@mn)lir! (@m-+3) (- mA1)! 3 drr@mt )l
(0= - =
2"+'"d'""(c)c’"m'( ) () 2rndpn(@)emim) (P 1)!(“*’;‘“):
(n—m) even (n—m) odd
21.10.2

San(e, ) =rm(c)Br3(c, £)

gn-m (2m)! (n m) (n-l-m)! dmia(e) Z' (2m+7‘) ™ () (n—m) even

xmn(€) 2m—1)m!(n+m)lem! =
2"-"'(2m>'(" ) () )

@m— 3)(2m Dml{(n+m-41)1 -2

(The expression for joining factors appropriate to
the oblate case may be obtained from the above
formulas by the transformation ¢——ic.)

Z)' (2m+’) dm™(c) (n—m) odd




Notation for Prolate Spheroidal Wave Functions

21.11. Notation

Ang. Inde- Ang. wave Rad. wave Normalization of angular Remarks
coord. Rad. coord. | pendent function function Eigenvalue functions
variable
Stratton, Morse, | n £ h Smi(h, m jemi(h, & Api(h) Smi(h, 1)=Ppr(1) {=TFlammer’s n
Chu, Little and nemi(h, £) m1=Amn
Corbaté hemi(h, £)
Flammer and this | 3 £ c Smalc, 1) R{\(e, &) Amalc) Smalc, )=Pr(0) (n—m)even
chapter Spnlc, O=Pr'(0) (n—m) odd
Chu and Stratton | 3 £ ¢ S® (e, n) R&(c, &) Aumi S0 (e, 0)=Pri(0) (I even) {=Flammer’s n—m
- 841 (e, 0)=Pp,(0) (I odd) M= =Am, n—m
Mei d P:’ y 2 S:G) ) 2 AR 2 1 )"r’-l 2) = mn -
glcﬁfrkgn n H ¥ Sx(m, v & v D) J’_ 1 [PS™ (s, v) Fdn (v) =Amnlc)
2 (ntm)!
2n+1 (n—m)!
Morse and Fesh- | p=cos ¢ | £=cosh u h Smi(h, ») Jem(h, & Ami [(1 —9®)—m/28 1k, 1) }p=1 !=Flammer’s n
bach neml(h, £ =[(1 —v”)""”P?‘(n)]n-x Amni=Nmn
hemi(h, £)
Page £ ] € Uim(£) Vim(n) am [(1—8)~m2U,;,(5]=1 {=Flammer’s n
le(ﬂ) £=1 alm=)\1rm"_cz
QIm(ﬂ)
Notation for Oblate Spheroidal Wave Functions
Stratton, Morse, 7 £ g Smi(ig, n) Jemi(ig, —if) A Sni(ig, 1)=Ppr(1) !{=Flammer’s n
Chu, Little and Am1=Amn
Corbaté .
Flammer and this | 5 3 c Smn{—1¢c, n) RO (—1c, it) Amn(—1€) Sua(—1c,0) =Pr(0)
chapter (n—m) even
Spn(—ic, 0)=P7'(0)
(n—m)odd
Chu and Stratton | g 3 c S8(—7c, n) RY(—1c, i8) B, S®(—1c, 0)=Pny(0) (I even)| I=Flammer's n—m
ng)’(_' ic, O) = P::H(O) (l Odd) m= = Am. n—m
Mei d i mi) (—gE, §y2 Ar(—2 1 N (= 72) =Amn(—1 2.
glcxﬁl;fl‘k:ll n ¢ v s (n,— %) Sp? (—1k, iy?) (=) f—l (ps(n, —+®)Pdn (= (—ie)+
_ 2 (nd+m)
“2n+1 (n—m)!
Morse and Fesh- | n=cos ¥ | t=sinh u g Smi(ig, m) Jjemi(ig, —1i8) Ami [(1—9®) ™28 (29, 1) ]lp=1 !=Flammer’s n
bach neml("_:g; —7'5) [( nZ)—m/ZPﬂ(.,,)]’,_l ml=Amn
hemi(ig, —if)
X ® ,
Leitner and " ¢ ; Usn(n) 21m(®) im [ =) ~"2U ()]s =1 I=Flammer’s
Spence @ m=Amntc?

The notation in this chapter closely follows the notation in [21.4].

89L

SNOLLONNd JAVA TVAIOYIHIS




SPHEROIDAL WAVE FUNCTIONS 759

References

[21.1] M. Abramowitz, Asymptotic expansion of spheroi-
dal wave functions, J. Math. Phys. 28, 195-199
(1949).

[21.2] G. Blanch, On the computation of Mathieu func-
tions, J. Math. Phys. 25, 1-20 (1946).

[21.3] C. J. Bouwkamp, Theoretische en numerieke
behandeling van de. buiging door en ronde
opening, Diss. Groningen, Groningen-Batavia,
(1941).

[21.4] C. Flammer, Spheroidal wave functions (Stanford
Univ. Press, Stanford, Calif., 1957).

[21.5]) A. Leitner and R. D. Spence, The oblate spheroidal
wave functions, J. Franklin Inst. 249, 299-321
(1950).

[21.6] J. Meixner and F. W. Schiifke, Mathieusche
Funktionen und Sphiroidfunktionen (Springer-
Verlag, Berlin, Gottingen, Heidelberg, Germany,
1954).

[21.7] P. M. Morse and H. Feshbach, Methods of

theoretical physics (McGraw-Hill Book Co.,
. Inc., New York, N.Y., 1953).

[21.8] L. Page, The electrical oscillations of a prolate
spheroid, Phys. Rev. 65, 98-117 (1944).

[21.9] J. A. Stratton, P. M. Morse, L. J. Chu and R. A.
Hutner, Elliptic cylinder and spheroidal wave
functions (John Wiley & Sons, Inc., New York,
N.Y,, 1941).

[21.10] J. A. Stratton, P. M. Morse, L. J. Chu, J. D. C.
Little, and F. J. Corbaté, Spheroidal wave
functions (John Wiley & Sons, Inc., New York,
N.Y., 1956).



22. Orthogonal Polynomials

Urs W. HocHSTRASSER !

Contents
Page
Mathematical Properties . . . . . . . . . . . . . . . .. ... 773
22.1. Definition of Orthogonal Polynomials . . . . . . . . . . 773
22.2. Orthogonality Relations . . . . . . . . . . . . .. .. 774
22.3. Explicit Expressions . . . . . . . . . . . . . .. ... 775
22.4. Special Values. . . . . . . . . . . . .. ... .. .. T
22.5. Interrelations . . . . . . . . . . . . . ... oL, 777
22.6. Differential Equations . . . . . . . . . . . . .. N £33
22.7. Recurrence Relations . . . . . . . e e 782
22.8. Differential Relations . . . . . . . . . . . . . . . .. 783
22.9. Generating Functions . . . . . . . . . . . . . . ... 783
22.10. Integral Representations . . . . . . . . . . . .. .. T84
22.11. Rodrigues’ Formula. . . . . . . . . . . . . ... .. 785
22.12. Sum Formulas . . . . . . . . . .. ... e . ... 785
22.13. Integrals Involving Orthogonal Polynomials . . . . . . . 785
22.14. Inequalities . . . . . . . . . . . . .. s e . . ... 786
22.15. Limit Relations . . . . . . . . . . .. ... .. .. 787
22.16. Zeros . . . . . . . . ... ... 787
22.17. Orthogonal Polynomials of a Discrete Variable . . . . . . 788
Numerical Methods . . . . . . . . . . . .. ... ...... 788
22.18. Use and Extension of the Tables . . . . . . . . . . . . 788
22.19. Least Square Approximations . . . . . . . . . . . .. 790
22.20. Economization of Series . . . . . . . . . . . . Y 42|
References . . . . . . . . . . . .. ... ... ...... . 792
Table 22.1. Coefficients for the Jacobi Polynomials P8 (x) . . . . . 793
n=0(1)6
Table 22.2. Coefficients for the Ultraspherical Polynomials O (x) and
forz*in Termsof @ (). . . . . . . . . . . . . . . ... .. 794
n=0(1)6
Table 22.3. Coefficients for the Chebyshev Polynomials T,(z) and for
ztin Terms of To(®) . . . . . . . . . . . . .. . .. .. .. 795
n=0(1)12
Table 22.4. Values of the Chebyshev Polynomials T,(z). . ... . . . 795
n=0(1)12, 2=.2(.2)1, 10D
Table 22.5. Coefficients for the Chebyshev Polynomials U,(z) and for
z*in Terms of Uy(x) . . . . . . . . . . . . . ... ... . 796
n=0(1)12
Table 22.6. Values of the Chebyshev Polynomials U,(x) . . . . . . 796

n=0(1)12, 2=.2(.2)1, 10D

! Guest Worker, Natjonal Bureau of Standards, from The American University. (Pres-
ently, Atomic Energy Commission, Switzerland.)
771



772 ORTHOGONAL POLYNOMIALS

Page
Table 22.7. Coefficients for the Chebyshev Polynomials C,(x) and for

g"in Terms of C(x) . . . . . .« o o o o oo o e 797
n=0(1)12

Table 22.8. Coefficients for the Chebyshev Polynomials S,(z) and for
ztin Terms of S,,(&) . . . . . . « .« . ..o 797
n=0(1)12
Table 22.9. Coefficients for the Legendre Polynomials P,(x) and for z*
inTermsof Po(x) . . . . « . . o v o v o v e e e e e 798
n=0(1)12
Table 22.10. Coefficients for the Laguerre Polynomials L,(z) and for z”
inTermsof L,(@) . . . . . . . « . . o o o000 799
n=0(1)12
Table 22.11. Values of the Laguerre Polynomials L,(z) . . . . . . . 800
n=0(1)12, z=.5, 1, 3, 5, 10, Exact or 10D
Table 22.12. Coefficients for the Hermite Polynomials H,(z) and for 2"
inTermsof H,(x) . . . . . . . « « v v v v v v v v v e e 801
n=0(1)12
Table 22.13. Values of the Hermite Polynomials H,(z)
n=0(1)12, =.5, 1, 3, 5, 10, Exact or 118

....... 802



22. Orthogonal Polynomials

Mathematical Properties

22.1. Definition of Orthogonal Polynomials

A system of polynomials f,(x), degree [ f.(x)]=n,
is called orthogonal on the interval a<z <),
with respect to the weight function w(z), if

22.1.1

b
[ v f@ fm@dz=0
n#Em;n,m=0,1,2,..))
The weight function w(z)[w(z)>0] determines
the system f,(z) up to a constant factor in each
polynomial. The specification of these factors is

referred to as standardization. For suitably
standardized orthogonal polynomials we set

22.1.2

(n=0,1,2, . ..)

These polynomials satisfy a number of relation-
ships of the same general form. The most
important ones are:

Differential Equation

@) f 0@ fatanfa=0

where g.(z), ¢:(z) are independent of n» and a, a
constant depending only on n.

22.1.3

Recurrence Relation

22.1.4 Ja+1= (@ +2b,) fa—Cnfa-1

where

22.1.5
__kn+l — ;+1__k_:: ___kn+lkn—lhn
b=t aby (PEp) et

Rodrigues’ Formula

22.1.6 f,,=2n—wl—(z—) 3‘1— {w(@)]g@T")

where g(z) is a polynomial in z independent of =n.
The system {%} consists again of orthogonal

polynomials.

(1.5,-.5)
Pr (x)

Fieure 22.1. Jacobi Polynomials P # (),
a=1.5, f=—.5,n=1(1)5.
773



22.2. Orthogonality Relations

falx) Name of Polynomial] a w(z) Standardization ha Remarks
(@, B) ; _ e s @B (1y— n+a) 206+ F(nta+1)T(n+8+1) _ .
2221 | PeP(z) Jacobi 1 (—z)=(+2)8 | PED(1) ( i B e e R P
. A p—era- _ nll(n+g)T(n+p)T(n+p—q+1) p—¢>—1,¢>0
22.2.2 Ga(p, ¢, x) Jacobi 0 (1 —z)p—aga-t k,=1 (2n+ )T @n+ p)
22.23 | C® (@) Ultraspherical -1 (1—zt)e4 Ce(1) 274t 20) >}
! 2
(Gegenbauer) At 2a—1 nl(n+a){{(a)}
(")
(a=0)
com=2, =0
cPM=1
I n #0
22.2.4 Ta(z) Chebyshev of the | —1 (1—ah)-3 T.(1)=1 2
first kind =
r n=0
Chebyshev of the - _ y — r
22.2.5 Ua(z) second kind 1 (1—zn U.(1)=n+1 5 @
Chebyshev of the _ N\ _ 47 n=0
2226 | Cal2) ebyshey —2 (1 z Ca(2)=2 I
Chebyshev of the _ _an\i _
2227 | S.@) iebyshev of 2 (1 Z) 8,(2)=n+1 x
C L n 0
Shifted Chebyshev - 1) — 2
22.2.8 T*(z) of the first kind 0 (z—z2)—% TX1)=1 [
r n=0
Shifted Chebyshev ‘ x *
22.2.9 U*@x) of the second 0 (z—z?)} Ut(l)=n+1 8
kind
Legendre — = 2
22.2.10 Pa(z) (Spherical) 1 i P,(1)=1 T
1
" .
22.2.11 P}z Shifted Legendre 0 1 Tl

*See page II.
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22.2. Orthogonality Relations—Continued

( Generalized - (=)= Fa+n+1)
22212 | LY@ Laguerre 0 o | e kn="— == a>—1
22.2.13 La(x) Laguerre 0 o | e * kn= (_;;) : 1
22.2.14 | H.(2) Hermite — o |7 ea=(—1)" Vx2nn!
=2 —
22.2.15 | He.(x) Hermite ~® w e * en=(—1)" VZan!
s .
ee page 22.3. Explicit Expressions
N
fal@)=d, Z Cmgm(T)
m=0
Ia(z) N da Cm Im(Z) ke Remarks
' . 1 nta\ (n+8 1 /2n+a+8
{a, ) —— —f)n-m ™ _— —_ —
2231 | PeR() no e (m )(n_m @—1)m(z+1) 5 (" ) a>—1,8>—1
Clatn+1) n\ Mla+B+n+m+1) 1 (2n+a+8 X
(a. 8) — — " —_ — —_
2232 | Ped@) n | aieaamnrs | () Sttt L a-n 5= (T a>—1,8>—1
I'(g+n) e {(*\T@+2n—m)| _ _
2233 | Gu(p, g, 2) n | Foes —om(3) Tt 1 p—g>—1,¢>0
@ n 1 _ ml‘(a+n—m). netm _?__"I‘(a+n) 1
2234 | C9@) [2 = (~ 1y Kk n (2z)n-2 2 Lt >3 a0
(0) ﬁ — mg_"__."_li)! n—2m _2: (0) =
235 | CO@) [2 1 (—nm e 22y 2 om0 1520, CP(1) =1
nl | n - (n=m—1)! ot om—
22.3.6 T.(z) [‘2‘ _—2 (‘— ‘) m’ (2.’6) 2 2n-1
n —ym R—m)! B (9r)n-tm gn
22.3.7 | Un(@) [2 1 (=D gyt (2z) 2
n 1 " 2n—2m n—tm (2n)!
22.3.8 Pu(@) I:Q T (=N (m)( n ) T 2n(n!)?
. L(nta) 1 . (—1)» N
2239 | L&) n 1 (=1 (n_m o z ~ a>—1
1
22.3.10 | H.(z) [g n! (= D" = (2x) n~m 2n sec 22.11
n 1 —m
22.3.11 He,(z) [i] n! (—-1)m m)—' 2 1

STIVINONATOd TVNOOOHILYO
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ORI Explicit Expressions Involving Trigonometric Functions
Sﬁ .
s Ju(cos 8)=D am cos (n—2m)6
: m=0
| fu(cos 8) an Remarks
- T(a+m)T(at+n—m)
\\‘ 22.3.12 | C(cos ) it —m) T ()P a0
\
1 /2m\ /2n—2m
1 2313 | Pyoose) |5 (3) (B2
\ )
\‘ \
1 b 2
. ' o | 22.3.14 C P (cos 9) = co8 no
\\ \‘l
N YA
\ 22.3.15 T(cos 8)=cos nd
a -5 \ \ ‘ . -
\ 22.3.16 U (cos 6) =20 (2 +1)6
\‘. sin @
- &3
»
"
s
Ficure 22.2. Jacobi Polynomials P« (z),
a=1(.2)2, §=—.5, n=4.
P‘(I.S,‘)(l)
T
.5 =
-Il L I\ L 1 5 ll — X
Il - x
-
Fiaure 22.3. Jacobi Polynomials P{=8 (z), Figure 22.4. Gegenbauer (Ultraspherical) Polyno-
a=1.5, =—.8(.2)0, n=>5. mials Ci=)(z), a==.5, n=2(1)5.




ORTHOGONAL POLYNOMIALS
22.4. Special Values

T

falz) Ja(—2) Ia(1) Ia(0) Jo(x) Si(z)
2241 | POBG) | (1P ("% 1| gla—B+(at+2)2]
42 ; 0, n=2m+1
2242 | C9() (= 1)*CP () nrsa— Flatn/2 1 2az
a0 ( n ) (— 1)”/’1..(“)(;'/2))')75 2m
(-
22.4.3 C® (z) (= 1)"CO (z) % R0 { yn 2m#=0 ; o
0, n=2m+1
2244 | T.@) (=1Ta(2) 1 {o-n1 )“é:ﬁ " o
245 | U.@ (= 1)U, @) nt1 (S gt 1 |2
(== (2m
2246 | P.(@z) (—1)P,(z) 1 [ ( )" 2m" 1. |z
0, n=2m+41
247 | LO@) (":a) 1| —zta+1
,,,(2m)'
2248 | H.(2) (—1)*H () - n=2m 1 2
0, n=2m+1
I

T

L 1.5
Figure 22.5. Gegenbauer (Ultraspherical) Polyno-
mials Ci®(z), a=.2(.2)1, n=5.

*See page 11,

22,5. Interrelations

Interrelations Between Orthogonal Polynomials of the
Same Family

Jacobi Polynomials

22.5.1
)= LCnEectp 1) ot
P2z n!I‘(n+a+B+1)G (a+ﬂ+1 8+1, >
22.5.2
_n!l'(n+p) oo
Gn(p7 q,Z) mp(’ .9 1)(2z l)
(see [22.21]).
22.5.3

I'(q) P@-ea=(2z—1)

Fﬂ(p’ q:x)=(—'l)"n’ P(q+ n)

(see [22.13)).

Ultraspherical Polynomials

22.5.4 0P @)=lim owe)
Chebyshev Polynomials

2255  T.(2)=3C,(22)=T?* (1 ;’)

22.5.6 To(2)=Unr(2) —aUn.(z)
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9257  Tal@)=aln1(2)—Un_s(@)
22.5.8 T.(2)=%1U.(2) —Un-2()]
2259  Ul@)=8.(22)=U* (1?)

22.5.10

Usr@) =5 12T (@) = s &)

22.5.11  C,(z)=2T, (g)=2 T (x-iz
22.5.12  Co(2) =Sn(@)— Sns(@)
22513  S,@)=U, (g)=U: (zl-z
22.5.14 T*(x)=T.(22—1)=% C,(4z—2)

(see [22.22]).
22.5.15 U*(x)=8,(42—2)=U,(22—1)
(see [22.22]).

Generalized Laguerre Polynomials

22.5.16 LY (z)=La(2)
dan
22517 LP@)=(-)" = [Laym(@)]
Hermite Polynomials
22.5.18

Heo(z)=2-"*H, (%)

H,(x)=2"?He,(z2)

(see [22.20}).
22.5.19

(see [22.13], [22.20]).

Interrelations Between Orthogonal Polynomials of

Different Families
Jacobi Polynomials
22.5.20
(a-%a-4) _I‘(2a)1‘(a+n+=}) (@)
P O =F GatmTatd) @
22.5.21
n . z+1
Ps'a, 1)) (z) (%) +1 (anii) ( ?_iz'__)
T

B)n

Do 0w (y2F)

22.5.22 P& V(z)=—12—

POLYNOMIALS
22523  PLh h(z)=—-(2’”)T @)
22.5.24 PO (2)=P,(z)
Ultraspherical Polynomials
22.5.25
(a5=0)
22.5.26
192041
Ol =" DRI opeio 1)
(a0)
22.5.27
@ Ta+HTR2at+n) peu-pa-i
OO TGaT @t L * &)
(a70)
22,5.28
09 @=2Tu0)=2 SIS yaPh bt
Chebyshev Polynomials
1
22.5.29 Tz,.+,(x)=% 2P (247 1)
— MVE g -b 9,0
22.5.30 Unn(e) =g, 15 P @2'—1)
nlf
22.531 T,.(x)= Fmtd P{-b ()
_n41)x .
22532 U.@=3rG1p P3d(z)

Talx)

Chebyshev Polynomials Ty(z),
n=1(1)5.

Fiaure 22.6.

*See page II
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Legendre Polynomials

779

22.5.35 P,(2)=P%9(z)
22.5.36 P,(z)=C{? (z)
22.5.37
a (m+
R [Pa(2)]=1-3... (2m—1)Cr) () (m<n)
™
Generalized Laguerre Polynomials
—1)*
2538  Lom@=""0"H, (5
-2 22539 Lgm@=_CL"_ g o
Fieure 22.7. Chebysher Polynomials U ,(z), e n pl2+ijg Tt
n=1(1)5.
n Hermite Polynomials
22.5.33 Th(@) =3 O (z)
22540 H,n(z)=(—1)"2"m!L5V? (g2)
—OWm
22.5.34 U.(x)=CP(x) 22.5.41  Hopyy (z)=(—1)m2m+1z 1 LA (£2)
Orthogonal Polynomials as Hypergeometric Functions (see chapter 15)
Sr(@®)=dF(a, b; ¢; g(z))
For each of the listed polynomials there are numerous other representations in terms of hyper-
geometric functions.
Ia@) d a b ¢ g(@)
22542 | P$P(2) ("“;“) —n n+a+p+1 a+1 1;“
22543 | Pes (g (2"+:+”)(”‘L21)" —n —n—a —2n—a—p 2
. n+ 142\ z—1
22.5.44 Pf."’(z) ( na)(——z—) —n —n—g a+1 m
. n+8\/z—1\" z+1
22.5.45 PSI")(I) ( n )(—2—) -n —nN—a s+1 ;_—1
2 1—
22546 | C9 (@) I—;‘%‘;—) —n n+2a ati -2
22.5.47 T.(z) 1 —n n 3 1 ;z
22548 | U.() n+1 -n nt2  * 3 1;"
1—zx
22549 | P,(2) 1 —n n4-1 1 5
2 —1\" 2
22.5.50 | P.(z) ( :)(zT) —n —n —2n 1—=
22.5.51 2n\/z\" n 1-n _ 1
ro )6 R S
22552 | P,.(z) (- 1)"5’(3_(';)%)_, —n n+i } ot
22553 | Prni®) (— )t s —n |t : x’

*See page II.
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Orthogonal Polynomials as Confluent Hypergeometric 22.5.58

Functions (see chapter 13) R 1
H ,(x) =2"2="12D), (v2z) =22/ (—-n—§r \/73:)
22.5.54 L;“’(x)=(n:a)M(—n, at1, 2)
22.5.59 He,(*)=¢"D,(z)=e"/"U (—n—%y z)
Orthogonal Polynomials as Parabolic Cylinder

Functions (see chapter 19)
Orthogonal Polynomials as Legendre Functions

22.5.55  H,(@)=2U (%—é n, g, x2> (see chapter 8)
22.5.60
1
92.5.56 Hopn()=(—1) (2mi,) M (—-m, . acz) 0 (z)=
1 -5
92.5.57 Hats) Fz(a2“+") [}1 (z”—l)] P PYR L ()
. @m+1)! 3 niT (2a)
* H2m+l(x)=('_l) szM(—m, §:x> (a#O)
La(x)
3F Lz
Prix)
2|
L3
|
o | 2 T 2 T "
A i
L Ly

-2%-

Ficure 22.9. Laguerre Polynomials L,(x),
Py Ps ’n=2(1)5.

Hplx)
n!

L

x

-.5

. ., Ha(z)
Ficure 22.8. Legendre Polynomials P,(z), Fieure 22.10. Hermite Polynomials n

n=2(1)5. n=2(1)5.

*See page 11,
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22.6. Differential Equations

@Y + 0@y + g y=0

781

y g:(z) g:1(z) go(z)
22.6.1 PEP (z) 1—z2 B—a—(a+B8+2)zx nn+a+p+1)
22.6.2 (1—2:)"(1—{—2:)’132"’)(1:) 1—2z2 a—B4+ (a+8—2)x (n+D(n+a+8)
1 1—a? 1 1—p2
atl 8+1 a(1—z2 "3 (0502
2263 | (1—2)2 (14+12) 2 PP () 1 0 4-a 4 il ,
42rntatft DA (@t DB+
2(1 —1%)
1—4a? 1—4p2
.2\t E A+} (a, 8 ___+_..___,
22.6.4 (sm Q) (cos 2) P (cos z) 1 0 16 sin? % 16 cos? E
+(nanteEly
2
2265 | C9() 1—-22 | —(2a+1)z n(n+2a)
2266 | (1-2)"C9 @) 1—-22 | (2a—3)z (rt+ 1) (n+2a—1)
a 1
gt e (n+a)?, 24 4a—4a?+2?
2267 | (1—29*"7 €9 (2) 1 0 Tt ¥ g
. g 1—a)
22.6.8 | (sin 2)2C (cos ) 1 0 (n+a,)2+‘iSszT
22.6.9 Tu(x) 1—z? —zx n?
22.6.10 T n(cos x) 1 0 n?
1
0. Tu(x); Un(@) * | _ 2
22.6.11 i 1 1—zx 3z n?—1
22.6.12 Ua(z) 1—22 —3x n{n+2)
22.6.13 Pa(x) 1—22 —22 nn+1)
- nin+1) 1
22.6.14 | VI—2'P.(2) 1 0 P ey
22.6.15 | L®(z) z at+1l—z n
22.6.16 | ,~zyen2] @ « | at1 +241-%
e ez~ Ln (I) n 2 42
2nt+a+1  1—a? 1
22.6.17 e~ @ VIBLE (x) 1 0 —E—2§— fg;i——z
22.6.18 | ,-stngetip@ 1 0 23—y 1 e
.6. e~ =gtV L@ (z%) dn+2a+2—224 i
22.6.19 Ha(z) 1 —2z 2n
22
22.6.20 | ;7 TH, () 1 0 2n+1—1°
22.6.21 He,(x) 1 —z n

*“See page II.
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22.7. Recurrence Relations

Recurrence Relations With Respect to the Degree n

alnfn+l (13) = (a2n+ (13,.I)f,.(17) - alnfn-l (33)

fa Agn Q2n tan Qyn
22.7.1 PP (z) 2(n+D(ntat+s+1) (2n+a+t+B+1){a?—8Y) (2nt+a+B); | 2(nta)(ntB)
(2n4a+8) 2n+a+8+2)
22.7.2 Gu(p, ¢, 7) 2n+p—2)s(2n+p—1) | —[2n(n+p)+q(p—1)] 2n+p—2), n{n+g—1)(n+p—1)
(2n+p=—2)s (2n+-p—1) (ntp—q)@2n+p+1)
22.7.3 Ci2(z) n+1 0 2(n+ta) n+2a—1
22.74 T .(z) 1 0 2 1
22.7.5 U () 1 0 2 1
22.7.6 Sy(x) 1 0 1 1
22.1.7 C.(z) 1 0 1 1
22.7.8 T () 1 -2 4 1
22,79 U (x) 1 —2 4 1
22710 | P.(x) n+1 0 2n+1 n
22.7.11 P;(z) n+1 —2n—1 4n+2 n
22712 | Li*() n+1 2n+a+1 -1 nta
22.7.13 H,(z) 1 0 2 2n
22.7.14 | Hen() 1 0 1 n
Miscellaneous Recurrence Relations Ultraspherical Polynomials
92.7.15 Jacobi Polynomials 29.7.21

(ntg+5+1) —2)Per2@)
=@m+at+1)P, P (2)—(n+1)P:A ()
'92.7.16

(nt3+5+1) a+aPesrn)
— (4 BEDPEO @) + (P @)
22.7.17
(1=2)PEH9 @)+ (L+2)PEe () =2P 2 )
22.7.18
@n+at HPED (2)= (1 a+ P o)

—(n+B)Pi2p (x)
22.7.19
(@n+a+B)Pi 6" (2)=(n+a+B)P&P(z)
+(n+a)Pif ()

22.7.20 P8-D(z)— P18 (5) = P ()

2a(1 =) 0P (@)= (2a+n—1)C2; (z) —nzC (x)

22.7.22
=(n+2a)zC (x)

—(n+1)C5 (x)
22.7.23 (n+a)CP (@)= (a—1)[C2,(z) — CL2y(2)]

Chebyshev Polynomials

22.7.24

2T (@) Ta(@) = Tnim(2) + To-u(z) (n2m) *

22.7.25

2@ =D Un @) Uneis (@)= Tpym(x)— Tm(x)
(n2m)

22.7.26

2Tm(x)Un-l(z)=Un+m—l(x) TUnm-1(2) (n>m)

22,7.27

2Tn(x)Um—l(z)=Un+m—1($)_Un—m—l(x) (n>m)

22728 2T, (@)U,_1(2)=Us_1()

*See page II,
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Generalized Laguerre Polynomials 22.7.31
22.7.29 L @)= [(n+a+ DI @) — (0+ D L @)
L+ (g)= =L [(:c n) L (2) 4+ (a+n) L2 (2)) 22.7.32
(a—1 -—__1__ a _ — a
22230 L& (@)=L(5)— L) L@ =22 (A DL @) — (i1 =) L2 )]

22.8. Differential Relations
0@ 2 12(2) =020 + oo )

Ju g2 g g
¥
22.8.1 P (z) 2nt+a+8)(1—2) nla—B— (2n+ o+ B)z] 2(n+a)(n+8)
22.8.2 C(x) 1—2z2 —nx ’ n+2a—1
22.8.3 Tw(z) 1—2? —nz n
22.8.4 U n(2) 1—22 —nx n+1
22.8.5 P,(z) 1—zx2 —nz n
22.8.6 Lo(z) z n —(n+ta)
22.8.7 H,.(z) 1 0 2n
22.8.8 He,(z) 1 0 n
22.9. Generating Functions
1@, =3 aufal@)2” R=Vi“Zt 2
n=0
Jal2) an g(z,2) Remarks
2291 | P*?() 2~e-8 R1(1—z+R)~(1+z+R)-# lzj<1
-
229.2 | C¥(@) 2 . é‘_’;‘;}fﬁ&’;’:g’) R-(1—zz+R)¥ 2]<1, a0
2293 | C9@) 1 R l2[<1, a0
2294 | CO(z) 1 —In Rt l2|<1
. I'(2a) vt (Ea N - -
22.9.5 C,(l )(Z) m (4 ’ ( sin 0) J.,_! (z sin 0) r==cos §
1— z'
296 | T.@) 2 iz, 1) —1<2<1
J2|<1
229.7 | T.(z) 4%? 2") R1(1—zz+ R)12 —1<-<1
f2|<1
2298 | Ta() 1 1—% In B* d=1
n —1<z2<1
j2|<1
2299 | T.@) 1 l—gf—‘ 1<z
l2|<1
22.9.10 U o (2) 1 R - 1<z2<1
[2}<1
2n+ 2 1 *
22.9.11 U n(x) = (1—zz+4R)-12 —1 1
= 4,.“ n+1 g (1=t R) <x<IZI<1

*See page II.
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22.9. Generating Functions—Continued

g(z, 2) =i anfa() 2" R=V1=2zz+#
n=0
@) Gn L\ g(z, 2) Remarks
22.9.12 | P.(z) 1 /\ R ' —1<z<1
\ > ‘ l2i<1
22.9.13 P,.(z) % es co8 ] (2 sin @) z=cos 8
22.9.14 Sa(z) 1 (1—zz+2%)1 —2<z<L2
l2|<1
*
229.15 | L&) 1 (1—2)~=1 exp (z—’_’—i) lel<1
2916 | 19w FG:TIZ+—1) (z2)-laerd [2(22) 1]
22.9.17 H,.(z) %i- e3ss—ss
22918 | Hiya (Gt Ohd . Va
9. () @m)! ez cos (2xVz) *
22.9.19 | Hapn(2) -(%E_l—_—l)l-)—, 2-1% sin (22VZ)  *

22.10. Integral Representations
Contour Integral Representations

f,.(z)=% f [g1(2, 2)Irgs(2, x)dz where C is a closed contour taken around z=a in the positive sense
c

Falz) go(z) n(z,z) g2(z,2) Remarks
1 21 (1—2)*(142)# i .
{a, B) e —
22.10.1 | Pif(z) T aT? 5G—5) e +1 outside C
22.10.2 Cl@(z) 1 1/2 (1~ 2274 22)~ag—? Both zeros of :
1—2zz+4 22 outside C,
a>0
1—22 Both zeros of
22.10.3 | T.(») 172 1/e 0—Zzz 52 1—2zz+ 2* outside C
1 Both zeros of
22.10.4 Ua(x) 1 1/z m 1—2z24 22 outsideC
1 _ Both zeros of
22,105 | P.(2) 1 1/z 7 (1—2ee+e)71 1—2z2+ 22 outside C

1 -1 1
22.10.6 P,.(.’l‘) 2—" —% z——_—z
2 .

22.10.7 L*(z) e — "

z—z z—x
22108 | L(z) 1 142 et (1+£)' 1z

elzl—ﬂ

22,109 | H,.(2) n! 1/2 -

Zero outside C

2= —z outside C

Miscellaneous Integral Representations

20-20 T (n420) j;' [e+V2*—1 cos ¢]*(sin ¢)2=~1d¢  (a>0)

22.10.10 O (z)=

nl[T ()
22.10.11 € (cos o)=?’_;;m_*)'~]f°‘) (sin o) [ (co‘;°:_(_’$s“3;;_a & (a>0)

*See page 11
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1~ .. n ol e u
22,10,12 P,(cos §) -—;J; (cos 641 sin @ cos ¢)"dé 22.10.14 Lf,“’(:v)=e ;' 2 J‘ et J.(2E)dt
0

(1 22,10.15 »
™ sin (n4-3)¢dé _ ,22_"_f‘” ~24n ( _n )
—_— A H,.(zx)=e 7= . e t" cos ( 2zt 5™ dt

2
22.10.13 P, (cos 0)—‘/ s (cos 6—cos ¢)?

22,11. Rodrigues’ Formula

Sal@)= & @) (e@)")

@, (x) d:c"

The polynomials given in the following table are the only orthogonal polynomials which satisfy
this formula.

falz) an p(x) g(z)
22111 | P@A(z) (—1)n2nn! Tt ) (1—z)2(1 +2)8 1—z
a — nH)n ] _.a_n__ — a— —
22.11.2 | C@(z) (— 1)n2np! r( Rl‘(n+2a) (1—g2)a-t 1—z2
22113 | T.@) (—1)n2n (’:/';*' L/ (1—zn)-4 1—z2
I(n+3§) — )} e
22114 | U, 1)n2n+t (1—-2?) 1—z
(z) (-1 (1) PRI
22.11.5 | P,(z) (—1)n2mp! 1 1—z2
22.11.6 le“) (x) n! e~zr® z
22.11.7 | Ha(2) (—Dn e=? 1
22.11.8 | He,(z) (—1)n e 1
22.12. Sum Formulas 22.13. Integrals Involving Orthogonal Poly-
Christoffel-Darboux Formula nomials
22.12.1 k 22.13.1
n x n n z n
ZJ fm(z)fm(y)—- f 1@ a ) =S 2@ 11 (¥)

z—y

Miscellaneous Sum Formulas (Only a Limited Selection
Is Given Here.)

22.12.2 g""__,o Tin(@) =41+ U2(2)]
22.12.3 :i_lo Tont1(2) =402 -1(x)
22.12.4 g_:o Uzm(z)=l;—(%‘%2§9
22.12.5 :z:;lo Um“(x):’—‘%_{‘;‘%
22.12.6 Z LY (@) LPu(y) =L+ (24-y)

m=0

22.12.7 ("*"‘) wem(1— L@, (g) =L (uz)
m=0
22.12.8

Hoa+) =g 22 (3 ) He332) Hos(330)

*See page 11

n o’(l—y)«(l+y>ﬂP::'-ﬂ>(y>dy
— P18+ (0) — (1—g)e+1(1 4 )PP 184D (g)

22.13.2
") [* -y )y
2a 0
=02tV (0)— (1 —ad)HCEiV (x)

(' T.(ydy
22.13.3 — ST
o

[ VI—yUni)dy _

= 7rl]n—l(x)

J3. ; - Tn *
2134 5 —2) w1, (x)
! ~1/2 2 *
22.13.5 f-: (1—2) " Pu(a)da=g
N _ T (2n :
22.13.6 fo Pyy(cos O)do=1c ( n >
22.13.7 J; Py 41(cos §) cos 0d0=421r+1 (2n f;f/:—f
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22.13.8 |
o (X 1 (Lo
[ x*Pz,,(z)da::(—l) g g""2) r §2+2) O>—1)
° or (=) 7 (wh3+))
22.13.9 1) e ()
‘ D (ntg—5) T (143
[ 2Pun@is - o) ()
22.13.10 - 0>=2)
* P(ydt__ 1
Vo=t @rpite L@@
22.13.11
[ B e = 1@ Tt

22.13.12 f e~ L (t)dt=e*[ L (x) — L (2)]

221313
T(atB+nt1) f (— )81t L (1)t
1]
=T (a-+n+1)T(B)2+S L&+ (z)

(Ha>—1, AB>0)
22.13.14

f " Lo(®) La(z—t)dt
=J:" Lm+n(t)dt=Lm+n(x) _Lm+n+l(x)

22.13.15 J; * e H (8 dt=H,-,(0)— e~*H,_,(2)
z 1 '
22.13.16 fo Hn(t)dt=§(—m (H41(2) —H41(0)]

22.13.17 f ) e“’Hzm(tx)dtzﬁ-(inL')!(xz—l)’”

22.13.18

® . !
[ ettt ayit=yz ED oy

22.13.19 f e~ *t*H, (zt)dt=7n!P,(z)
22.13.20

L =P [H (&) cos (at)dt=T2~nle-12L, (%’)

22.14. Inequalities

22.14.1
(ﬂ:j;Q>znﬂ, if ¢=max (a’ ﬁ)2_1/2
Py (@) < (@>—1,>-1)
P2 =y [ if <~
’ - . B—a
z’ maximum pomt nearest to |
22.14.2
(n+2:—1) (@>0)
|G @) <

om@)] (—5<a<0)
z’=0 if n=2m; z’=maximum point nearest zero
if n=2m-+4-1
22.14.3
108 (c0s 0)| <212 o (0<a<L, 0<0<n)

22144  |T.@)|<1 (—1<z<1)
22.14.5 i‘% <t (—1<z<l)
“n
22.14.6 |[U.@)|<n+1  (—1<2<1)
2147  |P,@)|<1  (—1<z<1)
22.14.8 ‘d%z"(—x)’gén(n—i—l) (—1<2<1)
2149 |Pa@)|<.[2 —L_  (—1<z<1
149 | (z)l_\/m4 e (1<es))
22.14.10
Mm+1

PL@)~Prs@Pun@<goorps  (—1<e<1)
22.14.11
2 1—P$,(z)
P,,(x) —P, _1(23)Pn+1($>2 m

(—1<2zL1)
22.14.12 |L(z)|<e#?  (z20)
221413 |L@@)|< L@t (50 2>0)

!l (a+1)
22,14.14

120Gy <[ 2—-Spet ) ] o

AT (@+1) (—1<a<0,2>0)
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2 2m . M T
22.14.15  |Hym()| < e/222mm! [2—7( )] 22.15.2 lim [ L L@ <->]=z—a/z,]a(2ﬁ)
2%m e LN* n
272 @m42)! im [ (SR (_’f_> _1
22.14.16 |H,,,,(z)| <ze™'? D (x>0) 22.15.3 f,‘f}, | H,. (5 7i) [T eos e
.= D"
22.14.17 |H,(x)|<e*/2k2m2/n! k=1.086435 22.15.4 }ll_rg T4l Hyr (2‘/—>] \/_sma:
22.15. Limit Relations 22.15.5  lim P® (1—2—’”)=L;;=>(x)
22.15.1 pe » B
Lgri ——P“" » (cos >] 22.15.6 lim m,O“”’ (\/_)— H,(z)
—lim L P"“ » ( 1__) (2) Jo(2) For asymptotic expansions, see [22.5] and
m o (22.17].

22.16. Zeros

For tables of the zeros and associated weight factors necessary for the Gaussian-type quadrature
formulas see chapter 25. All the zeros of the orthogonal polynomials are real, simple and located
in the interior of the interval of orthogonality.

Explicit and Asymptotic Formulas and Inequalities

Notations:
ziMmth zero of f,(x) @<z ... <z Ja,my, mth positive zero of the Bessel function J.{(x)
05" =arccos Ty, (0o oM< . . . 6P <r) 0<Je1<Je 2 - -
Falz) Relation
22.16.1 | P ™ (cos 9) lim 1Y =ja,m (e>—1,>—1)
no>w©
22162 | €9 () 2™ = ""* [1—2°‘+o (n,)]
o M o mr
22.16.3 | C“(cos 6) o <6 Sn-}-a 0<a<l)
22.16.4 | T.(z) M =cos 2; T
22.16.5 Ua(z) P =co8 —— +1
2m—1 , 2m
Znt1 " S% S2n+1
22.16.6 P,(cos 6) { 4 1
o dm—1 g 2m— -
#=gnrg g ot g T3 "HO@™)
(n) — _Jo._"." —_ =
zR=1 ot U n+0(n 3]
22.16.7 P, (z) 4w P
w1 " Jo,m Jo,m—2
W=l e R = into [1+12(2n-1-1)=:|Jr (n5)
a:,‘,;")i';'"
22.16.8 L% () x""< (2k +vV4ki+1—a?) —‘r+9i1
w__Jam 2(a?—1)+jim -
ap=tz (1428 D) ooy

For error estimates see [22.6).
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22.17. Orthogonal Polynomials of a Discrete
Variable

In this section some polynomials f,(z) are listed
which are orthogonal with respect to the scalar
product

22.17.1  (f, f"’)=2,- W*(x)fn(T)fm(zs).

The z, are the integers in the interval a<z,<b
and w*(z,) is a positive function such that

ORTHOGONAL POLYNOMIALS

2 w*(x,) is finite. The constant factor which is
1

still free in each polynomial when only the orthogo-
nality condition is given is defined here by the
explicit representation (which corresponds to the
Rodrigues’ formula)

22172 ful@)=—1—

0 @) AYw*(x)g(z, n)]

where g(z, n)=g(®)g(x—1) . .. gz—n+1) and
g(z) is a polynomial in z independent of n.

Name a b w*(z) Ta gz, n) Remarks
Chebyshev 0o |N-1 |1 1/n! A EN
Krawtchouk 0 N prqN-—= (1:) (—1)rn! (—I% p, q>0;)+q= 1
Charlier 0 ® = (—1)Yarnl (T—%Tv a>0
Meixner 0 | ATl en (—x—j!—nT! b>0, 0<c<1
Haho o e | Snesererd | ™ = G

For a more complete list of the properties of these polynomials see [22.5] and [22.17].

Numerical Methods
22,18. Use and Extension of the Tables

Evaluation of an orthogonal polynomial for which the coefficients are given numerically.
Example 1. Evaluate L4(1.5) and its first and second derivative using Table 22.10 and the

Horner scheme.

1| —36 450 — 2400 5400
z=1.5 1.5 —51.75 597. 375 —2703
1| —34.5 398. 25 | —1802. 625 2696
1.5 1.5 —49. 5 523. 125 —1919.
1] <330 348.75 | —1279. 500 776
1.5 1.5 —47.25 452. 250 —1240.
1, —-3L5 301. 50 —827. 250 —464

— 4320 720
. 9375 4044. 09375 —413. 859375
. 0625 —275. 90625 306. 140625
306. 140625
25 1165. 21875 L=
=. 42519 53
. 8125 889, 3125

. 889. 3125

875 L=""0"
—1.23515 625
oo [—464. 0625]
. 0625 =25
= 1. 28906 25
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and generate a,(x) recursively, where

1)) =1=22 f(2)n )

The d,(x), bm, €n, f(x) for the polynomials of this chapter are listed in the following table:

fn(x) =d,,(23)do (13)

(m=n,n—1, .. ., 2,1, a,(z)=1).
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Evaluation of an orthogonal polynomial using the explicit representation when the coefficients are not
given numerically.
If an isolated value of the orthogonal polynomial 7,(z) is to be computed, use the proper explicit
expression rewritten in the form

Falz) da(x) bm Cm f(x)

peed ("f{"‘) (n—m+1)(a+B+n+m) 2m(atm) 1-2

c® (—1)"%:%’3 2(n—m+1)(at+n+m—1) m(2m—1) z2

2y (—=1)n %'!ﬁ 2z 2(n—m+1)(at+n-+m) m(2m+1) z

Tin (=1 2n—m+1)(n+m—1) m(@2m—1) z2

Tont+1 (—Dr2n+1)z 2(n—m+1)(n+m) m(2m+1) z2

Usn (—1Dn 2(n—m+1)(n+m) m(2m-—1) x2

Usznt1 (—1)r2(n41)z 2(n—m+1)(n+m+1) m(@2m+41) 2

P ) (n—m+1)@n+2m—1) m(2m—1) 2

P EX(0C" ) s (n—m+1)@n+2m+1) m(@m+1) 2t

L® (n-:a) n—m+1 m(a+m) z

H;, (—1)n (2n—7;)! 2(n—m+1) m(2m—1) z?

Hass (—1)n 9—";::—1)!275 2n—m+1) m(@m+1) ”
Example 2. Compute P+ (2). Here dy—("y )=3.33847, f(2)=—1.
m 8 7 6 5 ' 4 ) 3 2 1 0
am 1| 1.132353 | 1.366667 | 1. 841026 | 3. 008392 | 6.849651 | 26. 44156 | 223.1091 | 6545. 533
b 18 34 48 60 70 78 84 88 90
Cm 136 105 78 55 36 21 10 3 0

P239(2)=dyay(2)=(3.33847)(6545.533) =21852.07
Evaluation of orthogonal polynomials by means of their recurrence relations
Example3. Compute C®(2.5)for n=2,3,4,5,6.

From Table 22.2 Cp=1, CD=1.25 and from 22.7 the recurrence relation is

C2,2.5)=[50+DOP@.5)— (n—HOY,2.5)]

n 2

s |

5

cP(2.5) 3. 65625

13. 08594 50. 87648

207. 0649

867. 7516

Check: Compute Cf¥(2.5) by the method of Example 2.
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Change of Interval of Orthogonality

In some applications it is more convenient to use polynomials orthogonal on the interval [0, 1].
One can obtain the new polynomials from the ones given in this chapter by the substitution z=2z—1.
The coeflicients of the new polynomial can be computed from the old by the following recursive scheme,
provided the standardization is not changed. If

F@=3 ans”, f:(z)=fn(2z—1)=:éoafnx'"

then the a¥ are given recursively by the a,, through the relations

ad =2a4V—a,; m=n—1, n—2, .. ., 5 35=0,1,2,...,n
eV =an/2, m=0,1,2, ..., 70
a=2%,,7=0,1,2,...,nand ¢{®=a%; m=0,1,2, . . ., n.

Example 4. Given 7T's(zx)=52—20z°+16z°, find T%(z).

\ m
5 4 3 2 1 0

j

-1 8§=a{™" 0 —10=af™ 0 2.5=a{™" 0
0 16 —16 —4 4 1 —1=ap
1 32 —64 56 —48 50=a;
2 64 —192 304 —400=a;
3 128 —512 1120=a;
4 256 —1280=a;
5 512=a;

Hence, T#(x)=51225—12802*+ 11202 —400z24 50z —1.

22.19. Least Square Approximations

Problem: Given a function f(z) (analytically or
in form of a table) in a domain D (which may be
a continuous interval or a set of discrete points).2
Approximate f(z) by a polynomial F,(z) of given
degree n such that a weighted sum of the squares
of the errors in 1) is least.

Solution: Let w(z) >0 be the weight function
chosen according to the relative importance of
the errors in different parts of D. Let f.(x) be
orthogonal polynomials in D relative to w(z), i.e.
(fmy fn)=0 for m=n, where

f  w(@)f@)g@)d

if D is a continuous interval

r9=9
25 w(zm)f(@m)g(zn)
if Disaset of N discrete points z ,,.
Then
Fo@)= 33 anfa(@)
where

 an= Sl f)-

? f(z) has to be square integrable, see e.g. [22.17).

*See page II.

D a Continuous Interval

Example 5. Find a least square polynomial of
degree 5 for f(z)=l—_}_z, in the interval 2<z<5,

using the weight function

1

V(@—2)(6—2)

which stresses the importance of the errors at the
ends of the interval.

w(z)=

Reduction to interval [—1,1], t—_-2x;7
2 1
N=2 - _
w()=5 s
From 22.2, f,(t) = T,(t) and
4 1 1
a"‘—3_7r _1‘/1_—_sz m(t)dl (m #0)
2 M 1 dt
a

"3 ~14/1—¢2 t+3
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Evaluating the integrals numerically we get

1 2z
m~.235703—-.080880T1 (

20—7
3

2c—7
3

+.000408T, (2"; 7)--.000070T5 (2’”; 7)

= 7>+.013876T2(

)— .0023807, (

D a Set of Discrete Points

If zn=m(m=0, 1, 2, ..., N) and w(z)=1, use the Chebyshev polynomials in the discrete
range 22.17. It is convenient to introduce here a slightly different standardization such that

L m +m\ ! (N—m)!
1@=25 0" () ("0") o
_ (N4t 1){(N—n)!
(ffu fn)— (2,n+1) (Ny)z
2z
N
(n+1)(N—=n)fa1 (@)= 2n+1) (N—22)fa(@) —n(N+n+1)fn (z)

Example 6. Approximate in the least square sense the function f(z) given in the following table
by a third degree polynomial.

Recurrence relation: fo(z)=1, fi{z)=1—

z | f@ 5=z—2 10 fo@) He@® f2(@) £:@)
10 | . 3162 0 1 1 1 1
12 | . 2887 1 1 1/2 —1/2 -2
14 | . 2673 2 1 0 -1 0
16 | . 2500 3 1 —1/2 —1/2 2
18 | . 2357 4 1 -1 1 -1
fo(@) H@) L@ L@
4
(f,.,f,.)=fZ_:,)f:’.(5) 5 2.5 3.5 10
4 -
(, fn)=£Z()’ F2@)f(2%+10) 1.3579 .09985  .01525 . 0031
a,.=M .271580 .039940 .0043571 . 000310
(far fo)

Sf() ~.27158+-.03994(3.5— .25z) +.0043571(23.5— 3.5+ .1252%) +.00031(266 — 59.8333x

+4.3752?—.104172%)
J(x) ~.59447 — 043658z .00190092>— .0000322922°

22.20. Economization of Series Then, since |Th(z)|<1(—1<L2<1)

n
. 1 — m 3 3 - N
Problem: Given f (x)—ngoﬁ a,x™ in the interval Fa) =’§) boTo ()

—1<2<1 and B>0. Find 7@):2’1 bua™ with N
as small as possible, such that |7(z) —f(@)|<AR.

Solution: Express f(z) in terms of Chebyshev i |bml <R
polynomials using Table 22.3, maNL

within the desired accuracy if

< f(z) is evaluated most conveniently by using the
@) _1% bnTn(@) recurrence relation (see 22.7).
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Example 7. Economize f(z)=1-+=z/2+2%/3
+a*/4+a/5+2°/6 with R=.05.
From Table 22.3

1) =125 149T,(2)+32T,(2) +3T.@)]
+45 16 T3(@) +11Tx(0) + Tx(a)]

ORTHOGONAL POLYNOMIALS

SO

7@ =135 [149Ts@)+ 82Ty -5 76T, @)+ 11 To)

since

7@ —f @) < 5+g5 <05
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n
Coefficients for the Jacobi Polynomials P*# (z)=a;,* Eo Cpz—1)™ Table 22.1
a. (z—1)° (z—1) (z—1) (z-1y (@—1)* (z—-1)8 (z—1)s

P ® 1
Pl & 2 2(a+1) a+p+2
P » 8 4(atl), 4(a+8+3)(a+2) (a+8+3):
Pie. & 48 8(at+1l); 12(a+B+4H(at2), 6(at8+4Di(at+3) (at+8+4),
pe & 384 16(at+1)s 32(atB+5)(at+2):  24(atB+8)(at3)s 8(a+p8+5)i(at4) (at+B8+35)
Pie. 8 3840 32(a+t1l)s 80(atB+6)(at2)  80(atB+6):(at3)s 40(atB+6)i(at+4): 10(a+B+6)i(at5) (a+8+6)s
Pie. ® 46080 64(at1)s 192(a+p+7)(a+2)s 240(c+B+Ni(a+3)s 160(a+B+7Nslat+4)s 60(a+B8+Ni(at+5):  12(a+B+7Ns(a+6) (a+B8+7)s

(m)p=m(m+1)(m+2) ... (m+n—1)
1

PY-2(2) =555 [(®)s(z— 1)1 4-10(8)4(6) (z— 1)*+ 40(8)a(5)2 (z— 1)*+80(8):(4)s(z — 1)*+ 80(8) (3)4 (z— ) +32(2)s]

P{(z) =§§t—0 [95040(z— 1)54-475200(z— 1)*+ 864000(z— 1)3+ 691200(z— 1)*+ 230400(z— 1) + 23040]

STVIWONATOd TVNODOHJLAO

€62



Table 22.2 Coefficients for the Ultraspherical Polynomials C{” (z) and for z" in terms of C5’ (x)

n n
C9(z) =a7? Zﬁ emz™ and z=b7! Z,‘o dnC@()  (20)
m= m =i

6.

STVINONXTOd TVNODOHLIO

. 0 o z? 2 z* o P
ba 1 2a 2((1)2 4(&)3 4(c)s 8(“)5 8(“)0
[ 7
o 1 11 a 3a(at3) 15a(a+4) (a+5) | CF
ce® 1 2a 1 3(at1) 15(a+1) (a+4) P
o 1 —a 2(a); 1 6(a+2) 45(a+2)(a+5) | C®
c® 3 —6(a), 4(a)y 3 30(a+-3) c
c® 6 3(a); —12(a)s 4(a)s 6 90(a+4) c®
c® 15 15(a)s | —20(a)s 4(a)s 30 c®
c® 90 —15(a)s 90(ax)4 —60(a)s 8(a)s 90 c@
z® £ 3 z» zt 5 28

(@)a=alat+1)(a+2) . .. (e+n—1)

1

=19 (3(3)C{"(=) +3C{ ()]

@ =3 WD —6@0]

(@) =% (9622 — 362] z'=91—6 [9C1P(2) +3C5(2)]
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Table 22.3
Coefficients for the Chebyshev Polynomials 7',(z) and for 2" in terms of 7',(z)
n n
Ta(@) =2 caz™ =b713" dnTu(2)
m=0 m=0
2:0 zl x! xﬂ x& xﬂ x7 xs x? zlo zll CE”
ba 1 1 2 4 16 32 64 128 512 1024 2048
To 1 1 10 35 126 462 | To
T 11 3 10 35 . 462 Th
T; | —1 2 1 15 56 210 792 | T
T -3 4 1 5 21 330 Ts
T, 1 —8 6 28 120 495 | T,
Ty 5 —20 16 1 7 165 Ts
Ts —1 18 32 1 8 45 220 | Te
T —~7 56 —112 64 1 , 55 T,
Ts 1 —32 —256 128 1 10 66 | Ts
T, 9 —120 432 —576 256 1 11 To
Tw | —1 50 —400 1120 —1280 512 1 12 | Tw
Tn -11 220 —1232 2816 — 2816 1024 1 Tu
T 1 —72 —3584 6912 —6144 2048 1| Ty
z0 zt z? F o x5 z8 z z8 z10 z! z2
To(x) =322° — 48244 1822 — 1 :c°=3—12-[107}')+15Tg+6T4+ Ts)
Chebyshev Polynomials 7', (x) Table 22.4
n\z 0.2 0.4 0.6 0.8 1.0
0 +1.00000 00000 -+ 1.00000 00000 +1.00000 00000 + 1.060000 00000 1
1 +0.20000 00000 +0.40000 00000 +0.60000 00000 +0.80000 00000 1
2 -0.92000 00000 —0.68000 00000 ~0.28000 00000 +-0.28000 00000 1
3 —0.56800 00000 —0.94400 00000 —0.93600 00000 —0.35200 00000 1
4 +0.69280 00000 —0.07520 00000 —0.84320 00000 —0.84320 00000 1
5 +0.84512 00000 +0.88384 00000 —0.07584 00000 ~0.99712 00000 1
6 —0.35475 20000 +0.78227 20000 +0.75219 20000 —0.75219 20000 1
7 —0.98702 08000 —0.25802 24000 +0.97847 04000 —0.20638 72000 1
8 —0.04005 63200 ~0.98868 99200 +0.42197 24800 +0.42197 24800 1
9 +0.97099 82720 —0.53292 95360 —0.47210 34240 +0.88154 31680 1
10 +0.42845 56288 +0.56234 62912 —0.98849 65888 +0.98849 65888 1
11 —0.79961 60205 -+0.98280 65690 —0.71409 24826 +0.70005 13741 1
12 —0.74830 20370 +0,22389 89640 +0.13158 56097 +0.13158 56097 1
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Table 22.5
Coeflicients for.the Chebyshev Polynomials U,(z) and for z* in terms of U,,(z)

ORTHOGONAL POLYNOMIALS

Un®)= 3 et

n
2r=b713" dpUn(z)
m=0

m=0
z° ! z* z» b x5 z8 27 z* z° z1 2 13
ba 1 2 4 8 16 32 64 128 256 512 1024 2048 4096
Uil 1 1 2 5 14 42 132 | U,
U, 2 1 2 5 14 42 132 Uy
U | —1 4 1 3 9 28 90 297 | U,
Us —4 8 1 4 14 48 165 Us
U, 1 —12 16 1 5 20 75 275 | Uy
Us 6 —32 32 1 6 27 110 Us
Us | —1 24 —80 64 1 7 35 154 | Us
U, —~8 80 —192 128 1 8 44 U,
Us 1 —40 240 —448 256 1 9 54 | Ug
U, 10 —160 672 —1024 512 1 10 Uy
Uw| —1 60 — 560 1792 —2304 1024 1 11 | Uy
Un —12 280 -—1792 4608 —5120 2048 1 Un
Uiz 1 —84 1120 — 5376 11520 —11264 4096 1 | Ui,
20 21 22 73 24 25 z8 27 28 z0 210 21 zi2
Us(z) =642 — 804+ 2422 — 11 :t°=-6171[5U0+9U3+5U4+ Us)
Table 22.6 Chebyshev Polynomials U, (z)
n\z 0.2 0.4 0.6 0.8 1.0
0 -+ 1.00000 00000 +1.00000 00000 +1.00000 00000 +1.00000 00000 1
1 +0.40000 00000 -+0.80000 00000 + 1.20000 00000 -+ 1.60000 00000 2
2 —0.84000 00000 —0.36000 00000 -+0.44000 00000 + 1.56000 00000 3
3 —0.73600 00000 —1.08800 00000 —0.67200 00000 +0.89600 00000 4
4 +0.54560 00000 —0.51040 00000 —1.24640 00000 —0.12640 00000 5
5 +0.95424 00000 -4+0.67968 00000 —0.82368 00000 —1.09824 00000 6
6 —0.16390 40000 +1.05414 40000 +0.25798 40000 —1.63078 40000 7
7 —1.01980 16000 +0.16363 52000 +1.13326 08000 —1.51101 44600 8
8 —0.24401 66400 —0.92323 58400 +1.10192 89600 —0.78683 90400 9
9 +0.92219 49440 —0.90222 38720 +0.18905 39520 +0.25207 19360 10
10 +0.61289 46176 +0.20145 67424 —0.87506 42176 +1.19015 41376 11
11 —0.67703 70970 +1.06338 92659 —1.23913 10131 +1.65217 46842 12
12 —0.88370 94564 +0.64925 46703 —0.61189 29981 +1.45332 53571 13
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Table 22.7
Coefficients for the Chebyshev Polynomials (,(z) and for z* in terms of C,()
Ca@ =3 enzm  z=b S duC(a)
m=0 m=0

20 z! z? 73 z z° z8 z’ z8 z’ z10 zl z12
bn 2 1 1 1 1 1 1 1 1 1 1 1 1
Co 2 1 1 3 10 35 126 462 Co
C1 11 3 10 35 126 462 G
C —2 11 4 15 56 210 792 C:
Cs -3 11 5 21 84 330 Cs
Cs 2 —4 11 6 28 120 495 C
Cs* 5 -5 11 7 36 165 Cs
C | -2 9 -6 11 8 45 220 | C
Cy -7 14 -7 1 1 9 55 Cq
Cs 2 —16 20 -8 1 1 10 66 Cs
Co 9 —30 27 —9 11 11 Cy
Cu -2 25 —50 35 —10 1 1 12 Cu
Cu —11 55 —77 44 —11 11 Cn
Cr 2 —36 105 —112 54 —12 11 C1z

z0 z! z? 23 xt E z8 a7 7 z* z° T zt?
~See page 1. Co(z) =2°— 6+ 922 — 2 2=10Cy+15C;+6Cs+ Cs Table 22.8

Coefficients for the Chebyshev Polynomials S,(z) and for z" in terms of S,,(z)

Sa(z) = fn_l" CmZ™ = i AmSm(T)
m=0 m=0

20 z! z? 28 z* zb z8 z z8 z° z10 Z! z*
So 1 1 1 2 5 14 42 132 So
S 11 2 5 14 42 132 Si
S —1 11 3 9 28 90 297 Sa
S3 —2 11 4 14 48 165 Ss3
Sy 1 -3 11 5 20 75 275 S84
8s 3 —4 11 6 27 110 Ss
Ss —1 6 -5 1 1 7 35 154 | S,
St —4 10 LT 6 11 8 44 S:
Ss 1 —10 15 -7 11 9 54 Ss
S 5 —-20 21 —8 11 10 Sy
S —1 15 —35 28 -9 1 1 11 S
Su —6 35 —56 36 —10 11 Sn
Sz 1 -21 70 —84 45 ~11 141 S

z0 z! x? z? zt x5 z8 z’ z2 z? z10 1 z1?

*See page 1.

Ss(z) =28— 5t 4 62— 1

Z°=5So+9S2+ 5S;+S¢



Table 22.9 Coefficients for the Legendre Polynomials P,(z) and for 2" in terms of P,(x)
n n
Pu@)=ax' X cmz™ zr=ba' 3 dmPpu(z)
m=0 m=0
z° 7! z? 78 Tt z° z8 z7 z8 z° Tl z! z
Gn bn 1 1 3 5 35 63 231 429 6435 12155 46189 88179 676039 | ba
P, 11 1 1 7 33 715 4199 52003 | P,
Py 1 11 3 27 143 3315 20349 P,
P, 2 (-1 3 2 20 110 2600 16150 208012 | P,
Py 2 -3 5 2 28 182 4760 31654 P,
. P 8 3 —30 35 8 72 2160 15504 220248 | P,
Pg 8 15 —70 63 8 88 2992 23408 Py
P, 16 | —5 105 —315 231 16 832 7904 133952 [ Ps
P, 16 —35 315 —693 429 16 960 10080 P,
Py 128 35 —1260 6930 —12012 6435 128 2176 50048 | Pg
Py 128 315 —4620 18018 —25740 12156 128 2432 Py
Piy | 256 [—63 3465 —30030 90090 —109395 46189 256 10752 | Py
Py | 256 —693 15015 —90090 218790 —230945 88179 256 Py
Py; 11024 | 231 —18018 225225 —1021020 2078505 —1939938 676039 1024 { Py,
z° ot x? :53' x z8 z8 Z7 8 z0 z10 zit z12

Py(@) =% (23120 — 31504+ 1052% — 5]

For values of P,(z), see chapter 8.

z*

=L
=931

[83Py+110P;+72P,+16Py]

864
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Coefficients for the Laguerre Polynomials L,(x) and for z" in terms of L,(z) Table 22.10
n n
La@)=a71 3 cmz™ o= dulm(z)
m=0 m=0

aa 70 7 ES 7 z¢ 78 ] z7 78 2 10 zn P
Ly 1)1 1 1 2 ] u% 120 720 5040 40320 362880 3628800 39916800 470001600 | Lo
L 1 1|1 -1 —4 —18 —98 —600 —4320 35280 | —322560 | —3265020 | —36288000 | —430084800 |  —5748019200 | L,
L 2 2 ~4 1 2 18 144 1200 10800 105840 | 1128960 | 13063680 | 163206000 | 2195424000 31614105600 | Ls
L 6 8 ~18 9| -1 -8 -98 —1200 | —14400 | —176400 | —2257920 | —30481820 | —435456000 | —6586272000 | —105380852000 | Ls
L % 24 —98 72 ~16{1 2 800 10800 176400 | 2822400 | 45722880 | 762048000 | 13172544000 | 237105792000 | L.
L 120 120 —800 600 ~200 25 —1 —120 —4320 |  —105840 | —2257920 | —45722880 | —914457600 | —18441561600 | '—379360267200 | Ls
L 720 120 —4320 5400 —2400 450 -38(1 720 35280 | 1128960 | 30481920 | 762048000 | 18441561600 | 442507478400 | L
L 5040 5040 ~35280 52920 —20400 7350 —882 49| —1 —5040 | —322560 | —13063680 | —435456000 | —13172544000 | —379360267200 | L;
Ly 40320 40320 —322560 564480 —~376320 117600 —18816 1568 —66 |1 40320 3260520 | 163296000 | 6586272000 | 237105792000 | Ls
Ly 362880 | 362880 |  —3265920 6531840 —5080320 | 1905120 —381024 42336 —2502 81 |—1 —302880 | —36288000 | —2105424000 { —105380352000 | Ly
Ly | 3628800 | 3628800 | —36288000 | 81648000 |  —72576000 | 31752000 —7620480 | 1058400 —86400 4050 —100 |1 3628800 430084800 31614105600 | Lso
Ly | 30016800 30916800 | —430084800 | 1097712000 | —1097712000 | 548856000 —153679680 | 25613280 | —2613600 163350 —8050 121 [—1 —30026800 |  —5748019200 | Ly
Ly | 470001600 | 470001600 | —5748019200 | 15807062800 | —17563392000 | 9879408000 |  —3161410560 | 614718720 | —75271680 | 5880600 |  —290400 872 —144 |1 470001600 | Ly

an 20 z! z3 78 zt 28 z¢ z 78 z° z10 zn z12

Ly(z) = -7-%6 [x9— 362%+ 45024 — 24002% + 540023 — 4320z 4- 720]

28=720L,—4320L,+ 10800L;— 14400L;+ 10800L,— 4320L;+720L,
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Coefficients for the Hermite Polynomials H,(x) and for z” in terms of H,(z)

H.(z)= i CmI™
m=0

n
2r=b71 D dpHn(z)
m=0

Table 22.12

z0 z! x? LA x z5 z8 z! z8 z° 2 i z2
ba 1 2 4 8 16 32 64 128 256 512 1024 2048 4096 | ba
H, 11 2 12 120 1680 * 30240 665280 | H,
H, 2 1 6 60 840 15120 332640 H,
H, -2 4 1 12 180 3360 75600 1995840 | H,
H, —12 8 1 20 420 10080 277200 Hs
H, 12 —48 16 1 30 840 25200 831600 | H,
Hs 120 —160 32 1 42 1512 55440 H;s
Hs —120 720 —480 64 1 56 2520 110880 | Hs
H; —1680 3360 — 1344.1 128 1 72 3960 H
Hy 1680 — 13440 13440 — 3584 256 1 90 5940 | Hs
Hy 30240 —80640 48384 —9216 512 1 110 Hy
Hy |—30240 302400 —403200 161280 —23040 1024 1 132 | Hy
Hu — 665280 2217600 —1774080 506880 —56320 2048 1 Hyu
Hi | 665280 — 7983360 13305600 —7096320 1520640 —135168 4096 1 Hi,

z0 z! z? 3 z! x5 z8 z! x8 zv zi0 zh z12

Hi(z) = 642 — 48024 - 72022 — 120

,ozélz (120H,+ 180H,+ 30H + Hy)

*See page I1.
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23. Bernoulli and Euler Polynomials—Riemann Zeta
Function

Mathematical Properties

23.1. Bernoulli and Euler Polynomials and the Euler-Maclaurin Formula

23.1.1

© tn

23.1.2 B,=B.(0)

23.1.3 Bo=1, Bl=—%’ B2=%) B4='—

Generating Functions

lt|<2x

S @) jtj <

Bernoulli and Euler Numbers

n=0,1,...

1
30

E,=2"FE, (%)= integer n=0,1,...

Eo=1, Egz—'l, E4=5

(For occurrence of B, and E, in series expansions of circular functions, see chapter 4.)

Bn+1(m+1)‘—Bn+1
n+1

23.1.4 S k"=
=

23.1.5 B,(z)=nB,_,(z)

23.1.6 B,(z+1)—B,(&)=nz""!

23.1.7
n I .
Byt =2 (}) BuGa

23.1.8 B,(1—z)=(—1)"B,(2)
23.1.9 (—1)"B.(—z)=B,(x)+nz*!

23.1.10
m—1 k
By(ma)=m 3 B, (o)
k=0 m

804

Sums of Powers

é (__1)m—kkn=En(m+ 1) +2(_ 1)mEn(0)

m,n=1,2,... m,n=1,2,...
Derivatives and Differences
n=1,2,... E (x)=nE,_,(z) n=1,2,...
n=0,1, .. E.(z+1)+E, (2)=2z" n=0,1,...
Expansions
2o(n
n=0,1,... | Euath=3 (k) Ey(z)hr-* n=0,1,...
=0
_ &\ B, 1\»* _
Ejn(ili)—kz=0 (k —27 (Z—i) n—O, 1, e
Symmetry
n=0,1,... | E,(1—2)=(—1)"E,(z) n=0,1,...
- n=0,1,... | (—=D*NE, (—z)=E,(x)—2z" n=0,1,...

Multiplication Theorem

n=0,1,...
=1,2,...

E(ma)=m" & (~1)E, (’“W) n=0,1,...
m=1,3,...
En(mz>=~? mﬂkz;( 1B, 41 x+—)

n=0,1,...
m=2,4,.
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Integrals
23.1.11 f’ B,,(t)dt=B"+l(z7)be"+l(a) I En(t)dt=En+l(x,,)b;f7"+l(a)
t ;. mhn! 1
23.1.12 L Bo(0) Balt)dt=(—1)" s By ﬁ E () En(t)dt
m!n!
m,n=1,2,... =(—1)"4(2"+r+2—1) mEnr2)! Y
m,n=0,1,...
(The polynomials are orthogonal for m+n odd.)
Inequalities
23.1.13  [Byu|>|Bu(@)| n=1,2,..., 1>2>0 | 47 E;|>(—1)"Ep(2)>0 n=1,2,..., 3>2>0
23.1.14
4(2n—1)!< 1 )
! —1\n
B (125> (D" Bur@>0 o\ Tgeg )2 (T >0
(@my= A2 il 2. §es0 n=1,2,..., }>>0
23.1.15
2(2n)! 1 u 2(2n)! 4n+1(2p)! " 4n+1(2p)! 1
W(W)>(_l) +1an>(27r)2,. W>(—1) E,> T <1+3-1—2n)
n=1,2,... n=0,1,...
Fourier Expansioﬁs
23.1.16
__o._n! & cos 2rkz—imn) _ o n! & sin (Qk+1)rr—3inn)
B (x)=—2 @r)" kZ=1 " E,,(x)—4_”_"+l kgo Ck+1)*1
n>1,1>2>0 n>0,1>z2>0
n=1,1>z>0 n=0,1>2>0
23.1.17
_(=1D"2@2n—1)! = sin 2krz
Byn_s(2) @r)»1 kz=1 Jin=1 Ezn_l(z)___(—l)"‘i(?n—l)! i cos (2/(:-}—127”:
n>1,1>2>0 G = CGht1)®
n=1,2,..., 1>z>0
n=1,1>z>0
23.1.18
_(=1)""12(2n)! =, cos 2kwz (—1)"4(2n)! &, sin (2k+1)mz
B2n(z)_ (2,”)2,, =~ 72n Ezn(z)= ot kZ=%) (2k+1)2n+1
n=1,2,..., 12z>0 n>0,12220
n=0,1>x2>0
Special Values
23.1.19 B, =0 n=1,2,... | Eyu=0 n=0,1,. ..
23.1.20 B,(0)=(—1)"B,(1) E,(0)=—E,(1)
=B, ' n=0,1, =—2(n+1)"1@"'—1) B, n=1,2, ...
23.1.21 B,(})=—(1-—2"""B, n=0,1, E.3)=2"E, n=0,1, ...

L
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23.1.22 B,(§)=(—1"B.(})
=—2"7(1—2""" B,—nd4""E,..,

n=1,2,...

23.1.23 B;,})=B5B:.(3)

——2-Y1—3"™ B,  a=0,1,...

BERNOULLI AND EULER POLYNOMIALS, RIEMANN ZETA FUNCTION

EZn—l(%)z_EZn—l(g)
= —(2n)~}(1—31-%) (22" —1) B,,
n=1,2,...

23.1.24 B,,(})=Bu®
=2'—1(1 —Qt-2m) (1 —31-2m) B,
n=0,1,...
Symbolic Operations
23.1.23  p(B@)+1)—p(B@)=p'(2) p(E(@)+ 1)+ p(E(z)) =2p(z)
23.1.26 B,(c+h)=B@+k* n=0,1,... | E+h)=E@+HN* n=0,1,...

Here p(z) denotes a polynomial in z and after expanding we set {B(z) }"=

Relations Between the Polynomials

23.1.27

a0}
=§{Bn ()—2"B, @)}

23.1.28
Ea@=2(3) 2 (}) @ —DBBW

n=2,3, ..
23.1.29
B, (x)=2"" k‘f‘_(,)(:) B._:E,.(2z) n=0,1,..

Euler-Maclaurin Formulas

Let F(2) have its first 2n derivatives continuous
on an interval (a, b). Divide the interval into
m equal parts and let A=(b—a)/m. Then for
some 0, 1>>6>0, depending on F®"(z) on (a, b),
we have

23.1.30
3 Fat = [ FOdt+5 (FO+F@)

lhzk
+Z (2k)1 B2k{F(2k l)(b) F(2k l)(a)}

+<277/)' B?n Z F(zn) (a+kh+0h)

Bn(x) and {E(x) }"=E,,(’L).
Equivalent to this is

23.1.31

i [ " Fdi=} (Fet+h) +F@)

n—1 h?lc

— 2 {3 B PO @t —F @)

k=1

b

— @) B @+oh)

b—h>z>a

Let ﬁ,,(:c) =B,(z—[z]). The Euler Summation

Formula is

23.1.32

m—1 1 b
3~ Flatkh-ak) = f F(t)dt
hk—l
+ ?5 )

F B [FO2(0)—F*" @)

_k f "Blu—0) {:"sj‘ FD (a-+heh+th) }dt
P Jo k=0

Pp<2n,1>0>0
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23.2. Riemann Zeta Function and Other Sums
of Reciprocal Powers

23.2.1 ;(s)=k§; k- Rs>1
23.2.2 =II (1—p~*)"! As>1
P
(product over all primes p).
Bn 8+2’C—2
23.2.3 —t+3 +Z‘, 2%—1
_ S+2n)f B2n+l(z [x])d
2n+1 xa+2n+1
s#¥1,n=1,2,..., HAs>—2n
2324  ——LU=8) (=27,
2me c e—1
23.2.5 +Zo( " als—1)"
where
n nt+1
- ,1’_?}, {; (In k) (lnnﬁ)1 }
HAs>0
23.2.6 =2x'"!sin ns)T(1—s) (1 —s)
23.2.7 l‘(s)f p _1 Hs>1
2 «@ 25~ 1
3.2.8 (1—21 9T(s) Jo e=+1
23.2.9 =kik“+(s—l)“n“‘—s f "_,H]d
=] n
n=1,2,..., Hs>0
_exp (In 2r—1—3y)s ( _‘i) -
23.2.10 =~ G—DT s+ 1) {1 e

product over all zeros p of {(s) with Zp>0.

The contour C in the fourth formula starts at
infinity on the positive real axis, circles the origin
once in the positive direction excluding the points
+2nix for n=1, 2, . .. and returns to the
starting point. Therefore {(s) is regular for all
values of s except for a simple pole at s=1 with
residue 1.

Special Values
£0)=—1%
()=

23.2.11
23.2.12

*See page II1.

23.2.13 Y0)=—3%1n2x
23.2.14 {H(—2n)=0 n=1, 2,
B2n .
23.2.15 (1—2n == n=1,2
@my |
23.2.16 {(2n)= 2@ | Baa| n=1,2,...
23.2.17
(_l)n-H (21r)2n+1 1 ‘
§(2n+1)=w J; B;n 1 () cot (rx)dz
n=1,2,...
Sums of Reciprocal Powers
The sums referred to are
23.2.18 ;(n)=kz°_‘{ e n=2,3,...
23.2.19
=w — 1) (1 —21-n =1,2,...
n(n) ;l( DFkr=(1 )¢(n) n=1,2,
23.2.20
)\(n)=§ k+1)"m=(1—2""{(n) n=2,3,...
23.2.21
ﬁ(n)=?°:6 (= 1)¥(2k+1)- n=1,2,...

These sums can be calculated from the Bernoulli
and Euler polynomials by means of the last two
formulas for special values of the zeta function
(note that (1)=In 2), and

23.2.22 B@n+1)= (2/(2)n)' \Ewl  7=0,1,...

23.2.23

5(27&)—'(1(21) ]:)'f E,._(z) sec(rz)dz .
n=1,2,...

B(2) is kndwn as Catalan’s constant. Some

other special values are

2
23.2.24 ;(2)=1+-2%+§1;+ L=
1r4
28225  [W=l4actat .. =
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1,1 _ 1 o
28226  7@=l—gtg— ... =1 28229  MO)=l4gtgt ... =3
1,1 7t .11 o
1,1 _n .11 _
23.2.28 )\(2)—1+é—2+5§+ ] 23.2.31 6(3)-1-—§+55-— =5y
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COEFFICIENTS b, OF THE BERNOULLI POLYNOMIALS B, (x):éobkxk Table 23.1

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

Bz Bulo)

-1 1
1 _ 3 1
z 7
0 1 ~2 1
! 0 5 _ 5 1
3 3 Z
0 - L 5 -3 1
2 2
1 0 _ 1 0 1 _ 1 1
& 3 2 2
0 2 i _ 1 i 14 -4 1
. 3 3 3
__rg_ 0 2 6 _ 21 0 6 _ 9 1
5 2
0 _ 3 0 5 0 -7 0 15 -5 1
2 2
5 o _ 11 0 11 0 -1 0 55 _ 11 1
6 2 6 2
0 5 0 _ _2% 0 22 0 _ _2% 0 11 -~ 1
- 891 0 £5 0 _ 429 0 286 0 _ 143 0 13 _ 13 1
210 3 10 7 5 2
0 _ 691 0 455 0 _ 1001 0 143 0 _ 1001 0 9 -7 1
30 6 10 2 30 6
35 0 _ 691 0 4535 0 _ 429 0 s 0 _ 91 0 3 _ 135 1
2 6 2 Z 6 2 2 2
COEFFICIENTS ¢; OF THE EULER POLYNOMIALS E, (x)= % exxk
k=0
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
1
-1 1
a _ 3 1
=z
1 0 -2 1
0 5 0 _ 5 1
Z 2
-3 0 5 0 -3 1
0 _ 2 0 35 0 _ 1 1
2 4 2
17 0 -~ 28 0 14 0 —4 1
0 153 0 —63 0 21 0 -3 1
2 2
—155 0 255 0 —126 0 30 0 -5 1
0 _ 1705 0 2805 0 — 231 0 165 o _ 1 1
-7 4 3 2
2073 0 —3410 0 1683 1 -39 0 55 0 -6 1
a 26949 0 _ 22165 0 7293 ¢ _ 1287 6 143 6 _ 13 1
2 2 2 2 2 2
- 38227 0 62881 0 —31031 0 7293 0 —1001 0 9 0 -7 1
0 _ 573;05 0 943315 0 _ 155%55 0 109395 0 _ 3003 0 45 0_ 15 1
3 2
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24. Combinatorial Analysis

Mathematical Properties

In each sub-section of this chapter we use
a fixed format which emphasizes the use and
methods of extending the accompanving tables.
The format follows this form:

1. Definitions

A. Combinatorial

B. Generating functions

C. Closed form
I1. Relations

A. Recurrences

B. Checks in computing

C. Basic use in numerical analysis
1. Asymptotic and Special Values

In general the notations used are standard.
This includes the difference operator A defined on
functions of x by Af(x)=f(r+1)—f(x), A™f(x)
=A(A%(z)), the Kronecker delta é;;, the Riemann
zeta function {(s) and the greatest common
divisorsymbol (m,n). Therange of thesummands
for a summation sign without limits is explained
to the right of the formula.

The notations which are not standard are those
for the multinomials which are arbitrary short-
hand for use in this chapter, and those for the
Stirling numbers which have never been stand-
ardized. A short table of various notations for
these numbers follows:

Notations for the Stirling Numbers

Reference First Kind Second Kind
This chapter S S
[24.2] Fort S Foox
124.7] Jordan Sm @S x
[24.10] Moser and Wyman S op
(24.9] Milne-Thomson (h21) B (1) Ben
m—1 m
{24.15] Riordan s{n, m) S(n, m)
[24.1] Carlitz R y
(24.3] Gould (=D mSi(n—1,n—m)  Sa(m, n—m)
Miksa S(n_m"i'l, n) msn
(Unpublished
tables)

[24.17] Gupta

u(n, m)

We feel that a capital S is natural for Stirling
numbers of the first kind; it is infrequenily used
for other notation in this context. But once it
is used we have difficulty finding a suitable
symbol for Stirling numbers of the second kind.
The numbers are sufficiently important to warrant

822

*See page IIL

a special and easily recognizable symbol, and
vet that symbol must be easy to write.  We have
settled on a seript capital & without any certainty
that we have settled this question permanently.

We feel that the subscript-superscript notation
emphasizes the generating fuuctions (which are
powers of mutually inverse functions) from which
most of the important relations flow.

24.1. Basic Numbers

24.1.1 Binomial Coeflicients

I. Definitions

ny . .
A. (m) is the number of ways of choosing m

objects from a collection of n distinct objects
without regard to order.
B. Generating functions

n
* (1+x)"=>] :;)x"' n=0,1,
m=0
- > n n-m iyl
1—a=3 (1) i<
n=m

(. Closed form

()= =)

n>m
_aln—=1) ... (pn—m+1)
- m!

II. Relations
A.y Recurrences
n+1 n n
= >m>
( m (m)+(m~—1> nzm21

=G )+ (") e

B. Checks

:Z:'o (7:l> (n—i m)=<f—:s) r+s>n
fn\éo (=1 (;)z(r-l;l r>n+1

pa prime

AN AYAD /
<m>_ mo) ("h) ... {modp)
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where

> (0 () fa—m)

n=3 k m=mm k My, Ny >0 s
%nkp 7?:::) P P>,y Mg =7‘Z; (_l)s_k(n k—1 A f (z—s) s<n

C. Numerical analysis 111. Special Values

n I n\_[/n\_

af@=3 (1 (1) fatm) (D)=(")=1
& (r) T (271,) 2"(2n— 1)(2n 3) .
k=0 k
24.1.2 Multinomial Coeflicients
I. Definitions

A. (n; my, my, . . ., ny) is the number of ways of putting n=n;+n,+...+n, different objects
into m different boxes with n, in the k-th box, k=1, 2, ., M.

(n; ai, as . . . a,)* is the number of permutations of n=a;+2a,+ . . .+na, symbols composed
of a; cycles of length k for k=1,2,. . ., n.

(n; ay, @y, . . ., a,)’ is the number of ways of partitioning a set of n=a,+2a,+ . . . +na, dif-
ferent objects into a; subsets containing k objects for k=1, 2, . . ., n.

B. Generating functions

(o+z+ . .. +z)"=Z(0n; 0y, Ny, . . ., Am)THLR .. gle summed over n,+n,+ . . . +n,=n
o« zk m © tu
>, T ) =m! 3 ) Zm;ay,ay, . . ., Gy c0ixde. . 2l '
k=1 n=m summed over a,-+2a;+ . . . +na,=n

o 4 m o yn and a;+-a;+ ... +a,=m
“Elz'{ t") =m! >, T?E(n; ay,Qg, . . ., Gp) ZHE32 . . . 220
= k! = !

C. Closed forms

(n;ny, g, o o A =nlning . . ny! Mm+ne+. . . Fnn=n
(n;ay,a, . . .,a,)*=nl/1%g,12%a,! . . . noq,! @ +2a,+ .. 4na,=n
(n; a1, 0 . . ., @) =n!/(1)%aq,1(2)%a,! . . . (n!)%a,! a+2a:+ . .. +na,=n

I1. Relations
A. Recurrence

m
(n4m;n+1,n,+1, . . .,n,,,—}-l)=kz_‘i m4+m—1; m+1, . . o+, a1, L. AwE])
B. Checks

mn all n; =1

Zm;ng,ma, . . oy M) = summed overn,--n,4 . .. +n,=n
m! g™

. *_ (. 1\n—-mQim)
200, s, . . an) = (1) summed over a;+2a,+ . . . +ne,=n and g;4-a,+ . . . Fa,=m
Zna,a, . . ., a8,) =M

C. Numerical analysis (Faa di Bruno’s formula)
dr n
d @) =22 fPG@)NZM @y, ., a2) (g @} g @))% (g7 @)}

summed over a,+2a;+ . . . +na,=n and e, +az+ . . . +a,=m.

*See page I1.
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P, 1 0 e 0
P, P 2
P, P, P
0
n—1
P, P., P, A

summed over a;+2a,-+ . .
sum equal n!Za, . .

24.1.3 Stirling Numbers of the First Kind
I. Definitions

A. (—1)»m8™ is the number of permutations
of n symbols which have exactly m cycles.
B. Generating funections

2@—1) . . .(a:—n+1)=2:) Smgm

{In 1+2z)}m=m! Z S"’”

n=m

|z|<1

C. Closed form (see closed form for &%)

- O —
sp=5 (-1 (! e ™) S

n—m+k/\n—m—k

II. Relations
A. Recurrences

S, = Sm=1 _ g S n>m>1
(m) Sim = ( )S(r) Sim=n n>m>r
r k=m~r k
B. Checks
Zﬂ Sim —( n>1
M=l

3 (~1)*mSim =l

m=l

n
> Sontm=Sim

c=m

C.N umerical analysis

if convergent.

A™f(z)

=2(_1)n—}:a¢(n; ay, Az, . .

. +na,=n; eg. if P,=2.,2% for k=1, 2, . .
. &,, the latter sum denoting the n-th elementary symmetric function of z,, z,, .

COMBINATORIAL ANALYSIS

., G)*P21P%2 . . Ptn

., n then the determinant and
.. Tp

III. Asymptotics and Special Values
| St~ (n—1) 1y +1n n)™~ 1/ (m—1)!

for m=o(ln n)

Elr—l)lm m2n 2"’[’&‘.
Sy

I g =1
S,(,°)~60

8O =(—1)*1(n—1)!

(n—1) — n
sr=—(3)

Sim=1
24.1.4 Stirling Numbers of the Second Kind

1. Definitions

A. 8{™is the number of ways of partitioning a
set of » elements into m non-empty subsets.

B. Generating functions

zn=m2io FMz@—1) . . . (@—m+1)

(e—Dr=m! 3 S0 5

n=m

5’;»;) "t —mj

|z} <<m ™

&(l—z)“(l—%)“ - (lA-—mz)‘1=7ém

C. Closed form

_1__
m!
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II. Relations
A. Recurrences

(m)

m =m %(m)_*_ 5(7» 1)

m (m) (r) (m—r)
( ) 5 k=m—r (k) s

B. Checks

> (~1)rmmt =1
m=0

3 sEoneia s

k=mm

o n—1-+k
3 )—kz.o( l)k(n—m+k

2n—m

(x
N—m— IC Sn—)m+ k

>385(m $0=3 35 FM=
k=m k=m " e
C. Numerical analysis

A (@) =m! ,g;,. ff;’"’

f(u) (Z)

if convergent

n

Br-gosr )

z'n+l}

III. Asymptotics and Special Values

> (] ¥ Rl
2k Z w2 dx’

k=0 j=0

lim m=" & =m!-!
oo

Zn

BPm~ oapl for n=o0(m?)

5;1)= s;")zl

s0-0=(5)

24.2. Partitions

24.2.1 Unrestricted Partitions

‘1. Definitions

A. p(n) is the number of decompositions of n
into integer summands without regard to order.
Eg., 5=144=24+3=1+14+3=14+2+2=1+1+
142=1+14141+1 so that p(5)=7.

825

B. Generating function

® @ 3ni+n -1
Ssmr=Tia-ey={ 5 e }

|z]<1
. T [2 1
smh{%\/%Jn—ﬂ}
=
24
An)y= > emt®hg ZL,“M

0<h<k
(b, k)=1

st b=21((2))

((x))=z—[z] —% if z is not an integer
=0 if 2 is an integer

C. Closed form

@(n S VEA) 3,

where

1I. Relations
A. Recurrence

= 32, 07 (n L Ot
k’
2
=13 0 (pl—h)
k=1
B. Check
s+ 3 B ()

<——<n

III. Asymptotics
1 rv2/3vn
—¢€

4nx/§

24.2.2 Partitions Into Distinct Parts

p(n)~

I. Definitions

A. g(n) is the number of decompositions of 7
into distinct integer summands without regard to
order. E.g., 5=1+4=243 so that ¢(5)=3.

B. Generating function
S gmar=1 (142)=1 (-2 )1 |z/<1
n=0 n=1 n=1

C. Closed form

K 1= 2 Au- ) 390 (Y +24)

where J,(z) is the Bessel function of order 0 and
Ag—1(n) was defined in part I.C. of the previous
subsection.
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1I. Relations

A. Recurrences

p (—1)"q( —3k22ik)=(—1)' if n=3r2+r
<3k’:!:k<n
=72 = q(0)=1

=0 otherwise
a = 5{ 20 (§) bt
B. Check
> (—D*¢(n— @Bk +k))=1if n=r2—r

0<3kTk<n 2

=() otherwise.

III. Asymptotics

Q(n) ~ 4.3V4. 5318 eTMﬁ

24.3. Number Theoretic Functions

24.3.1 The Mobius Function

I. Definitions

A, uln)=1 if n=1
=(—1)* if nis the product of % distinct
primes

=0 if n is divisible by a square >1.
B. Generating functions

Z°) pm)n==1/¢(s)
PR LA, 2] <1

Nl 1 x”

As>1

I1. Relations
A. Recurrence

p(mn)=p(m)uln) if (m,n)=1
=0 if (m,n)>1

% w(d)=bn

C. Numerical analysis

g(n):%; f(d) for all » if and only if
Jfn) =§ u(d)g(n/d) for all n

g(n)=II f(d) for all n if and only if
din fn) =III g(njd)*@ for all n
din

B. Check

z]
g(:z:)=ﬁ1 f(z/n) for all 2>>0 if and only if

f(a:)=[i:1 u@)g(xz/n) for all 2>>0

g(z)=i; f(nz) for all z>>0 if and only if
f(x)=:.7;1 u(n)g(nz) for all >0

and if Z} Z [ f(mnz)l—Z oo(n)| f(nz)| converges.

m=1 n=1

The cyclotomic polynomial of order n is
I (Zd—l)“("/a)
din

III. Asymptotics

o) _

n=1 n

E I"(n) In n=

n=1

”;z u(m) =0(ze=cVi3)

24.3.2 The Euler Totient Function

1. Definitions

A. o(n) is the number of integers not exceeding
and relatively prime to n.

B. Generating functions

> plns=tE=1

0 Hs>2

; =(1 x)z ZM/X lz}<1

C. Closed form

o(n) ='ng.|'£ (1 —-%)

over distinct primes p dividing n.

II. Relations

A. Recurrence

p(mn)=p(m)p(n)

%“, e(d)=n
o(n) =% n (g) d

=1(mod n)

(m,n)=1
B. Checks

a’:p(n)

(@, n)=1

II1. Asymptotics

L3 em=2+0(2%)
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24.3.3 Divisor Functions
I. Definitions
A. ai(n) is the sum of the k-th powers of the
divisors of n. Often oy(n) is denoted by d(n). and
a1(n) by o(n).
B. Generating functions

@

Eak(n)n"=f(8)r(s—k) Rs>k+1
g‘i ok(n)x"=é ln—i%, 2| <1
C. Closed form
s phlrtn_]
o:(m) =d|2n d"=il;ll T n=phpd . . . pls
II. Relations
A. Recurrences
a(mn)=ox(m)or(n)  (m, n)=1
or(np) = or(n)or(p) —p*or(n/p) p prime

) III. Asymptotics
n
- > )l ao(m)=In n4+2y—1+0(n%)
m=
(y=Euler’s constant)

827
12 2 1
5 2 a(m) =T340 (“T”)

24.3.4 Primitive Roots
I. Definitions

The integérs not exceeding and relatively prime

to a fixed integer n form a group; the group is

cyclic if and only if n=2, 4 or n is of the form p* or
2p* where p is an odd prime. Then g is a primitive
root of n if it generates that group;i.e.,ifg, ¢% . . .,
g°"™ are distinct modulo n. There are ¢(¢(n))
primitive roots of n.

II. Relations

A. Recurrences. If g is a primitive root of a
prime p and ¢g* ' 1(mod p?) then g is a primitive
root of p* for all k. If g~'=1(mod p?) then g+p
is a primitive root of p* for all .

If ¢g is a primitive root of p* then either g or
g-+p*, whichever is odd, is a primitive root of 2p*.

B. Checks. If gis a primitive root of » then g*
is a primitive root of n if and only if (k, ¢(n))=1,
and each primitive root of n is of this form.
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[ 00 w N = H> Qo [ O =

DN =

r=1%, 2%, . .
My=n;n, n,, . .
M2= ('n, ay, Ao, . .
M;=(n; a,, A, . .
s M1

1 1
2 1
12 2
3 1
1,2 3
13 6
4 1
3 6
12,2 12
1% 24
5 1
1,4 5
2,3 10
12,3 20
1,22 30
13,2 60
18 120
6 1.
1,5 6
2,4 15
32 20
12,4 30
1,2,3 60
23 90
13,3 120
12, 22 180
14,2 360
18 720
7 1
1,6 7
2,5 21
3,4 35
14 5 42
1,2,4 105
1, 3° 140
223 210
13,4 210
12,2, 3 420
1,28 630
14,3 840
13, 22 1260
15, 2 2520
17 5040

COMBINATORIAL ANALYSIS

Multinomials and Partitions

o Wy n=a;4+2a,+ . . . +nae, m=a,+a+ ... +a,
o M) =nl/(11)22(21)% .
., @) *=n!/1%a,!2%a,! . .

o @) =nl/(1)%a,!(2!)%a,! .

M,

L ]

—HWoo ™

30
20
20
15
10

120
144
90
40
90
120
15
40
45
15

720
840
504
420
504
630
280
210
210
420
105
70
105
21
1

M,
1

— OO =t

O QO e

n
8

.. ()
. n°na,!

.. (n)na,!
m w
18
2 1,7

2 6
2’
3 13,6
1,25
1,34
22 4
2,32
4 135
122, 4
12, gt
21122,3
5 144
18 2,3
17, 28

6 153
;103
8 18’
1 9
2 1,8

2,7
g
3 1b7
1,26
1.3.5
1, 4
25
%3,4
4 136
122, 5
12,3 4
1,92 4
1,2, 32
2
5 145
12,4
18 3
12,22 3
1,2
6 154
1© 2,3
12, 28

7153
8 i"g
9 19

M,

1

8

28
56

70

56
168
280
420
560
336
840
1120
1680
2520
1680
3360
5040
6720
10080
20160
40320

1

9

36

84
126
72
252
504
630
756
1260
1680
504
1512
2520
3780
5040
7560
3024
7560
10080
15120
22680
15120
30240
45360
60480
90720

181440
362880

831

Table 24.2
M, M,

5040 1
5760 8
3360 28
2688 56
1260 35
3360 28
4032 168
3360 - 280
1260 210
1120 280
1344 56
2520 420
1120 280
1680 840
105 105
420 70
1120 560
420. 420
112 56
210 210
28 28
1 1
40320 1
45360 9
25920 36
20160 84
18144 126
25920 36
30240 252
24192 504
11340 315
9072 378
15120 1260
2240 280
10080 84
18144 756
15120 1260
11340 1890
10080 2520
2520 1260
3024 126
7560 1260
3360 840
7560 3780
945 945
- 756 126
2520 1260
1260 1260
168 84
378 378
36 36
1 1
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Table 24.2 Multinomials and Partitions
n m T M1 M2 M3 n m T M1 Mz M3
10 1 10 1 362880 1 10 23 4 18900 18900 3150
2 1,9 10 403200 10 22 32 25200 . 25200 6300
2,8 45 226800 45 5 14,6 5040 25200 210
3,7 120 172800 120 13, 2,5 15120 60480 2520
46 210 151200 210 13,3, 4 25200 50400 4200
5: 252. 72576 126 12,22 4 *37800 *56700 9450
3 12,8 90 226800 45 12,2 3% 50400 50400 12600
i, g, g 328 259200 360 1,243 75600 25200 12600
, 3, 8 201600 840 25 113400 945 945
1,4,5 1260 181440 1260 6 15,5 30240 6048 252
22,6 1260 75600 630 14,2, 4 75600 18900 3150
2,3,5 2520 *120960 2520 14, 3¢ 100800 8400 2100
2, 4? 3150 56700 1575 13,243 151200 25200 12600
32 4 4200 50400 2100 12, 2¢ 226800 4725 4725
4 13,7 720 86400 120 7 1%, 4 151200 1260 210
12,2, 6 2520 151200 1260 15,2,3 302400 5040 2520
1%, 3,5 5040 120960 2520 14 28 453600 3150 3150
1%, 4° 6300 56700 1575 8 17,3 604800 240 120
1,245 7560 90720 3780 18, 2? 907290 630 630
1,2,3,4 12600 151200 12600 9 18 2 1814400 45 45
1, 33 16800 22400 2800 10 110 3628800 1 1

*See page II.



n\m 1
1 1
2 -1
3 2
4 -6
5 24
6 -120
7 720
8 ~-5040
9 40320
10 -3 62880
11 36 28800
12 —399 16800
13 4790 01600
14 — 62270 20800
15 8 71782 91200
16 -130 76743 68000
17 2092 27898 88000
18 — 35568 74280 96000
19 6 40237 37057 28000
20 -121 64510 04088 32000
21 2432 90200 81766 40000
22 — 51090 94217 17094 40000
23 11 24000 72777 76076 80000
24 -258 52016 73888 49766 40000
25 6204 48401 73323 94393 60000
(724 v‘\
75z
~M ""6
w1\
T
o -
n\m 4
4 1
5 -10-
6 85
7 =735,
8 6769
9 — 67284
10 7 23680
11 -84 09500
12 1052 58076
13 ~ 14140 14888
14 2 03137 53096
15 -31 09892 60400
16 505 69957 03824
17 —8707 77488 75904
18 1 58331 39757 27488
19 =30 32125 40077 19424
20 610 11607 57404 91776
21 —~ 12870 93124 51509 88800
22 2 84093 31590 18114 68800
23 —65 48684 85270 30686 97600
24 1573 75898 28594 15107 32800
25 —39365 61409 13866 31181 31200

COMBINATORIAL ANALYSIS

STIRLING NUMBERS OF THE FIRST KIND sfl'")

1
—22
431

—8752

1 86244

-41 48476
965 38966
~23427 87216

1
28

433
-7073
22340
37698
56514

94803
81078
77933
65249
39871

-1
10

-106
1205
14864
98027
34656

91630
42823
55905
80585
68176

67616
01702
54547
30662
85664

2

1

-3

11
50

274
-1764
13068
09584
26576

28640
43840
42880
59040
47360

01600
93600
79200
21600
38400

00000
40000
20000
40000
00000

P,

-1
34
-668

13803

-2 98631

67 56146
-1595 39850
39254 95373

5 o 0 1401167

it - '

17

-371
8037

—1 81664
42 80722

-1050 05310
26775 03356

15

—270
4836
90929
95071
38478

81182
97952
86535
75591
42796

-2

34
-459
6572

99577
97216

68133
60092
99058
22809
73452

26450
06970
71471
74529
03823

From unpublished tables of Francis L. Miksa, with permission.

1

=15
175
-1960
22449
69325

16930
95730
06836
03756
05680

45600
33424
44112
21504
28000

51776
76096
42912
84576
62624

=7
161

—3599

83637

-20 21687
507 79532
-13237 14091

-2
39

—616
10299
82160
01224
60973

75975
90286
67377
27606
27809

-5

100
-1886
36901
55152
42973

97951
38169
37691
53430
57918

833

Table 24.3

1
-11

127
-1509
19315
65967
21567

58176
22448
24446
95938
03411

36407
32163
09306
68605
77192

-9
133
-2060
33361
66633

96721
15670
26492
75920
65301

79476
95448
06827
28501
58577

35

—225
1624
13132
18124
72700

53576
17976
59552
17056
97824

14720
37120
24640
22720
53280

04000
84000
88000
44000
96000

=21
322
—4536
63273

02055
39535
70150
18786
66760

07080
58880
34384
63024
18960

07200
02976
41568
98976
60000
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Table 24.3 STIRLING NUMBERS OF THE FIRST KIND sft"')

n\m 7 8 9
7 1

8 —-28 1

9 546 36 1
10 9450 870 -5
11 1 57773 — 18150 1320
12 —26 37558 3 57423 - 32670
13 449 90231 —69 26634 7 49463
14 =7909 43153 1350 36473 —-166 69653
15 1 44093 22928 - 26814 53775 3684 11615
16 ~27 28032 10680 5 46311 29553 — 82076 28000
17 537 45234 77960 -114 69012 83528 18 59531 77553
18 — 11022 84661 84200 2487 18452 97936 —430 81053 01929
19 2 35312 50405 49984 — 55792 16815 47048 10241 77407 32658
20 —52 26090 33625 12720 12 95363 69899 43896 —2 50385 87554 67550
21 1206 64780 37803 73360 =311 33364 31613 90640 63 03081 20992 94896
22 — 28939 58339 73354 47760 7744 65431 01695 76800 1634 98069 72465 83456
23 7 20308 21644 09246 53696 -1 99321 97822 10661 37360 43714 22964 95944 12832
24 —185 88776 35505 19497 76576 53 04713 71552 54458 12976 ~12 04749 26016 17376 32496
25 4969 10165 05554 96448 36800 -1459 01905 52766 26492 88000 342 18695 95940 71489 92880
n\m 10 11 12
10 1

11 ~55 1

12 1925 —66 1
13 ~ 55770 2717 78
14 14 74473 - 91091 3731
15 —373 12275 27 49747 ~1 43325
16 9280 95740 —785 58480 48 99622
17 -2 30571 59840 21850 31420 —1569 52432
18 57 79248 94833 ~6 02026 93980 . 48532 22764
19 ~1471 07534 08923 166 15733 86473 —14 75607 03732
20 38192 20555 02195 ~4628 06477 51910 446 52267 57381
21 —10 14229 98655 11450 1 30753 50105 40395 ~ 13558 51828 99530
22 276 01910 92750 35346 -37 60053 50868 59745 4 15482 38514 30525
23 ~7707 40110 12973 61068 1103 23088 11859 49736 -129 00665 98183 31295
24 2 20984 45497 94337 17396 — 33081 71136 85742 04996 4070 38405 70075 69521
25 —65 08376 17966 81468 50000 10 14945 52782 52146 37300 -1 30770 92873 67558 73500
n\m 13 14 15 16
13 1

14 —91 1

15 5005 105 1

16 —2 18400 6580 120 1
17 83 94022 -3 23680 8500 -136
18 2995 50806 138 96582 —4 68180 10812
19 1 02469 37272 5497 89282 223 23822 —6 6279
20 ~34 22525 11900 2 06929 33630 —9739 41900 349 16946
21 1131 02769 95381 —75 61111 84500 4 01717 71630 - 16722 80820
2 — 37310 09998 02531 2718 86118 69881 -159 97183 88730 7 5289 68850
23 12 36304 58470 86207 — 97125 04609 39913 6238 24164 21941 —325 60911 03430
24 —413 35671 43013 14056 34 70180 64487 04206 —2 40604 60386 44556 13727 25118 00831
55 13990 94520 02391 06865  ~1246 20006 90702 15000 92 44691 13761 73550 -5 70058 63218 64500
n\m 17 18 19 20 21 22 23 24
17 1
18 -153 1
19 13566 an 1
20 -9 20550 16815 190 1
21 533 27946 12 56850 20615 210 1
22 — 27921 67686 797 21796 -16 89765 25025 ~231 1
23 13 67173 57942 — 45460 47198 1168 96626 —22 40315 30107 —253 1
20 640 05003 36096 24 12764 43496 - 72346 69596 1684 23871 -29 32776 35926 276 1
25 29088 66798 67135 -~1219 12249 80000 41 49085 13800 -1 12768 42500 2388 10495 ~37 95000 42550 ~300

25
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From unpublished tables of Francis L. Miksa, with permission.

*See page 11

i
i
COMBINATORIAL ANALYSIS
STIRLING NUMBERS OF THE SECOND KIND 5;""’ Table 2-1..1
. 4 6
m\ml 2 3 1 B . >
1 1 .« - ’LV Uﬂ\\
2 1 1 > NGRG
301 3 1
1 1] 7 6 1
5 1 15 25 10 1
6 1 31 90 65 15 1
701 63 301 350 140 2
8 1 127 966 1701 1050 266
9 1 255 3025 7770 6951 2646
101 511 9330 34105 42525 22827
1m o1 1023 28501 1 45750 2 46730 1 79487
12 1 2047 86526 6 11501 13 79400 13 23652
13 1 4095 2 61625 25 32530 75 08501 93 21312
11 8191 7 88970 103 91745 400 75035 634 36373
15 1 16383 23 75101 423 55950 2107 66920 4206 93273
6 1 32767 71 41686 1717 98901 10961 90550 27349 26558
17 1 65535 214 57825 6943 37290 56527 51651 1 75057 49898
18 1 131071 644 39010 27988 06985 2 89580 95545 11 06872 51039
19 1 2 62143 1934 28101 1 1259 66950 14 75892 84710 69 30816 01779
20 1 5 24287 5806 06446 4 52321 15901 74 92060 90500 430 60788 95384
L 21 1 10 48575 17423 43625 18 15090 70050 379 12625 68401 2658 56794 62804
"2 1 20 97151 52280 79450 72 77786 23825 1913 78219 12055 16330 53393 45225
23 1 41 94303 1 56863 35501 291 63425 74750 9641 68881 84100 99896 98579 83405
24 1 83 88607 4 70632 00806 1168 10566 34501 48500 07834 95250 6 09023 60360 84530
25 1 167 77215 14 11979 91025 4677 12897 38810 2 43668 49741 10751 37 02641 70000 02430
wm 7 8 9 10
7 1
8 28 1
9 462 36 1
10 5880 750 45 1
11 63987 11880 1155 55
12 6 27396 1 59027 22275 1705
13 57 15424 18 99612 3 59502 39325
14 493 25280 209 12320 51 35130 7 52752
15 4087 41333 2166 27840 671 28490 126 62650
16 32818 82604 21417 64053 8207 84250 1937 54990
17 2 57081 04786 2 04159 95028 95288 22303 27583 34150
18 19 74624 83400 18 90360 65010 10 61753 95755 3 71121 63803
19 149 29246 34839 170 97510 03480 114 46146 26805 47 72970 33785
20 1114 35540 25652 1517 09326 62679 1201 12826 44725 591 75849 64655
21 8231 09572 14948 13251 10153 47084 12327 24764 65204 7118 71322 91275
22 60276 23799 67440 1 13239 90799 91620 1 24196 33035 33920 83514 37993 77954
23 438264 19991 17305 9 74195 50199 00400 12 32006 88117 95900 9 53340 12973 13460
24 3167746 38518 04540 82 31828 21583 20505 120 62257 43260 72500 108 25308 17849 31500
25 227 83248 29987 16310 690 22372 11183 68580 1167 9214k 10929 73005 1203 16339 21753 87500
nm 11 12 13 11
1 1
12 66 1
13 2431 78 1
14 66066 3367 91 1
15 14 79478 1 06470 4550 105
16 289 36908 27 57118 1 65620 6020
17 5120 60978 620 22324 49 10178 2 49900
18 83910 04908 12563 28866 1258 54638 84 08778
19 12 94132 17791 2 34669 51300 28924 39160 2435 77530
20 190 08424 29486 41 10166 33391 6 10686 60380 63025 24580
21 2682 68516 89001 683 30420 30178 120 49092 18331 14 93040 04500
22 36628 25008 70286 10882 33560 51137 2249 68618 68481 329 51652 81331
23 4 86425 13089 51100 1 67216 27734 83930 40128 25603 41390 6862 91758 07115
24 63 10016 56957 75560 24 93020 45907 58260 & 88883 60579 22000 1 36209 10216 41000
25 802 35590 44384 62660 362 26262 07848 74680 114 48507 33437 44260 25 95811 03608 96000
nom 15 16 17 18 19
15 1
16 120 1
17 7820 136 1
18 3 67200 9996 153 1
19 139 16778 5 27136 12597 171 1
20 4523 29200 223.50954 7 41285 15675 190
21 1 30874 62580 8099 44464 349 52799 10 23435 19285
22 34 56159 43200 2 60465 74004 14041 32047 533 74629 13 89850
23 847 94044 29331 76 23611 27264 4 99169 88803 23648 85369 797 81779
24 19582 02422 47080 2067 71824 65555 161 09499 36915 9 24849 25445 38807 39170
25 4 29939 46553 47200 52665 51616 95960 4806 33313 93110 327 56785 94925 16 62189 69675
nom 20 21 22 23 21 25
20 1
21 210 1
22 23485 23 1
23 18 59550 28336 253 1
24 1169 72779 24 54606 33902 276 1
25 62201 94750 1685 19505 32 00450 40250 300 1
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25. Numerical Interpolation, Differentiation, and Integration

Numerical analysts have a tendency to ac-
cumulate a multiplicity of tools each designed for
highly specialized operations and each requiring
special knowledge to use properly. From the
vast stock of formulas available we have culled
the present selection. We hope that it will be
useful. As with all such compendia, the reader
may miss his favorites and find others whose
utility he thinks is marginal.

We would have liked to give examples to
illuminate the formulas, but this has not been
feasible. Numerical analysis is partially a science
and partially an art, and short of writing a text-
book on the subject it has been impossible to
indicate where and under what circumstances the
various formulas are useful or accurate, or to
elucidate the numerical difficulties to which one
might be led by uncritical use. The formulas are
therefore issued together with a caveat against
their blind application.

Formulas

Notation: Abscissas: 2,<x;< . . .; functions:
fg, . - vl f)=fo @=fi 1%
indicate 1°, ertvatives, If absmssas
are equally spaced xm—zi_h and f,=f(x,+ ph)
(p not necessarily integral). R, R, indicate re-

mainders.
25.1. Differences
Forward Differences
25.1.1

A(fn)=An=A}L=fn+l_fn
Avltzfn+2—2fn+l+fn

A An-&-l_A?t:frH-a_3fn+2+3fn+1_fn

2 Al
An_An-H'_

=Atl AR Z)( 1)’(k->fn+k-f

Central Differences

25.1.2

(far)=br1=811=frr1—Fn
2 ntSfrs
 nt1+3fa—Far

631=6:z+i_‘6}r—§=fn+1_

—fn+2

3
5n+§— n+1""

2k 2k
2% — _1y4
=32 (1 (*) funa-,
2k 1 2t} 2 ]'
n++4—) —20 ( 1)"( kj_ )fn+k+1—."

85,=0A0}n—sy if 7 and k are of same parity.

Forward Differences Central Differences

Ty f 0 T_1 f -1
AO 5_;
Ty f 1 A Ty f 0 8
A A3 84 62
. f2 A} . fi &
A, 372
T S S

Mean Differences

25.1.3 I-‘(fn)=';'(fn+§+fn—i)
Divided Differences
25.1.4 [xo,xl]—fo f‘ L1, 2o)
Zo, & Ty, T
[ibo,xl,ﬁz] [ ;-] E,;; Al
Toy « o oy Li—1]— 121y« v &
[xo,xx, . -,Zk]=[ e ! kxol]—x;E L ’ k]

Divided Differences in Terms of Functional Values

e S
.,z"]—g Ta(Tk)

25.1.5

(2o, 21, -

877
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25.1.6 where m,(z)=(@—x) (@—) . .. (z—.)
and =.(z) is its derivative:

25.1.7

W;A(Zk)=(l'k—1'o) oo (e ) (@ Teg)

)

Let D be a simply connected domain with a
piecewise smooth boundary C and contain the
points 2y, . . ., 2, In its interior. Let f(2) be
analytic in D and continuous in D+C. Then,

1 f() iz

) n
2m Je I (2—2)
k=0

25.1.8 (2,2, .. .,2,]

2519  AI=hE) (2e<E<2n)
25.1.10
A (n)
(0,21, - trl= i & (rp<a)
25.1.11
(202 2= 2
—nyLont1y + 9Ty« ¢ 5T _'th(zn)!
Reciprocal Differences
25.1.12
_ B3
(%o, 1) —fo_’fl
Ly— T2
Lo, Ly, Tp) =
p2( o™ 2) P(wo; 1131)—*;)({131,332) fl

Xo— X3
p2(%o, T1,Z2) — p2 (X1, 22,

Pa(xo,ftl,xz,xs)_

%) +P(331, )

(@0, 21y - . )= L
Pu1(@oy + + Zuc)) = Pur(Tyy .+ . ., Tn)
Fpu—2(T1y . oy Tasr)
25.2. Interpolation
Lagrange Interpolation Formulas
25.2.1 J@ =3 L@f et R
25.2.2
L=
_ @E—xw) . . @) (@—2ny) .. (2—2)
(T—29) o o (=T ) (@i—Tyg1) . v . (Xi— )

NUMERICAL ANALYSIS

Remainder in Lagrange Interpolation Formula

25.2.3
R, (x)=ma(x) - [0, 21, . . ., %0, 2]
n+1
—n@ T (<<
25.2.4
(Tn—20)" ! (nt1)
an(z)ISW max |f 0 ()|
25.2.5
__ma(2) S
R.(= 2 fc ==z = ™

The conditions of 25.1.8 are assumed here.

Lagrange Interpolation, Equally Spaced Abscissas

n Point Formula

25.2.6 f(x0+ph)=;Az(p)fk+Rn_1

For n even, <—% (n—2)<k< %n)

For n 0dd, (—% (n—1) <k (n—-l))-
25.2.7
(= "
A= 7—5 I (p+in—1)
(") G p—h) ,
7 even.
; (—1)dtn=D+%
Aplp)= n—1 n—1
(—2—+k>!(~—2——k>!(p—k)
1:I—I; p—i—n%l-—-t>, n odd.
25.2.8
1
Ryr= T (p— DS @)
1
~oil (p—b)ay (<é<z,)

k has the same range as in 25.2.6.

Lagrange Two Point Interpolation Formula
(Linear Interpolation)

f@o+-ph) = (1—p)fo+pfi+ By
Ri(p) =~ 12583 (§) ~.1254°

25.2.9

25.2.10
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Lagrange Three Point Interpolation Formula
25.2,11
f(@otph)=A_ f_1+Acfot+ A fi+R,
~EEV s -t P,
25.2,12
Ry(p) =085k (§) =~.0654°  ([p|<1)

Lagrange Four Point Interpolation Formula

25.2.13

Jftaxo+ph) =A—1f—1+Aofo‘|‘A1f1+A2f2+R3
z—p(p—é)(p—% f +(p2—1)2(p—2) f

_p(p+1; (p—2) 1 +p(p’6—1) 4

25.2.14 Ry(p) ~
024R4® () = 0244 (0<p<1)
O42RH® (£) =~ 0428 (—1<p<0, 1<p<2)

(@ <t<wrp)

Lagrange Five Point Interpolation Formula
25.2.15

J(zo+ph) =i-ﬁ—2 Atft+R4

LP=Dp(p—2)  (p—1p(p*—4)
- 24 It 6 I

+(p —1)4(17’—4)](0 (p+1)zé(112—4)f1

(P*—1)p(p+2)
+ 24 f2

25.2.16 R(p) =~
O12h5® () =~.0124%  (|p|<1)
031R5®(8) =.0314° (1<|p|<2) (@<t<m)

Lagrange Six Point Interpolation Formula

25.2,17
3
f(zo+ph) =i=2—2 Atft+R5
z—ﬂﬂ—D@—%w—aj
120 -2

p(p—1) (P*—4) (p—3)
+ 24 =

_e-1H('—9) (p—3)
12 0

p(p+1) (P’—4) (p—3) (p*—1)(p+2)(p—3
+ 4 f-PE=LEAD =)

p(p»—1)(p°—4)
+ 120 Js

879

25.2.18

.0049h%1® (£) ~ .0049A°
0071ASf® () ~.0071A8
024h%® (£) ~.024A°

Ry(p) ~
(0<p<)
(—1<p<0, 1<p<2)
(—2<p<—1, 2<p<3)
(2o <8<

Lagrange Seven Point Interpolation Formula

25.2.19 S (zo+ph) =,-=23_73 Aif+Re
25.2.20
0025177 (£) %.002547  (|p|<1)
Re(p) =< 0046717 (£) ~.0046A7 (1< |p|<<2)
D194 () =~ .01947 @2<[pI<3)
(z_3<8<2s)

Lagrange Eight Point Interpolation Formula

25.2.21 S(x+ph) =i=24_3 Af+R,
25.2.22
(.0011A%® (£) ~.0011A8 (0<p<1)
0014481 ® (£) = .0014A% (1< p<2)
B (p) = < (—2< p<l —
8¢ ~ p<—1)
.0033hf8)(§) .0033A8 (@< p<3)
8 ~ 8 (—3<p<—2)
\ O16R%f® (&) =.016A (3< p<4)
(2_3<8<2)

Aitken’s Iteration Method

Let f(x|xo, 2, . . .,%x) denote the unique poly-
nomial of k* degree which coincides in value with
flx) at z, . . ., Tp.

25.2.23

Falao, ) =—2— | o

T1— Xy f1

1 |fe

X%y f2

f(xley 12)=

falzo, @) x—2
flx|zg, ) 22—2

f(x!xO} T, m2)=

Lo—T

PR

f(wlzo, Ty, Tay T3) =

fx|zo, 21, 2) zz—x'
Ty— o | f (X200, 21, 23) Tz—
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Taylor Expansion
25.2.24

f@=fota—afor ESE g1

+(“‘;n,z‘ifs">+R,.
z —1)"
25.2.25 R,= f 0 FED (1) Q—n—,)— dt

(2,8 <)

Newton’s Divided Difference Interpolation Formula

25.2.26

@ =Frt 2 mr(®) a0, 2y, - 251+ B
xo 1o

[xO;xl]
T fi [X0, X1, %;]

[:El,il}g] [xO)xl;x27x3]
73 2 [Z],xz,ita]

[z21z3]
) fa

25.2.27
1@

Ba(@)=ra(@) (3, - 20, 2] =ma(2) T

(rp<lt<a,)
(For =, see 25.1.6.)

Newton’s Forward Difference Formula

25.2.28

St o =forpact () s+ ... +(2) sz R
z, f,
4
. fy A}
A A3
T2 fz Y
3 fs ’
25.2.29
R h'H-l( )f(n+1)(£) (n-l_l)An-H
(z0<f<zn)

Relation Between Newton and Lagrange Coefficients

25.2.30

O (§)-—aum  (2)=ss0-p
(B)=ase-p

NUMERICAL ANALYSIS

Everett’s Formula

25.2.31
o)== Dot 22222

(p+Dp(p—1) ,
gt omt1

P+ gn
+( 25" Yo+ B
=(1—p) fo+pf i+ E53+ F:03+ E, 84

+F48t+ LU +R2n

25.2.32

— Jnt2 ptn

2n4-2
[A'.lr:tt2+A2n+2]

oo @)

( ptn

2n+2 (13_."<£<$n+1)

Relation Between Everett and Lagrange Coefficients
25.2.33

E=A4t, E=4° E«=4,

Fo=A% F=4% F=A

Everett’s Formula With Throwback
(Modified Central Difference)

25.2.34
J@ot+ph)=(1—p) fo+pfi+ Edn o+ Fob 1 +R
25.2.35 82, =5"—.1845*
25.2.36 R ~.00045|u85+-.00061|53]
25.2.37
J@o+ph) = (1—p) fotpfi+ E:d5+ F8}
+E85, 0+ Fion +R
25.2.38 h==04— 2078+ . ..
25.2.39 R ~.000032|u8}|+.000052|3}]
25.2.40

f(@o+ph)=(1—p)fo+pfi+ E:83+ F.8
+E8+ F i+ Eed,, o+ Febl 1 +R

— 2186°+.04050- . .
R ~.0000037usf| + .

25241 &—
25.2.42



NUMERICAL ANALYSIS 881

Simultaneous Throwback

25.2.43

f(zo+ph)=Q—p)fotpfi+ Esdr o+ Fabl
+Ebn ot Fusn 1 +R

25.2.44 8%,=4§°—.013128°4.00438%—.0018%

25.2.45 85=108'—.278276%+.06855°—.0164"

25.2.46 R ~.00000083|ud}| +-.000009448"

Bessel’s Formula With Throwback
25.2.47

f(@o+ph)=(1—p)fo+5f1+ B:(87,0F8m.1)

- — 1
+ B+, B2=.—p_<£4_1), Ba,__P(_P_%L

25.2.48 82, =5"—.1844*
25.2.49 R ~.00045|us}|+.00087|5]|
Thiele’s Interpolation Formula
25.2.50
f@)=fx)+
:I:—-—:l:l

p(x1, %)+ 2~—2,
P21, %2, T3) —f (21) +2—15
(Ps(xl;z2;x3;$4) )
—p(2y,x2)+. . .

(For reciprocal differences, p, see 25.1.12.)

Trigonometric Interpolation

Gauss’ Formula

2n
25.2.51 f@) zkg‘dfkn(z)ﬂn(x)
25.2.52
ful2) = sin $(z—xy) . . . sin $(x—~x;_;)
k sin 3(zy—xo) . . . sin 3(z—2x_;)
sin 3(z—x4,) . . . sin 3(2—2,,)
sin §(Zx—esy) . . . SID F(@— 0)

t.(x) is a trigonometric polynomial of degree n
such that £, () =/, (k=0,1, . . .,2n)

Harmonie Analysis

Equally spaced abscissas

2,=0, 2y, . o Tme, Tn=2T

25.2.53

f(x) z% a,o+kzﬂ1 (ax, cos kx+b; sin kx)

25.2.54 m=2n-1

2 2n
ak—zh‘n_!_l g‘;fr cos kxy; by= 2n+1 Ef, sin kz,

(k=0,1,...m)
25.2.55 m=2n
12n 1 12n -1
Z} fr cos kx,; Z} fr sin ka,
(k=0,1, R ) (k=0,1,...,n—1)
b, is arbitrary.
Subtabulation

Let f(z) be tabulated initially in intervals of
width h. It is desired to subtabulate f(z) in
intervals of width h/m. Let A and A designate
differences with respect to the original and the

final intervals respectively. Thus Ay=f (wo-{—%)

—f(2). Assuming that the original 5%® order
differences are zero,

25256

A0+ 1—m)(1—2m) .,

6m? A

+(1—m)(1——2m)(1—-3m3

4
24m? A

1 1

- — 1—m)(7—11
R YL

12m*

Ay

A3+3(;m4m)A3

- 1
R=—A8

From this information we may construct the final
tabulation by addition. For m=10,

25.2.57

Ag=.1A00— 04542+ .028543— 020664
A2=.01A2— .009A+.007725A4
A3=.001A3—.00135A8
At=.0001A%

Linear Inverse Interpolation

Find p, given f,(=f(zy+ph)).

Linear

fp"fo
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Quadratic Inverse Interpolation

25.2.59
(i—=2ftf )P+ (h—S-)p+2(fo—1,) =0

Inverse Interpolation by Reversion of Series

25.2.60 Given f(z,+ph) =f,,=§ ap

25.2.61
p=Ate NN+ . ., A=(f,—a))/a
25.2.62
Cr=—0/t
—0y o (%Y
+2 (al)
_ "% 50,05 50
4= + a a?
- 6a.a, , 303 21aa 14a
(,5=a_i¢5+ g 4+ 3 2 a_|_ 2
1

Inversion of Newton’s Forward Difference Formula

25.2.63
a=f,

a=a—3+8- 20

A% lle

A==

+.

(Used in conjunction with 25.2.62.)

Inversion of Everett’s Formula

a=Ffo

25.2.64

_ 8% &
GQ—E ﬁ-l_ [N

_ 08ttt

6 24 T
64

Q= 24+

_ sttt
%="Tgp T '

(Used in conjunction with 25.2.62.)

Bivariate Interpolation

Three Point Formula (Linear)

25.2.65

J@o+ph,yot+ gk)=(1—p—q) fo.0
+Pf1,o+q_fo,1+0(h2)

Four Point Formula
_i_Z_

I @o+2h, Yo+ k) =(1—p) 1 — @) fo.o+ 21— f1,0
+ 9 —p)fo,1+pef1.1+0?

Six Point Formula

23.2.66

25.2.67

f(zo+ph, o+qk)=Q(q;-1)fo.—1+p(p2—1)f—l.o

+(1+pg—2*— &) fo.o

+p(p—§q+1) fio

+2Q=20HD) 4, 4 oo a0

25.3. Differentiation

Lagrange’s Formula

25.3.1 fm=§uwﬁumw
(See 25.2.1.)
25.3.2

) (2— ;) wn(Ze)

’ & Ta ()
li(2) -—j;o =
Jk
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25.3.3
Ry =L @@+ Lo
E=£(@) (2<E<2a)
Equally Spaced Abscissas
Three Points
25.3.4

fy=1" Gzt ph)
=H{(—Df-i—2pfot (P +DS}+BS

Four Points

25.3.5
2
fi=t ot o ={ ~L=2H 1

3p*—4p—1, 3p*—2p—2
+ 2

+

2
e

Five Points

25.3.6
Fo=1" (ot ph) =+ {21” —Spoptly

4p*—3p*—8p+4 2p*—5

4p3+3p*—8p—4
6 fl

2p*+3p*—p—1 ,
e

For numerical values of differentiation coeffi-
cients see Table 25.2.

Markoff’s Formulas
(Newton’s Forward Difference Formula Differentiated)

25.3.7

f @t oh=¢] st B ag
+§P_—‘1ﬂ i (p) Ao] B
25.3.8
~hyoso ) L n+1>+hn+l (n+1> 4 i )
(@<t<an)
25.3.9  hfj=Ag— 2Ao+ Ao—— Al

25310 BYP=n-a+iia-2ast
25.3.11
3 7 15
3£B) __A3__ At - AB___Z A6
hfﬂ Ao 2Ao+4Ao 8Ao+’
25.3.12

MO=a—20+ T AT ot .

25.3.13
REfe® =48 Ao+ Ao— A3+
Everett’s Formula
25.3.14
W (e ph) = — ok fy~ L2 534 22
_5p*—20p°+15p°+10p—6 53+5p 15p2+4
120 120
o G (I
25.3.15

, 1, 1,1, 1
hfoz—f0+fl—§ 53—6 8?+2T) 5i+35 &

Differences in Terms of Derivatives
25.3.16
somtfirtl g8 B oot B g
25.3.17
MRS RID+ T B +5 WP

25.3.18 Al zhafé‘”+g R +§ f®
25.3.19 AY = RO +2R5F
25.3.20 A8~ BS®

Partial Derivatives
25.3.21

Yooo L (fro—f-10+00

ox
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25.3.22

af°’°=£}—b (f1,1—f—1.1‘)r‘f1, —1_f—1. —l)+0(h2)

ox

25.3.23
—le e e
2
6-7;72',0:7&1_2 (f1.0—2f0,0+f -1,0) +O(RY)
25.3.24
()

1
bzé°=1—2h-z- (—f2,0+16f1.0"‘30f0.0
+16f_1,0—f 20 +O(RY)

25.3.25

d 1 , )
bj;zo 3R (f1,1—2fo.1+f—1,1+f1,0—'2f0,0+f_1’0

+f1. —1"‘2f0. —1+f—1, —1) +0(h2)

NUMERICAL ANALYSIS

25.3.26

0
a{aoyo 4R Gra—fr-1—f-rtf-1 -0 +0®)

25.3.27
®
]
2{3; giz Grotf oot fortfo -
—~2fo.0—fr1—S-1, -0 +OR?)
25.3.28

——p—o—s

baf;;a: 5 (fa.o—4f1.04+6f0.0—~4f 1.0 f 2,0+ O(h?)

25.3.29

o
axfgy" =5 Uit ot fu b o -

_2fl,0—2f—1,0_2f0.1—2f0, —1+4f0,0) +0(h2)
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Laplacian

25.3.30

%u , O®u
Vi, o-( ;:+b?/2 0,0

=}7 (ul.0+u0.1+u—1.0+u0,—l_4u0.0)+0(h2)

25.3.31

Vu,, °=1_§1F [—60uo, 0416 (w1, 0+ 1o, 1+ %10+ Uo, 1)
— (g, 0+ %o, 23,0 U, ~2) ]+ ORY)

Biharmonic Operator

25.3.32

O'u
Véua, °—( Zt2 bwzby2+by
=Ez [20uo.o—8(u1,o+uo. 1H%_1,0 %, -1)

+2(uy,, Fuy, Uy Uy, )
+ (uo,2+uz,o+u-2.o+uo, -2)]+0®)

25.3.33

1
V4uo,o=6‘};z [— (o, 3+1t0, —sFus0tu_3,0)

+14(ug, s +1o, — 33,0+ %_3,0)

=77 (uo,1 o, -1+, 0+ U—1,0)

+184u0,0+20(us, 1 +%1, -1y, 1+ U1, 1)

— (s, 2+ U, 1+, 2z, 1 Uy 2 U2,
Fuoy, s tu—z )]+ 0RY

25.4. Integration

Trapezoidal Rule
25.4.1

[ s@a=f ot 1o [ -m@-os 0 a

=g (fot+fa "{%f”(&) (2<<m))
Extended Trapezoidal Rule
25.4.2 .
L:mf(z)dz=h [’f21)+f1‘|‘ e +fm-1+f'§]
i,
35 f®

Error Term in Trapezoidal Formula for Periodic
Functions

If f(z) is periodic and has a continuous k™
derivative, and if the integral is taken over a
period, then

25.4.3 |Error ,<constant
Modified Trapezoidal Rule
25.4.4
[ rarde=n [f2—°+f1+ et ]
Zo
1im

[ f—l+fl+jm 1 fm+l]+ 720 hs.f“)(s)
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Simpson’s Rule

25.4.5
I *f (x)dx=’-t [fot+4f1+f2]
%

6 (xo_t) (Il—t)f(a) (t)dt

(372— t)* (21— t)f(s) (t)dt

R A A0

Extended Simpson’s Rule
25.4.6 '

[ s@de=g Uk 4G+t - A
%o

F2frtfeb - - Huned) Hforl = O

Euler-Maclaurin Summation Formula

25.4.7

J‘z:nf(x)dx=h|:%+fl+f2+ A +f,,]

B ? r B h -
___é!_z h2(fn—fo)'_ — (222:)‘ [f(2k 1 fézk 1)]_|_R2,c
Ry=TBuel T oy g, (—150<D)

(2k+4-2)!

(For By, Bernoulli numbers, see chapter 23.)

If f@+2(z) and f**+9(z) do not change sign for
2, <z<x, then |Ry| is less than the first neglected
term. If f®**»(x) does not change sign for
202y, | Rt is less than twice the first neglected
term.

1,<z5%n

Lagrange Formula
25.4.8

[ 1ae=33 @m0~ Lo @)+ B
(See 25.2.1.)
25.4.9

L(n) (x)__

Wn(t) .
—,.( S 1~ f L(t)dt

25.4.10 R,,=(n—+—mj; ma (1) fHV ($(2))dz

Equally Spaced Abscissas
25.4.11

L’kf(x)dz=%‘zlf¢ .(—l)n._tf ™ (2) dz+R,

n—1)! T— I,

NUMERICAL ANALYSIS

25.4.12 f ™ f(x)dz=h % A(m)f+R, *

i=—[——-—
(See Table 25.3 for 4,(m).)

Newton-Cotes Formulas (Closed Type)

(For Trapezoidal and Simpson’s Rules see 25.4.1~
25.4.6.)

25.4.13

(Simpson’s % rule)

f f(x)dx—-— (fo+3fl+3f2+f3)_3f" (E)h®

{(Bode’s rule)
24 9 ™~
[ t@ae=2 st s7eef,

25.4.14

T A L

25.4.15

f * (@ damnat (1907551750450,
I

275f® K

+75f4+19f0)—— 3506

25.4.16
f : j(z)dx=1—2—6 (417,4+216f,4-27f,+272f,

9f ® (£)R?
1400

+27f:+216f 4110 —
25.4.17

f K f(x)dx=i77,fb8—0 (751 f,+3577f,+1323f,

+2989f,+2089f,+1323f5-+3577 fs

81831 ® (£)A°

7510~ 513300

25.4.18

L:f (x)dz=§41% (989f,+ 58887, —928f;

1104967, —4540f,+ 10496/ ,— 928+ 5888

_ 2368 (10) 11
467775f ©h

+989f;)
25.4.19

[ s@ie=ggg (2857 okt
+15741(f,+fs) + 1080(fo-+f7) + 19344(fs+fs)

FSTT8(furkf) ) — gl O

*See page I
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25.4.20
%10 5h
J;o f(x)dx=m {16067 (fo-+f10)

+106300(f,+f5) —48525(f2+fs) +272400(f3+-12)

—260550(f,+fs) +427368fs}

1346350

"326918592f L

Newton-Cotes Formulas (Open Type)
25.4.21

[ r@a= PR

5 (itf)+—F—

25.4.22

f f(:l?)dx___ @fi—fat2fs) +28f“) (R

25.4.23
@ 5
f S@ie=g, b ifperpernnf) + 2B 14Efm
25.4.24

f F@dz=08 (11f,— 14/, + 26f,— 147, +11/)

411 ()b
T 150 140
25.4.25

f f@)drm g (6117~ 453f,-+ 56234562,

5257 10

—453fs+611fe)+ 20

En
25.4.26

E43
f f(x)dx=9%—}; (460f, — 954f,+2196f,—2459f,
Ty

+2196f,— 9547+ 460/7)+ s S (R?

Five Point Rule for Analytic Functions

25.4.27
Z,+ ih
?

z,- h *— —8 2,+h

Z,—ih

887

Zg+

L, f (Z)dz— 5 (241 (20) T4 f(20+-4) +f (20— h)]
—[f(z0+1h) +f(20—ih)]} +B
IRI—IS8$‘)O Max |f®(2)|, S designates the square

with vertlces zo-i—z"h(k 0,1,2,3); hcan be complex.

Chebyshev’s Equal Weight Integration Formula

25.4.28 f 1 f(z)dz=%‘znl} f(2)+Ra
-1 =

Abscissas: z, is the ¢*® zero of the polynomial part
of

e —-n_ N n ]
232 458 61dt
(See Table 25.5 for z;.)

For n=8 and 7n>10 some of the zeros are
complex.
Remainder:

+1 n+41
Be= [ i @
n(n+1)‘ 2 xn+y(n+l) (f)

where ¢=¢(z) satisfies 0<¢<z and 0<¢, <2,
(i=1,...,n)
Integration Formulas of Gaussian Type
(For Orthogonal Polynomials see chapter 22)

Gauss’ Formula
25.4.29 f 1 f@)de=33 wf(@)+ B
-1 i=

Related orthogonal polynomials: Legendre poly-
nomials P,(z), P.(1)=1

Abscissas: 2z, is the i** zero of P,(z)

Weights: w,=2/(1—2%) [P,(z)]?
(See Table 25.4 for z, and w;.)

22n+l(n!)4

@n+1) [Cm)!P

Gauss’ Formula, Arbitrary Interval

) —— n
25.4.30 f f(y)dy=9—2—‘"2=_:,wJ(yl)+R,.

w=(7%) =+ (%%

R,= o (I

*See page IIL
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Related orthogonal polynomiuks: P,(x), P,(1)=1
Abscissas: z, is the i*® zero of P,(s}
Weights: w,=2/(1—x}) [Po(z))

_ (b—-a)"’"“(n!)‘

Bv=GnDien)

f (2n) (E)

Radau’s Integration Formula

25.4.31
n-1
[ j@ie=ks S wg @+,

Related polynomials:

P,_(z)+P,(2)
41

Abscissas: z; is the 1** zero of

P,_()+P,(x)

z+1
Weights:
o 12 e 1 1
n? [Py_i(z)) 11— [Py_y(2)]
Remainder:
om—1, .

B~ (0= DIY O (—1<e<D)

Lobatto’s Integration Formula

25.4.32

2

f_ll f(x)dz=

nn

+'§:’; wf(z)+R,

Related polynomials: P;_,(z)

Abscissas: 2, is the (1—1)* zero of P,_,(2)

Weights:
2
=T Pia@ G ED
(See Table 25.6 for z, and w,.)
Remainder:
_—nn—=1)32"" (21
B = Oy /T ®
(1<)

*See page II

25.4.33 Ll mkf(z)dx=§nl w,f(I¢)+Ru

Related orthogonal polynomials:
gn(2)=vk+2n+1P" (1—22)
(For the Jacobi polynomials P{*® see chapter 22.)

Abscissas:

z, is the 7™ zero of ¢,(x)

’wt={:¥_ol [Qf(xt)]z}—l *

(See Table 25.8 for z, and w,.)

Weights:

Remainder:

I ® l(k+n) 1P
B = entn @t (k+2n)!] (0<E<1)

25.4.34

fo J@ONT=sde=3 wf(@)+ R,

Related orthogonal polynomials:
1

iz

Abscissas: z,—=1—§ where £, is the "™ positive
zero of Py, ().

Weights: w,=2thw{**? where w{®*" are the
Gaussian weights of order 2n+1.
Remainder:

s (253 V1) SN
" (2n)1(4n+-3)[(4n+2)!]

Pt (\/l—z), Pyp(1)=1

R

(0<¢<1)

25.4.35
[ V=g ay=0-ar 35 wstw

yi=a+(b—a)z
Related orthogonal polynomials:

1
‘/l—z

Abscissas: z,=1—¢2 where §, is the ' positive
zero of Py, q(z).

Weights: w,=2gw{®"*" where w{"*V
Gaussian weights of order 2n+1.

P2n+l (\/m): P2n+1(1)=1

are the
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95.4.36 L I8 a=F v+ R,

Related orthogonal polynomials:
Py, (Y1—2), Pu(1)=1

Abscissas: z,=1—§ where £, is the i™ positive

zero of P,,(z).

Weights: w,=2w{*", w*™ are the Gaussian weights
of order 2n.
Remairder:
4nt1 113
Ry= 2 L@ oy (0ci<t)

An4-1 [(4n)VJ?

25.4.37 f @) S dy=yb az: W)+ R,
yt—a+(b —a)z,
Related orthogonal polynomials:
Ppu(¥1—2), Py (1) =1

Abscissas:
z,=1—¢3 where ¢, is the 1™ positive zero of P,,(x).

Weights: w,=
of order 2n.

2w, wi*™ are the Gaussian weights

+1
25.4.38 f(z)
-1 y/1=2F

Related orthogonal polynomials: Chebyshev Poly-
nomials of First Kind

d1=§ wtf(zt) +R,

T.2),T, (1)—2—,:
Abscissas:
z=cos ZiZ17
2n
Weights:
__7"
w,-—ﬁ
Remainder:

Bu= =i @) (—1<E<1)

25.4.39
' fdy &
e \/(_:l;:;)(—_b—y) § wtf(yt) +Rn
b+a , b—a

Y= T3 %
Related orthogonal po]ynomials

To(@), T (D =gy

889

Abscissas:
ri—c 2:—1)m
=008 5,
Weights:
ki
w,=-
n
25.4.40

[ raNT= =S w ftz + R

Related orthogonal polynomials: Chebyshev Poly-
nomials of Second Kind
U (I)__sin [(n+1) arccos z] *
"M sin (arccos )

Abscissas:
*
Z,=C08 TL}-—I— T
Weights:
Wy=—— gin? —* "
T e
Remainder:
Rn=(—2g)%,mf”"’(£) (—1<EY)
25.4.41

[ Nr—at—nsrwia=("3%)  wsw)+E.

._bi‘f+b 2.

Related orthogonal polynomials:

sin [(n+1) arccos z]
sin (arccos z)

Un(l') ==

Abscissas:

Iy==CO0S ks

1
n+1
Weights:

T ., 1
W= sin x

n+1 n+1
B[ 10y de= By w4 R
Related orthogonal polynomials:

}5 Tons1(V3)

Abscissas:
) 2—1 =
T;==CO08 2—n—_ﬁ§
Weights:
27
T e

*See page 1I.
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Remainder:

Bi=ggen/ @) (O0<4<)
25.4.43

f 1(2) \/Z:_a dz=(b— a>2w,f(y,)+R

Yi=a-+ (b—a)x

Related orthogonal polynomials:

1

V‘—-& T2n+1 (\/5)
Abscissas:

—cos? 23‘_'___1 T

L= o t1'2
Weights:
_ 2r
M=o 1 ™

25.4.44 f In 2 f(z)dpé wif (2 +Ra

Related orthogonal polynomials: polynomials or-
thogonal with respect to the weight function —In
Abscissas: See Table 25.7

Weights: See Table 25.7

25.4.45
ﬁ " @de=33 wif () + o

Related orthogonal polynomials: Laguerre poly-
nomials L,(z).
Abscissas: z, is the ¢ zero of L,(z)
Weights: '
(nh)?z,

+1)*Lys(2) P

(See Table 25.9 for z, and w;.)
Remainder:

Wy

(nl)?

Ri=lgmi/™©®  (0<e<)

25.4.46
{7 o= wifz+ By

Related orthogonal polynomials: Hermite poly-
nomials H,(x).
Abscissas: 1z, is the * zero of H,(z)

Weights:
2n=ln)
A H, ()2
(See Table 25.10 for z, and w,.)

ANALYSIS

Remainder:
—_ ’I'b' \/‘"' (2n) —_
R, 2n(2n)|f & (o<t »)
Filon’s Integration Formula 3
25.4.47

f " £(2) cos tz dz—h [a(th) (fon SID 2y
_fo sin t%) +B(th) '02n+7(th) * CZn«-l

+Z_-23 th4S;n—l]— Rn
25.4.48

n
=§ f21 €08 (82:) —31f2n COS 2, fo cOS E20) |

25.4.49
Ozn-l=§nl f2i—1 ©0S 1294y

25.4.50
Stur=33 S5l sin tany

25.4.51
vt (€) + O(th)

25.4.52

sin 20 2 sin? ¢
"“‘”“eT T

1-1—cos2 9 sin 26
03

B(6)=2

(B)=4 (513_0__cos ]

For small 8 we have

25.4.53
26°_260° 26"
45~ 315 4725
2 26 46¢ 268
b=3ts 105 567

4 20 ¢ 6°
Y=3~ 15t e0 1380

o=

25.4.54

f " £(2) sin tz dz—=h| a(th) (fo 08 12— fan COS t220)
%o

2 .
+8S 1S en 1 th*oz,,_l]—R,,
25.4.55

Si=33 fussin (t22) 3 | f Si0 (t220)+ sin (t20)]

3 For certain difficulties associated with this formula,
see the article by J. W. Tukey, p. 400, “On Numerical
Approximation,” Ed. R. E. Langer, Madison, 1959.
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25.4.56 Szn_1=_21 Jei—1 sin (b2_y)
<

25457 Chai=30 i €08 (taai-)
2

(See Table 25.11 for «, 8, v.)

Iterated Integrals
25.4.58

z tn t3 ty
f dt, f Aty . . . f dt, f ftydt,
0 [} 0 0

=____(n_1 . J; * (a— )" ()t
95.4.59

z 1y tq tg
f dt. f s .. f dt, f f(t)dts

=—EZ:(3'; 01 t*"Yf (z— (z—a)t)dt

Multidimensional Integration

Circumference of Circle I': 2?-++12=h2
25.4.60

1 ' 1 2m .
3T frf(ac,y)ds=2—m gf(h cos g’; h sin g)
+0(tm)
Circle C: 22+4*< R
25.4.61

7 )| fewamy=3> wie,p0+R

(x4, y4) Wy
(0,0) 1/2 R=00Y
(£h,0), (0,£h)  1/8

(24, '!/t) A

Lok
(:Izéd:E 14 R=0(Y

(z, ¥ Wy
(0,0) 172
(4h,0) 112 R=0(k)

(ig;ig‘/ﬁ) 1/12

891
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€750 Wy
(0,0) 1/6
(%h,0) 1/24 R=0(%
(0,4h) 1/24
h  h
(:té;:I: 1/6
(zi, 3/:) Wy
(0,0) 1/4
(:i:\/g h, O) 1/8 R=0(@%
(i\[% h,ﬂ:g ﬁ) 1/8
(mi)yi) wt
(0,0) 1/9
(\/ 1/6h cos 27k 21rk \/ ‘/—h sin 27rk) 16++/8
360
(k=1, .. .,10)
(J(H-\/—h cos Tk 2k \/6+fhsn2wk 16—+8
360
R=0(")

ANALYSIS
Square* S: [z|<h,lyI<h
25.4.62
1 n
[ [1@ndny=3 wi@,v)+r
S
(x4, Y0 Wy
(0,0) 4/9
(+h, +h) 1/36  R=0(h)
(£h,0) 1/9
0, +h) 1/9
!
e , o
!
—-————d ]
i
°© | e
1
(24, ¥4) wy
(:I:ﬁ\/r ih{) 1/4 R=0(Y
I
-0—--—’0—---0
{
d L o
(xbyi) Wy
(0,0) 16/81
t For regions, such as the square, cube, cylinder, etc.,

which are the Cartesian products of lower dimensional
regions, one may always develop integration rules by
“multiplying together” the lower dimensional rules. Thus

n
L @) des 3 wif (z:)

i=1

is a one dimensional rule, then
1pr1 n
J;J; flz,y) dedy =~ ”Z waw;f (2:,25)
=1

becomes a two dimensional rule. Such rules are not

necessarily the most ‘‘economical’’.
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(:t\/g h,+ \/g h) 25/324
R=0(%
(0,:{: \/g b 10/81
3
(i \[5 h,o) 10/81
Equilateral Triangle T
Radius of Circumscribed Circle=#
25.4.63 (200 o
1 ff f(x,y>dzdy=2n) w; f(z,y)+R (0,0) 270/1200
§'\/§h2 T i=1
: (()00)
| “ 7 155—T5
—+/15+41 1200
(( i )’% R=0(
- - VI5+1
(7 )vah)
| _
| (=F)mo)
| 155++/15
_ _— 1200
(4,94) w, ((\/?4 1) h, i(\/l‘li 1) \/gh)
(0,0 3/4
: R=0(3)
(h,0) 1/12 Regular Hexagon H
Lok Radius of Circumscribed Circle=A
—E;:I:E\/3> 1/12
25.4.64
[ n
| — [[1endety=3 wifta, v+ B
_é _Jg‘hg 4 t=1
-—=- --- !
|
|
|
l - — — - -
(Z4,y0) Wy
(0,0) 27/60 ,
(h,0) 3/60 :
(—g»:!:g ﬁ) 3/60 R=0}% (@,Y0) Wy
L (0,0) - 21/36
(-—§: 0) 8/60 -
(:!:Q::té \/3) 572 R=0()
h  h
7Eg ‘/3) 8/60 (£h,0) 5/72
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(xhyt) Wy

(0,0 258/1008

(:l:Th(—) JIZ, :l:% m‘) 125/1008 B—O0("
(:i:h ‘/—?, o) 125/1008

Surface of Sphere Z: 2?+y*4-2*=h?
25.4.65

1 n
o | [fevade=3 wd@pco +B

ye

(ztrytyzi) Wy
(£h,0,00 1/6
R=0("
(0,+£4,00 1/6
(0,0, +h) 1/6

X

(X,Y1,20) W,

sy y/Eh0)
(:I:J% h,0, :th h) .1/15
(0,:&:& h, :I:\/g h)

R=0(%
(+4,0,0)
(0,%4,0) 1/30
(0,0,+4)
(@, Y,20)

Wy
<:i:\/§ h,i\g h,i\g h) 27/340
(i\/gh,iﬁh,o)
(i\gh,o,:}:\/;h)
(O,i‘/gh,:t\/%h)

(+4,0,0)

32/840 R=0(h%

(0,%4,0)
(0,0,%h)
Sphere S: z*+y*+22<h?

40/840

25.4.66

: ffff(%?/,@drdydz:é wif(z,ys, 20 +R

S
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(Z4,94,24) w,

(0,0,0) 2/5
(£h,0,0)  1/10
R=0(*
(0,44,0)  1/10
(0,0,£4)  1/10
Cube® C: |z|<h
[yl <h
2| <h

25.4.67

a | Cf [ fay,dmiyte=35 wi(@oy,20+R

v |
'
/.:/LT"“""‘“
P

(@Y1, 20) Wy
(£4,0,0) 1/6
R=0@(Y
(0, £4,0) 1/6
(0,0, +£h) 1/8

25.4.68

1

g J [ [#(ev,dudyas
(¢}

=§;—0 [—496fn+1283 £, 48521, + 5371+ 0(hY)
25.4.69

=4% (91321, —402 fo 41632 f,]+0(h%)

where f,=1(0,0,0).

8 See footnote to 25.4.62.

2_f,=sum of values of f at the 6 points midway
from the center of C to the 6 faces.

2 fr=sum of values of f at the 6 centers of the
faces of C.

2 fo=sum of values of f at the 8 vertices of C,

2 fo=sum of values of f at the 12 midpoints of
edges of C.

2 fs=sum of values of f at the 4 points on the
diagonals of each face at a distance of

Elx/gh from the center of the face.

Tetrahedron: 7~

25.4.70

%f;-ff(z, Y, z)dxdydz=$ qu+4% 2 fr

~+terms of 4* order
32 1 4
—"@fm"*'ﬁ va‘}‘gﬁ Zfs

~+terms of 4* order

where
V: Volume of

> f»: Sum of values of the function at the vertices

of 7.
2°f.: Sum of values of the function at midpoints
of the edges of .7.

>_fr: Sum of values of the function at the center
of gravity of the faces of 7.

Jfm: Value of function at center of gravity of 7.
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25.5. Ordinary Differential Equations®
First Order: y'=f(z, ¥)

Point Slope Formula

25.5.1 Yut1=Yn+hyn+ O(h?)
25.5.2 yn+l=yn—l+2hy;+0(h3)
Trapezoidal Formula
b, ,
25.5.3 yn+l=yn+§ (yn+l+yn)+0(h3)
Adams’ Extrapolation Formula
25.5.4

Yrrr=Unas (55959417375 1— 99-0)+O(R)

Adams’ Interpolation Formula

25.5.5

h ’ ’ ’ ’
Yn+1=Yr +ﬂ (9?/n+1 +19yn_5yn—l +yn—2) +0(h5)

Runge-Kutta Methods
Second Order

25.5.6
Ynsr=tit3 (i) +O(HY)

k1=hf(2}n, yn) ’ k2=hf(xn+h, yn+kl)
25.5.7

Ynt1=Yn k21O
kl:hf(x"’y")’k"’:hf(xn'*'% h;yn‘*‘% kl)

Third Order
25.5'8

Vo=t bk kg bk OB
1
ky=hf (@, yn) , ko=hf (z,,+§ h,yn+§ kx)

k3=hf(xn+h) yn_kl+2k2)

8The reader is cautioned against possible instabilities
especially in formulas 25.5.2 and 25.5.13. See, e.g.
[25.11], {25.12].

25.5.9
1, ,3 .
yn+l=yn+z kl+z ks+O(hY)
= (o, 90) =t (b byt )
2 2
ko=t (a3 byt )

Fourth Order
25.5.10

Unar=yatg birtg bk bk Rt O(RD)
b= @) ke=hf (3t byt )
b=t (kg vty ) b= e h, )
25.5.11
Yori=Yartg bt kS kg Bt O(H)
o= (a2 =S (25 By )

2 1
ky=hf (xn+§ b= kl+k2),
k4=hf($n+h;yn+k|_k2+k3)

GilP’s Method
25.5.12

yn+1=yn+% (k1+2 (1—\[%) k. |
+2 (1+\@) byt )+ O
ky=hf (24, Yn)
bo=tf (g bo vt o)
k3=hf(wn+%h) yn+(—%+\g> ky
+(1-y3)k)
ke=hf (2a-th, v —\/; k2+(1+\/%) ka)

Predictor-Corrector Methods

Milne’s Methods
25.5.13

4 ’ 7 ’
P: Yn+1=Yn-3F 3£ (2yn_yn—l+2yn—2)+0(h5)

C: yn+1=y,._1+g (y£-1+4y£+y4+1)+0(h“)
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-25.5.14

3h ) )
P: yn+1=yn—5+ iT) (1 lyn'— 14yn-l
+26y,-2—14y,-3+11y,-)+OR")

2h ’ ’
C: yn+l=yn—3+;‘5 (7yn+1+32yn
+12y, 132y -2+ TYa—s)+ORT)
Formulas Using Higher Derivatives

25.5.15
P: yn+l=yn—2+3(yn_yn—l) +h2(yn —yn-l) +O0R%)

C: Yns1= yn+ (yn+1+yn

25.5.16

12 (yn+l yn ) +0(h5)

P yur1r=9n2t3n— Y- 1)+ (y"’+y$,'_’,)+0(h7)

C: Yor= ?/n+ Wnr1FYn) — lo(ym Yn)

+ 120 (yi.'il-l-y;”) +O0hY)
Systems of Differential Equations

First Order: y' =f(z,y,2), 2’=g(,y,2).

Second Order Runge-Kutta
25.5.17

1
yn+1=yn+§ (ky+k2) +O ),
1
2n+1=2n+§ (L+1 +0(h3)
kl=hf(zn; Y Zn): l1=hg(23,,, Yy 2,,)
k2=hf(x,,+h,yn—|—k1, Zn+l1),
l2=hg(xn+h,yn+kl; 2n+ll)

Fourth Order Runge-Kutta
25.5.18

Yntr=Yatg (k2 + 2o ) +O(),
tur=actg (bt 2k 205+ 1) +ORY
bv=hf(@nYn,20)  L=hg(Za,Yn,2x)
bi=hs (vt bty izt 1)

L=ty (2t vt gzt )

1
k3=hf xn+- h;yn"'l k2; Zn'}"l l2
2 2 2

ls=hg(xn+g: yn+lc2—2: 2n+%
k4=hf(xn+h)yn+k3yzn+l3)

l4=hg(xn+h,?/n+ka,2n+lt)
Second Order: y''=f(z,y,y")

Milne’s Method
25.5.19

P: yu=va- 3+ (2yn 2= Yn-11+2yn ) +O(RY)

C yn+l yn 1+ (yn 1+4y;’+yn+l)+0(h’5)

Runge-Kutta Method
25.5.20

yn+l=yn+h[ 41 <k1+k2+ka>:|+0<h5>
Yni1= yn+ (kv +2k:+2ks+k,)
kl"—"hf(zmyn:yn)
ky
kz—hf(xmt bt Yot h byt D

ks—hf(zn+ RN W ) I
ket (b, gkt ot )

Second Order: y’''=f(z,y)

Milne’s Method
25.5.21

P: yn+1=yn+yn-2_yn—3
(5y;’+2y;'_1+5y BENS)
C: Y=20n-1—Yn- 2+12 Y +10y, 1 +ya-2) +O(R®)

Runge-Kutta Method

25,522 Yusr=yuth (vt (h+26) J+O(R)

Yn1= yn+ k1+ k2+ ks
kv =hf (Za,Yn)
bimhf (et bty vt i)
b=t (2ath et byt o)

*See page 11,
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26. Probability Functions

Mathematical Properties?®

26.1. Probability Functions: Definitions and
Properties

Univariate Cumulative Distribution Functions

A real-valued function F(z) is termed a (uni-
variate) cumulative distribution function (c.d.f.)
or simply distribution function if

i) F(z) is non-decreasing, i.e., F(2,) <F(x,) for
n <2,

ii) F(x) is everywhere continuous from the
right, i.e., F(z) =‘l_i$_ F(z+e¢)

iil) F(— )=0, F(»)=1.

The function F(x) signifies the probability of
the event “X <z” where X is a random variable,
ie., Pr{X<z}=F(z), and thus describes the
c.d.f. of X. The two principal types of distribu-
tion functions are termed discrete and continuous.

Discrete Distributions: Discrete distributions are
characterized by the random variable X taking
on an enumerable number of values . . ., z_,,
Zo, %, - . . with point probabilities

Pu=Pr{X=z,}20
which need only be subject to the restriction

?p,,:l.

The corresponding distribution function can
then be written

26.1.1 F(z)=Pr{X<zl= 2< D
F T9% 4

3 Comment on nolation and convenlions.

a. We follow the customary convention of denoting a
random variable by a capital letter, i.e., X, and using the
corresponding lower case letter, i.e., z, for a particular
value that the random variable assumes.

b. For statistical applications it is often convenient to
have tabulated the ‘“upper tail area,” 1— F(z), or the
c.d.f. for |X|, F(z)— F(—z), instead of simply the c.d.f.
F(z). We use the notation P to indicate the c.d.f. of
X, Q=1—P to indicate the ‘‘upper tail area” and A=
P—-@Q to denote the c.d.f. of |X|. In particular we use
P(z), Q(z), and A(z) to denote the corresponding functions
for the normal or Gaussian probability function, see
26.2.2-26.2.4. When these distributions depend on other
parameters, say 8, and 8;, we indicate this by writing
P(z|61, 6,), Q(z|61, 62), or A(x|6;, ;). For example the chi-
square distribution 26.4 depends on the parameter v and
the tabulated function is written Q(x?|v).

*Ree page II.

where the summation is over all values of z for
which z,<z. The set {z,} of values for which
P.>01is termed the domain of the random variable
X. A discrete distribution of a random variable
is called a lattice distribution if therc exist numbers
a and 570 such that every possible value of X
can be represented in the form a-+bn where n
takes on only integral values. A summary of
some properties of certain discrete distributions
is presented in 26.1.19-26.1.24.

Continuous Distributions. Continuous distri-
butions are characterized by F(x) being absolutely
continuous. Hence F(r) possesses a derivative
F’(z)=f(z) and the c.d.f. can be written

2.1.2 F(zx)=Pr{X<z}— f o

The derivative f(x) is termed the probability
density function (p.d.f.) or frequency function, and
the values of z for which f(2)>0 make up the
domain of the random variable X. A summary
of some properties of certain selected continuous
distributions is presented in 26.1.25-26.1.34.

Multivariate Probability Functions

The real-valued function F(z, 2, . .. z.)
defines an n-variate cumulative distribution func-
tion if

i) F(x, 25, . . . 2,) is a non-decreasing func-
tion for each z,

ii) F(x,, %3, . . . T,) is continuous from the
right in each z;; ie., F(z, 23 . . . Zn)
=lm F(z,, . .. 2+e . . . %)

>0+

i) F(z, z;, . .. 2,)=0 when any z;=—o;
Fleo, o, ... o)=1.

iv) F(z,, z;, . . ., z,) assigns nonnegative prob-
ability to the event <X ,<z+h,
IZ<X2sz+h'2’ <y xn<Xn_<.In+hn fOI'
all z, =, . .., z, and all nonnegative
hiy by o . ., kg, eg., for n=2, F(x;+hy,
t-h)— F(ay, Lt+h)—F(o+h, z)+

F(z,, 2,) 20 and in general for z,<X,<

z,+h, (1=1, 2, ..., n), the kth order
difference A F (2, 23, . . ., T,) >0 for
k=1,2, .. . n

927
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The joint probability of the event X;<uz,
X<z, . .., Xo<znis F(z, 7, . . . &.). Analo-
gous to the one-dimensional case, discrete distribu-
tions assign all probability to an enumerable set of

PROBABILITY FUNCTIONS

vectors (r,, Z3, . . ., Z,) and continuous distribu-
tions are characterized by absolute continuity of
F(Il; Ty -+ o 2:n)-

Characteristics of distribulion functions: Moments, characteristic functions, cumulants

Continuous distributions Discrete distributions
’ L ’
26.1.3 | ntk moment about origin o= f z*f(z)dz p,-z zPD.
-
8
’ ® ’
26.1.4 | mean m-p,-f zf(z)dz "‘"“x"Z 2P
-
]
’ @ ~, ’
26.1.5 | variance c’-u,—m'-f (z-m)3f(z)dz d-u,-ml-z (z.~m)p,
-—
[}
@®
26.1.6 | ntb central moment u,.-f (z—m)»f(z)dz n.-z (Ze—m)"Ds
-
&

26.1.7 | expected value operator for

he function ¢(z)

26.1.8 | characteristic function of X
charatteristic function of
9(X)

26.1.10 | inversion formula

Efp(0]= f _: 0(2) f(2)dz
@
() = E(e4X) -J. eref(z)ds
—
«©
b4(8) = E(esta(X) )= f eitetn) f(z)ds
-

W=t |~ e
Y 2% ) *

Elp(X)]=2 ) 0z)ps
8

$O)=E(eitX)m D> | citoip,
L

$at) -E(gﬂl(X))-Ze(ll(n.)p'
8

b [
pl-— ‘-“l‘¢ t)a
2'f - ‘

(lattice distributions only)

Relation of the Characteristic Function to Moments
About the Origin

601.1 i * ?
HLI1 - )= [(‘,’-—t— ¢<t>] —in
tw(

Cumulant Function

26.1.12

& (it)*
In &(t) —-nz_;,’ Kn !
x, is called the n®t cumulant.
26.1.13

K=TN, Ky==07, Kg=ji3, Ks=phy— 33

Relation of Central Moments to Moments About the
Origin .

26.1.14 n
=33 () (=Dt
=0 \J

Coefficients of Skewness and Excess

26.1.15
7‘=K_§T‘=% (skewness)
26.1.16 72::_?::&:_3 (excess)

Occasionally coefficients of skewness and excess
(or kurtosis) are given by

26.1.17

2
B:='¥3=(5—§ (skewness)

26.1.18
Ba=mrt3=5{

(excess or kurtosis)
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1<4 10§
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Some one-dimensional continuous distribution functions

Probability Density | Restrictions Skewness Characteristic
Name Domain Funetion f(z) P on Mean Variance kA Excess v, function Cumulants
arameters
\ -2
26.1.25 | Error function —o<lz<o Ly <<l 0 7}5 0 0 ot =0, n=§lr,
x xp=0 for n>2
;)
1 -HED it
26.1.26 | Normal ~o<lz<= st ’ _g<<,2<., m ot 0 0 e 2 x1=m, x3=0%, xa=0 for n>2
ocv2r 0<o< @
1 1 .
26.1.27 | Cauchy —o<z<® B Tr—a\? —w<a<w | notde- | notdefined not de- not defined elat-lil not defined
1+(—") 0<f<w | fined fined
8
1 ~ED ;
26.1.28 | Exponential alzlo E e [ _;<<ﬂa<<° a8 I:J 2 6 cul(l_w)_l xi=a+B, xa=B"T'(n) for n>1
«©
W E )
26.1.29| Laplace, or double R R LA —o<a<o |a 26 0 3 e (14-gun)-L «a=a, a=2p
exponential 0<p<™ 2n)!
ctni1=0, k3= " [
forn=12, ...
1 (xB)* ; (=B)?
26.1.30 | Extreme-Value, —n<ro = exp (—y—e7, - — 1.3 24 rQ—igt)e’™t =, 3=
(Fisher-Tippett gerp (-=e™) oSl L (1-igt) =y, a=T
Type I or doubly I—a 2
exponential) with ysT xn=p0"'(n) - for n>2
—
1 . 2 i
26.1.31 | Pearson Type III alz<le —— = yr=lg=y —ola< a+, = (1 —igt)-» «a=a+B8p, xsw=p*pT'(n)
) 002 {® P8 | DB = 6/p (1—-ig) 1 D, kn=B"p: for n>1
with y=2—% 0<p<=
]
26.1,32 | Gamma distribution | 0<2<» f,(l—p)zrle—- <p<w P P —j: 6/p (1—it)~» xi=p, xa=pTI'(n) for n>1
F4
26.1.33 | Beta distribution 0<z<1 I S PP e ab 26-8) | 5e6 footnote 5 Ma, a+b, it
- B(a, b) q<h<a | o0 (a+b)@+d+1) | a0+ ’ e
h .
26.1.34 | Rectangular, or m—g<s<mid) 2 —o<m<o [ m - 0 -12 2sin (%‘) ™t | =, crar=0
orm 0<h< ™ B
R ™ *
By, (Bernoulli numbers),
B,=év Ba=—316. . e
¢ 4 (Euler’s constant) =.57721 56649 . . ..
*See page 11

$ oy -

ab

‘/a+b+1 3(a-+b+DI2(a+0)Haba+b—0)] |
ab(e+0+2) (a+d+3)

0¢6

SNOILIONNAA ALITIGVHOYd
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Imequalities for distribution functions
(F(z) denotes the ¢.d.f. of the random variable X and ¢ denotes a positive constant; further m is always assumed to be finite and all expectations are assumed to exist.)

Conditions

Inequality
2.135  Prig(X) 2t} <Elg(Ot
26.1.36 Pr{X>t}<mlt
F(t)gl—?
26.1.37 Pr{|X—m|>ts) L1/8
F@Hdﬂ—Fmr4@21~%
26.1.38 o
Pr{|X—m|>ta} < por-

26.1.39
()
(=,

N G

F(m+tg) — F(m— t¢)>1____ )

Pri|X—m| 30} £ <—

9

o

26.1.40 Pr{|X—m|>ts} S4/9t’
4
F(m+to) — F(m—to) 21-—572

—ot
26.1.41 Pr{[X—m[2te} < +t‘0" 262t
R ol
F(m+-te) —F(m—to) >1 o — 2B

@ ¢(X)20

(i) Pr{X<0}=0
(i) E(X)=m

) EX)=m *
(i) E(X—m)*=q?

(i) E(X)=m;
(il) BE(X;~m;)?=o?
(ii) E((Xi—mid[X;—m,])=0(0))

@iv) X—Z

l—l

g 3]

(i) E(X—m)t=q?
(ii) F(x) is a continuous c.d.f.
(iii) F(z) is unimodal at z,°

(i) E(X—m)i=o?

(ii) F(z) is a continuous c.d.f.
(iii) F(z) is unimodal at z,°
(iv) m=uzo

(i) E(X—m)*=
() E(X— m)‘—m

629 is such that F(zo)> F'(z) for z7z,.

26.2. Normal or Gaussian Probability Function

—13/2

26.2.1 Z(z) =‘/—%= e
T

26.2.2 P(z)= e = f * 2t

r
26.2.3 Q(x)=‘/?_ f e~y f " Z)de

TJ2z

%24 A= f * ety f * Z)dt

26.2.5 P(z)+Q(x)=1
26.2.6 P(—z)=Q(z)
26.2.7 A(z)=2P(z)—1

Probability Integral with Mean m and Variance ¢?

A random variable X is said to be normally
distributed with mean m and variance o* if the
probability that X is less than or equal to z is
given by

26.2.8
Pr(X<a)= = f

1 (z—m)/, o ( )
_— dt=P
Vor J--

The corresponding probability density function
is

t—m)i

26.2.9
z—m x—m %3
2 ()
P( ) 0"/21r
and is symmetric around m, i.e.
m+z\_ L, (Mm_-T\
Z( v )_Z( v )

The inflexion points of the probability density
function are at m=Lo.

*See page 0.
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Power Series (x >0)
26.2.10 (—1)ra?nt!
P )_ V2 ,f?’, n12*(2n--1)
26.2.11
1 © x2n+1
P@)=5+2(@ 2 1375, @t D)
Asymptotic Expansions (x>0)
26.2.12

Z@x f, 1,1.3
)_T{l Zt Tt

+(—1)n1 . :iz.n. '(2n—1)}+R,.

where

Ro=(—1)*11.3 . .. (2n—|—1)f LAY

t2n+2

which is less in absolute value than the first
neglected term.

26.2.13

423

Z(z)
U~ { a3t T T

-}

where a,=1, a,=1, a5=5, a,=9, a;=129 and the
general term is

T @+2) (-’62+4) (fv2+6)

a,=cl-3...(2n—1)+2¢1-3...(2n—3)
+2%,1.3 ... (2'”_5)']"' .. 4271,
and ¢, is the coefficient of £"~* in the expansion of
tE—1) . .. (t—n+1).
Continued Fraction Expansions
26.2.14
2 3 4
Q)= Z(x){ﬂ_—ﬁ—ﬁﬁﬁ } (x>0)
26.2.15
1 r 2 2% 3% 427

FUNCTIONS
Polynomial and Rational Approximations’ for P(x)
and Z(x)
0Lz
26.2.16
1
—1_ 2 3 _
P(z)=1—Z(z)(a,t+ast’+-a5t>) +¢(2), ¢ T¥pz
le(2) <1 1078
p=.33267 a,=.43618 36
ay=—.12016 76
a;=.93729 80
26.2.17
P(2)=1—2Z(x) (bt byt bst®+ byt *+ bst®) +¢ (),
P
1+pz
le(2)|[<7.5X 108
p=.23164 19
b= .31938 1530 b,=—1.82125 5978

by=—.35656 3782
by= 1.78147 7937

26.2.18

bs= 1.33027 4429

P(z) =1 —% (1 +01$+62$2+03z3-|-c4x4) —4+€(z)

le(z)]|<2.5X 10~
¢,=.196854  ¢;=.000344
e,=.115194  ¢,=.019527

26.2.19
P(:v)=1—% (1+dig+da?+dya?

+dat+da’ +dgx®) 1+ e(z)
le(z)|<1.5X 1077
d,=.04986 73470 d,=.00003 80036
d,=.02114 10061  dy=.00004 88906
dy=.00327 76263  dy=.00000 53830

26.2.20 Z(z)= (ao+a:x’+ax* + a2’ "'+ e(x)
le(z)|<C2.7xX 1078
ay=2.490895 ay=—.024393
a,=1.466003 178257

Ag=

" Based on approximations in C. Hastings, Jr., Approxi-
mations for digital computers. Princeton Univ. Press,
Princeton, N.J., 1955 (with permission).
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26.2.21

7(x) = (bo+ bor®+ byt 4 bgr® - bs2® +b,02'°) -+ €(x)
le(z) | << 2.3 10~

0=2.50523 67 b= .13064 69
5,=1.28312 04 bs=-—.02024 90
b,= .22647 18 b= .00391 32
Rational Approximations 7 for x, where Q(x,)=p
0<p<.5
26.2.22
agt+aqt RN

x,=t—m+f(p):

le(p)| <3< 1073

a;= .27061 b,=.04481
26.2.23 |
ey Co+01t+02t2 . —i—
Zp=t 1+d1t+d2t2+dat3+e(p)’ t—‘\/ln?
e(p)|<4.5X107*

€=2.515517 d,=1.432788

6= .802853 dy= .189269

c;= .010328 d;= .001308

Bounds Useful as Approximations to the Normal
Distribution Function

26.2.24

Py()=g+5 (1—e=221e)}
P(x)< -
Py(e)=1 -GV (o)

(z>0)

(@>1.4)

933
26.2.25

1 — 3
P3(x) :'2"‘1"51‘ (1 —e—hzlr-—%(g?i) 5046‘12/2)
P@)2 (@>0)

P4(x)=1—glc @r) -t (5>2.2)

See Figure 26.1 for error curves,

0067 Px)-px)

004

ooz} it

OF—1—F x
- o0z ’ > '
- .004
- 006
~ oosl- P,x1=Pt)
Ficure 26.1. Error curves for bounds on normal
distribution.

Derivatives of the Normal Probability Density Function

26.2.26 Zm (g) = (%'; Z()

Differential Equation

26.2.27 Z™D () 42Z"F0 (g) + (m+1)Z™ (2) =0
Value at x=0

26.2.28

(—=1)™im!

—:‘——‘:’T for m=2r, r=0, 1, e
zm()={ VE2 (3
0

for odd m>0
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26.2.29

26.2.30

26.2.31

26.2.32

26.2.33

26.2.34

26.2.35

26.2.36

26.2.37

26.2.38

26.2.39

26.2.40

PROBABILITY FUNCTIONS

Relation of P(x) and Z(m)(x) to Other Functions

Function

Error function

Incomplete gamma function (special case)

Hermite polynomial

Hb function

€t

Tetrachoric function

Confluent hypergeometric function (special
case)

Parabolic cylinder function

Relation

erf =2P(z+/2)—1

( ) =[2P (12z)—1]

(2)

n n)(x)

He, (2)=(—1) 70

iy ”Z(")(x\/i)
H,(z)=(—1"2" Z0y5)
Hh_n(2)=(—1)""y2rZ*" (2)

(=" Q)
th(z)_ n' Hh l( )dx Z(:L')
.,n(x)__( 1/11_ Z?=0 (g)

(532 {pe-1}

M<1’22 Z(:c){ (@)= }

M(2m+1 ﬁ) Zem ()

Z® (0)
2m+2 3 o\ _Z"V(g)

M ( '’ 2)__xZ‘2"" ©

U(-—n-—%y g )=e ¥ (—1)" ZZ(,:S)

Repeated Integrals of the Normal Probability Integral

26241  I,(z)= f “Lowdt  0>0)

where I_,(z)=Z(zx)
26.2.42

I_.() =(—%>"_1Z(x) =(—1)""1Z"=D(g)

26.2.43 (dx2+x

26.2.44

n=—1)

)1 (@)=0

41D (@) +xl, (@) —1,_1()=0 (@®>—1)

(z=0)

(x>0)

n>0)
(n>0)
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26.2.45

I.()= f "D Zt)ir= e f "z
(n>-—1)

26.2.46 I,0O)=I_,0)=—<—7 (n even)

n+2
( >|2 2

Asymptotic Expansions of an Arbitrary Probability
Density Function and Distribution Function

Let Yi (i=1,2, .o

independent random variables with mean m,,
variance ¢}, and higher cumulants «,, Then
asymptotic expansions with respect to n for the
probability density and cumulative distribution
function of

., n)yben

'21 ¥ —my)
X=E—T—§_ are
> o)

i=1

26.2.47
2
f@)~Z(x)— 161 Z® (z)]+ %f_l Z® () +;_12_ 7® (:c)]

I: Z®(x )+')ilzz Z0 (g )+1296 PAQ) (:c):l

+|:7°0 Z0() Jr1152 28 )“'?gg 28

)372 ( (
+17 Z 10)( )+ 11 Z 12)($) |+
26.2.48

F(2) ~P(z)—[§ Z<2>(z)]+[;—; Zo (z) +% z® (z)]

— ) NY2 7 )
10 20 @ +{g4 290 )+1296 z¢ (’”)]

+ 720 ZO(x )+1152 ZM(x )+'Yl'73 Z0(2)
7272 ZO( )+ Z“”(x)]+
1728 31104
where
1 n ‘921 Kr, l)
Yr-2=

Ia/1 & /2
O > 0‘1)
=i
Terms in brackets are terms of the same order

with respect to n. When the ¥, have the same
distribution, then m,=m, o}=d? «, ;,=«, and

Kr
n}r 1

935

Asymptotic Expansion for the Inverse Function of an
Arbitrary Distribution Function

Let the cumulative distribution function of
=i Y ,be denoted by F(y). Then the (Cornish-

Fisher) asymptotic expansion with respect to n for
the value of y, such that F(y,)=1—p is

26.2.49 Yp~m—+ow
where
w=z+ [yl (2)]

+[v2he(2) +vihu ()]

+[vsha(x) +v 1Y2h12(2) 93P (2)]
Fvaha (@) +v3ha2 (%) H11v3has (%) +vivohana(2)
+vihun (@) ]+ .

and
Q(z)=p,
26.2'50

r=3,4,...

K,
Vr—o=—39
’ K;lz

hn(2) =(1-5 Heyo)

hz(x)— Hea( x)

by ()= ~38 [2H€s(x) +He,(z)]
ha(2)=g35 (Heu(@)]

hn(x)—-—- 4 [Hed(@) +Hes(2))

s (2)=3; 12H e, () +19H ()]

h4(1')— Hes(x)

720

hzz($)=— [3Hes(2) +6H e3(x) +2H ey (2)]

384

h]a(x)—-— 0 [2H05($)+3H63($)]
huya(x) _2_8§ [(14Hey(x) +37Hes(x) +8H91($)]

hnu(ﬂﬂ)=‘77—76 [252H e5(x) +832H e5(x)
+227H61($)]
Terms in brackets in 26.2.49 are terms of the

same order with respect ton. The He,(z) are the
Hermite polynomials. (See chapter 22.)
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Gl e

26.2.51 He,(z)=(—1)"

Zx)

In the following auxiliary table, the polynomial functions &,(z), Ay(x) . .

nl 3

n--2m
=0 2"m!(n—2m)! T

. hyn(z) are tabulated for

p=.25, .1, .05, .025, .01, .005, .0025, .001, .0005.
Auziliary coefficients® for use with Cornish-Fisher asymplotic expansion. 26.2.49

25 10 05 025 o1 005 0025 001 0005
z 67440 | 128155 | 164485 |  1.95086 | 2.32635 | 257583 | 2.80703 | 3. 3.20053
W zg - . 10708 . 284%8 .47358 . 73532 .93015 | 114657 | 142401 1.63793
h.ér ~07153 | —-.07249 | —. 02018 .06872 . 28379 .30012 . 87070 .84331 1.073%0
hu(r) .07663 .08108 | —.01878 | —.14807 | ~.37634 | —.59171 | —.83800 | —1.21025 | —1.52234
ha(z) .00308 | —.034684 | -~ 04928 | -~ 04410 | ~.00182 .06010 - 14841 .30748 - 46050
h., ) .00282 . 14644 17532 10210 | —.17621 | — 53531 | —1.02868 | —1.80385 | —2.71243
i zg —.01428 | —.11620 | ~-.11900 | ~—.02037 .25195 59757 | 1.06301 | 188787 2.62337
-00998 .00227 | ~.01082 | ~—.02857 | —.03176 | -—.02621| —.00666 .04501 - 10080
hn x; -.08 .00776 .05985 098 .07888 | —.01226 | —~.19116 | ~.50060 | —1.03585
hn 1) | —.05128 .01088 00462 .18108 . 16058 .08368 | —.17408 | —.70464 | —1.3053)
hus(z) 14764 | —.10858 | —.30517 | ~—.55856 | 32621 .35608 |  1.B0445 |  4.29304 7.23307
hun@ | - .09585 256 31624 ,07286 | —.46534 | -1.30109 | —3.32708 | —B.40702

rom R. A. Fisher, Contributions to mathematical statistics, Paper 30 (with E, A, Cornish) Extrait de la Revue de
Y Insmute International de Statistique 4, 1-14 (1937) (with permlsslon)

26.3. Bivariate Normal Probability Function
26.3.1

7 1 /2?2 2
s 1= ()

y—pz

26.3.2 g(z,y,p)=(1—p) V1 Z(0)Z i

26.3.3
Lihk, p)= f ds fk 9(z,7, O)ly

- fh “Z@dz f :Z(w) dw,  w=

k—px

1/1—-;)2
] k
26.3.4 L(—h, —k, o)= f dzf gz, oy

A o
26.3.5 L(~h,k, —p)= f dz | g(z,y, p)dy
- k

L k
2686 L~k —o= [ "da[" ga,v, My

26.3.7 Lk, k, p)==L(k,}, p

263.8 L(—hk,p)+ Lk, k,—p)=Q(k)
26.3.9 L(—k, —k, p)—L(h,k, p)=P(k)—Q(h)
26.3.10

2[L(h, k, p)+L(h, k, —p)-+P(h)—Q(k)]—1

means and variances (m,, m,) and (¢}, ¢}) and
correlation p if the joint probability that X is
less than or equal to » and Y less than or equal to
k is given by

26.3.11

h=m,
L]

k-m,

g(s, ¢, p)ds dt

Pr{X<h Y<k}=—-

Uzo'v -« —-®

(0 () )

The probability density function is

26.3.12

x— m,, y—my p)

1 —Q 1 (
ex
2ra,0,4/1— p* P 2(1—p") 0.0, g Oz 0y

where

Q=(z—mz)’_2p(x—mz)(y—my) y—m,)?
o 0y ol

Circular Normal Probability Density Function

» x 26.3.13
=f hdxf—k g(zv Y, P)dy
1 T—M: Y—My \__
Probability Function With Means m,, m,, Variances pe g P 10 )=
a3, a5, and Correlation p

The random variables X, ¥ are said to be dis- exp— =M+ (y—m,)*
tributed as a bivariate Normal distribution with omat AP 26°

*See page 11. MW
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Special Values of L(h, k, p) L(h, k, p) as a Function of L(h, 0, p)
26.3.14 Lk, k,0)= Q) Q(k) 26.3.20
Lk, o)=L (b, 0, (Ph—F) (sgn 1)
26.3.15 L(h, k, ‘—1)=0 (h-l‘kz 0) 1Ky P [ hz_zphk+k2
26.3.16 L(hk,—1)=P(h)—Q(k)  (h+k<0) tL (k o, (Pk—h)(sgn k)
" VR =2 ohk R

26.3.17 Lh, k,1)=Q(h) (k<h)

26.3.18 Lh, ke, 1)=Q(k) (k>h) and A-+k>0
1

7 otherwise

{0 i Ak>0 or hk=0

1, arc sin p

26'2'19 L©,0, ) =g+~ where sgn A=1 if >0 and sgn h=—1 if A<0.
°r / / // 7/ 7 / 7 7 7 // ,
L/ a4 A 2 A7,
24vavan4 AN A VA
AN 4N% N1 /1AL,
/ 4 // /
/ / / A A .
S o % e
__4// /A / / / ) ot
/ / / / /
__5/ / / d y / pd g
SR URYO Ay AP
_,7/ // 4 Z pd / / e !/ A
4 V% pd (/ i A -~ 4
__a;// //// Ve :// P e |
/,/ et /// | P —|
T I T
AT 1T 1 [T
=T 11

[¢] .05 .0 A5 .20 25 .30 35 40 45 50 55 .60 .65 .70 ,75 .80 .85 .90 .95 00 h
Traure 26.2. Lk, 0, p) for 0<h<l and —1<p<0.
Values for <0 can be obtained using Lk, 0, ~p)=§—L(—4, 0, p).
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Fiaure 26.3. L(h, 0, p) for 0<h<1 and 0<p<l.
Values for <0 can be obtained using L(k, 0, —p)=4~L(—h, 0, p).
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h
.00 105 LI0 L5 120 125 130 135 140 145 150 155 160 165 170 1.75 180 i85 190 195 2.00 205 2J0 2i5 2.20 225 2.30 2.35 240 245 250

Figure 26.4. L(h, 0, p) for 21 and —1 <p <1,
Values for A<0 can be obtained using L(k, 0, —p)=5~L(~h, 0, p.)



940 ‘ PROBABILITY FUNCTIONS

Integral Over an Ellipse With Center at (m,, m,)

26.3.21

{[ twumyig (200 e

where A is the area enclosed by the ellipse

L7, p) dzdy=1—e~/?

(z—mz ! 2p(z—m,) (y—m,)
oy 0.0y
— 2
+<%nl> =a2(1—p2)

Integral Over an Arbitrary Region

26.3.22

f f (020,)"'q (ﬂ’. y—=my ,,) dady
Az,y) Oz Ty
=ff g(s,t, 0)dsdt
A*(s, 1)

where A*(s, f) is the transformed region obtained
from the transformation

= vi"-lm (o)

__—1 (x—m,__y—m,,)
v2—2p\ o oy

Integral of the Circular Normal Probability Function
With Parameters m,=m,=0, o=1 Over the Triangle
Bounded by y=0, y=ax, x=h

26.3.23

h az
V(h, ah)=%rj; J; e—}(x2+u2)dxdy

=7 +L(k,0,0)—L(0,0,p)— 3 Q)
where
p=— £
Vit+a?

Integral of Circular Normal Distribution Over an Offset
Circle With Radius Ro and Center a Distance rc From
(mzy mv)

26.3.24

Jfofesze

where P(R?2, r?) is the c.d.f. of the non-central
x? distribution (see 26.4.25) with »=2 degrees of
freedom and noncentrality parameter 72,

y—m, o) dzdy—=P(R?|2, 1)

Approximation to P(R?|2, r?)
26'3.25

Condition

R<1

Approximation

2R .2
IFR P TT R

P(z)
P(x,)

26.3.26
26.3.27

R>1
BR>5

2 2+27° ]

Ry e+ 1- s (2

2 242
9 (2+7%)?

=

r=R— R, r both large *

\7‘2-—1

Inequality

L2 20 [Q (

Ph'—k>0:

26.3. 28
Qh) —

)]<L<h b, 0)<Q(h)

where

0<p<1.

Series Expansion

26.3.29

Lih, b, =@ QM+ 2202 k)

(n+D!
26.4. Chi-Square Probability Function
26.4.1

P.(x’lv)=[2'”1‘ (g)]’ L T Tt

02 »)

n41

26.4.2
QU[»)=1—P(x*ly)

=[2v/2 r (3’2-)]_l x: (t)%_le_—;- dt

Relation to Normal Distribution

Let X;, X, . . ., X, be independent and identi-
cally distributed random variables each following
a normal distribution with mean zero and unit

Then X?=3X? is said to follow the

=
chi-square distribution with » degrees of freedom
and the probability that X?<x?is given by P(x¥»).

0<x*< =)

variance.

Cumulants

26.4.3 Kn+1=2"nly (n=0,1,...)

*Bee page II



Series Expansions

26.4.4
-—1

QOCin)=2Q(X) +2Z<X)Z 173

5...(2r—1)

(v odd) and x=+/x2

26.4.5
=2

26.4.6

—12/2

P(x’lv>-—(2 x’) (p +2)

PROBABILITY

x?fl

(v even)

{1+r2:'i (r+2) (v+4) (v+2r)}

1 "’( 1)"(x’/2)2

26.4.7 P(xX*|y)

26.4.8 Q0C\v+2)= Q(x’lv)+(

o) (x2)m —m

Continued Fraction .

x2)v/2g X312
26.410 "¢ (X’Iv)=(_23’_l‘W2_)'

r (2) t (5+n)

Recurrence and Differential Relations

X%/2) /% -x¥3
r (§+ 1)

26.49 LX) _1 z’"g(’?) (—

D"HQ(x*|v—27)

1 1—y2 1 2—y2 2 }

X2+ 1+ x¥2+

Asymptotic Distribution for Large »

2__
26.4.11 P(x%|v) ~P(z) where z=x ’

Asymptotic Expansions for
26.4.12

-1 —X2/2 )

1+ 2+ . .

V2»

Large x?

(1 "‘%‘H) 24+1

Qe ~ (—2,,—2F(/—2)—Z (—1)!

*See page IL

r (1—%) o)’
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Approximations to the Chi-Square Distribution for

Large »
26.4.13
Approzimation Condition
Q) = Q(z), 7 =+2x*—2v—1 (»>100)
26.4.14
oem—(1-2)

X¥|y) = ) = 30
QO|y) =~ Q(x2) z; oI (»>30)
26.4.15

2 60
Q(x 'V) “Q(xz'f‘h-), hr=‘7 hw (V>30)
Values of he

z heo z heo z heo
.5 ] —.0118 -1.0| +.0006 +15| —.0005
30| — o087 -5 . 0006 2.0| +.0002
-2.5| —.0033 0l 40002 2.5 .0017
—2.0| —.0010 +.5| ~.0003 3.0 .0043
—1.5| +.0001 10| ~—.0006 3.5 .0082

Approximations for the Inverse Function for Large »
If Q(x3|v)=p and Q(z,)=1—P(,)=p, then
Approzimation Condition

2
26416 X~ {x,-{—\/Z-v—-l- } (>100)

3
26.4.17 Xi=~v {1—'@2;'1'%@} (»>30)

2 27
26.4.18 x;zv.{l—g—vﬂx,—h.)\/ ﬁ} (»>30)

where }, is given by 26.4.15.
Relation to Other Functions
26.4.19 Incomplete gamma function

‘Y(d, ) o 2 — _
T@ =P, v=2q, X’=2z

89 _queip

26.4.20 Pearson’s incomplete gamma function

1
T, D=5 fo

P it =P (x2))

v=2(p+1), X*=2u yp+1
26.4.21 Poisson distribution

2
QX )= Z e"” - c=%; m=2(2—: (v even)

mc—l

QUly) — QU —2)=¢™" T,
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26.4.22 Pearson Type III
G:b D 2 t ab s _ .
[7]" L(1+5) o dt=P(x?|v)
v=2ab+-2, X2:=2b(z+a)

26.4.23 Incomplete moments of Normal distribu-
tion

(71,—1)!!P—(x;|—yZ (n even)
f "tz () dt= )
° (”%)"P(xm) (n odd)

=22 y=n+1
26.4.24 Generalized Laguerre Polynomials
1y (”+.1> QOcl+-2—2j)
WL (@)= 22 i ;
" 2/(Q(v+2)— Q(x*v)]

r=x2, a=v/2

FUNCTIONS
Non-Central x? Distribution Function
26.4.25
© H
P(X'*y, N=3 e™V? —O‘é.?) P(x"y-+2§)
=0 !

where A>0 is termed the non-centrality param-
eter.

Relation of Non-Central x2 Distribution With »=2 to the
Integral of Circular Normal Distribution (¢s2=1) Qver
an Offset Circle Having Radius R and Center a Dis-
tance r=/A From the Origin. (See 26.3.24~26.3.27.)

26.4.26

f 9(z, ¥, 0 dxdy=P(x2=R2|V=2y A)
A

i -

=0

Y Qurrz+2))

Approximations to the Non-Central x? Distribution

a=v-+A
Approximating Function

26.4.27 x: distribution PO, M) ~P(

26.4.28 Normal distribution ~ P(X*y, N) =P(z),

26.4.29 Normal distribution Py, \) =P(x),

A
=
Approzimation
a
ey
wran[1-2 (14)]
x:

Vi ()
[ ]

Approximations to the Inverse Function of Non-Central
x2 Distribution

If Q’lv, N=p, QX}|»*)=p, and Q(z,)=p then

Approzimating Variable

26.4.30 x*

26.4.31 Normal

26.4.32 Normal

Approximation to the Inverse Function

i (14-5)x3

Xy zl-;———é [:v,,-l-\/l—z_s—b—-l r
m o T3]
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26.5. Incomplete Beta Function
26.5.1

1 Ia—x )1
I,(a,b)=mfot (1—t)°'dt (0<z<L1)

26,5.2
]z(ay b) =1_Il—z(b)a)
Relation to the Chi-Square Distribution

If X3} and X3 are independent random variables
following chi-square distributions 26.4.1 with »,

and » degrees of freedom respectively, then
D, ST, o
t
Xit X! is said to follow a beta distribution with

v, and v, degrees of freedom and has the distribu-
tion function

26.5.3

X 1 .
P i s }———B(a,b)ﬁt (1—t)*dt

=L@b) =3 b=3
Series Expansions (0<x<1)
26.5.4
= Blatl,ntl) .,
Ia, b)= B( b) ‘+,§, Batbnil)® +l}
26.5.5
_ -z
Lta,b)= aB(a, b
= Bl(a+1,n+1) r \"*!
{+E b (%)}
_(l—x)!
" aB(a,b)
=2 B(a+1,n+1)
{l+,§)B(b—n 1, n+1) \1— ) }
+I,(G;+S,b—3)
26.5.6
1—1I(a,b)=1,_,(b,a)
(1— ) 8=} a—1\ (1—2)" .
B(a b) 4 Z (— ( i ) (integer a)
26.5.7
—1I(a,b)=I,_.(b,a)
= (1 — plato—1 a+b——1) __f_)i' .
= (1—rx)** 'Z_% (1_1 (integer a)

PROBABILITY FUNCTIONS

Continued Fractions

26.5.8
_rd-n'f1 d 4 | *
I’(a’b)_aB(a,b){1+1+l+ }
d (@+m)(a+b+m)
=T g rem)@tem )
dooe m(b—m) .
™ (@+2m—1)(a+2m)
—1
Best results are obtained when z<{—r— +b 3

Also the 4m and 4m+1 convergents are less than
I.(a, b) and the 4m42, 4m+3 convergents are
greater than I.(a, b).

26.5.9
(12" e, e e
I:(a,b)= aB(@,b) |1+ 1+ 1+
* x < 1 €l=1
0 —— (a+m—1)(b—m) x
T (@ +2m—2)@a+2m—1) 1—z
_ m(a+b—1+4m) z
b = om—1) (@a+2m) 1—2
Recurrence Relations
26.5.10
L(a,b)=zl.(a—1,b)+(1—2)1,(a,b—1)
26.5.11

L(a,b)=; (L(a+1,b)— (1—2) L(a+1,b~1)}
26.5.12

[,(a,b) ] i 1)+b{b1,(a,b+1)
+a(l—z),(a+1,b—1)}

*

26.5.13
L(a, b)—~—+b {al(a+1,0)+b1,(a,b+1)}
26.5.14
I.(a, a)—é (a, %): =4 (z——) [ =< -1-‘]
26.5.15
__T(a+b) e _
Iz(“'b)'r(aﬂ)mb) #(—2 - Lat1,6-1)
26.5.16
_ F(a+b)

*8ee page 11,
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Asymptotic Expansions

26.5.17 :
—L(a,b)=1_.(b, a)~£lg_(;)l))
1 -y
+576:)N4{(b 2;| [(b—3)(b—2)(56+7)(b+1+y)
—(6=7) (b+3+y)y2]}
b 1
y=_Nln X, =a+§_§
26.5.18
F(a w) ~ oy (a——l—w)
Iz(a;b) F( ) + P(a) 2b
a’ 3, 11 1
(21,)2(2 Sat+sa— [ +3]
2 1
o (§ ““6)‘5 W‘)}
z
w=b (%)
26.5.19

e (y—ay)
L@, b)~P(y)~2) | 4 2L

a (1+y2/2)
e 1+4+a; :|
a1=?- (b—a) [(a+b—2) (@a—1) (b—1)]%
1 13
B= 12[ +b T atb—1

a= ——E I:Ch (a2+a-{—%—_2)]

FUNCTIONS

l

and y is taken negative when z< + 3=

Approximations

26.5.20 If (a+d—1)1—2)<.8

Iz(ay b) = Q(lev) + €,
[e|<5X 1073 if a+b>6

X=(a+b—1(1—2)(3—2)— (1—2)(b—1),
v=2b

26.5.21 If (a+b—1)(1—2)>.8

I,(a, b)=P(y)+e,
|| <5X 102 if a-+b>6

3[w‘<1 '?ob) wwfl )]

b

Approximation to the Inverse Function
26.5.22 If I, (a, b)=p and Q(y,)=p then
. a
5= e b
y,,(h+>\)9 ( ) (
2b—1 2a—1 )\+6 3h

1 -1 _ -3
h= 2( = >, A=t

2a— 2

Relations to Other Functions and Distributions

=2 [(a-}—b—l) In Zig:;+(a-—l) In ( =T ll)z
=1 I oy |
Function
26.5.23 Hypergeometric function
26.5.24 Binomial distribution
26.5.25 ¢
26.5.26 Negative binomial distribution
26.5.27 Student’s distribution
26.5.28 F-(variance-ratio) distribution

Relation

1 . . —
Ba b a F(a 1—b;a+1; 2)=1I,(a, d)

.-..( )1’ (1—p)"~'=I,(a, n—a+1)

( )p"(l—p)"‘“:l,(a, n—a+1)—I,(a+1, n—a) *

Z n+s

a=q

1 v 1
s—ae=1 L (33)

1) p*¢'=1,(a,n)

14

v+t2

T=

4]

=7 (2 "n .
QFIn, = (33 ey

*See page 11.

945

wy=(bx)'"?, wy=[a(l1—1z)]'1?
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26.6. F-(Variance-Ratio) Distribution Function
26.6.1

P(Flw, v)=

v)”l }”1
B(2 Vs 2 >

Q(Fln, i) =1—P(Fln,, vp)= 1(”2 u

" o) (rgtv,t) At

(F=20)
26.6.2

where
4]

=v2+ nF

Relation to the Chi-Square Distribution

If X? and X7 are independent random variables
following chi-square distributions 26.4.1 with »
and », degrees of freedom respectively, then the

2
distribution of F=§g§2
variance ratio or F-distribution with », and »
degrees of freedom. The corresponding distribu-
tion function is P(Flvy, »,).

is said to follow the

Statistical Properties

26.6.3
mean: m=—2 (n>2)
V2—2
. (v, +v,—2)
R 2. 2\”1 2
veriance: o'= Tt oD (#:>4)

third central moment:

_ {72\ 8n (1 +n—2) 2y +—2)
._.( (y2—2)3(v2_4) (V2_6) (V2>6)

moments about the origin:

- (V1+2’n) <y1—2n)
e

characteristic function:

(Vz >2n)

$(t)=E(e™)=M _, LR t)
2’ Ty,

Series Expansions

—_ 2
- V2+ VIF
26.6.4

. QFIn, u2>=w”’2[1+§<1—x>+

2\V2 2
v(;__: )(l—x)2+..

Vz (Vz +2)

v =2
((:2'_*';’3 —4) (1_x)T] (v, even)

*See page II.
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26.6.5
Q(F vy, v))=1—(1—x)"/2 [1+v1 +v1(v1+2) P

) vy =2

n(nm+2) .. :l (v, even)

. (V2+Vx

+ . (n—2)

26.6.6
vitry—2 —2 71—y
QR =z 3 | 141122 (——‘”)

(V1+Vz—2) (V1+1’2—4) (1 :r)
+ .
1’;%)_‘_2:—] (v, even)
26.6.7

ntr-2 _9
QF ) =1—(1—2) [1+%2_— (
+ . +("1+”2"2)

T
b)) (o]

(v; even)

(V1+V2"‘2) (1'2+2)
2.4, ( —2)

26'6'8

Q(F!”l; V2)=1_A(tl"2) +B(V1, V2) (Vl; 1 2} Odd)

?r-{o—{-sin 6[cos 0+§ cos® 64 ... +

At]w)y= %——E::gg cos vz-za]}for w>1
— for y,=—1
T
( Vz—l 1
2 ( 2 ) . {
= sinfcos™8 < 1+
_\/; V2_2
(33
By, v) =+ vz—{—l sin*6+-- - +
(V2+1)(V2‘|‘3) ... (ntv—4) sinn™? 0}
3:5...(0n—2)

fOI‘ l/g>1

L 0 for y=1 *
where
f=arctan :—ZF
Reflexive Relation
If F,(v1, »2) and Fy_, (v, v,) satisfy
Q(F, (v, w2) 1, v2) =P
QF 1y (ve, w) [¥3, m)=1—p
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26.6.9 then

1
Fﬂ(”l, V) ==

Fl—p ("2, ”l)
Relation to Student’s t-Distribution Function (See 26.7)
26.6.10 Q(Fll’l:l, V2)=1'—A(tll’2) t=\/ﬁ

Limiting Forms

26.6.11
lim Q(Flyl) V2)=Q(X2]v,), x2=1’1F
o
26.6.12
lim Q(Flw, m)=PCCl), =%
1>
Approximations
26.6.13
—2
F , =~ ), — _
Q(f, :idyi) 183(:) T \/2(m+v2—2)
1 2 181g - — )

26.6.14
‘/ (2v,—1) ? F—2n—1
2

Q(Flh, vy) =Q(), =

\/1+”—‘F
[ 4]

FUNCTIONS 047
26.6.15
Fu3 1__ 1—2
Q(Flyly V?) zQ(x), r= ( ) ( 9"1

2/3 _&_
\/9v1+ F 9v2

Approximation to the Inverse Function
26.6.16 If Q(F,|v,, ;)=np, then
F,~e* where w is given by 26.5.22, with
v;=2b, v,=2q

Non-Central F-Distribution Function

26.6.17
Fr
P(F" |, 10, N = f D(tlps, v, Nt =1— Q(E” oy, v, N)

where
2]
e N2 (n+2)) 2 w2
it g (v1+2 i

p(tlyly Vg, )‘)=§) €

»+25—2

=i+ 2+n)f2
Xt 2

[vo+(n+27)t]

and A>0 is termed the non-centrality parameter.

Relation of Non-Central F-Distribution Function to Other Functions

Relation

P(F ly,,yg,x)_z w2 WZ) P(F'[n+2j)

P(F’|vy, v, \=0)=P(F’|»1, v2)

Function
26.6,18 F-distribution
26.6.19 Non-central ¢-distribution

P(F'|n=1, 5, N=P(t’'|»,8), ' =VF’, v=vs, 6=+

o« j
26.6.20 Incomplete Beta function P(F’|v, y2)=§’ eVt —-“()‘;.!2) I, (g-i—j ) gg )
g WF
_VIF’ T*"Vg
3 2¢V?
26.6.21 Confluent hypergeometric function P(F’ vy, v, N =2 X

*See page 11

= (G, +m B (g+i+1, g—z‘)

" n_,
-z ‘M(‘%"—?, §+i+1,)‘—z

(vz even and r=

¥ )
I/IF,+1'2
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Series Expansion

26.6.22
)

2y

2
(1 -1y 3« -2)
P(F'|p, v, N =¢ 2 Lot Z T, (v, even)

where
T0=1
1 1—
Ti=5 (+n—24N) —
T‘=12__ix [ 42— 204N T+ A1 —2) T,
—_— Ve
I—VIF’+V2
Limiting Forms
26.6.23
llm P(F’Il'l,l’g,x) —P(X,zfl' )\) x’2=V|F,, v=mn
(2 dd
26.6.24 0
lim P(Fln, v, N=Quetly),  xe=21EE)
noyw

where N\y—>c? as y;—> .
Approximations to the Non-Central F-Distribution

26.6.25 P(F’|v,v3,\) =P(ay), (v and v, large)

where
r_v2(m+N)
rn= Vl(llz —2) ~
Vo 2 (V1+)\)2 %
"_ll:(l’z'—2) (v2—4){ v—2 +V1+2)\}:|
26.6.26
P(F'|n,70) =P (Flot,va),
’ (1’1+7\)2
F= V1+7\F ”x+2)\

26.6.27
P(F,!Vl’”%)‘) zp(x2),
2(V1+2)\)

nkF’

(Vl‘f‘)‘] [ 91’2] l: V1+>\)2
2 nt2N ( F,)“ 2
9 (v,-’;—)\)z 95, \s A :I

26.7. Student’s t-Distribution

If X is a random variable following a normal
distribution with mean zero and variance unity,
and x* is a random variable following an inde-
pendent chi-square distribution with » degrees of

freedom, then the distribution of the ratio if/_
Xy
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is called Student’s ¢-distribution with » degrees of
freedom. The probability that —— will be less
VX

in absolute value than a fixed constant ¢ is

26.7.1

A(tlu)=P,{|‘/X—XT/V <t

L] [.0+5) "

=1—I,<5,%, (0<t< @) «
where
_ 14
2:_u+iz
Statistical Properties
26.7.2
mean: m=0
variance: o¢t=—— (»>2)
v—2
skewness: v,=0
6
eXCeSS: Vo= (»y>4)
v—4
moments:

. 1-3...(2n—1)"
=022 v—2) . . . (v—2m)

H2n+1=0
[t]
X2/V (7r2P\Z/)2) (W

Series Expansions

(0=arctan i_)
Vv

(v >2n)

characteristic function:

o(t)=E [exp (zt

26.7.3
2 . 2 2
;{9+s1n [/} I:('os 0+— cos® O+ ...
+ cos" 2 0]} *
A(tly) =<4 (v—2)
(»>1 and odd)
2 6 (v=1)
L ki
26.7.4

A(t|v)=sin 0{1-}— cos? 0+ (os4 6+ .

1-3-5...(»=3) \
+2-4-6...

*See page II.

cos*"%2 9 (v even)

(v—2)
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Asymptotic Expansion for the Inverse Function
If A(t,|v)=1—2p and Q(z,)=p, then

26.7.5
t,,~:c,,+g'(::’) +g2$’fﬂ)+gagp)+

g;(vc)=}1 (¥*+2)
gg(x)=91—6 (52°+ 1623+ 32)

7 —_—
gz(:c)—384 (32" +192° 4175 —157)

9 7 —

gix)= 92160 (792°+- 77627+ 14822°—19202*—9451)

Limiting Distribution
26.7.6

hm A(tlny= -1’/2dz=A(t)
‘/_
Approximation for Large Values of t and v<5

26.7.7 A(tly) ~1—2 f:—+t—b+-l
v 1 2 8 4 5
a, 3183 4991 1.1094 3.0941 9.948
b, .0000 .0518 —.0460 —2.756 —14.05
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Approximation for Large »
t (1 - )
\/ 4y,

Non-Central t-Distribution

26.7.8 A(t|y) ~2P(x)—1, 1=

26.7.9
P(tll”i 8=

r+l
JB(§,2)f () " T mn, %)dz

vy 1l . v
2’§+J)’ TRt

where § is termed the non-centrality parameter.

*

—1_ ~822 (6%/2)?
1 % € 2.7! Iz

Approximation to the Non-Central t-Distribution
26.7.10
1
’ ——— ——
t (1 4v) 8

(+3)

where z=

P(t’|v, 3) ~P(z)

Numerical Methods
26.8. Methods of Generating Random Numbers and Their Applications °

Random digits are digits generated by repeated
independent drawings from the population 0, 1,
2, . . ., 9 where the probability of selecting any
digit is one-tenth. This is equivalent to putting
10 balls, numbered from 0 to 9, into an urn and
drawing one ball at a time, replacing the ball
after each drawing. The recorded set of numbers
forms a collection of random digits. Any group of
n successive random digits is known as a random
number.

Several lengthy tables of random digits are
available (see references). However, the use of
random numbers in electronic computers has re-
sulted in a need for random numbers to be gen-
erated in a completely deterministic way. The
numbers so generated are termed pseudo-random
numbers. The quality of pseudo-random num-
bers is determined by subjecting the numbers to
several statistical tests, see [26.55], [26.56]. The
purpose of these statistical tests is to detect any
properties of the pseudo-random numbers which
are different from the (conceptual) properties of
random numbers.

® The authors wish to express their appreciation to
Professor J. W. Tukey who made many penetrating and
helpful suggestions in this section.

Experience has shown that the congruence
method is the most preferable device for generating
random numbers on a computer. Let the sequence
of pseudo-random numbers be denoted by {X,},
n=0, 1, 2, Then the congruence method
of generating pseudo-random numbers is

Xn+l=aXn+b(m0d D

where b and T are relatively prime. The choice
of T'is determined by the capacity and base of the
computer; a and b are chosen so that: (1) the re-
sulting sequence {.X,} possesses the desired sta-
tistical properties of random numbers, (2) the
period of the sequence is as long as possible, and
(3) the speed of generation is fast. A guide for
choosing @ and b is to make the correlation °
between the numbers be near zero, e.g., the correla-
tion between X, and X,,H is

1 (1_)

where
=g* (mod T)
b=(14a+a*+ . +a* )b (mod T)
le|]<a,/T

*See page 11.
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which oceur in
Xn+.:=aaXn+bx (mod 7)

When a is chosen so that a = TV% the correlation
pr=T-12

The sequence defined by the multiplicative
congruence method will have a full period of T
numbers if

(i) b is relatively prime to T
(il) a=1 (mod p) if p is a prime factor of T'
(iii) a=1 (mod 4) if 4 is a factor of T.

Consequently if 7=2¢ b need only be odd, and

a=1 (mod 4). When T=107 b need only be not
divisible by 2 or 5, and a=1 (mod 20). The
most convenient choices for a are of the form
a=2'4+1 (for binary computers) and a=10°+1
(for decimal computers). This results in the
fastest generation of random numbers as the
operations only require a shift operation plus
two additions. Also any number can serve as
the starting point to generate a sequence of
random digits. A good summary of generating
pseudo-random numbers is [26.51].

Below are listed various congruence schemes
and their properties.

Congruence methods for generating random numbers
Xnoni=eXn+b(mod T), T and b relatively prime

a b T Perlod Xo Special cases for which random numbers have passed statistical
tests for randomness 10
26.8.1 | 14t odd | T=te ta 0<Xo< T | T=28, X, unknown; a=2+1, b=1; T=24, ¢=2041,
b=29741 09625 8473, X,=76293 94531 25.
26.8.2 | r2e+1(rodd, |0 T=tae toe relatively | T=240, 202, Xo=1; a=5!"(3=2)
822) primeto | T=28 Xo=1; T=20, X;=1-2-8, 5478126193; a=5"(2=2)
T T=2%, Xp=1; a=55(3=2)
26.8.3 | r2¢+1(rodd, |0 T=tet1l (varies) | relatively | T=2%41, X0=10,987,654,321; a=23; period == 10¢
822) ]’}l‘rime to| T=1084+1, Xo0=47,594,118; a=23; period == 5,8 108
26.8.4 | 74t 0 T=10¢ 5:1003 | relatively | T=101, Xo=1; a=7
‘f)[l‘-ime to | T=101, Xo=1;a="713
26.8.5 | 3ttt 0 T=10¢ 5-10¢2 relatively
(#=0,2,3,4) %gime to

10 Xy given is the starting point for random numbers when statistical tests were made.

When the numbers are generated using a con-
gruence scheme, the least significant digits have
short periods. Hence the entire word length can-
not be used. If one desired randoin numbers with
as many digits as possible, one would have to
modify the congruence schemes. One way is to
generate the numbers mod T+1. This unfor-
tunately reduces the period.

Generation of Random Deviates

Let { X} be a generated sequence of independent
random numbers having the domain (0, 7).
Then {U}={T'X} is a sequence of random
deviates (numbers) from a uniform distribution
on the interval (0, 1). This is usually a necessary
preliminary step in the generation of random
deviates having a given cumulative distribution
function F(y) or probability density function f(y).
Below are summarized some general techniques

*See page II,

for producing arbitrary random deviates. (In
what follows {U} will always denote a sequence of
random deviates from a uniform distribution on
the interval (0, 1).)

1. Inverse Method

The solutions {y} of the equations {u=F(y)}
form a sequence of independent random deviates
with cumulative distribution function F(y). (If
F(y) has a discontinuity at y=y,, then whenever u
is such that F(y,—0)<lu<F(y,), select y, as the
corresponding deviate.) Generally the inverse
method is not practical unless the inverse function
y=F""(u) can be obtained explicitly or can be
conveniently approximated.

2. Generating a Discrete Random Variable

Let Y be a discrete random variable with point
probabilities p;=Pr{Y=y,} for i=1, 2, . ...
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The direct way to generate Y is to generate { U}
and put Y=y, if

ntpet+ L A <UL pitpet L Fp.

However, this method requires complicated ma-
chine programs that take too long.

An alternative way due to Marsaglia [26.53]
is simple, fast, and seems to be well suited to high-
speed computations. Let p, for i=1,2, ... ,n
be expressed by & decimal digits as p;=.81:8 . . .
8« where the &’s are the decimal digits. (If the
domain of the random variable is infinite, it is
necessary to truncate the probability distribu-
tion at p,.) Define

n
P,=0, P,=10"Zl) 6 forr=1,2, ..., k, and
f==
L=3)10P,, s=1,2, . . . , k.
r=0

Number the computer memory locations by 0,
1, 2, ..., II,—1. The memory locations are
divided into £ mutually exclusive sets such that
the sth set consists of memory locations II,_,,
I0,_,+1, ..., O—1. The information stored
in the memory locations of the sth set consists of
¥ in 8, locations, y, in &, locations, . . ., ¥,
in é,, locations.

Denote the decimal expansion of the uniform
deviates generated by the computer by wu
=-didyd; . . . and finallv let ¢{m} be the con-
tents of memory location m. Then if

-1 ]
ZO‘ PLUL ZO P,
1= i=
put
2—1
y=a{d1d2 e ds+nx._1‘—108 Z Pt}'
i=1

This method is perhaps the best ai-around
method for generating random deviates from a
discrete distribution. In order to illustrate this
method consider the problem of generating
deviates from the pinomial distribution wich point

probabilities
p1=(?) p'1—p

for n=5 and p=.20. The point probabilities to
4 D are

Value of
Random Variable Point Probabilities
0 Po=0.3277
1 pi= .4096
2 Po= .2048
3 P3= .0512
4 pe= 0064
5 Ps= .0003

&Ild thus P0=0, P1=.9, P2=.07, P3=.O27,

P,=.0030 from which II,=0, II,=9, II,=16,

II,=43, I1,=73. The 73 memory locations are
divided into 4 mutually exclusive sets such that

Set  Memory Locations

1 0,1,...,8
2 9,10, ..., 15
3 16, . .., 42
4 43, ..., 72

Among the nine memory locations of set 1, zero
is stored §,0=3 times, 1 is stored 6,=4 times, 2 is
stored 8,;=2 times; the seven locations of set 2
store 0 8,=2 times and 3 8;=>5 times; etc.
A summary of the memory locations is set out

below:
Value of Random Variable
0 1 2 3 4

Frequency (set 1) 3
Frequency (set 2) 2
Frequency (set 3) 7
Frequency (set 4) 7

O D
o OO
w o oo [

0
5
1
2

o B O N

Then to generate the random variables if

0<u<.9 put y=a{d}
9 <u<.97 y=a{d,d;—81}
97 Su<.997 y=a{d1d2d3-—954}

997 <u<1.000 y=a{ddsdyd,— 9927}

3. Generating a Continuous Random Variable

The method for generating deviates from a
discrete distribution can be adapted to random
variables having a continuous distribution. Let
F(y) be the cumulative distribution function and
assume that the domain of the random variable
is (a,b) where the interval is finite. (If the
domain is infinite, it must be truncated at (say)
the points ¢ and b.) Divide the interval (b—a)
into n sub-intervals of length A (nA=b—a) such
that the boundary of the 4th interval is (y,_, ¥
where y,=a-+iA for 7=0, 1,. .., n Now
define a discrete distribution having domain

{Zt=y¢+2y4_1}

with point probabilities p,=F(y,)—F(¥y:-1).
Finally, let W be a random variable having a

uniform distribution on (—-%, %) This can be

done by setting W=A<U —%) Then random
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deviates from the distribution function F(y), can
be generated (approximately) by setting y=z+w

=2+A<u—%)' This is simply an approximate

decomposition of the continuous random variable
into the sum of a discrete and continuous random
variable. The discrete variable can be generated
quickly by the method described previously.
The smaller the value of A the better will be the
approximation. Each number can be generated
by using the leading digits of U to generate the
discrete random variable Z and the remaining
digits forming a uniformly distributed deviate
having (0,1) domain.

4. Acceptance-Rejection Methods

In what follows the random variable Y will be
assumed to have finite domain (a,b). If the
domain is infinite, it must be truncated for com-
putational purposes at (say) the points ¢ and b.
Then the resulting random deviates will only have
this truncated domain.

a) Let f be the maximum of f(y). Then the
procedure for generating random deviates is:
(1) generate a pair of uniform deviates U, U,;
(2) compute a point y=a+(b—a)u, in (a,b);
(3) if w<f(y)/f accept y as the random deviate,
otherwise reject the pair (u;, u,) and start again.
The acceptance ratio of deviates actually produced
18 [(b—a)f]"'. Hence the acceptance ratio de-
creases as the domain increases. One way to
increase the acceptance ratio is to divide the
interval (a,b) into mutually exclusive sub-
intervals and then carry out the acceptance-
rejection process. For this purpose let the inter val
(a, b) be divided into k sub-intervals such th at the
end points of the jth interval are (&_;, £,) with

£
&=a, &=0>0 and fej fy)dy=p;,; further let the
-1

maximum of f(y) in the jth interval be f,, Then to
generate random deviates from f(y), generate
n pairs of deviates (uy, us)s=1, 2, ... n.
Assign [np,] such pairs to the jth interval and
compute y, =&+ (&—E-)us. I u,<Sy))/f;
accept y; as a deviate. The acceptance ratio of
this method is

k
]Z;; i [~ )f 17

b) Let F(y) be such that f(y)=f(y)fa(y)
where the domain of y is (a, b). Let f, and f2 be
the maximum of f(y) and f,(y) respectively.
Then the procedure for generating random de-
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viates having the probability density function
J(y) is: (1) generate U, U, Us; (2) define z=qa

+(b—ayue; (3) if both u< f% and u,< 1202),

take z as the random deviate; otherwise take
another sample of three uniform deviates. The
acceptance ratio of this method is [(b—a)f; f,]™!
and can be increased by dividing (a, b) into sub-
intervals as in the previous case.

c) Let the probability density function of ¥ be

Fy)= f "9, )1, (a<t<B), (@<y<b).

Let g be the maximum of g(y, t). Then the pro-
cedure for generating random deviates having the
probability density function f(y) is: (1) generate
U, U, Us; (2) define s=a+(B—a)uy; z2=a+

(b—a)uz; (3) if u,< &Z’—Sl: take z as the random

deviate; otherwise take another sample of three.
The acceptance ratio for this method is [(b—a)g]!
and can be increased by dividing the domain of
¢t and y into sub-domains.

5. Composition Method

Let g¢.(y) be a probability density function
which depends on the parameter z; further let
H(z) be the cumulative distribution function for z.
In order to generate random deviates ¥ having
the frequency function

f(y)=f_m g:(y)dH (2)

one draws a deviate having the cumulative distri-
bution function H(z); then draws a second sample
having the probability density function g,(y).

6. Generation of Random Deviates From Well Known
Distributions

a. Normal distribution

(1) Inverse method: The inverse method depends
on having a convenient approximation to the
inverse function x=PFP-(u) where

z
U= (21r)‘”2f et

Two ways of performing this operation are to (i)
1/2
use 26.2.23 with t=<ln 1—}2,) or (ii) approximate

¢=P~'(u) piecewise using Chebyshev polyno-
mials, see [26.54].

(2) Sum of uniform deviates: Let U, U, . . .,
U, be a sequence of n uniform deviates. Then
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n n\ £ n\ "2
will be distributed asymptotically as a normal
random deviate. When n=12, the maximum
errors made in the normal deviate are 9X107°
for | X]<2, 9X107! for 2</X|<3. An improve-
ment can be made by taking a polynomial function
of X, (say) )
Xi=X. 3 as. X

=0

as the normal deviate where a;, are suitable
coefficients. These coefficients may be calculated
using (say) Chebyshev polynomials or simply by
making the asymptotic random deviate agree
with the correc normal deviate at certain specified
points. When n=12, the maximum error in the
normal deviate is 8 X10~* using the coefficients

* ap=9.8746 * ae=(—7)—5.102
a,=(—3)3.9439 * as=(—T)L141
a;=(—5)7.474

(3) Direct method: Generate a pair of uniform
deviates (UU;, U;). Then

=(—21In U;)"2 cos 2xU,,

X;=(—2 In U)Y? sin 27U, will be a pair of
independent normal random deviates with mean
zero and unit variance. This procedure can be
modified by calculating cos 2xU and sin 2xU
using an acceptance rejection method; e.g.,
(1) generate (U, Uy); (2)if QU,—1)*4+(2U,—1)%<1
generate a third uniform deviate Uj; otherwise
reject the pair a.nd start over; (3) calculate

h=(—In uy)"? u2+ 2 Yo=£2(—In uy)* u?_lxuzz (£
random). Both 3, and ¥, are the desired random
deviates.

(4) Acceptance-rejection method: 1) Generate a
pair of uniform deviates (U,, U,); 2) compute
z=—Inwu; 3) if e%=D? >y, (or equivalently
(z—1)*<—2(In u,) accept z, otherwise reject the
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pair and start over. The quantity will be the
required normal deviate with mean zero and unit
variance.
b. Bivariate normal distribution

Let {X), X;} be a pair of independent normal
deviates with mean zero and unit variance. Then
{ X, p X4 (1—p*)"2X,} represent a pair of devi-
ates from a bivariate normal distribution with
zero means, unit variances, and correlation
coefficient p.

c. Exponential distribution

(1) Inverse method: Since F(x)=e~*% X=
—6 In U will be a deviate from the exponential
distribution with parameter 4.

(2) Acceptance-rejection method: 1) Generate a
pair of independent uniform deviates (U,, U,);
2) if Uy<U, generate a third value Us; 3) if
U+ U,<U, generate a fourth value Uj etc.;
4) continue generating uniform deviates until an
n is obtained such that Ui+ U+ ... +U,_;
LU <LU+ . +U,; 5) if n is even reject the
procedure and start a fresh trial with a new value
of U, otherwise if n is odd take X=0U, as the
desired deviate; 6) in general if ¢ is the number of
trials until an acceptable sequence is obtained
X=0(t+U,;). The random deviates produced in
this way follow an exponential distribution with
parameter 8. One can expect to generate approxi-
mately six uniform deviates for every exponential
deviate.

(3) Discrete Distribution Method: Let Y and n
be discrete random variables with point probabili-
ties
* Pr{Y=r}=(e—1)e "™V r=0, 1,2,

Prin=s}=I[s!(e—1)|* s=1, 2, 3,

Then X=Y+min(U,, U,, . . . , U,) will follow
an exponential distribution. The average value
of n is 1.58 so that one needs, on the average, only
1.58 u’s from which the minimum is selected.

26.9. Use and Extension of the Tables

Use of Probability Function Inequalities

Example 1. Let X be a random variable with
finite mean and variance equal to m and o
respectively. Use the inequalities for probability
functions 26.1.37, 40, 41 to place lower bounds
on

A(t)=F(f)——F(—-t)=P{LX—:7£I _<_t}

for t=1(1)4.

*See page 11

Lower bounds on A(t)=F(t)—F(—1t)
t=1 2 3 4 Remarks

0 .7500 .8889 .9375

no knowledge of
F(t); 26.1.37

F(t) is unimodal and
continuous; 26.1.40

0 .8182 .9697 .9912 | F(!) is such that
w=3; 26.1.41

.5556 .8889 .9506 .9722
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It is of interest to note that the standard normal
distribution is unimodal, has mean zero, unit
variance p,=3, is continuous, and such that

A)=P@)—P(—1)
=.6827, 9545, .9973, and .9999
for t=1, 2, 3 and 4 respectively.
Interpolation for P(x) in Table 26.1

Example 2. Compute P(x) for z=2.576 to
fifteen decimal places using a Taylor expansion.
Writing z=x,+6 we have

2
P(2) =P (20) + Z (2004 Z (x0) %
03 04-
+Z(2) (.’Eo) §+Z(3) ((Eo) E+ e

Taking #,=2.58 and 6=—4X10"% we calculate
the successive terms to 16D

4-.99505 99842 42230
— 5 72204 35976
— 2952 57449
- 8 63097
— 1439

~ O 00 DD

99500 24676 84265
The result correct to 17D is
P(2.576)=.99500 24676 84264 98
Calculation for Arbitrary Mean and Variance

Example 3. Find the value to 5D of
.5 —18\ 2
P{X<50}=—0 f 12(5) at
2427 J-o

using 26.2.8 and Table 26.1.

This represents the probability of the random
variable being less than or equal to .5 for a normal
distribution with mean m=1 and variance o’=4.
Using 26.2.8 we have

P{X<5}=P ('5—;-1)=P(—.25)
Sin¢e P(—2)=1—P(z), we have
P(—.25)=1-P(.25)=1—.59871=.40129

where a two-term Taylor series was used for inter-
polation. Note that when interpolating for P(xz)
for a value of £ midway between the tabulated
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values we can write x=x,+.01 and a two-term '
Taylor series is P(z) =P(x,) +Z(x)107%. Thus one
need only multiply Z(z) by 1072 and add the
result to P(x,).

Calculation of P(x) for x Approximate

Example 4. Using Table 26.1, find P(x) for
z=1.96, when there is a possible error in z of
+£5X1073.

This is an example where the argument is only
known approximately. The question arises as to
how many decimal places one should retain in
P(x). If Az and AP(x) denote the error in z and
the resulting error in P(x), respectively, then

AP(z) = Z(x) Az

Hence AP(1.960)=3X10"* which indicates that
P(1.960) need only be calculated to 4D. There-
fore P(1.960)=.9750.

Inverse Interpolation for P(x)

Example 5. Find the value of z for which
P(x)=.97500 00000 00000 using Table 26.1 and
determining as many decimal places as is consistent
with the tabulated function.

For inverse interpolation the tabulated function
P(z) may be regarded as having a possible error
of .5X107**. Hence

APz 5X107%
Z@)  Z(x)

Ar=

Let P(x,) correspond to the closest tabulated
value of P(z). Then a convenient formula for
inverse interpolation is

. 2
a1+ 20 2B g

where
tzp(x)—‘P(%)
Z(xo)

If only the first two terms (i.e., z=x,4-) are used,
the error in z will be bounded by—g X 107* and the

true value will always be greater than the value
thus calculated.

With respect to this example, Az=10""* and
thus the interpolated value of  may be in error
by one unit in the fourteenth place. The closest
value to P(z) =.97500 00000 00000 is P (x,) =.97500
21048 51780 with z,=1.96. Hence using the
preceding inverse interpolation formulas with
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t=—.00003 60167 31129

and carrying fifteen decimals we have the succes-
sive terms
+1.96000 00000 00000
— .00003 60167 31129
+ 12 71261
— 68
0

+1.95996 39845 40064
Edgeworth Asymptotic Expansion

Example 6. Find the Edgeworth asymptotic
expansion 26.2.49 for the c.d.f. of chi-square.

Method 1. Expansion for x*
Let
4 QU =1—F(t)
where
xX2—y
t="
(20)?

Since the values of v, and v, 26.4.33 are

‘71:’“2\/5/1’*
72:'—12/”,

we obtain, by using the first two bracketed terms
of 26.2.49

F(H~P(t)— [*/— zw(t):l
+[5200+5z00]

The Edgeworth expansion is an asymptotic
expansion in terms of derivatives of the normal
distribution function. It is often possible to
transform a random variable so that the distribu-
tion of the transformed random variable more
closely approximates the normal distribution
function than does the distribution of the original
random variable. Hence for the same number of
terms, greater accuracy may be achieved by using
the transformed variable in the expansion. Since
the distribution of y2x? is more closely approxi-
mated by a normal distribution than x? itself
(as judged by a comparison of the values of 7,
and v;), we would expect that the Edgeworth
asymptotic expansion of y2x* would be superior
to that of X2

Method 2. Expansion for v2x*. Let

— (2#—1)*)
1\
(-5

where (2v—1)% and 1—-11; are the mean and vari-

ance to terms of order »=? of V2xF (see 26.4.34).
The values of y; and v, for /2% are

e

Thus we obtain

F()~P(t)—; [‘fz( )Z‘”(t):l

Hlm 20+ () 220 ]

For numerical examples using these expansions
see Example 12.

3
2 zm

Calculation of L(h, k, p)

Example 7. Find L(.5, .4,.8). Using 26.3.20
—2phk+ k=

L(.5,.4,.8)=L(.5,0,0)+L(.4,0, —.6)

V.09=.3

Reference to Figure 26.2 yields
L(.5,0,0)+L(4,0,
The answer to 3D is L(.5, .4, .8)=.250.

—.6)=.164.08=.24

Calculation of the Bivariate Normal Probability
Function

Example 8. Let X and Y follow a bivariate
normal distribution with parameters m,=3,
=2, ¢,=4, ¢,=2, and p=—.125. Find the
value of P,{X22 Y>4} using 26.3.20 and
Figures 26.2, 26.3.

Since P, {X>h, Y >k}=L (h—Tm,, k—om"; p) we
z v

have P{X>2, Y >4} =L(—.25,1, —.125).
26.3.20

Using

" L(—.25,1, —.125)=L(—.25,0, .969)

+LQ, 0, .125) —-12-

Figure 26.2 only gives values for A>0, however,
using the relationship 26.3.8 with k=0, L(—h, 0, p)
=4—L(h, 0, —p) and thus L(—.25,0,.969)
=4—L(25,0,—.969). Therefore L(—.25,1,—.125)
=—L(.25,0, —.969)+L(1, 0, .125)=—.01+.09=.08.

The answer to 3D is L(—.25, 1., —.125)=.080.
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Integral of a Bivariate Normal Distribution Over a
Polygon

Example 9. Let the random variables X and ¥
have a bivariate normal distribution with param-
eters m,=5, ¢,=2, m,=9, s,=4, and p=.5.
Find the probability that the point (X, Y) be
inside the triangle whose vertices are A=(7,8),
B=(9,13), and C=(2,9).

When obtaining the integral of a bivariate
normal distribution over a polygon, it is first
necessary to use 26.3.22 in order to transform the
variates so that one deals with a circular normal
distribution. The polygon in the region of the
transformed variables is then divided into con-
figurations such that the integral over any selected
configuration can be easily obtained. Below are
listed some of the most useful configurations.

)

Ficure 26.5

as *bs
J:,, ﬁ 9(2,y, 0)dady=[P(as) —P(a,)] [P (b:) —P(b,)]

y {a;,be) (o2 ,b2)

(On b|) (Oz»bl)

b
> X

Figure 26.6

I [ 96,9, 0dady=
[1] V]

arctan ¢
2

’ 1

/ o X
\;FV‘IGURE 26.7

A Ez
71 otey, Oday=v i,
0 0

1t See 26.3.23 for definition of V(h, k).

For the following two configurations we define

— [t281— 18]
_[(82—81)2+(t2_t1)2]}
b= EX (82—s1) +tl(t2—t1>f
U (se— ) ()]

k =ls2(32"81) +t,(t—1)]
? [(s2—s1)% 4 (t—1)%)}

Ficure 26.8

[[..,, 96v,0daty=vt, kd— Vet ko

Als2,t2)
\ -

FigUure 26.9

f fm,, 9(z,y, 0)dedy=V (h, ks)+V (h, k1)

Using the circularizing transformation 26.3.22 .
for our example results in

x—5  y—9
jg Tt g



PROBABILITY

The vertices of the triangle in the (s, ¢) coordinates
become A=(y3/4, —5/4), B=(y3, —1) and

C—(—Vg 3) These points are plotted below.

From the figure it is seen that the desired prob-
ability is the sum of the probabilities that the
point having the transformed variables as coor-
dinates is inside the triangles AOB, AOC, and
BOC.

i3

Freure 26.10

For these three triangles we have

h ky ks
AAOB ;Jz_l V714 éﬁ
aoc Ly L A

74 37 74

1 7 — 6 —
ABOC EJ@ ﬁ‘/13 1—3¢13

From the graph it is seen that the probability
over AOB may be found in the same manner as
that over Figure 26.8, and over AOC and BOC
the probabilities may be found as that over
Figure 26.9.

Hence

ffy(z, Y, 5)dwdy—ffg(s t, 0)dsdt

AABC

_ﬂ 9,1, O)dsdt+”g(s +, 0)dsdt

AAOB AA0C

+ffg(s, t, 0)dsdt

ABOC

and consequently using 26.3.23 and Figure 26.2
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{fowt O)dsdt=v(§¢gi,4f)_v($ i ;LD

AAOB

1 1
_—_[Z+L(1.31, 0,~76)—L(0, 0,— 76)— Q(1.31)]

1 1
-—[Z+L(1.31, 0,—.14)—L(0, 0,—.14)—5 Q(1.31)]

—.76)—L(0, 0,—.76)
—.14)4+L(0, 0,—.14)
=.00—.11—.04+.23=.08

=1(1.31,0,
—L(1.31,0,

[foertoma—v (Gt 5T (72 527)

AAOC

|1 a0y — a1
—[4+L(.14,0, 99)—L(0, 0,—.99) 2Q(.14):|

1 1
H 3014, 0,-0-10,0-1-F @19 |
=.01+4.02=.03

f f g(s, t, 0)dsdt = V(‘/_g 7r)+v(‘/_ 6‘/—)

ABOC

1 1
=[Z+L(.48, 0,— 91— L(0, 0,— 97~ Q(.48)]

1 1
+[Z+L(.4s, 0,~.96)—L(0, 0,~.96)—3 Q(.48)]
— 05+.04=.00

Thus adding all parts, the probability that X
and Y are in triangle ABC is =.084.034.09=.20.
The answer to 3D is .211.

Calculation of a Circular Normal Distribution Over an

Offset Circle

Example 10. Let X and Y have a circular
normal distribution with 0=1000. Find the
probability that the point (X, Y) falls within a
circle having a radius equal to 540 whose center
is displaced 1210 from the mean of the circular
normal distribution.

In units of ¢, the radius and displacement from

540 =.54 and r

the center are, respectively, R=1—0—O—0

1210
—-m—l.m .
finding the probability of X and Y falling in a
circle of radius R=.54 displaced r=1.21 from the

center of the distribution where o=1.

The problem is thus reduced to
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Since R< 1, the approximation 26.3.25 is used.
This results in
2(.54)*
T4t (54)°

—2(1.21)?
eXP 1T (50)?
=(.1359) ¢ 8= 06869

P(RY2, )

The answer to 5D is .06870.

Interpolation for Q(X?|v)
Example 11. Find @(25.298/20) using the
interpolation formula given with Table 26.7.

Taking x?=25, §=.298 and applymg the inter-
polation formula results in

|—l

Q(25.298]20) == { Q(25|16)6*+ Q(25|18) (46— 26%)
+Q(25/20)(8—40+-6°) }

OO

%{( 06952)(.088504)
+(.12492)(1.014392)
+(.20143) (6.896804) }

=,19027

A less accurate interpolate may be obtained by
setting & equal to zero in the above formula.
This results in the value .19003. The correct
value to 6D is Q(25.298/|20) =.190259.

On the other hand if x*=25.298 is assumed to
have an error of +5X107* then how large an
error arises in @(x*»)? Denoting the error in
x* by Ax* and the resulting error in Q(x*») by
AQ(x%|y), we then have the approximate relation-
ship

AQ(X2| )~ Q(x l”) AX?

Using 26.4.8 we can write

20 _1 1Quey

—2)— Q)]

and

1
AQRCly) =5 QX —2) — Q(x|) Jax?
For practical purposes it is sufficient to evaluate
the derivative to one or two significant figures.
Consequently we can write

0Q(x%|v) aQ(Xol")
ox2 ox?

where X3 is the closest value to X2 for which Q is
tabulated. Hence

2QUTy) =3 [QUdlv—2) — Quet) I

For this example AX*=+5X10"* and x3=25. This

results in
AQ(X”Iv)=-;- (— .076) (£5)10-4= £ 2 105

as the possible error in Q(¢v).
Calculation of Q(x?») Outside the Range of Table 26.7

Example 12. Find the value of §(84|72).
Since this value is outside the range of Table
26.7 we can approximate ¢(84]72) by (1) using the
Edgeworth expansion for @(x*v) given in Example
, (2) the cube root approximation 26.4.14, (3)
the improved cube root approximation 26.4.15 or
(4) the square root approximation 26.4.13. The
results of using all four methods are presented
below:

1. Edgeworth expansion

The successive terms of the Edgeworth expan-
sion for the distribution of chi-square result in

1—Q(84]72)=.841345
.000000
.001120

.842465

Hence Q(84]72)=.15754.
The successive terms of the Edgeworth expan-
sion for the distribution of 4/2x2 result in

1—Q(84/72) = 842544
— 000034
—.000138

842372
Hence Q(84[72)=.15764.
2. Cube root approximation 26.4.14

Using the cube root approximation we have

Q(84(72) =Q(x)

where
84 1/3 [ ]
_\72 902)1_y 0046
[9 (72)]
This results in @Q(84]72)=Q(1.0046)=1—

P(1.0046)=.15754.
3. Improved cube root approximation 26.4.15

The improved cube root approximation in-
volves calculating a correction factor h, to z.
Linearly interpolating for hg (which appears
below 26.4.15) with z=1.0046 results in Agp=
~—.0006 and hence
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h72=g—g(—.0006)= —.00049
Thus
Q(84]72)=Q(1.0046 — .0005) = Q(1.0041)
=1—P(1.0041)=.15766
4. Square root approximation 26.4.13

Using the square root approximation we have
Q(84/72)=Q)(z) where

r==1/2(84)—+2(72)—1=1.0032.

This results in
Q(84]72)=Q(1.0032)=1— P(1.0032)=.15788

The value correct to 6D is Q(84|72)=.157653.
Generally the improved cube root approximation
will be correct with a maximum error of a few
units in the fifth decimal and is recommended for

calculations which are outside the range of
Table 26.7.

Calculation of x2 for Q(x:|r) Outside the Range of
Table 26.8

Example 13. Find the value of X2 for which
Q(x2|144)=.01.

Since »=144 is outside the range of Table 26.8,
we can compute it by using (1) the Cornish-Fisher
asymptotic expansion 26.2.50, for x2, (2) the cube
approximation 26.4.17, (3) the improved cube

approximation 26.4.18, or (4) the square approxi-

mation 26.4.16. We shall compute the value by
all four methods.

1. Cornish-Fisher asymptotic expansion 26.2.50

The Cornish-Fisher asymptotic expansion for
X* with v=144 can be written as

X~ 144+12y224-4h,(z) +%‘é—2 [3h2 () +2h1 ()]

+T§2_é [6hs(x) + 3hy2(x) +2h111($)]+'1%‘{;—§ [30h4($)

+9ha2 (2) +12hy5() +6h112 () +4hy1, ()]

Hence using the auxiliary table following 26.2.51
with p=.01 we have
144. 0000
39. 4794
2. 9413
—. 0242
—. 0019
+. 0002

X*=186. 395

*See page 11.

2. Cube approximation 26.4.17
Taking X.,;=2.32635 we have

2 __2 :I
x—144{[1 540

+(2.32635)\/§(—12ZZ>—}3=186.405

3. Improved cube approximation 26.4.18

From the table for kg we obtain using linear
interpolation with r=2.33 (approximately)

hep—.0012 and thus hm=% (.0012) =.00049
Hence
2
2__ —_—
=144 [1 5014)

5P
+(2.32635— .00049)\/97?1?)] =186.394

4, Square approximation 26.4.16

Xz% [2.3263542(144) — 1]°=185.616

The correct answer to 3D is x2=186.394.
Generally the improved cube approximation will
give results correct in the second or third decimal
for »>30.

Calculation of the Incomplete Gamma Function

Example 14. Find the value of

9
7(2.5,.9)=f tSe~dt
0

making use of 26.4.19 and Table 26.7.
Using 26.4.19 we have

v(2.5,.9)=T(2.5)P(1.8/5)=T'(2.5)[1—Q(1.8|5)]
7(2.5,.9)=§ Vr[1—.87607]=.16475

Poisson Distribution

Example 15. Find the value of m for which

3 m
-
;gd e .99
using 26.4.21 and Table 26.8.
From Table 26.8 with v=2¢=8 and @=.99
we have x*=1.646482. Hence m=x?/2=.823241.

Inverse of the Incomplete Beta Function

Example 16. Find the value of z for which
I,(10, 6)=.10 using Table 26.9 and 26.5.28."
Using 26.5.28 we have
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20
13(10,6)=Q(F]12,20)=10 where $=m
From Table 26.9 the upper 10 percent point of F
with 12 and 20 degrees of freedom is F=1.89.

Hence
20

=20+12(1.89)
The correct value to 4D is z=.4683.

z 469

Calculation of I.(a, b) for a or b Small Integers

Example 17. Calculate I.,0(3, 20).

Values of I (a,b) for small integral a or b can
conveniently be calculated using 26.5.6 or 26.5.7.
Using 26.5.6 we have

- _ (9" & i<2> 9
L h=gay {5 ()
=ﬁé—i%(l)5>z—?0:§ (.110390X 10~2) = 620040

Binomial Distribution

Example 18. Find the value of p which satisfies
2 /50
2 ( s )p“q“""=-95, g=1-p

using 26.5.24 and Table 26.9.
+ Combining 26.5.24 and 26.5.28 we have

= (0 par=e(Fin »

where
y1=—_2(n—-a+1), v2=2'(0,), and p_a,-i—(’n,—a,a—}-l)F
Hence

2 /50 0
Z( )p’q‘“’"=1—2 (50> e
=0 $ =21 8
=1—Q(F|60,42)=.95

Harmonic interpolation on », in the table for
which Q(F|v, v)=.05 results in F=1.624 for
42
560,624 0L
The correct answer to 4D is p=.3003.

n=60, »»=42, and thus p=

Approximating the Incomplete Beta Function

Example 19. Find 7 (16, 10.5) using 26.5.21.

Values of I,(a, b) can conveniently be calculated
with good accuracy using the approximation
given by 26.5.20 or 26.5.21. For this example
(@+b5—1)(1—2)=10.20 which is greater than .8
and hence 26.5.21 will be used. Thus

*See page II.

PROBABILITY

FUNCTIONS
w;=[(10.5)(.60)]"*=1.8469, w,=[16(.4)]/3=1.8566

_3[(1.8469) (.98942) — (1.8566) (.99306)] _
¥= (1.8469)% (1.8566)2]5 -
105 ' 16

—.0668

and interpolating in Table 26.1 gives
P(—.0668)=1—P(.0668)=.47336
The answer correct to 5D is I ¢(16, 10.5)=.47332.

Interpolation for F in Table 26.9
Example 20. Find the value of F for which

Q(F)7, 20)=.05 using Table 26.9,

Interpolation in Table 26.9 is approximately
linear when the reciprocals of the degrees of
freedom (»,v,) are used as the interpolating
variable. For this example it is only necessary to
interpolate with respect to 1/»,. Thus linear
interpolation on 1/» results in F=2.51 which is
the correct interpolate.

Calculation of F for Q(F|vi,v:)>.50

Example 21. Find the value of F for which
Q(F|4,8)=.90 using 26.6.9 and Table 26.9.

Table 26.9 only tabulates values of ¥ for which
Q(F|n, v)=p where p=.500, .250, .100, .050,
.025, .010, .005, .001. However making, use of
Table 26.9 we can find the values of F, for which
p=.75, .9, .95, .975, .99, .995,.999. For this ex-
ample we have

1
Fu 8= 55

and referring to the table for which Q(F|», »;)=.10

gives Fo(8,4)=3.95 and thus Foo(d,8)=qr=
— 253,

Calculation of @(F|v,v:) for Small Integral v; or v,

Example 22. Compute @(2.5/4,15) using
26.6.4. :
Values of Q(F|v, ) can be readily computed for

small », or », using the expansions 26.6.4 to 26.6.8

inclusive. We have using 26.6.4
15
T=1574250) 00
and

Q(2.50/4,15)=(.6)"5 [1 +1251 (.4):|=.086 735
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Approximating Q(F|v, vs)

Example 23. Calculate ((1.714]10,40) using

26.6.15.

The approximation given by 26.6.15 will result
in a maximum error of .0005. For this example
we have

z=(1.714)1/3 (1—5%7)—(1—-@)=1'2222
[@(?T)S*‘“'”‘*)m 9—(4%]

Interpolating in Table 26.1 results in
Q(1.714/10, 40) ~ Q(1.2222) =1— P(1.2222) =.1108
The correct value to 5D is ©(1.714/10, 40) =.11108.

On the other hand the approximation given by
26.6.14 which is usually less accurate results in

\/[2(40)—1] (g) (1.714) —y310)—1
Tr= —
10
\/ 144 (1714)
and interpolating in Table 26.1 gives
Q(1.714/10, 40) ~Q(1.2210) =1— P(1.2210) =.1112

Calculation of F Outside the Range of Table 26.9

Example 24. Find the value of F for which
Q(F|10,20)~.0001 using 26.6.16 and 26.5.22.

=1.2210

For this problem we have a=%=10, b=%= ,

p=.0001. The value of the normal deviate which
cuts off .0001 in the tail of the distribution is

961

y=3.7190 (i.e., @(3.7190)=.0001). Hence sub-

stituting in 26.5.22 gives

h=2 I:i#  12.0143
19 T

9
2__
A3 7190° =3 oo
6
. (12.2143+1.8052)9
w=3.7190 122143
1 1 2
*(g— 1—§> [1 8052+ 8333 — 3155 43)]
w=.9889
and thus F=~e?*=7.23. The correct answer is
F=17.180.

Approximating the Non-Central F-Distribution

Example 25. Compute P(3.71]3,10,4) using
the approximation 26.6.27 to the non-central F-
distribution.

Using 26.6.27 with » =3, »=10, A=4, F'=3.71
we have

-
[Gia) e ] [t sz

[g (513*9(?0) [(35;4) ‘3‘71)]2/3]%
=.875

and interpolating in Table 26.1 gives
P(3.71]3,10,4) =~ P(.675)=.750
The exact answer is P(3.71]|3, 10, 4) =.745.
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7D; V(h, ah) for h=0(.01)4(.02)4.6(.1)5.6, =,
7D; Viak, h) for a=.1(.1)1, h=0(.01)4(.02)5.6,
o, 7D.

[26.21] C. Nicholson, The probability integral for two
variables, Biometrika 33, §9-72 (1943). V'(h, ah)
for h=.1(.1)3, ah=.1(.1)3, », 6D.

{26.22] D. B. Owen, Tables for computing bivariate normal
probabilities, Ann. Math. Statist. 27, 1075-1090

1
(1956). T(h, a)=2— arctan a— V(h, ah) for
m

a=.25(25)1, h=0(.01)2(.02)3; a=0(.01)1, ,
R=0(.25)3; a=.1, .2(.05).5(.1).8, 1, ©, h=
3(.05)3.5(.1)4.7, 6D.

[26.23) D. B. Owen, The bivariate normal probability
function, Office of Technical Services, U.S.
Department of Commerce (1957). T(h, a)=

1
o arctan a— V(h, ah) for a=0(.025)1, «; h=
w

0(.01)3.5(.05)4.75, 6D.

[26.24] Tables VIII and IX, Part II of [26.12].
for h, k=0(.1)2.6, p=—1(.05)1,
and 7D for p<0.

Lk, k, p)
6D for p>0

Chi-Square, Non-Central Chi-Square, Probability
Incomplete Gamma Function, Poisson Distribution
[26.25] G. A. Campbell, Probability curves showing
Poisson’s exponential summation, Bell System
Technical Journal, 95-113 (1923). Tabulates

Integral,

2
values of m="5 for which Q(x?»)=.000001,
2D; .0001, .01, 3D; .1, .25, .5, .75, .9, 4D;
.99, .9999, 3D; .999999, 2D for c=é'=1(1)101.

[26.26] Table IV of [26.7). Tabulates values of x* for
Q(xv)=.001, 01, .02, .05, .1, .2, .3, .5, .7, .8,
.9, .95, .98, .99 and v=1(1)30, 3D or 3S.

[26.27] E. Fix, Tables of noncentral x?, Univ. of California
Publications in Statistiecs 1, 15-19 (1949).
Tabulates A for P(x"2l», \)=.1(.1).9, Q(x*)=
.01, .05; »=1(1)20(2)40(5)60(10)100, 3D or 38.

[26.28] H. O. Hartley and E. S. Pearson, Tables of the x*
integral and of the cumulative Poisson distribu-
tion, Biometrika 37, 313-325 (1950). Also re-
produced as Table 7 in [26.11]. P(x2») for
»y=1(1)20(2)70, *x*=0(.001).01(.01).1(.1)2(.2)10
(.5)20(1)40(2)134, 5D.

[26.29] T. Kitagawa, Tables of Poisson distribution
(Baifukan, Tokyo, Japan, 1951). e~mm*/s! for
m=.001(.001)1(.01)5, 8D; m=>5(.01)10, 7D.

[26.30] E. C. Molina, Poisson’s exponential binomial limit
(D. Van Nostrand Co., Inc., New York, N.Y.,

]
1940). e~mme/s! and P(|y) =2, e~mmi/j! for
j=¢

m=x2/2=0(.1)16(1)100, 6D;
(.01)3, 7D,

[26.31] K. Pearson (Editor), Tables of the incomplete
I'-function, Biometrika Office, University College
(Cambridge Univ. Press, Cambridge, England,
1934). I(u,p) for p=—1(.05)0(.1)5(.2)50,
u=0(1) I(y,p)=1 to 7D; p=—1(01)—.75,
u=0(1)6, 5D; InlI(u,p)lur*1], p=—1(05)0
(.1)10, u=0(.1)1.5, 8D; [zo*! I'(p+ 1] 1v(p,2),
p=—1(01)—.9,z=0(.01)3, 7D.

[26.32] E. E. Sluckii, Tablitsy dlya v&éioleniya nepolnol
I-funktsii i funktsii veroyatnosti x2. (Izdat.
Akad. Nauk SSSR, Moscow-Leningrad, U.S.8.R.,

1950). T =(2 ) P (), P(tw)=
2

Q(xv), T(t, z)=0(x|») where t=(2x)1— (2},
x=(v/2)—*. T(x3v), x*=0(.05)2(.1)10, »=0(.05)
20.1)6; Q(cy), x*=0(1)3.2, »=0(.05)2(.1)6;
x=3.2(2)7(.5)10(1)35, »=0(.1).4(.2)6; .@(t,v),
t=—4(1)4.8, »=6(.5)11(1)32; N(t,z): t=—4.5
(.1)4.8, £=0(.02).22(.01).25, 5D.

m=20(.001).01
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Incomplete Beta Function, Binomial Distribution

[26.33] Harvard University, Tables of the cumulative
binomial probability distribution (Harvard Univ.
Press, Cambridge, Mass., 1955).

32 (M) pr(1—p) =+ for p=.01(.01).5, 1/16, 1/12,
a=c

1/8, 1/6, 3/16, 5/16, 1/3, 3/8, 5/12, 7/16,
n=1(1)50(2) 100(10)200(20)500(50) 1000, 5D.
[26.34] National Bureau of Standards, Tables of the
binomial probability distribution, Applied Math.
Series 6 (U.S. Government Printing Office,
Washington, D.C., 1950). (®)p*(1—p)»* and

f_‘, (M)p*(1—p)»* for p=.01(.01).5, n=2(1)49,

7D.

[26.35] K. Pearson (Editor), Tables of the incomplete
beta function, Biometrika Office, University
College (Cambridge Univ. Press, Cambridge,
England, 1948). I.(ab) for z=.01(.01)1;
a,b==.5(.5)11(1)50, a=b, 7D.

126.36] W. H. Robertson, Tables of the binomial distribu-
tion function for small values of p, Office of
Technical Services, U.S. Department of Com-
merce (1960).

¢
>3 (Mpr(1—p)n= for p=.001(.001).02, n=2(1)
=0

100(2)200(10)500(20)1000;  p=.021(.001).05,
n=2(1)50(2)100(5)200(10) 300 (20) 600 (50) 1000,

5D.
[26.37] H. G. Romig, 50-100 Binomial tables (John

Wiley & Sons, Inc., New York, N.Y., 1953).

(") pr(1—p)= and 3 (") p*(1—p)n—+ for
S 8=0 8

p=.01(.01).5 and »=>50(5)100,. 6D.
[26.38] C. M. Thompson, Tables of percentage points of
the incomplete beta function, Biometrika 32,
151-181 (1941). Also reproduced as Table 16
in [26.11]. Tabulates values of z for which
I.(a, b) =.005 .01, .025, .05, .1, .25, .5;
2a=1(1)30, 40, 60, 120, o ; 2b=1(1)10, 12, 15,
20, 24, 30, 40, 60, 120, 5D.
[26.39] U.S. Ordnance Corps, Tables of the cumulative
binomial .probabilities, ORDP 20-1, Office of
Technical Servieces, Washington, D.C. (1952).

n
Z(Z) p*(1—p)»* for p=.01(.01).5 and n=1

a=C

(1)150, 7D.
F (Variance-Ratio) and Non-Central F Distribution

[26.40] Table V of [26.7). Tabulates values of F and

1
Z=3 1 F for Q(Fln, ») =2, .1, .05, .01, .001;

n=1(1)6, 8, 12, 24, o ; »,=1(1)30, 40, 60, 120,
©, 2D for F, 4D for Z.

[26.41] E. Lehmer, Inverse tables of probabilities of errors
of the second kind, Ann. Math. Statist. 15,
388-398 (1944). ¢=—\/)\/(v1+1) for »=1(1)10,
12, 15, 20, 24, 30,.40, 60, 120, o ; »,=2(2)20,
24, 30, 40, 60, 80, 120, 240, « and P(F'|u, v, ¢)
=.2, .3 where Q(F’|v;, vs)=.01, .05, 3D or 38.

*See page 11

[26.42] M. Merrington and C. M. Thompson, Tables of
percentage points of the inverted beta (F) dis-
tribution, Biometrika 33, 73-88 (1943). Tabu-
lates values of F for which Q(F|v, v;)=.5, .25,
.1, .05, .025, .01, .005; »=1(1)10, 12, 15, 20,
24, 30, 40, 60, 120, = ; »,=1(1)30, 40, 60, 120, .

[26.43] P. C. Tang, The power function of the analysis of
variance tests with tables and illustrations of
their use, Statistical Research Memoirs 11, 126~
149 and tables (1938). P(F’|vi, vz, ¢) for »y=
1(1)8, »»=2(2)6(1)30, 60, © and p=+/A/v;+1)=
1(.5)3(1)8 where Q(F’|v,, v) =.01, .05, 3D.

Student’s t and Non-Central t-Distributions

[26.44] E. T. Federighi, Extended tables of the percentage
points of Student’s ¢-distribution, J. Amer.
Statist. Assoc. 54, 683-688 (1959.) Values of

1
¢t for which Q(t|») = > [1—A@y)]=.25X10-",

AX 10~ n=0(1)6, .05X10-% n=0(1)5, y=
1(1)30(5)60(10)100, 200, 500, 1000, 2000, 10000,
®; 3D.

H

[26.45] Table IIT of [26.7]. Values of ¢ for which A({|y)=
J1(.1).9, .95, .98, .99, .999 and »=1(1)30, 40,

60, 120, «; 3D.
[26.46] N. L. Johnson and B. L. Welch, Applications of
the noncentral (¢-distribution, Biometrika 31,
362-389 (1939). Tabulates an auxiliary func-
tion which enables calculation of & for given
t’and p,ort’ for given § and p where P({'|v,8) =p=
.005, .01, .025, .05, .1(.1).9, .95, .975, .99, .995.
[26.47] J. Neyman and B. Tokarska, Errors of the second
' kind in testing Student’s hypothesis, J. Amer.
Statist. Assoc. 31, 318-326 (1936). Tabulates §
for P(t'[v,6)=.01, .05, .1(.1).9; »=1(1)30, o;

Q(t’lv)=.01, .05.

[26.48] Table 9 of [26.11].P(t|11)=—; 14+ A@p)] for t=

0(.1)4(.2)8; v=1(1)20, 5D; t=0(.05)2(.1)4, 5;
»=20(1)24, 30, 40, 60, 120, ©, 5D.

[26.49] G. S. Resnikoff and G. J. Lieberman, Tables of the
noncentral ¢-distribution (Stanford Univ. Press,
Stanford, Calif., 1957). dP(¢t'|v,8)/0t' and P(¢' v,5)
for v=2(1)24(5)49, 6= +»+1 z, where Q(z,)=
p=.25, .15, .1, .065, .04, .025, .01, .004, .0025,
.001 and ¢ /\/; covers the range of values such
that throughout most of the table the entries lie
between 0 and 1, 4D.

Random Numbers and Normal Deviates

[26.50] E. C. Fieller, T. Lewis and E. 8. Pearson, Cor-
related random normal deviates, Tracts for
Computers 26 (Cambridge Univ. Press, Cam-
bridge, England, 1955).

[26.51] T. E. Hull and A. R. Dobell, Random number
generators, Soc. Ind. App. Math. 4, 230-254
(1962).

[26.52]) M. G. Kendall and B. Babington Smith, Random
sampling numbers (Cambridge Univ. Press,
Cambridge, England, 1939).
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[26.53] G. Marsaglia, Random variables and computers,
Proc. Third Prague Conference in Probability
Theory 1962. (Also as Math. Note No. 260,
Boeing Scientific Research Laboratories, 1962).

[26.54] M. E. Muller, An inverse method for the genera~
tion of random normal deviates on large scale
computers, Math. Tables Aids Comp. 63. 167-
174 (1958).

[26.55] Rand Corporation, A million random digits with
100,000 normal deviates (The Free Press,
Glencoe, Il1. 1955).

[26.56] H. Wold, Random normal deviates, Tracts for
Computers 25 (Cambridge Univ. Press, Cam-
bridge, England, 1948).
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27. Miscellaneous Functions

27.1. Debye Functions Relation to Riemann Zeta Function (see chapter 23)
Series Representations 27.1.3 fm t"d — 1
27.1.1 1. . o =nl{(n+1).
trdt - 1 L% [27.1] J. A. Beattie, Slx-place tables of the Debye energy
m= [n 2(n+1)+2 (2k+n) (2k)'] and specific heat functions, J. Math. Phys. 6,
0 1-32 (1926).
(lz|<2m,n>1)
- Yy 12 yidy ], z=0(.01)24, 68
(For Bernoulli numbers By, see chapter 23.) xﬂ oev—1 78 Joev—1 _1 »2=0(01)24, 68.
27.1.2 [27.2] E. Griineisen, Die Abhingigkeit des elektrischen
o 4n - a1 2 Widerstandes reiner Metalle von der Temperatur,
f trdt dt —> ,,,[ " e +(n)(n—-1)x" Ann. Physik. (5) 16, 530-540 (1933).
2 3
z k=1 IC 'k g) z it _ 4z
nl oJoei—1 eo—1
e tim 0,n>
+ +k"+1](x> 1) z=0(.1)13(.2)18(1)20(2) 52(4)80, 48.
Table 27.1 Debye Functions
. 1 (= tdt 2 (= fdt 3 (= tdt 4 (= tdt
zJo et—1 z2Jo et—1 z8Jo et—1 4o et—1
0.0 1. 000000 1. 000000 1. 000000 1. 000000
0.1 0. 975278 0. 967083 0. 963000 0. 960555
0.2 0. 951111 0. 934999 0. 926999 0. 922221
0.3 0. 927498 0. 903746 0. 891995 0. 884994
0.4 0. 904437 0. 873322 0. 857985 0. 848871
0.5 0. 881927 0. 843721 0. 824963 0. 813846
0.6 0. 859964 0. 814940 0. 792924 0. 779911
0.7 0. 838545 0. 786973 0. 761859 0. 747057
0.8 0. 817665 0. 759813 0. 731759 0. 715275
0.9 0. 797320 0. 733451 0. 702615 0. 684551
1.0 0. 777505 0. 707878 0. 674416 0. 654874
1.1 0. 758213 0. 683086 0. 647148 0. 626228
1.2 0. 739438 0. 659064 0. 620798 0. 598598
1.3 0. 721173 0. 635800 0. 595351 0. 571967
1.4 0. 703412 0. 613281 0. 570793 0. 546317
1.6 0. 669366 0. 570431 0. 524275 0. 497882
1. 8 0. 637235 0. 530404 0. 481103 0. 453131
2.0 0. 606947 0. 493083 0. 441129 0. 411893
2.2 0. 578427 0. 458343 0. 404194 0. 373984
2.4 0. 551596 0. 426057 0. 370137 0. 339218
2.6 0. 526375 0. 396095 0. 338793 0. 307405
2.8 0. 502682 0. 368324 0. 309995 0. 278355
3.0 0. 480435 0. 342614 0. 283580 0. 251879
3.2 0. 459555 0. 318834 0. 259385 0. 2277d
3.4 0. 439962 0. 296859 0. 237252 0. 205915
3.6 0. 421580 0. 276565 0. 217030 0. 186075
3.8 0. 404332 0. 257835 0. 198571 0. 168107
4.0 0. 388148 0. 240554 0. 181737 0. 151855
4 2 0. 372958 0. 224615 0. 166396 0. 137169
4 4 0. 358696 0. 209916 0. 152424 0. 123913
4.6 0. 345301 0. 196361 0. 139704 0. 111957
4 8 0. 332713 0. 183860 0. 128129 0. 101180
50 0. 320876 0. 172329 0. 117597 0. 091471
55 0. 294240 0. 147243 0. 095241 0. 071228
6.0 0. 271260 0. 126669 0. 077581 0. 055677
6.5 0. 251331 0. 109727 0. 063604 0. 043730
7.0 0. 233948 0. 095707 0. 052506 0. 034541
75 0. 218698 0. 084039 0. 043655 0. 027453
80 0. 205239 0. 074269 0. 036560 0. 021968
85 0. 193294 0. 066036 0. 030840 0. 017702
9.0 0. 182633 0. 0569053 0. 026200 0. 014368
9.5 0. 173068 0. 053092 0. 022411 0. 011747
10.0 0. 164443 0. 047971 0. 019296 0. 009674

[( 4)5]' [(—54)6] [(—51)6] [(—54)6]
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Planck’s Radiation Function Table 27.2
fl@)=2"%(eV=—1)"1
z J(x) z f(x) z f(z) z J(z) z fz)
0. 050 0. 007 0.10 4. 540 0. 20 21. 199 0. 40 8. 733 0.9 0. 831
0. 055 0. 025 0.11 6. 998 0. 22 20. 819 0. 45 6. 586 1.0 0, 582
0. 060 0.074 0.12 9. 662 0.24 19.777 0. 50 5. 009 1.1 0. 419
0. 065 0. 179 0.13 12. 296 0. 26 18. 372 0. 55 3. 850 1.2 0. 309
0. 070 0.372 0. 14 14. 710 0. 28 16. 809 0. 60 2. 995 1.3 0. 233
0. 075 0. 682 0.15 16. 780 0. 30 15. 224 0. 65 2. 356 14 0,178
0. 080 1. 137 0.16 18. 446 0. 32 13. 696 0.70 1. 875 1.5 0.139
0. 085 1. 752 0.17 19. 692 0.34 12. 270 0.75 1. 508 2.0 0. 048
0. 090 2. 531 0. 18 20. 539 0. 36 10. 965 0. 80 1. 225 2.5 0. 021
0. 095 3. 466 0,19 21. 025 0. 38 9. 787 0. 85 1. 005 3.0 0. 010
0. 100 4. 540 0. 20 21. 199 0. 40 8. 733 0. 90 0. 831 3.5 0. 006

(—2)2 (—2)5 (—2)8 (—2)7 1
z,,,.,=.2(|):1404523]53 f(zm“)=£1_2(fl43]58_ [ 5 ] [ 5 ] [ 4 ]

[27.3] Miscellaneous Physical Tables, Planck’s radiation Ry Ry N Ny

functions and electronic funetions, MT 17 (U.S. Table I: Ry mes Eow Nirmax Now for
Government Printing Office, Washington, D.C., AT=[.05(.001).1(.005).4(.01).6(.02)1(.05)2]em K°.
1941).
) A Table II: Ry, Ro-r, N\, No-x (T=1000° K)
- Ra=cZ (e —1)-1, Roa=1] RadA, for A=[.5(.01)1(.05)4(.1)6(.2)10(.5)20] microns.

]

Table III: N, for A=[.25(.05)1.6(.2)3(1)10]

A
Ot (gt AT — 1) -
Na=2meXx=4(ea"T—1)~1, No- J; Nydx microns, T=[1000°(500°)3500° K and 6000° K).

Einstein Functions Table 27.3
x
z3e* z z_]
z — In (1—e* €
(ex=—1)* e*—1 ( ) —In (1—e-%)

0. 00 1. 00000 1. 00000 —® ©

0. 05 0. 99979 0. 97521 —3. 02063 3. 99584
0. 10 0. 99917 0. 95083 —2. 35217 3. 30300
0.15 0. 99813 0. 92687 —1. 97118 2. 89806
0.20 0. 99667 0. 90333 —1. 70777 2. 61110
0. 26 0. 99481 0. 88020 —1. 50869 2. 38888
0. 30 0. 99253 0. 85749 —1. 35023 o 2.20771
0. 35 0. 98985 0. 83519 —1, 21972 r & 2.05491
0. 40 0. 98677 0. 81330 —1. 10963 1. 92293
0. 45 0. 98329 0. 79182 —1. 01508. 1. 80690
0. 50 0. 97942 0. 77075 —0. 93275 1. 70350
0. 55 0. 97517 0. 75008 —0. 86026 1. 61035
0. 60 0. 97053 0. 72982 —0. 79587 1. 52569
0. 65 0. 96552 0. 70996 —0. 73824 1. 44820
0.70 0. 96015 0. 69050 —0. 68634 1. 37684
0.75 0. 95441 0. 67144 —0. 63935 1. 31079
0. 80 0. 94833 0. 65277 —0. 59662 1. 24939
0. 85 0. 94191 0. 63450 —0. 55759 1. 19209
0. 90 0. 93515 0. 61661 —0. 52184 1. 13844
0. 95 0. 92807 0. 59910 —0. 48897 1. 08809
1. 00 0. 92067 0. 58198 —0. 45868 1. 04065
1. 05 0. 91298 0. 56523 —0. 43069 0. 99592
1.10 0. 90499 0. 54886 —0. 40477 0. 95363
1.15 0. 89671 0. 53285 —0. 38073 0. 91358
1. 20 0. 88817 0. 51722 —0. 35838 0. 87560
1.25 0. 87937 0. 50194 —0. 33758 0. 83952
1. 30 0. 87031 0. 48702 —0. 31818 0. 80520
1. 35 0. 86102 0. 47245 —0. 30008 0. 77253
1. 40 0. 85151 0. 45824 —0. 28315 0. 74139
1. 45 0. 84178 0. 44436 —0. 26732 - 0. 71168
1. 50 0. 83185 0. 43083 —0. 25248 0. 68331

[(—35)5 [(—35)5]



1000 MISCELLANEOUS FUNCTIONS

Table 27.3 Einstein Functions
z%® z . =z
z (er—1)2 e—1 In (1—e-7%) e=—1
—In (1—e?)

1.6 0. 81143 0. 40475 —0. 22552 0. 63027
1.7 0. 79035 0. 37998 —0. 20173 0. 58171
1.8 0. 76869 0. 35646 —0. 18068 0. 53714
1.9 0. 74657 0. 33416 —0. 16201 0. 49617
2.0 0. 72406 0. 31304 —0. 14541 0. 45845
2.1 0. 70127 0. 29304 —0. 13063 0. 42367
2.2 0. 67827 0. 27414 —0. 11744 0. 39158
2.8 0. 65515 0. 25629 —0. 10565 0. 36194
2.4 0. 63200 0. 23945 —0. 09510 0. 33455
2.5 0. 60889 0. 22356 —0. 08565 0. 30921
2.6 0. 58589 0. 20861 —0.07718 0. 28578
2.7 0. 56307 0. 19453 —0. 06957 0. 26410
2.8 0. 54049 0. 18129 —0. 06274 0. 24403
2.9 0. 51820 0. 16886 —0. 05659 0. 22545
3.0 0. 49627 0. 15719 —0. 05107 0. 20826
3.2 0. 45363 0. 13598 —0. 04162 0. 17760
3.4 0. 41289 0.11739 —0. 03394 0. 15133
3.6 0. 37429 0. 10113 —0. 02770 0. 12883
3.8 0. 33799 0. 08695 —0. 02262 0. 10958
40 0. 30409 0. 07463 —0. 01849 0. 09311
4.2 0. 27264 0. 06394 —0. 01511 0. 07905
4.4 0. 24363 0. 056469 —0.01235 0. 06705
4.6 0. 21704 0. 04671 —0.01010 0. 05681
4 8 0. 19277 0. 03983 —0. 00826 0. 04809
5.0 0. 17074 0. 03392 —0. 00676 0. 04068
5.2 0. 15083 0. 02885 —0. 00553 0. 03438
5 4 0. 13290 0. 02450 —0. 00453 0. 02903
5.6 0. 11683 0. 02078 ~0. 00370 0. 02449
58 0. 10247 0. 01761 —0. 00303 0. 02065
6.0 0. 08968 0. 01491 —0. 00248 0.01739

[(—4)3] [(-—4)3] [(—4)4] [(—4)6]

4 4 4 4
[27.4] H. L. Johnston, L. Savedoff and J. Belzer, Contri- Representation in Terms of Exponential Integrals

butions to the thermodynamic functions by a 27.4.2

Planck-Einstein oscillator in one degree of free- P 3
dom, NAVEXOS p. 646, Office of Naval Re- f er e "d¢=f e~=8ec¢dg
0 0

search, Department of the Navy, Washington,

D.C. (1949). Values of z%*(e*—1)~2, z(e*—1)7), ""Zm.‘, a(cos B)u+1E2k+2 (‘E‘—)
—In (1—e=%) and z(e*—1)~1—In (1—e=2) for k=0 cos 6
z=0(.001)3(.01) 14.99, 5D with first differences. (a:_>_0,0<0<72—r)
27.4. Sievert Integral a0=11ak=1 23t 45_ 6"‘.(.252]6)1)
0 (For E3.4.2(x), see chapter 5.)
J; 7" %0 *dg . Relation to the Integral of the Bessel Function Ky(x)
27.4.3

Relation to the Error Function

f ? -z ses sdp=XKi, (x)= f ) K,(t)dt where
0 z

_ 5 129
bes ~ G 1—o- 50
zte”Ki, () ~ (37) {1 8;.;_*_128:1:2

o -~
~z8ecd s, | N -z z
L eTretdy \/2z e~ erf (\/; 0) @) 2655 301035 }

27.4.1

~ 1024t 327685
(For erf, see chapter 7.) " | (For Ki,(z), see chapter 11.)
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[27.5] National Bureau of Standards, Table of the Sievert [27.6] R. M. Sievert, Die v-Strahlungsintensitit an der

integral, Applied Math. Series— (U.S. Government Oberfliche und in der nichsten Umgebung von
Printing Office, Washington, D.C. In press). Radiumnadeln, Acta Radiologica 11, 239-301
(1930).

£=0(.01)2(.02)5(.05)10, 6=0°(1°)90°, 9D. .
f a4 seo iy 6=30°(1°)90°, A=0(.01).5, 3D.
0

¢
Sievert Integral f e~T%ect dd Table 27.4
0

z\#8 10° 20° 30° 40° 50° 60° 75° 90°
0.0 0. 174533 0. 349066 0. 523599 0. 698132 0. 872665 1. 047198 1. 308997 1. 570796
0.1 0. 157843 0. 315187 0. 471456 0. 625886 0. 777323 0. 923778 1. 123611 1. 228632
0.2 0. 142749 0. 284598 0. 424515 0. 561159 0. 692565 0. 815477 0. 968414 1. 023680
0.3 0. 129099 0. 256978 0. 382255 0. 503165 0.617194 0. 720366 0. 837712 0. 868832
0.4 0. 116754 0. 232040 0. 344209 0. 451198 0. 550154 0. 636769 0. 727031 0. 745203
0.5 0. 105589 0. 209522 0. 309957 0. 404629 0. 490508 0. 563236 0. 632830 0. 643694
0.6 0. 095492 0. 189191 0. 279118 0. 362893 0. 437428 0. 498504 0. 552287 0. 558890
0.7 0. 086361 0. 170833 0. 251353 0. 325486 0. 390178 0. 441478 0. 483134 0. 487198
0.8 0. 078103 0. 154256 0. 226354 0. 291957 0. 348109 0. 391204 0. 423535 0. 426062
0.9 0. 070634 0. 139289 0. 203845 0. 261901 0. 310642 0. 346851 0. 371996 0. 373579
1.0 0. 063880 0. 125775 0. 183579 0. 234956 0. 277267 0. 307694 0. 327288 0. 328286
1.2 0. 052247 0. 102553 0. 148899 0. 189138 0. 221027 0. 242523 0. 254485 0. 254889
1.4 0. 042733 0. 083620 0. 120780 0. 152298 0. 176336 0. 191533 0. 198885 0. 199051
1.6 0. 034951 0. 068183 0. 097979 0. 122667 0. 140792 0. 151541 0. 156087 0. 156156
1.8 0. 028587 0. 055597 0. 079488 0. 098829 0. 112497 0. 120105 0. 122932 0. 122961
2.0 0. 023381 0. 045335 0. 064492 0. 079644 0. 089954 0. 095342 0. 097108 0. 097121
2.2 0. 019123 0. 036967 0. 052329 0. 064201 0. 071979 0. 075797 0. 076905 0. 076911
2.4 0. 015641 0. 030145 0. 042463 0. 051766 0. 057635 0. 060342 0. 061040 0. 061043
2.6 0. 012793 0. 024582 0. 034460 0. 041750 0. 046179 0. 048100 0. 048541 0. 048542
2.8 0. 010463 0. 020045 0. 027968 0. 033680 0. 037024 0. 038387 0. 038667 0. 038668
3.0 0. 008558 0. 016347 0. 022700 0. 027177 0. 029702 0. 030670 0. 030848 0. 030848
3.5 0. 005178 0. 009817 0. 013477 0. 015912 0. 017164 0. 017576 0. 017634 0. 017634
4,0 0. 003132 0. 005896 0. 008005 0. 009330 0. 009951 0. 010128 0. 010147 0. 010147
4.5 0. 001895 0. 003542 0. 004756 0. 005478 0. 005787 0. 005862 0. 005869 0. 005869
5.0 0. 001147 0. 002127 0. 002828 0. 003221 0. 003374 0. 003407 0. 003409 0. 003409
55 0. 000694 0. 001278 0. 001682 0. 001896 0. 001972 0. 001986 0. 001987 0. 001987
6.0 0. 000420 0. 000768 0. 001001 0. 001117 0. 001155 0. 001162 0. 001162 0. 001162
6.5 0. 000254 0. 000461 0. 000596 0. 000659 0. 000678 0. 000681 0. 000681 0. 000681
7.0 0. 000154 0. 000277 0. 000355 0. 000389 0. 000399 0. 000400 0. 000400 0. 000400
7.5 0. 000093 0. 000167 0. 000211 0. 000230 0. 000235 0. 000235 0. 000235 0. 000235
8.0 0. 000056 0. 000100 0. 000126 0. 000136 0. 000139 0. 000139 0. 000139 0. 000139
8.5 0. 000034 0. 000060 0. 000075 0. 000081 0. 000082 0. 000082 0. 000082 0. 000082
9.0 0. 000021 0. 000036 0. 000045 0. 000048 0. 000048 0. 000048 0. 000048 0. 000048
9.5 0. 000012 0. 000022 0. 000027 0. 000028 0. 000029 0. 000029 0. 000029 0. 000029

10.0 0. 000008 0. 000013 0. 000016 0. 000017 0. 000017 0. 000017 0. 000017 0. 000017

[(—3)2] [‘7;"5] [(—(;1)8 [(-73)1] [(—73)1] [(—;)2] [(~73)4] [(—1%)2]

21.5. fulz)= J‘ ® tme-1-% 24 and Power Series Representations
0 3
Related Integrals 27.5.4 2f\(x) =‘§ (ax In 2+b) 2t
m=0,1,2... 2 26, — (3K2—6k+-2)
Differential Equations ak=—_-ﬂ"2— bk=— k27" — L]
s k(k—1) (k—2) k(k—1) (k—2)
27.5.1 m —(m—1)f1 +2fn=0
2152 fo=— ( )(f i N mh
X 1 r,n=— m—1 m=1,2,...) 3
Recurrence Relation bo=1 =—r b,=§ (1=
21.5.3 2fm=(m—1)fp-2+2fm—s (m2>3) (For v, see chapter 6.)
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27.5.5

of () =1 — vzt 63422+ .59082% — . 143 124
—.01968z°.003242°+.000188" . . .

—2? In z(1—.083332%-+.0013892*— 000008325+ . . .)

27.5.6

2f,() =%;—x+\/77_r 22— 32252 — .1477x*+ .031952°

+.003282%— .000491 27— .000023528 . . .
+2? In 2(3—.01667224.0001982*— . . .)

27.5.7
vr 2 4 5
2f3(z)=1——2— :c+§-—.2954x3+.1014:c +.02954x
—.00578x%—.0004727+.000064x® . . .
—ut In 2(.0833—.00278x%+.0000252*— . . .)
Asymptotic Representation
27.5.8

fm(x)~\/g 37T E o (a0+%’+%+ S )

» (2> =)
=3 (%)

=1, a,=1—12 Bm2+3m—1)

12(k+2)ay 0= — (12k*+ 36k —3m2—3m +25) a4 41
+3(m—2k) 2k+3—m) (2k+3+2m)a,
(k=0,1,2..))

27.5.9 gl(x)+'£gz(z)=f 12" T gy
[1]
27.5.10

0@ =Zf()  ga(@)=—SFf(iz)

MISCELLANEOUS FUNCTIONS

Asymptotic Representation

27.5.11 )

91(Z)=<13—r)mg exp [—-g (g)m] (A sin 9+ B cos 6)

27.5.12
2 3 /2\2/3 )
gz(:c)=—(1§r) -;—exp [—§ (g) :I(A cos 89— B sin §)

0=g‘/—3- (3)2/3
s (B[ () 2
() (-] e
~ ‘/g [al (%)m’{"h (5)4,3—114 (%)m
()] e

ap=1 a,=.972222 a;=.148534
a;=—.017879 a,=.004594 a5=—.000762
[27.7] M. Abramowitz, Evaluation of the integral
[7 e -vdu, 5. Math. Phys. 32, 188-102 (1953).
0
[27.8] H. Faxén, Expansion in series of the integral
f exp [—x(t+t)]edt, Ark. Mat., Astr., Fys.
v
15, 13, 1-57 (1921).
[27.9] J. E. Kilpatrick and M. F. Kilpatrick, Discrete
energy levels associated with the Lennard-
Jones potential, J. Chem. Phys. 19, 7, 930-933

(1951).

[27.10] U. E. Kruse and N. F. Ramsey, The integral

©

fo ¥® exp (—y’+i ;-j) dy, J. Math. Phys. 30,
40 (1951).

[27.11] O. Laporte, Absorption coefficients for thermal
neutrons, Phys. Rev. 52, 72-74 (1937).

[27.12] H. C. Torrey, Notes on intensities of radio fre-
quency spectra, Phys. Rev. 59, 293 (1941).

[27.13] C. T. Zahn, Absorption coefficients for thermal
neutrons, Phys. Rev. 52, 67-71 (1937).

f yre=¥~35 gy for n=0, §, 1; 2=0(.01).1(.1)1.
(3
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@x©
@)= f tme~ -5 dt Table 27.5
1]
z fi(x) fa(x) fa(x) z fi(x) Sa(z) fa(x) T filz) Ja(x) fa(l')

0. 00 0. 5000 0. 4431 0. 5000 0.1 0. 4263 0. 3970 0. 4580 0.6 0. 2255 0. 2415 0. 3025
0. 01 0. 4914 0. 4382 0. 4956 0.2 0. 3697 0. 3573 0. 4204 0.7 0. 2015 0. 2202 0. 2793
0.02 0. 4832 0. 4333 0. 4912 0.3 0. 3238 0. 3227 0. 3864 08 0. 1807 0. 2011 0. 2584
Q.03 0. 4753 0. 4285 0. 4869 0.4 0. 2855 Q. 2023 Q. 3557 0.9 Q. 1626 0. 1839 0. 2392
0. 04 0. 4676 0. 4238 0. 4826 0.5 0. 2531 0. 2654 0. 3278 1.0 0. 1466 0. 1685 0. 2215

0. 05 0. 4602 0. 4191 0. 4784
(10T 9] [P0 a0 [Cea[ed[e]

2 2 2 4 3 3 3 3 3

z FfsGizy  —Ifaix) x Ftiz)y  — IHiliz) 'z Kfsizy  —Ifaliz)
0.0 0. 50000 0. 00000 40 —0. 2626 0. 0430 80 0. 06078 —0. 09808
0.2 0. 49019 Q. 08754 4 2 —0. 2552 +0. 0094 8.5 0. 07562 —0.07131
0.4 0. 46229 0. 16933 4.4 —0. 2441 —0. 0214 9.0 0. 08221 -—-0. 04496
0.6 0. 41950 0. 24139 4.6 —0. 2299 —0. 0490 9.5 0. 08191 —0. 02082
0.8 0. 36543 0. 30136 4,8 —0. 2132 —0. 0734 10. 0 0. 07626 —0. 00010
1.0 0. 30366 0. 34805 50 —0.1945 —0.0044 10. 5 0. 06684 -0.01654
1.2 0. 23746 0. 38122 5.2 —0. 1745 —0.1120 11.0 0. 05507 0. 02889
1.4 0. 16972 0. 40127 5 4 —0. 1536 —0. 1263 11. 5 0. 04224 0. 03707
1.6 0. 10288 0. 40910 5.6 —0. 1322 —0. 1374 12. 0 Q. 02937 0. 04146
1.8 +0. 03892 0. 40592 5 8 —0. 1108 —0. 1455 12. 5 0. 01727 0. 04259
2.0 —0. 02062 0. 39314 6.0 —0. 0896 —0. 1507 13.0 +0. 00650 0. 04109
2.2 —0. 0746 0. 3722 6. 2 —0. 0691 —0. 1533 13. 5 —0. 00259 0. 03758
2.4 —0. 1221 0. 3448 6. 4 —0. 0493 —0. 1535 14. 0 —0. 00982 0. 03268
2.6 —0. 1629 0. 3122 6. 6 —0. 0307 —0. 1515 14. 5 —0. 01517 0. 02696
2.8 —0. 1966 0. 2759 6. 8 —0.0132 —0, 1476 15.0 —0. 01872 0. 02089
3.0 —0. 2233 0. 2371 7.0 +0.00286 —0. 14211 16.0 —0. 02118 +4-0. 00921
3 2 —0. 2432 0. 1971 72 0.01749 —0. 13518 17.0 —0.01906 —0. 00022
3.4 —0. 2565 0. 1569 7.4 0. 03061 —0. 12709 18. 0 —0.01435 —0. 00650
3.6 —0. 2639 0.1173 7.6 0.04220 —0. 11805 19. 0 —0. 00879 —0. 00965
3.8 —0. 2657 0. 0792 7.8 0. 05224 —0. 10830 20.0 —0. 00360 —0.01021

(2] [97]

[(—g)s] [(~i>4]

(3 (9]

@
Compiled from U. E. Kruse and N, F. Ramsey, The mtegralf ¥3 exp (—y2+i %) dy, J. Math, Phys, 30, 40 (1951) (with permission).
0

o 12
97.6. F(z) = ﬁ Ld

Power Series Representation

27 6 1 2K+ 1
g2 22 z
f@)=—e*"Inz+e [\/'Z k'(2lc—|—1) -
'Y
e -2 iy
o ) 1.& (—)%(k+1)a>
=—¢%In x+§§ S A
= (—2)kqH1
+‘/"§ 1-35 ... Ck+1)

(For v and the digamma function ¥(x), see chap-

ter 6.)
Relation to the Exponential Integral

2163 f(@)=—1 e~ Bi &)+ Vre f " edt
0

(For Ei (z) see chapter 53 e"zf e’ dt, see chapter
0
7:

Asymptotic Representation

27.6.4
f 1.3 .1.3.5
J@~ x 2x3+4x5+ 827 +.]
1
L NN RN

[27.14] A. Erdélyi, Note on the paper “On a definite inte-
gral” by R. H. Ritchie, Math. Tables Aids
Comp. 4, 31, 179 (1950).

2
. ® gTu
[27.15] E. T. Goodwin and J. Staton, Table of fo T

Quart. J. Mech. Appl. Math. 1, 319 (1948).
r=0(.02)2(.05)3(.1)10. Auxiliary function for
z=0(.01)1.

[27.16] R. H. Ritchie, On a definite integral, Math. Tables
Aids Comp. 4, 30, 75 (1950).
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@® o= 12
Table 27.6 f@)= fo Tt
T f@)+Inz z f@)+1nzx T I z f(z) z f@)
0. 00 —0. 2886 0. 50 0. 2704 1.0 0. 6051 2.0 0. 3543 3.0 0. 2519
0. 05 —0. 2081 0. 55 0. 3100 1.1 0. 5644 2.1 0. 3404 3.5 0. 2203
0.10 —0. 1375 0. 60 0. 3479 1.2 0. 5291 2.2 0. 3276 4.0 0. 1958
0.15 —0.0735 0. 65 0. 3842 1.3 0. 4980 2.3 0. 3157 4.5 0. 1762
0. 20 —0. 0146 0.70 0. 4192 1.4 0. 4705 2.4 0. 3046 5.0 0. 1602
0. 25 +0. 0402 0.75 0. 4529 1.5 0. 4460 2.5 0. 2944 55 0. 1468
0. 30 0. 0915 0. 80 0. 4854 1.6 0. 4239 2.6 0. 2848 6.0 0. 1356
0.35 0. 1398 0. 85 0. 5168 1.7 0. 4040 2.7 0. 2758 6.5 0. 1259
0. 40 0. 1856 0. 90 0. 5472 1.8 0. 3860 2.8 0. 2673 7.0 0.1175
0. 45 0. 2290 0.95 0. 5766 1.9 0. 3695 2.9 0. 2594 7.5 0. 1102
0. 50 0. 2704 1. 00 0. 6051 2.0 0. 3543 3.0 0. 2519 8.0 0. 1037

(] [

[+

[(“3”] [(—2)9]

Compiled from E, T. Goodwin and J, Staton, Table of J:) prare du, Quart. J. Mech, Appl. Math, 1, 319 (1948) (with permission),

27.7. Dilogarithm
(Spence’s Integral for n=2)

F@)=— f It a

Series Expansion

27.7.1

272 =3 - @220

Functional Relationships

27.7.3

f@+f1—z=—lnzln Q-+T (12220
27.7.4

fa—D)+fA+D)=5f(1—2t)  (122>0)
27.1.5 F@)+f (%):-% (nz)? (0<z<1)
27.7.6
flz+1)—f(x)=—InzIn (z+1)— E—-z-f(xz)

(2>22>0)

Relation to Debye Functions

t? totdt
27.719 N=— o= -
fey=—jier—5= ML
[27.17] L. Lewin, Dilogarithms and associated functions
(Macdonald, London, England, 1958).

z —log |1—

gyl Yl gy,
with an account of some properties of this and
related functions, Phil. Mag. 40, 351-368 (1949).
z=—1(.01)1; z=0(.001).5, 9D.

[27.18] K. Mitchell, Tables of the functionJ;)

[27.19] E. O. Powell, An integral related to the radiation
integrals, Phil. Mag. 7, 34, 600-607 (1943).

fl”;’gydy,x 0(.01)2(.02)6, 7D.

[27.20] A. van Wijngaarden, Polylogarithms, by the Staff
of the Computation Department, Report R24,
Mathematisech Centrum, Amsterdam, Holland
(1954). F,(z)=>_ h~"z* for z=z=—1(.01)1;

=1

z=1z, for z=0(.01)1;
10D.

z=¢i"e? for a=0(.01)2,
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Dilogarithm Table 27.7
zInt
I@==] 1%
x @) z @) z F@®) z f@) T =@

0.00 | 1.64493 4067 || 0. 10 | 1. 29971 4723 || 0.20 | 1. 07479 4600 || 0.30 | 0.88937 7624 || 0.40 | 0. 72758 6308
0.01 | 1. 58862 5448 || 0.11 | 1. 27452 9160 || 0.21 | 1. 05485 9830 1| 0.31 | 0.87229 1733 || 0.41 | 0. 71239 5042
0.02 | 1. 54579 9712 || 0.12 | 1. 25008 7584 || 0.22 | 1. 03527 7934 || 0.32 | 0.85542 7404 || 0.42 | 0. 69736 1058
0.03 | 1. 50789 9041 || 0.13 | 1. 22632 0101 || 0.23 | 1.01603 0062 || 0.33 | 0. 83877 6261 || 0.43 | 0.68247 9725
0.04 | 1.47312 5860 | 0. 14 | 1.20316 7961 || 0.24 | 0.99709 9088 || 0.34 | 0. 82233 0471 || 0.44 | 0. 66774 6644
0.05 | 1.44063 3797 || 0.15 | 1. 18058 1124 || 0.25 | 0. 97846 9393 || 0.35 | 0. 80608 2689 || 0.45 | 0. 65315 7631
0.06 | 1.40992 8300 || 0.16 | 1. 15851 6487 || 0.26 | 0. 96012 6675 || 0.36 | 0.79002 6024 || 0.46 | 0. 63870 8705
0.07 | 1.38068 5041 || 0.17 | 1. 13693 6560 || 0.27 | 0.94205 7798 [} 0.37 | 0.77415 3992 || 0.47 | 0. 62439 6071
0.08 | 1.35267 5161 || 0.18 | 1. 11580 8451 || 0.28 | 0.92425 0654 || 0.38 | 0. 75846 0483 || 0.48 | 0. 61021 6108
0.09 | 1.32572 8728 || 0.19 { 1. 09510 3088 || 0.29 | 0. 90669 4053 | 0.39 [ 0.74293 9737 || 0.49 | 0. 59616 5361
0.10 | 1.29971 4723 {| 0.20 | 1. 07479 4600 || 0.30 | 0. 88937 7624 || 0.40 | 0.72758 6308 || 0. 50 | 0. 58224 0526

(][]

(9] (%] [<97]

From K. Mitchell, Tables of the function f _lo_gLy_ld” with an account of some properties of this and related functions, Phil, Mag. 40, 351-368 (1949)

(with permission).

27.8. Clausen’s Integral and Related

Summations
27.8.1
sin Ic0
(o)_—f In (2 sin )dt =58 o<esn)
Series Representation
27.8.2
_ ! = (— gP+1
T
(050<3)
27.8.3
_ ( 1) k-1 [} 2k+1
flr—0)=0In 2— Z @ By (2%—1) FERTD)
(/2 6<m)

Functional Relationship

T
=)

Relation to Spence’s Integral

27.8.4 f(r—6)—=f(0) —% F(26)

27.8.5

f(0)=g(e)+ where g()= [ L 1nj1+4

Summable Series

27.8.6
,,ZJI cos nf__ —In (2 sin ) (0<6<2r)
,,2:3100;2%:%2“7%0%2 (0<o<2m)
,.Z:%cof»*w:g(; 7r12.g,2 Tga Zg (0<0<27)
,,ZZSiI; =-21- @—6)  (0<6<2rm)
ST g (0<eson)
,,2:3181?@5”0 =%"%3 %~% (0<6<2m)

[27.21] A. Ashourand A. Sabri, Tabulation of the function
0 =Z sin n0

n=1
54, 57-65 (1956).

[27.22] T. Clausen, Uber die Zerlegung reeller gebrochener
Funktionen, J. Reine Angew. Math. 8, 298-300
(1832). z=0°(1°)180°, 16D.

[27.23] L. B. W. Jolley, Summation of series (Chapman
Publishing Co., London, England, 1925).

[27.24] A. D. Wheelon, A short table of summable series,
Report No. SM-14642, Douglas Aircraft Co.,
Inc., Santa Monica, Calif. (1953).

» Math. Tables Aids Comp. 10,
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Table 27.8 Clausen’s Integral

f(0)=—J;o In (2 sin é) dt

6° f@®+6lne 6° 5] 6° 10 6° 5] 6° 30
0 0. 000000 15 0. 612906 30 0. 864379 60 1. 014942 90 0. 915966
1 0. 017453 16 0. 635781 32 0. 886253 62 1. 014421 95 0. 883872
2 0. 034908 17 0. 657571 34 0. 906001 64 1. 012886 100 0. 848287
3 0. 052362 18 0. 678341 36 0. 923755 66 1. 010376 105 0. 809505
4 0. 069818 19 0. 698149 38 0. 939633 68 1. 006928 110 0. 767800
5 0. 087276 20 0. 717047 40 0. 953741 70 1. 002576 115 0. 723427
6 0. 104735 21 0. 735080 42 0. 966174 72. 0. 997355 120 0. 676628
7 0. 122199 22 0. 752292 44 0. 977020 74 0. 991294 125 0. 627629
8 0. 139664 23 0. 768719 46 0. 986357 76 0. 984425 130 0. 576647
9 0. 157133 24 0. 784398 48 0. 994258 78 0. 976776 135 0. 523889
10 0. 174607 25 0. 799360 50 1. 000791 80 0. 968375 140 0. 469554
11 0. 192084 26 0. 813635 52 1. 006016 82 0. 959247 145 0. 413831
12 0. 209567 27 0. 827249 54 1. 009992 84 0. 949419 150 0. 356908
13 0. 227055 28 0. 840230 56 1. 012773 86 0. 938914 160 0. 240176
14 0. 244549 29 0. 852599 58 1. 014407 88 0. 927755 170 0. 120755
15 0. 262049 30 0. 864379 60 1. 014942 90 0. 915966 180 0. 000000
G N N GO G

3 4 4 4 6

hed sin no

Compiled from A. Ashour and A. Sabri, Tabulation of the function ¥(8) = Z
n=1

el Math, Tables Aids Comp. 10, 54, 57-65 (1956) (with permission).

27.9. Vector-Addition Coefficients

(Wigner coefficients or Clebsch-Gordan coefficients)

27.9.1 Definition
s e G+ 2= DG+ =) G+ 52— )1 (25+1)
Grgamamaljujagm) =8 (m, my+m.) \/ G+t t1)!
53 (_l)k'\/(jl+ml)!(jl_ml)!(j2+ mo) ! (Je—ma) ! (j+m)! (j—m)!

T k(G4 5= =) (1= my— ) (GoF me— )1 (G— Jot-my + ) L (G— J1— ma+ )]
5G, k)={1, i=k

0.1k

Conditions 27.9.8 [my| < g1,y Mo < 7, [m|<j

27.9.2 4, Jo, j=+n or+2 (n=integer) .. .
2 27.9.9 (j152mimy|fijjm) =0 my+my #Em
27.9.3 htit+i=n
Special Values

21.9.4 it
21.9.5 h—gti >0 27.9.10  (5,0m,0[,.0/m)=>5(jy, 5)8(m,, m)
27.9.6 —h+h+i L e

L 27.9.11  (5,5:00[5,52J0)=0  ji+jatj=2n+1
27.9.7 m,m,m=:f:nor:t7—" .. C s

b 2 27.9.12  (jimmi|jigigm)=0 2, +j=2n+1
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Symmetry Relations 27.9.17
2541 ..
2709013 f——1 _— Ji—-m +j" —_—
\/2]'1_*_1 ( 1) = m(.?.hm my
R,
(1gamima|j1ja] z ) ) 27.9.18
= (—1)+5-3( i jo— my—ms| jijaj—m) 27+1
1J2 1 2112 — 2_;7:__1 (—1)""‘+"1'm1(]2jmg—m
27.9.14 =(Jof1— Mae—my| Jsh J—
(1 2 1| o1 j—m) 27.9.19
‘ Sk damif 2 3 2741 Jmmif
27.9-15 =(—1) 177 (]2]1m1m2|]2]1]m) = — ('—‘1) 1 1(]1]m1—m
27+1
27.9.16 27.9.20
SISy _\/2_Jil__ emi( 75
- 2jl+1 ( 1) 3 m,(]ﬁ ] Tn.mz - 2.72+1 ( 1) 1 1(.7.71m ml
|7 G251 —m1)
(G136 mima |1 3465 m) Table 27.9.1
i= my=% m=—%
, fit+m+% fii=m+%
A Vo1 Zi+1
: — = mt R ylkmt %
h—# \/ 2i+1 2i+1
(]1 lmyme|sil jm) Table 27.9.2
j= m=1 my=0 m,#_l
a1 Gitm) Gt m+1) \/0‘-—m+1)o‘1+m+1) G—m) Gi—m+1)
(21 +1)(2,+2) @+ G+D 21+ 1 (2 +2)
2101+ 1) Vi:GiF 1) 2G4+ 1)
si—1 G—m)Gi—m+1) —_ [G—m)Gi+tm) Gitm+1) Gitm)
2525 +1) J(2+1) 2j1(21+1)




1008

MISCELLANEOUS FUNCTIONS

Table 27-9.3 (Jl % my; my Ij] %j m)
j= m,=% my=%
i+ % ‘/(jl—f-m—’/z)(jn+m+%)(jn+m+%) ‘J3(j1+m+%)(j1+m+%)(jl—m+%)
271 +1) 25+ 2 (25, +3) (27:+1) (2, 4+2) (25, +3)
; _ BGEm—R Gt mt B Gi—m+ %) Gi—3mt | DEmTHE
dit %2+ 1 %+ 3) =3t N 2 A D G 7D
— 3Un+m—%)(j:—m+}‘z)(j;—m+%) — (1 +-3m— jr—m-l-}/z
=4 @ D) @k D @) Gk 3m— )
=% __\/(j,—m—}é)(j,—m+%)(j,—m+%) 3Gt m—1) Gi—m—4) Gy—m+%)
251(27,—1) (25, + 1) 27:(25:— 1) (25:+ 1)
i= my=—% my=—%
j1+% 3(j,+m+%)(j.—~m+%)(jl—m+%) \/(jl——m—‘/z)(j1—~m+%)(j1-—m+%)
@D (&2 2 +9) T+ ) @19 213
; : Ji—m+Y% 3(Gi+m+%) (i—m—1%) i—m+ 1)
it G 3m 0\ G T D @ D) %@ D@D
. — (jy—38m— Sitm4+Y% 3(Gi+m+ %) Gi+m+%) (i—m—1%)
h=H (jr—=3m %)\/(Zjl—l)(2j1+l)(2jl+2) Gh—D @G+ D@+
Gi—% _ Bltm—=%G+m+ B Gi—m—Y%) Gitm—2)Gi+m+¥%) G+ m+ %)

251(2:— 1) (2j,+ 1)

2j1(2,—1) (25,4 1)




Table 27.9.4

Gr2mme|ir25m)

: 1o \/(j.+m—1)(jx+m)(j:+m+ 1) (ji+m+2) ‘/(ix—m+2)(.1'n+m+2)(jn+m+1)(1'-+7n) \/3(_7'1—m+2)(j.—m+1)(jn+m+2)(j.+m+1)
it 2+ 1) (2, +2) (27:+3) (27, +4) 2+ DG+ D (2+3) (51 +2) (27:+ 1) (21 +2) (25, +3) i+ 2)
. __JGi+m=1)(G:i+m) Gi+m+1) (i —m+2) —(i—2 Git+m+1) Gidm) 3(Gi—m+1)(Gi+m+1)
i1 | —y/ SRR Gi—2m+ 2y Ot DG+ @G DG DG
o (21— 125G+ 1) (2143} (21— 1)7:(2,+ 2) (25:+3) V(2 — 175G+ 1) (25, +3)
. _ Gitm—1)Gi—m) Gi—m+1) i—m+2) 2 1 m+ 1) (Gi—m) _ 3(r—m) i+ m)
a1 | =y 2~ Vi G F D @t 1) Gt 2m—1) /=0 D+ G D "‘\/ G0 @4 DGFD
H - (21—2) (25— 1)25,(25,+ 1) Gi— 12— 1525+ 1) (211—-2) (2J'x— D23+ 1)
j= my=—1 my=—2
ht2 \/(7. m+2) Gi—m+1) Gi—m) Gt m+2) \/(j.—m—1)(jl—m)(j,—m+1)(j,—-m+2)
2+ DG+ 1) (2:+3) (i1 2) (2714 1) (2, +2) (2, + 3) (2, +4)
41 ) 2 (]1—m+ 1)(j;—m) (jx—m— 1) (]1—'m) (]l—m+ 1) (Jl+m+2)
L G 2mt )y D G D Gt D) \/ 7@ FDGFD @t D
A om+1
I @m+ )\/(ij—l)jx(2j;+2) @+3) \/ @— D7:(2: 1 2) (2 +3)
—1 —(ji—2m—1 Gitm+1) Git-m) Gr—m— 1)(1 +m) i+ m+ 1D Gi+m+2)
J (] "= )‘\/(]1—1]1(2]14‘1)(2]1‘}'2) ‘/ j —1).71(2.71+1)(2.71+2)
=2 _\/(jx—m—l) Gr+m+1)Gi+m Gt m—1) Gi+m—1)Gi+m) i+ m4+ 1) (G4 m+2)

G—D (2 — D52+ 1)

(21:—~2) 2, —1)2(2),+ 1)

SNOILONNA SNOINVTIZOSIN
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Table 27.9.5 [By use of symmetry relations,
coefficients may be put in standard form j5,<j,<j
and m>0]

my m ) J (rjemuimel 1 j2jm)
ja=%

-y 0 I 1 V% 0. 70711
iy 0 iy 1 V% 0. 70711
1 1 iy 1 1. 00000

Jz=1

-1 0 1 1 Vi 0. 70711
0 0 1 1 0. 00000
1 0 1 1 —-Vv¥% —0.70711
0 1 1 1 N 0. 70711
1 1 1 1 -4 —0. 70711
0 4% % % V% 0. 81650
1 1 iy % v 0. 57735
1 3% 14 3 1. 00000 *

-1 0 1 2 VY% 0. 40825
0 0 1 2 v 0. 81650
1 0 1 2 V% 0. 40825
0 1 1 2 V4% 0. 70711
1 1 1 2 V% 0. 70711
1 2 1 2 1. 00000

=%

- % % 1 % V¥%s 0. 73030
A " 1 % —v¥s  —0.25820
8 1% 1 8 -4 —0. 63246
y % 1 5% V4% 0. 63246
3% % 1 % - V% —0. 77460

-3 0 % 2 V% 0. 70711
% 0 | 2 VY% 0. 70711
) 1 % 2 %3 0. 86603
% 1 iy 2 0. 50000
% 2 y 2 1. 00000

-y 0 8 2 0. 50000

—% 0 ¥ 2 0. 50000
1 0 3% 2 ~0. 50000
% 0 % 2 —0. 50000

—i 1 5% 2 V% 0. 70711
1 1 3 2 0. 00000
% 1 3 2 —v% —0. 70711
1% 2 8% 2 V% 0. 70711
% 2 % 2 — V4 —0. 70711

-4 % 1 % V%o 0. 54772
Yy A 1 8 V% 0. 77460
Pl W e
% 8 1 & V¥ 0. 63246
3 8 1 |74 1. 00000

Compiled from A. Simon, Numerical tables of the Clebsch-Gordan coeffi~
cients, Oak Ridge National Laboratory Report 1718, Oak Ridge, Tenn,
(1954) (with permission).

[27.25) E. U. Condon and G. A. Shortley, Theory of
atomic spectra (Cambridge Univ. Press, Cam-
bridge, England, 1935).

127.26] M. E. Rose, Elementary theory of angular mo-
memtum (John Wiley & Sons, Inc., New York,
N.Y., 1955).

127.27] A. Simon, Numerical tables of the Clebsch-Gordan
coefficients, Oak Ridge National Laboratory
Report 1718, Oak Ridge, Tenn. (1954).
Cé]D.jgj ; mymgm) for all angulsr moments <%,
10D.

*See page II.
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28. Scales of Notation

Representation of Numbers

Any positive real number z can be uniquely
represented in the scale of some integer b >1 as

r== (Am PR Ale'a..lar_a .. -)(D);
where every A, and a_, is one of the integers 0,
1, ... b—1, not all A, a_, are zero, and

A,>01if £>1. There is a one-to-one correspond-
ence between the number and the sequence

1'=44mbm+ PRI +A1b+Ao+$ a_,b_j

where the infinite series converges. The integer b
is called the base or radix of the scale.

The sequence for z in the scale of b may ter-
minate, i.e., @_,1=0_,—s= ... =0 for some
n>1 so that

$=(Am PN Ale'a_la_z P a_n)(p);

then z is said to be a finite b-adic number.

A sequence which does not terminate may have
the property that the infinite sequence a-,, a—s,
. . . becomes periodic from a certain digit
a_,(n>1) on; according as n=1 or n>1 the
sequence is then said to be pure or mixed recurring.

A sequence which neither terminates nor recurs
represents an irrational number.

Names of Scales

Base Scale Base Scale
2 | Binary 8 | Octal
3 | Ternary 9 | Nonary
4 | Quaternary 10 | Decimal
5 | Quinary 11 | Undenary
6 | Senary 12 | Duodenary
7 | Septenary 16 | Hexadecimal

General Conversion Methods

Any number can be converted from the scale
of b to the scale of some integer bb, 5>1, by
using arithmetic operations in either the b-scale
or the b-scale. Accordingly, there are four
methods of conversion, depending on whether the
number to be converted is an integer or a proper
fraction.

1012

Integers X=(A4, . . . 4140)®

(I) b-scale arithmetic. Convert b to the b-scale

and define
XJo=X,+Ayb,
X, o=X,+A.f5,
Xalb=0+Az/8,
where A), 4, . . . A= are the remainders and
Xy, X, ... X; the quotients (in the b-scale)
where X, X, . . ., X5_,, respectively are divided

by b in the b-scale. Then convert the remainders
to the b-scale,

(Zé)(i')=zo, (Z{)G):zn ..

and obtain

9 (Z;T.)G)-_—‘Z;

X= (1—‘1; ce leo)ﬁ)-

(IT) B-scale arithmeilic. Convert b and A,,
Ay, .. ., An to the b-scale and define, using
arithmetic operations in the b-scale,

Xm—] =Amb +Am—l,
Xm—2= m—lb +Am—2;

Xl_—" Xzb +A1,
then
X=Xb+A4,.

Proper fractions z=(0.a1a—3 ... )

To convert a proper fraction z, given to n digits
in the b-scale, to the scale of 5 #b such that inverse
conversion from the b-scale may yield the same n
rounded digits in the b-scale, the representation
of z in the b-scale must be obtained to n rounded
digits where n satisfies 57 >b".

(III) b-scale arithmetic.
b-scale and define

Convert b to the

xz=xl+c-t'_.
x13=z,+&_',
z;—lz=z;+a:-.



SCALES OF

where @_,, @3, . . ., G_= are the integral parts and
y, 3, . . ., T; the fractional parts (in the b-scale)
of the products zb, .8, . . ., 251D, respectively.
Then convert the integral parts to the b-scale,

1013

(IV) b-scale arithmetic. Convert b and a_j,
G_s, . . . G_, to the b-scal_e and define, using
arithmetic operations in the b-scale,

NOTATION

x—n+l=a—n/b+a—n+l;

(5'-1)6):5—1, @)dH=0s, . . (5'—")@:5-:» T_n2=T_ns1/0+ @ niz,
and obtain =n/b+a_;
_ then
a‘=(0.ﬁ_16_2 e a_,.)(z,. =a;_,/b.
Numerical Methods
The examples are restricted to the scales of 2, Example 2. Convert X=(2531)s to the

8, 10 because of their importance to electronic
computers.

Note that the octal scale is a power of the binary
scale. In fact, an octal digit corresponds to a
triplet of binary digits. Then, binary arithmetic
may be used whenever a number either is to be
converted to the octal scale or is given in the octal
scale and is to be converted to some other scale.

Decimal1 2 3 4 5 6 7 8 9 10

Octal

Binary 110 11 100 101 110 111 1 000 1 001 1 010

Example 1. Convert X=(1369)q to the octal

scale. By (I) we have b=10, =840 and so,
using decimal arithmetic,

123 4 5 6 7 10 11 12

1369/8=171+1/8,
171/8=21+3/8,
21/8=2+5/8,
2/8=0-2/8;

X= (2531)(8)'

By (II) we have b=(12), and Az;=1lg, A,
=3 @), A1=6(8), A0=(11)(3). Hence, using octal
arithmetic,

Xp=1:124+3=(15) ),

Xi=15-12+6=(210) ),

Using binary arithmetic we have, by (II),
b=(1010) ) and A;=1¢), A;=(11), 4,=(110) ),
Ay(1001) . Thus

X,=1-1010+11=(1101) o,

X;=1101.10104110= (10 001 000) &),

X=10 001 000-1010+1001=(10 101 011 001),,

whence, on converting to the octal scale,
X=(2531) .

then

decimal scale. By (I) we have b=10==(12) 4, and
hence, using octal arithmetic,

2531/12=210+11/12
210/12=15+6/12
15/12=1+3/12
1/12=0+1/12
Thus, converting to the decimal scale,
Zo= (11)(5)=—"9, Z;=6(g)=6, Zz=3(g)—"=3, Zg$ 1,

and so
X= (1369)(1o)~

By (IT) we have =10, and the octal digits of X
are unchanged in the decimal scale. Hence,
using decimal arithmetic,

X2=2'8+5=(21)(10),
X1=21.843=(171) quy,
X=171'8+1=(1369)(w).

Using binary arithmetic we have, by (II),
b=8=(1000)(2) and A0=1,A1=(11)(2), Az=(101)(2),
A3= (10)(3). Then,

X,=10-1000+101=(10 101),

X,=10 101.1000-+11=(10 101 011)p),

X=10 101 011-1000+1=(10 101 011 001)q),

whence, on converting to the decimal scale,

X= (1369)(10)-

Observe that in both examples above, octal
arithmetic is used as an intermediate step to
convert. according to (II), the given number to
the binary scale. If, instead, the given number is
first converted to the binary scale, then binary
arithmetic may be applied directly to convert,
according to (I), the given number from the
binary scale to the scale desired.
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For example, in converting X=(2531)4, to the
decimal -scale, we find first X= (10101011001},

and then obtain, using (I) with 5=10=(1010),,

SCALES OF

10 101 011 001/1010=10 001 0004-1001/1010,
10 001 000/1010=1101+4110/1010,
1101/1010=1411/1010,
1/1010=0+1/1010.
Thus, on converting to the decimal scale,
Ap=(1001))=9, 4;=(110)x=6,
Ag= (11)(2)=3, A3=1,
X== (1369) 10)+

whence

Example 3. Convert z= (0355) (10) to the bi-
nary scale.

We first convert to the octal scale, using decimal
arithmetic. By (III), we find with 6=8

(0.355) -8=2-0.840, (0.080) -8=0--0.640
(0.840) -8=64-0.720, (0.640) -8=5--0.120
(0.720) -8=5--0.760, (0.120)-8=0+0.960
(0.760) - 8=6-0.080, (0.960) -8=7-+0.680

whence z= (0.26560507 .. ‘)(3).
verting to the binary scale,

Thus, on con-

=(0.010 110 101 110 000 101 000 111 .. .)g.

In order that inverse conversion of x from the
binary to the decimal scale yield again x to the
given number n of decimal digits, we must round z
in the binary scale to at least 7 digits where 7 is
chosen such that 2°>>10". As a working rule, we

=1 .
may take 7t 2—9 n. Hence, to obtain 2= (0.355) qe
by inverse conversion, z must be rounded in the

binary scale to ﬁ_>_1—0 3=10 digits.

3
Thus,
2=(0.010 110 110 0)4,.

To carry out the inverse conversion we can first
convert to the octal scale,

z=(0.266) ),

and then apply (IV) with b=8, using decimal
arithmetic:

r.3=6/84-6=6.75,
r_,=6.75/8+2=2.84375,

©=2.84375/8=0.355 46875.

NOTATION

Alternatively, we can apply (III) with b=(1010) gy,
using binary arithmetic:

(0.010 110 11)-1010=11+(0.100 011 1),
(0.100 011 1)-1010=101+(0.100 011),
(0.100 011)-1010=101+(0.011 11),
(0.011 11)-1010=100+(0.101 1).

Converting the integral parts to the decimal scale,
we find

G_;= (11)<z)=3; U_y=0_3= (101)(2>=5»

3_4=(100)5y=4,
and thus
T= (0.3554)(}0)

Note that the fractional part in any step is the
unconverted remainder. Thus, to round at any
step, it is only necessary to ascertain whether the
unconverted portion to be neglected is greater or
less than }; i.e., whether, in the binary scale, the
first neglected digit is 1 or 0.

Example 4. Convert 2=(3.141593) q0y- 10~° to
the binary scale.

The desired representation is

r== (l.a_,a_g e . a—n)(Z)'z_k

where n and % are such that inverse conversion
from the binary scale to the decimal scale will
produce z to the same given 15 decimal digits.
Accordingly, by the rule stated in Example 3, n

. 1
and k are to be chosen so as to satisfy n+k 2-39- 15

=50.
From Table 28.1 we find

29 (3.141593) gy - 10792~

Thus, we must take k=29 and, consequently,
choose n>21. The conversion on a desk calcu-
lator thus proceeds as follows. First, we obtain
by use of Table 28.1

2%2=(1.686 629 899) o)

Then, for convenience’s sake, we convert this
number to the octal scale, using the method of
Example 3 and rounding as required, to at least
7 octal (=21 binary) digits. We find
22°Z= (1.537 4337)(3).
Hence
o= (1.537 433 7)@-2"%

and, consequently,
z=(1. 101 011 111 100 011 011 111)y-2-%.
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To convert z back to the decimal scale we only
need to obtain from Table 28.1 the various powers
of 2 which appear in the above representation and
sum them. However, since 2 ™=2""*1—-2"" for
any real constant m, it is more convenient to
reduce first the binary representation of x to the
form

x=2—28__2—31 _2—33_2—30_+_2-42_2—45_2—50

and then sum these powers of 2. (Note that the
number of summands is thereby decreased from
16 to 7.) From Table 28.1 we have

+27%8=43.725 290 298 -10°°
—2"8=— 465 661 287 .107°
—2"8=— 1116 415 322 -.10°°
—2"%=— 001 818 989 -10°°
+2"¥=4 000 227 374 -10°°
—27%=— 000 028 422 .10°°
—2%=— 000 000 888 -107°

r= 3.141 592 764 -.107°

Nine decimal digits are used for sufficient accuracy
reserve. Hence, rounding to seven significant
figures, we find

= (3.141593)(10)'10-9.
To convert a number such as

Ir= (f)(w) - 10%

to the binary scale, where k is a positive integer
so large that Table 28.1 cannot be used, apply the
following device: Compute

logm T Ty
logyo 2 logy 2

log; z=

where k is the quotient and z, the remainder, the
division being carried out in the decimal scale.
Then find =107, i.e., 2;=log), 7, so that -

log, a:—lr:+l g“’ "—Ic—l—logz 7

whence
Ir= (77) an2*.

Now convert (1), to the binary scale by any of
the methods described above.

A similar device may be used to convert to the
decimal scale a binary number that is outside the
range of Table 28.1.

Example 5. Convert x=1(2.773)1)-10® to the
binary scale.
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We first compute, using 4.1.19 and Table 4.1,
_logi, z__83.44295 05764
“logyy2  .30103 30103

and find from Table 4.1, .05764=log;,, 1.1419.
Hence

log, « =277

log, ac_277+lig‘°gl—12‘“9_277+log2 1.1419
10
and so
. r= (1.1419)(10)'2277.

Now we apply the methods of Example 3 to ob-
tain (1.1419)40=(1.110516) 4 where octal nota-
tion is used for the sake of convenience.

To round such that inverse conversion will yield
the same decimal digits of z, observe that the last
non-zero decimal digit of z is 3-10%¥, Table 28.4
shows that 2%5<{10%<(2% Hence, in the binary
scale, z must be a binary integer times 2%%; j.e.
(1.110516) s, must be rounded to 4 octal (=12
binary) digits. As a result,

= (11105)(8) 2T = (1 1 105)(3) . 2%65
=(1 001 001 000 101) 2%
Conversion back to the decimal scale proceeds
as follows, we write
logye z=log, 2 log: z
=10g10 2 {265 +10g2 (1 1 105) (8) }
logm (11105) 8
=log;o 2 {265 } ®
Bio logy 2
=265 Ioglo 2+log10 (11105)(3).

Hence, converting (11105)i to the decimal
scale by any of the methods of Example 2, we
obtain

logm =265 loglo 2+log10 4677

which yields, using Table 4.1
log;o 1=83.44292

Thus, by Table 4.1, we find, rounded to four
significant figures,

= (2.773)“0) -10%,
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29. Laplace

29,1, Definition of the Laplace Transform

One-dimensional Laplace Transform

29.1.1  f(®O=ZL{F@)} =J;

©

e B F()dt

F(t) is a function of the real variable ¢t and s is a
complex variable. F(t) is called the original func-
tion and f(s) is called the image function. If the
integral in 29.1.1 converges for a real s=s, i.e.,

B

Lm | e~wtF(t)dt
A-0J 4

Boow

exists, then it converges for all s with Zs>>s,, and
the image function is a single valued analytic

Transforms

function of s in the half-plane Zs>s,.

Two-dimensional Laplace Transform

29.1.2
Fu,0) =L (Fle, )} = f {7 emmnp(e, pydady

Definition of the Unit Step Function

0 (<0
u(t)——-{ 3 (=0
1 (t>0)

In the following tables the factor u(t) is to be
understood as multiplying the original function

F@).

29.1.3

29.2. Operations for the Laplace Transform'

Original Function F (1)

Image Function f(3)

29.2.1 F(t) fom o~ F(1)dt

Inversion Formula
29.2.2 1 f_+: Sf(6)ds 6

Linearity Property
29.2.3 AF(t)+BG(t) Af(s)4+Bg(s)

Differentiation
29.2.4° F'@t) 8f (s)~ F(++0)
29.2.5 Foot) §1(8)— 8"~ LF(+0)— " 2F"(+0)— . . . —F™=D(+0)
Integration
29.2.6 Lt Fooyis Lo
29.2.7 fo ' L " F(\)dM- 0
Convolution (Faltung) Theorem
29.2.8 ;
L F(t—r)Fy(r)dr=FF, A1)
29.2.9 B tF(t) f’ (8) Differentiation
29.2.10 (—1)mrF(t) £ (5)
1 Adapted b |

York, N.Y., lgsgpermissi‘m from R. V. Churchill, Operational mathematics, 2d ed., McGraw-Hill Book Co., Inc., New
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Original Function F(t) Image Function f(s)
Integration
29.2.11 L F() f f@)dz
Linear Transformation
29.2.12 e F{t) fs—a)
29.2.13 F (z) (>0) Fles)
20.2.14 % OO (%) (c>0) Fles—b)
Translation
29.2,15 F(t—b)u(t—b) (6>0) e~f(s)
Periodic Functions .
29.2.16 F(t+a)=F() L e~ F(t)dt
l—e™®
29.2.17 Ft+a)y=—F() L e F(t)dt
1+e™*
Half-Wave Rectification of F(t) in 29.2.17
29.2.18 F(t) 32 (—)™u(t—na) lf )
n=0 —e
Full-Wave Rectification of F(t) in 29.2.17
29.2.19 IF (@) #(s) coth “—;
Heaviside Expansion Theorem
i p(a/n) ayt p(s) e _ _
29.2.20 :4;1 q’(an) € Q(S)’ Q(S)—(S al)(s a?) s (S a’m)
p(s) a polynomial of degree<m
(r—mn) n~1
at " (@) ¢ p(s)
29.2.21 e nz-l T—n)! (n ) ——(s_a),

p(s) a polynomial of degree<(r

29.3. Table of Laplace Transforms??

For a comprehensive table of Laplace and other integral transforms see [29.9]. For a table of two-
dimensional Laplace transforms see [29.11].

56 F
29.3.1 1 | )
. 8
29.3.2 1 t
8

2 The numbers in bold type in the f(s) and F({¢) columns indicate the chapters in which the propertics of the respective
higher mathematical functions are given.

3 Adapted by permission from R. V. Churchill, Operational mathematics, 2d. ed., McGraw-Hill Book Co., Inc., New
York, N. Y., 1958.
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29.3.3

29.3.4

20.3.5

29.3.6

29.3.7

20.3.8

29.3.9

29.3.10

29.3.11

29.3.12

29.3.13

29.3.14

29.3.15

29.3.16

29.3.17

29.3.18

29.3.19

29.3.20

29.3.21

f(s)
1
= (=1,2,3.)
1
Vs
8—3/2

s (nth n=1,2,3,...)

O a>0
.
s+a
1
(s+a)?

i

— (@=1,2,3,...)

(s+a)”

L (k)
(s+a)*

1
(s+a)(s+b)

$
(s+a)(s+b)

1
(s+a)(s4b)(s+c)

(a, b, ¢ distinct constants)

_1
82-{-(1,2

82___a2
1
s(s?+a?)

1

s*(s*+a?)

1

(*k>0)

(a=b)

(@ b)

LAPLACE TRANSFORMS

F(t)
tn—l
(n—1)!

2=

ifx
2ntn—}
1.3.5...(2n—1)yr

te—9

tn-le—at
{n—1)!

6 tk—le—al

e~al___e-—bt

b—a

ae—al__be—bl
a—b

_ (b—c)e "+ (c—a) e "+ (a—b)e
(a—5)(b—c)(c—a)

1 .

—sin at

a

cos at

1.

~ sinh at

a

cosh at

1

pe (1—cos at)
1 .

P (at—sin at)

535 (sin af—at cos at)



29.3.22
29.3.23
29.3.24
29.3.25
29.3.26
29.3.27
29.3.28
29.3.29
29.3.30
29.3.31
29.3.32
29.3.33
29.3734

29.3.35

29.3.36
29.3.37
29.3.38
29.3.39

29.3.40

f(@)
__s
(s*+a?)?

82
(s2+a2)2
82__a2
(s?+a?)?
§ (@27 b?)
__t
(s+a)*+b*

s+a
(s+a)?+b*
3a?
83+a3
4a?
st+4ad
_8s
st+4qt
1

84

$
st—at

8a3s?

HE)
5
(s+a)?

VoFa—y3Th

1
vs+a
‘/E

§—a

2

Vs
s+a?

1
V8(s—a’)

LAPLACE TRANSFORMS

F@)
t .
g sin at

1 ,.
% (sin at+-at cos at)

t cos at

cos at—cos bt

b*—a?
% ¢~ sin bt
e~* cos bt
e~ —ei% (cos %ﬁ_‘/g sin %g)

sin at cosh at—cos at sinh at

2%, sin at sinh at

é%lg (sinh at—sin at)

2%2 (cosh at—cos at)

(14-a%t?) sin at—at cos at

L,(t)
1
m € (1—-2at)
1
2Jﬁ (e""'—e‘“‘)
1 2
m—aeﬂ erfc a+/t

\—/1=t+ae¢" erf a4/t
it

1023
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29.3.41

29.3.42

29.3.43

29.3.44

29.3.45

29.3.46

29.3.47

29.3.48

29.3.49

29.3.50

29.3.51

29.3.52

29.3.53

29.3.54

29.3.55

29.3.56

29.3.57

1(8)

1
Vs(s4a®

b2__a2

(s—a*) (b++5)

1
Vs(Vs+a)

1
(s+a)vs+b
b2__a2

Vs(s—a?) (Ys+b)

(1—8)"
Sn+}

(1—8)"
RGN

T
Vs

1
stavs+b

T (k)
Graperor  E70

1
(s+a)t(s+b)3

o2~
VoF2atys

(a—b)*

(Vs¥a+s+b)* (>0
(Vsta++s) ™™

\/g sta (V>'—1)

1
N

(T —s)
JFra

1
ey 20

(r>-1)

LAPLACE TRANSFORMS

6

F()
2 _z,f“ﬁ <
aﬁe“ , & d\

et[b—a erf a+/t]—bed* erfe byt

e®! erfc av/t

-t erf (yYb—av/t)

! e
Vi—a
et [3 erf (a\/i)——l:l—l—e”2’ erfc b+/t

G Hal

n!
@n+1)lyr Honsa (VD)

ae~"[I,(at)+Io(at)]

e }(a'H))lI ( )
Ve(ozg) e (50
fe-yaron [I ( t)+11< t)]

e % (at)

k _.. a—b
?e 3¢ +b)zIk(_2_ t)

1
-y (1L
p € I;.(galt)

ol b=

Jolat)
a'J,(at)

o () " eosat)

22

22

6,10



29.3.58

29.3.59

29.3.60

29.3.61

29.3.62

29.3.63

29.3.64

29.3.65

29.3.66

29.3.67

29.3.68

29.3.69

29.3.70

29.3.71

f(®

(Vs'+aP—s)*  (k>0)

(s—vT=a’

V—a

(v>—1)

1
(82‘—0/2),‘

(k>0)

_l_ e—k:
SK

(u>0)

1__e—kc

1 1+4coth }ks
s(l—e=®) 2s

1
s(e®*—a)

L tanh ks
8

__r
s(14e~*)

—15 tanh ks
8

1
s sinh ks

1
s cosh ks

LAPLACE TRANSFORMS

F()

k
]% Ji(at)

a*l,(at)
f,% (%L k_ifk—a(at)
u(t—k)

(t—k)u(t—k)

(t—k)*!

) u(t—k)

u(t) —u(t—k)

w(t) 42 i‘l (—1)"u(t—2nk)

nZ:O (— 1) u(t—nk)

6,10

1025
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29.3.72

29.3.73

29.3.74

29.3.75

29.3.76
29.3.77
29.3.78
29.3.79

29.3.80
29.3.81

29.3.82

29.3.83

29.3.84

29.3.85

29.3.86
29.3.87

29.3.88

*See page II.

§O)]

1 coth ks
8

2_{_k,‘,coth—

1
(s+1)(1—e™™)

(»>0)
(u>0)
Y (>0

%e_k‘ﬁ (k> 0)

RESNE

8

(k20)

Lewe >0

~H/e (n=0,1,2,..

_kﬁ

a++s

(k=0)

(n=0,1,2, .. .;

LAPLACE TRANSFORMS

F(t)

u(t)+2 il w(t—2nk) —

|sin kt| [,/,W

L.
° k

E( 1)*u(t—nx) sin ¢ %

Jo(2vkt)

cos 2\/13

— cosh 2kt

Ev

1
— sin 2vkt
w

‘/Tl% sinh 2VFt

(5 00
B 1 (29RD)
2‘/%3 exp (-—-—-

erfc K

2t
Jlft on (~5)
J exp( )—k erfc —2\/2 i erfc %

4ty i* erfe

2+t

exp( 4t)

27wt t! 2\/_

rexp( 4t)—ae e“erfc(a\/_+ 7

22



29.3.89
29.3.90
29.3.91
29.3.92
29.3.93
29.3.94
20.3.95
29.3.96

29.3.97

29.3.98

29.3.99

29.3.100
29.3.101
29.3.102
29.3.103
29.3.104
29.3.105

29.3.106

LAPLACE TRANSFORMS

f(s)
_‘w_—ki (k> 0)
s(a++5)

il (k>0)
Vs(a++s) -

iR
v‘?(s+a_) (k20)
el

e *20

¢ —kVei=a?

Jo—a (k>0)
e_k(m—c)
W (£20)

e—ks_e—k 8242 (k>0)
N >
are *Vita
RS TP —1,k>0
FreGErary | TThERY
L Ins
s
1
P Ins (k>0)
Ins
2 @0
Ins
241
slns
s241
éln (1+ks)  (k>0)
s+ta
I

iln (1+k%?)  (k>0)

% In (s<-a?) (@>>0)

F()

— e erfe (aﬁ +§f72>+erfc -2—3—2
e%e™ erfc (a\/t_ -I———k——)
241t

e ¥, (dayti—k)u(t—k)

Jolayt2—kHu(t—k)

L (a2—k)ut—k)

Jo(a,v t2+2kt)

\[—%_2 JilaveE—EHu(@—k)
ak
‘/tz_kz

I, (ayP—F)u(t—k)

(—EL%)’ J (V=) u(t—k)

1027

—v—In t(y=.57721 56649 . . . Euler’s constant)

tk-l

N0)) [¥(k)—In t]

e*[In ¢+ E\(at)]

cos t Si (¢)—sin ¢ Ci (¢)

—sin ¢ Si (¢)—cos ¢ Ci (t)
t

£ (%)

% (e-bt_e—at)

sy

2Ina—2 Ci (at)
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29.3.107

29.3.108

29.3.109

29.3.110

29.3.111

29.3.112

29.3.113

29.3'114

29.3.115

29.3.116

29.3.117

29.3.118

29.3.119

29.3.120

29.3.121

29.3.122

29.3.123

29.3.124

29.3.125

f@®
i—,ln +a?)  (@>0)

82 + 012
82

82— a2
82

arctan k
8
1 k
— arctan -
] 8
P erfcks  (k>0)

% e erfc ks (k>0)

e®erfcks  (k>0)

‘%erfc\/ﬁ (k>0)

1 e erfe vks (k20)
Vs

erf L3

WA

ke
1 ¢’ erfe k

N
Ky(ks) *k>0)
K(kv3) £>0)
sl HE(ks)  (B>0)
1

7 Ki(kvs)  (k>0)

8
He K (f;‘) &>0)
we "I o(ks) k>0)

e=®J,(ks) (k>0)

LAPLACE TRANSFORMS

F(t)

Z [at In a+sin at—at Ci (at)]
% (1—cos at)
% (1—cosh at)

1 .
78in kt

Si (kt)

1 (__ 2 )

= P\ T
4

erf —2-E

_Vk
ryt(t+k)
1

7 w(t—k)

1

Vr(t+k)

L sin 2k+/t

it

1 —mvf

r—a

Yt

1
o

2t P\ 71

%\/t(t+2k)

u(t—k)

1 k?
roe (5
2 —
1
Vioh—0 [u(t) —u(t—2k)]

k—t

) [u(t) —u(t—2k))
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1@ F@®
29.3.126 “Eyas)  (@>0) 5 t?lta
1
29.3.127 é—se“‘El(as) (@>0) R
29.3.128 a'""¢“E,(as)  (@>0;n=0,1,2,...) S ﬁ
293129 [5-Si(s) | cos s+Ci) sin s 5
29.4. Table of Laplace-Stieltjes Transforms *
#(s) &(t)
A. " emuide o(t

29.4.1 ﬁ ) @
29.4.2 e®  (B>0) u(t—Fk)
29.4.3 e (>0 > u(t—nk)

1 = mp(f
29.4.4 () > (— D)™ u(t—nk)

1 -]
29.4.5 = >0 2 3 ult—(2n+1)A

1 ° magft
29.4.6 —5 >0 233 (= 1)t —(@n+1)k)
29.4.7 tanh ks (k>0) u(t)+2 Z";l (— 1) u(t—2nk)

1 = —{2n a —
29.4.8 -S-lnh(kTa) (£>0) 2 "z-_‘(,) e~ ntbayls— (2n4-1)k]

e N —ontDag s h_
2049 oplers (6>0,1>0) 2 33 e~ nft—h—(2n-+1)A]
sinh (hs+-b) . B
20410 TRt (0<h<h >3 e 0mHe uft4-h—(@n+ 1)k]
—e tult—h— (2n+1)k]}

29.4.11 Z‘éa,.e"‘n‘ O<bo<<lly<.. ) Zoanu(t—k,,)

For the definition of the Laplace-Stieltjes
transform see [29.7]. In practice, Laplace-Stieltjes
transforms are often written as ordinary Laplace
transforms involving Dirac’s delta function &(t).
This “function” may formally be considered as

the derivative of the unit step function, du(t) =4(t)
d hat [ dut)= [ s@de=4 ° &0
t, so tlatf_m u(t)= N Ydt= 1 (2>0).

The correspondence 29.4.2, for instance, then

assumes the form e"“=f e~*'8(t—k)dt.
[}

4 Adapted by permission from P. M. Morse and H. Feshbach, Methods of theoretical physics, vols. 1, 2, McGraw-

Hill Book Co., Inc., New York, N.Y., 1953.
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